
J
H
E
P
0
5
(
2
0
2
3
)
0
2
0

Published for SISSA by Springer

Received: September 29, 2022
Revised: April 18, 2023

Accepted: April 19, 2023
Published: May 2, 2023

Quantum state tomography, entanglement detection
and Bell violation prospects in weak decays of massive
particles

Rachel Ashby-Pickering,a Alan J. Barra,b and Agnieszka Wierzchuckaa,b
aDepartment of Physics, University of Oxford,
Keble Road, Oxford, OX1 3RH, U.K.

bMerton College,
Merton Street, Oxford, OX1 4JD, U.K.
E-mail: rachel.ashby-pickering@warwick.ac.uk,
alan.barr@physics.ox.ac.uk, agnieszka.wierzchucka@merton.ox.ac.uk

Abstract: A rather general method for determining the spin density matrix of a multi-
particle system from angular decay data is presented. The method is based on a Bloch
parameterisation of the d-dimensional generalised Gell-Mann representation of ρ and ex-
ploits the associated Wigner- and Weyl-transforms on the sphere. Each parameter of a
(possibly multipartite) spin density matrix can be measured from a simple average over an
appropriate set of experimental angular decay distributions. The general procedures for
both projective and non-projective decays are described, and the Wigner P and Q symbols
calculated for the cases of spin-half, spin-one, and spin-3/2 systems. The methods are used
to examine Monte Carlo simulations of pp collisions for bipartite systems: pp → W+W−,
pp→ ZZ, pp→ ZW+, pp→W+t̄, tt̄, and those from the Higgs boson decays H →WW ∗

and H → ZZ∗. Measurements are proposed for entanglement detection, exchange symme-
try detection and Bell inequality violation in bipartite systems.

Keywords: Quantum Groups, Electroweak Precision Physics, Higgs Properties

ArXiv ePrint: 2209.13990

Open Access, c© The Authors.
Article funded by SCOAP3. https://doi.org/10.1007/JHEP05(2023)020

mailto:rachel.ashby-pickering@warwick.ac.uk
mailto:alan.barr@physics.ox.ac.uk
mailto:agnieszka.wierzchucka@merton.ox.ac.uk
https://arxiv.org/abs/2209.13990
https://doi.org/10.1007/JHEP05(2023)020


J
H
E
P
0
5
(
2
0
2
3
)
0
2
0

Contents

1 Introduction 2
1.1 Theoretical and experimental background 3

2 Generalised Gell-Mann parameterisations of a multipartite density ma-
trix 4
2.1 Converting operators between parameterisations 6

3 The Weyl-Wigner formalism for spin 6

4 Projective spin-1 procedure (W± boson tomography) 7
4.1 Wigner Q symbols (j = 1) 8
4.2 Wigner P symbols (j = 1) 10

5 General, non-projective measurements 12
5.1 Non-projective single particle decay 13
5.2 General multipartite measurements 15

6 Example decays 17
6.1 Top quark decay/spin-half fermion decay 17
6.2 Z → `+`− decay 18

7 Example quantum applications 19
7.1 Entanglement detection for qubit and qutrit pairs 19
7.2 Bell inequality tests for bipartite systems 21

8 Monte Carlo simulations 23
8.1 Tomography of example bipartite systems 23
8.2 Entanglement measures in diboson systems 27
8.3 Bell inequality tests in diboson systems 30
8.4 Exchange symmetry tests in H → ZZ∗ 32

9 Conclusions 33

A Generalised Gell-Mann matrix representations, density matrix represen-
tations, and Wigner Q and P symbols 33
A.1 j = 1/2, d = 2 (qubits) 34
A.2 j = 1, d = 3 (qutrits) 35
A.3 j = 3/2, d = 4 35

B Spin matrix representation for d = 3 37

C Generalised Wigner Q and P symbols W → `+ν decay with massive
lepton 39

D Examples of quantum state tomography in bipartite systems of dimension
3× 2 and 2× 2 40

– 1 –



J
H
E
P
0
5
(
2
0
2
3
)
0
2
0

1 Introduction

In quantum mechanical systems the most general characterisation one may make of a
system is knowledge of its density matrix ρ. Knowing ρ, one may determine the expectation
value of any measurement from the value 〈A〉 = tr(ρA) of its Hilbert-space operator A.
With knowledge of ρ one can therefore go on to calculate any quantity one might desire,
be it a spin expectation along another arbitrary axis, a measurement of entanglement, a
Bell-operator expectation value, or any other observable of choice.

However, since quantum measurements generally involve incompatible operators it is
not possible in general to determine ρ from measurements of a single instance of the state.
Nevertheless, with an ensemble of similarly-prepared states one may perform multiple
measurements of incompatible measurements. Determining the density matrix from an
ensemble of measurements is known within the quantum computing literature as ‘quantum
state tomography’ [1–3].

Though historically not often described in these terms within the particle physics
literature, for the special case of spin-half fermions measuring the spin polarisation is
equivalent to performing quantum tomography on that state. This equivalence follows
since the spin-density matrix of a j = 1

2 system, a ‘qubit’, is fully characterised by the
three parameters of its Bloch vector or polarisation vector, hence measurement of those
polarisation parameters is equivalent to performing full quantum state tomography for
those particles.

Spin density matrix tomography of systems of pairs of spin-half particles has been
considered previously in particle physics. For example a method has been proposed [4, 5]
for determining the spin density matrix of pairs of top and anti-top quarks at the LHC.
The method has been used to study in simulation how one could measure the entanglement
of the pair [5–7]. Experimental tests of entanglement in high-energy systems have been
proposed in systems of pairs of Λ baryons [8], top-quarks [7, 9–12], τ leptons [11] and pho-
tons [11], and the quantum discord and steering in tt̄ systems has also been investigated [12].
In bipartite systems of spin-half particles, experimental measurements of the spin density
matrix have been made for the tt̄ system by the ATLAS and CMS collaborations [13, 14],
demonstrating spin-correlations in those systems.

Experimental tests have shown violation of Bell inequalities for pairs of qubits using
photons [15, 16], ions [17], superconducting systems [18] and nitrogen vacancy centres [19],
and in pairs of three-outcome measurements using photons [20]. So-called “loophole-free”
Bell inequality tests were performed by three groups in 2015 [21–23]. Proposals have also
been made to test Bell inequalities in e+e− collisions [24], charmonium decays [25, 26],
positronium decays [27], and Higgs boson decays to WW ∗ [28], and in top quark [7, 11]
and tau leptons [11].

In this paper we are concerned with determining the spin density matrix of a system
of one or more particles, including those of higher spin i.e. with j ≥ 1

2 . These are ‘qudits’
of dimension d = 2j + 1 in the quantum computing terminology. Unlike in the spin-half
case, when one considers j > 1

2 the spin-polarisation vector no longer fully characterises
the density matrix, and so a more general procedure is required to recover ρ from data. We
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develop such a procedure, and use it to examine various states including those containing
one or more W± or Z0 bosons, which present interesting test cases due to having both
d > 2 and chiral decays.

1.1 Theoretical and experimental background

The theory behind the relationship between spin polarisations and angular distributions
dates back to Wigner’s work [29]. Jacob [30] showed how two-body decays are related
to angular distributions for particular helicity, and Jacob and Wick [31] described how
transitions between states may be represented in terms of helicity amplitudes.

A general introduction to quantum state tomography [3] using Gell-Mann based Bloch
vectors [32] has been described for non-orthogonal bases, which guides our own study. Since
the W± and Z0 are massive vector (j = 1) bosons their spins states are in a Hilbert space
of d = 2j + 1 = 3, making them ‘qutrits’ the language of quantum computing.

Quantum state tomography of qutrits has previously been explored in the context of
nuclear magnetic resonance (NMR) experiments [33]. Experimental measurements of pairs
of entangled qutrits have been performed for example in photonic systems [34]. Unlike the
photons, the weak vector bosons are “their own polarimeters” [24]. The chiral nature of
the weak interaction means that the directions of the emitted fermions are correlated with
their parent’s spin, meaning that the bosons effectively make a measurement of their own
spin during their decay process.1

The angular decay distribution of pairs of leptons from single gauge boson production
has previously been parameterised in terms of angular coefficients [38–45]. One of these
paper showed how one can obtain five parity-even parameters characterising ρ from ex-
pectation values [41]. The parity-odd terms were later included [42], completing the eight
real parameters required to characterise a single j = 1 boson. Expressions for the eight
parameters in terms of expectation values, for the case of massless daughter leptons have
also been calculated [43].

The angular distribution resulting from decays of various multipartite states is de-
scribed in terms of Cartesian vectors and tensors in refs. [45, 46]. Quantum tomographic
methods of obtaining the density matrix parameters either by multi-variable fitting [46]
or from asymmetry observables [45] have been proposed. It has also been shown [45] that
knowledge of the full bipartite density matrix can provide a significant improvement over
just determination of polarisations in gaining sensitivity to anomalous couplings.

Experimentally, polarisations of W± and Z0 boson have been the subject of consid-
erable experimental study. The UA1 [47] and UA2 [48] collaborations used the angular
distributions to determine the spin and couplings of the W± and Z0 bosons. The polarisa-
tion ofW bosons was measured in ep collisions by the H1 Collaboration [49], and measured
in the decay of the top quark by the CDF and DØ [50–52] collaborations and at the LHC by
the ATLAS [53] and CMS [54] collaborations. Measurements of W± polarisation in events
containing jets have also been performed by ATLAS [55] and CMS [56]. Polarisation and

1This sensitivity of weak decays to spin underlies proposals to measure light quark polarisation at the
LHC [35], c-quark polarisation in W + c samples at the LHC [36], and to use heavy baryons as polarimeters
at colliders [37].
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angular measurements of a single Z boson were published by the CDF [57], CMS [58] and
ATLAS [55] collaborations. Diboson measurements ofW± polarisations were performed by
L3 [59] and OPAL [60]. DELPHI [61] used similar measurements to set limits on anomalous
triple gauge couplings. Polarisations of pairs of gauge bosons have also been measured by
ATLAS and CMS [62–64], including the recent observation of joint-polarisation states [65].
The simultaneous production of three charged weak bosons, WWW , has recently been
observed by ATLAS [66].

We extend the previous literature by exploiting the properties of the generalised Gell-
Mann (GGM) basis for the density matrix, by relating the tomography process of particle
decays to the Wigner and Weyl transformations and to the Kraus and measurement opera-
tors of quantum information theory, and by extending the tomography method to arbitrary
numbers of parents of arbitrary spin j. We illustrate how the method allows one to address
a programme of questions relevant to the foundations of quantum mechanics, such as in
entanglement detection, Bell violation inWW ,WZ and ZZ diboson systems and exchange
symmetry tests in H → ZZ∗ decays.2

2 Generalised Gell-Mann parameterisations of a multipartite density
matrix

The density matrix [68] captures our knowledge about a partially-understood quantum
system for which the complete state |ψ〉 is not completely known. It is defined by the
convex sum

ρ =
∑
i

pi |ψi〉 〈ψi| , (2.1)

where the pi can be interpreted (in a non-unique way) as a set of classical probabilities
for the states within an ensemble. The density matrix is a positive semi-definite operator
meaning that

〈φ| ρ |φ〉 ≥ 0 ∀ |φ〉 ∈ H, (2.2)

and is constrained by the definition of probability to have
∑
i pi = 1, a constraint that

corresponds to the requirement that ρ must have unit trace.
The spin density matrix ρ for a single spin-j particle is a Hermitian operator on the

d = 2j + 1 dimensional Hilbert space of the state. Taking into account that it is Hermitian
and the trace constraint it has d2 − 1 real parameters. The density matrix for a multi-
particle system is defined in the Hilbert space H1 ⊗ H2 ⊗ . . .Hn which is of dimension
d = (2j1 + 1)(2j2 + 1) . . . (2jn + 1), and which again has d2 − 1 real parameters. The task
of quantum state tomography is to determine each of those density matrix parameters for
a single or multi-particle density matrix from experimental measurements.

In order to reconstruct the density matrix experimentally an explicit parameterisation
of it must be chosen. We find advantages3 to using a parameterisation based on the

2During the final states of preparing this paper a preprint was posted examining Bell inequalities and
entanglement in H → ZZ systems [67].

3The parameterisation is orthogonal, complete, non-redundant and symmetric, facilitating calculations
such as the bound of the concurrence (7.6) in section 7.1.
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generalised d-dimensional Gell-Mann (GGM) operators λ(d) [32, 69]. These operators are
the d2 − 1 traceless Hermitian generators of the group SU(d). The lower-dimensional
versions are familiar in particle physics: for d = 2 they are the three Pauli matrices
λ

(2)
i = σi, while for d = 3 they are Gell-Mann’s eight matrices [70], which we will denote

here λ(3)
i .

The λ(d)
i satisfy the trace orthogonality4 relations

tr(λ(d)
j λ

(d)
k ) = 2δjk, tr(λ(d)

j ) = 0. (2.3)

This mutual trace orthogonality, orthogonality with the identity, and their linearly inde-
pendence, means that they form an ideal basis for ρ. For the single-particle d-dimensional
spin density matrix we therefore express the density matrix in the form

ρ(d) = 1
d
Id +

d2−1∑
i=1

aiλ
(d)
i , (2.4)

where Id is the d-dimensional identity matrix and the aj are real parameters5 which form
a (d2 − 1)-dimensional generalised Bloch vector. Explicit forms for generalised Gell-Mann
operators and of the corresponding density matrices may be found in appendix A.

Our choice of GGM matrices which satisfy the orthogonality relations (2.3) has the
desired consequence that each of the real coefficients aj can be obtained from the expec-
tation values of corresponding operators. For any Hermitian operator A its expectation
value is given by

〈A〉 = tr(ρA), (2.5)

so the expectation values of the operators corresponding to the Gell-Mann matrices yield

〈λ(d)
i 〉 = tr(ρλ(d)

i ),
= 2ai. (2.6)

Using (2.6) we can determine the d2−1 parameters ai of the density matrix (2.4), provided
that we can find the expectation values of the λ(d)

i operators from data. In what follows
we will described a general procedure for doing so.

For multi-particle systems we can generalise this parameterisation. For example for a
two-particle state of particles of spin j1 and j2, we can parameterise the bipartite density
matrix

ρ(d) = 1
dId +

d2
1−1∑
i=1

aiλ
(d1)
i ⊗ 1

d2
Id2 +

d2
2−1∑
j=1

1
d1
Id1 ⊗ bjλ

(d2)
j +

d2
1−1∑
i=1

d2
2−1∑
j=1

cijλ
(d1)
i ⊗ λ(d2)

j , (2.7)

4Since the generalised Gell-Mann matrices are Hermitian this trace orthogonality is equivalent to or-
thogonality under the Hilbert-Schmidt inner product 〈A,B〉HS = tr(A†B).

5The parameters are constrained, since we must enforce the positivity condition (2.2). For the case of
d = 2 that constraint on the ai is

3∑
i=1

a2
i ≤

1
4 for d = 2,

where the limiting case corresponds to density matrices representing pure states. The conditions for d > 2
are more complicated [69, 71, 72].
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in terms of the generalised Gell-Mann matrices and their tensor products, where di =
(2ji + 1), and the dimension of the full Hilbert space is d = d1d2. The ai and bj are the
Bloch vectors for the individual particles and the cij parameterise correlations between the
two particles.

Systems with larger numbers of distinguishable parents can be parameterised in an
analogous way, using sums over appropriate tensor products up to λ(d1)

i1
⊗λ(d2)

i2
⊗ . . .⊗λ(dn)

in

of the appropriate di-dimensional generalised Gell-Mann matrices for each particle.

2.1 Converting operators between parameterisations

We have noted that once the density matrix (for single or multi-particle systems) is known
in the GGM parameterisation it can be calculated in any other by use of the trace or-
thogonality relations (2.3). Alternatively, one may also calculate the representation of any
desired Hermitian operator A in the GGM basis using these same orthogonality condi-
tions. To do so for a general Hermitian operator we need to supplement the generalised
d-dimensional matrices with an additional matrix

λ
(d)
0 =

√
2
d
Id, (2.8)

to allow for operators with non-zero traces. The normalisation of λ(d)
0 has been chosen such

that it also obeys a generalisation of (2.3). We can then express any Hermitian operator

A =
d2−1∑
i=0

aiλ
(d)
i

in terms of the d2 parameters

ai = 1
2 tr(λ(d)

i A) i ∈ {0, . . . , (d2 − 1)}. (2.9)

One particularly useful application is the mapping between the spin and the GGM opera-
tors, which is calculated in appendix B, and which is used in the examination of the states
of the example systems in section 8.

3 The Weyl-Wigner formalism for spin

Theoretical physicists are very used to describing the process whereby particles with par-
ticular spin density matrices decay according to angular distributions, and they know how
to calculate those distributions. That process (operators → angular distributions) is fre-
quently simulated in the field of particle physics both using analytical calculations and
Monte Carlo simulations.6

Experimentalists analysing decay data wish to invert that process. Their goal is to
analyse a set of angular decay distributions, and from those distributions obtain the spin
density matrix of the originating quantum system. A possibility one can consider is to

6We make use of spin correlations in Monte Carlo simulations [73, 74], a technique automated in [75]
using the methods first proposed by Collins [76] and Knowles [77–79], and later used in Madspin [80].
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fit the parameters, perhaps based on likelihood functions and angular decay data. The
strategy employed here is instead to find analytically the inverse mapping. This has the
advantage that one can then find analytical expressions for quantities derived from the
density matrix, such as those related to Bell inequalities and entanglement detection. The
analytical approach also allows one rapidly to explore density matrices in simulated Monte
Carlo data sets, and hence to find regions where interesting quantum mechanical measure-
ments might be made.

An ideal formalism for undertaking this inverse task is the Wigner-Weyl transforma-
tion, the invertible mapping between functions in the quantum phase space and Hilbert
space operators. We are interested in the case the phase space is the space of angular
distributions, and the operators of interest are the spin density operators.

For the forward mapping (‘operators→ angles’) we will make use of Wigner Q symbols
which map the bounded operators A : H → H in the Hilbert space H of the spin states
onto the space of functions on the sphere S2. They are defined by [81]

ΦQ
A(n̂) = 〈n̂|A|n̂〉 , (3.1)

where n̂ is a unit vector in R3. These capture the forward mapping from operators to
functions on the sphere.

The inverse mapping from the space of functions on S2 to the space of bounded op-
erators A : H → H is achieved by using the Wigner P symbols, the defining property of
which is [81]

A = 2j + 1
4π

∫
dΩn̂ |n̂〉ΦP

A(n̂) 〈n̂| , (3.2)

where the angular integral is over directions of unit vector n̂.
We can then perform quantum state tomography for projective measurements as fol-

lows. First one parameterises the spin density matrix into a generalised Bloch-vector
form (2.4), using a generalised Gell-Mann operator basis for a multi-paritite system. Then
one finds the Wigner Q symbols for each of those Gell-Mann operators, which provide us
with the mapping from operators to angular distributions. From the Wigner Q symbols
the corresponding set of Wigner P symbols are then obtained. Experimentally measured
expectation values of those Wigner P symbols will then provide us with each of the real
parameters of the spin density matrix.

We will also describe how this method can be generalised to non-projective measure-
ments, and to particles of arbitrary angular momentum quantum number j. We provide
examples for single particle and multipartite systems with j = 1

2 and j = 1.

4 Projective spin-1 procedure (W± boson tomography)

We start with a particularly illustrative example — that of the spin-1, massive, W+ orW−

charged weak boson. The W vector boson is of particular interest since (a) its spin state
is of dimension d = 3, and unlike lower-spin cases is an example for which the forms of
the Wigner P and Q symbols are not proportional and (b) decays of the W violates parity
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maximally, leading to projective (von-Neumann) measurements during decay, which make
it a good introductory example the Wigner-Weyl procedures.

Our task is to find the eight Bloch vector parameters ai of the W+ or W− boson’s
d = 3 spin density matrix7 from angular decay data. We will work in the (massive) vector
boson’s rest frame where spin is most naturally represented.

4.1 Wigner Q symbols (j = 1)

In its decays the W± couples only to left-chiral spin-half fermions and to right-chiral spin-
half anti-fermions [82]. In the excellent approximation m` � m±W in which the lepton
masses can be neglected, the W+ → `+ν decay produces a `+ in a positive helicity state
and a ν in a negative helicity state8 so the spin of the W+ is effectively measured to be +1
in the momentum direction of the `+. Similarly, the W− → `−ν̄ decay produces a `− in a
negative helicity state and a ν̄ in a positive helicity state. The spin of the W− is therefore
measured to be −1 in the momentum direction of the `−.

By measuring the decay direction of the outgoing leptons in the W± boson rest frame
we effectively make a projective measurement, i.e. a von Neumann measurement, of the
W± boson spin in that frame. Hence with access to an ensemble of such decays we can
reconstruct the W boson spin density matrix.

More formally, the probability density function for a W± boson with spin density
matrix given by (2.4) (with d = 3) to emit a charged lepton `± into infinitesimal solid
angle dΩ along the direction n̂(θ, φ) is [30]

p(`±n̂ ; ρ) = d
4π tr(ρΠ±,n̂) , (4.1)

with d = 3 for the W± bosons. The spin-1 projection operator Π+,n̂ ≡ |+〉n̂ 〈+|n̂ selects a
positive helicity `+ in the direction n̂ accompanied by a negative helicity ν in the direction
−n̂. Similarly Π−,n̂ ≡ |−〉n̂ 〈−|n̂ selects a negative helicity `− in the direction n̂ accom-
panied by a positive helicity ν̄ in the direction −n̂ for the W− case. The normalisation
of (4.1) is such that ∫

dΩn̂ p(`±n̂ ; ρ) = 1. (4.2)

In forming (4.1) we have made the approximation that the leptons are measured to be
“in the n̂ direction”. More precisely we are assuming that their probability density func-
tions |ψ(Ω)|2 are concentrated in a small range around n̂, by which we mean a range across
which the Wigner symbols change only slightly. This approximation is valid provided that
both the de Broglie wavelength of the particle and the angular resolution of the detector
are sufficiently small compared to the range over which the Wigner functions on the sphere
change. This requirement is easily satisfied for our experiments of interest, e.g. when mea-
suring the multi-GeV momentum decay products of W bosons at LHC experiments [83, 84]
which have angular resolutions for leptons σθ,φ � π/j.

The explicit form of the projection operator Π±,n̂ can be found by starting with the
states |±〉z 〈±|z which project the pure state with spin ±1 in the z direction, and then

7The explicit form of this matrix for d = 3 is shown as (A.10) in appendix A.
8For the more general situation with non-negligible daughter masses the reader is directed to appendix C.
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rotating each to point along an arbitrary direction n̂ defined by the polar angle θ and the
azimuth φ:

Π±,n̂ = |±n̂〉 〈±n̂|

= Uθ,φ |±〉z 〈±|z U
†
θ,φ. (4.3)

The unitary rotation operator Uθ,φ is given by the product

Uθ,φ = exp(−iSzφ) exp(−iSyθ), (4.4)

where the Si are the appropriate spin operators, the representations of which are shown
for d = 3 in appendix B. The unitary operation (4.4) is a Wigner Dj(α, β, γ) matrix [29]
for j = 1, with α = φ, β = θ, γ = 0. Explicitly, the positive projector Π+,n̂ is given for
d = 3 by the matrix

Π+,n̂ =


cos4 θ

2
1

2
√

2e
−iφ sin θ(1 + cos θ) 1

4e−2iφ sin2 θ
1

2
√

2eiφ sin θ(1 + cos θ) 1
2 sin2 θ 1

2
√

2e−iφ sin θ(1− cos θ)
1
4e2iφ sin2 θ 1

2
√

2eiφ sin θ(1− cos θ) sin4 θ
2

 . (4.5)

The negative projector Π−,n̂ is obtained from (4.5) with the replacement θ → π − θ,
φ→ φ+ π.

In terms of the parameters of the Gell-Mann basis for ρ, the full expressions for the
angular probability density functions (4.1) are

p(`±n̂ ; ρ) = 3
4π

(
1
3 +

8∑
i=1

ΦQ±
j aj

)
. (4.6)

The eight functions ΦQ+
j (n̂) for the W+ boson (and the eight ΦQ−

j (n̂) for the W− bo-
son) corresponding to each of the Gell-Mann operators are calculable from (4.1), using ρ
from (2.4) and Π±,n̂ from (4.5) and are given by

ΦQ±
1 = 1√

2 sin θ(cos θ ± 1) cosφ ΦQ±
5 = 1

2 sin2 θ sin 2φ

ΦQ±
2 = 1√

2 sin θ(cos θ ± 1) sinφ ΦQ±
6 = 1√

2 sin θ(− cos θ ± 1) cosφ

ΦQ±
3 = 1

8(±4 cos θ + 3 cos 2θ + 1) ΦQ±
7 = 1√

2 sin θ(− cos θ ± 1) sinφ

ΦQ±
4 = 1

2 sin2 θ cos 2φ ΦQ±
8 = 1

8
√

3 (±12 cos θ − 3 cos 2θ − 1) . (4.7)

The symbols ΦQ±
j that we have assigned to these functions are suggestive that they

might be Wigner Q symbols for the Gell-Mann operators. To see that they are indeed
functions of that type it suffices to note that

ΦQ±
j = 〈±n̂|λ(3)

j | ± n̂〉

= tr
(
λ

(3)
j Π±,n̂

)
, (4.8)

so the ΦQ+
j do indeed satisfy the requirements (3.1) of a Wigner Q symbol, as do (sep-

arately) the ΦQ−
j . To illustrate the effect of each Gell-Mann operator’s contribution to
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Figure 1. Plots showing the form of the eight Wigner Q symbols ΦQ+
j corresponding to each of

the Gell-Mann operators λ(3)
j . These functions show the contribution (4.6) of the corresponding

density matrix parameters to the angular probability density function for lepton emission in a W+

boson decay.

the angular PDF, the eight Wigner ΦQ+
j functions are shown in figure 1. Thus we have

completed the Wigner transform — the mapping in the forward direction from the density
matrix to the angular distributions.

Before we move on to obtain the corresponding Wigner P symbols required for the
inverse (Weyl) transform, we make an observation. Leaving aside the normalisation con-
stant of 3

4π , the probability density functions for lepton emission distributions (4.1) are
themselves also Wigner transforms

tr(ρΠ±,n̂) = 〈n̂|ρ|n̂〉
= ΦQ,±

ρ , (4.9)

this time of the density matrix — so the lepton angular pdfs are examples Wigner functions.
This is a result worth reflecting on: the seemingly abstract Wigner function for the spin
density matrix has, for theW± bosons, a very physical meaning: it is (up to a normalisation
constant) the probability density function for charged lepton emission.9

4.2 Wigner P symbols (j = 1)

To reconstruct the density matrix from the data one can either fit the GGM parameters of
ρ, or analytically perform the inverse transform. We take the analytical path — calculating
and then performing the inverse mapping provided by the Weyl transform. We therefore

9The Wigner pseudo-probability function can in general take negative values, however our ‘Wigner
function’ does not take negative values, since its obtained from a non-negative map operating on a non-
negative function. This can be considered to be a result of our earlier assumption that the lepton was
emitted within a small range of solid angle close to n̂. Before making the Wigner transform we had
effectively already integrated the probability density over that narrow range of solid angles.
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seek a set of eight Wigner P symbols (or rather two such sets, one each for W+ and
W−), to complement the Q symbols we have already found, that will satisfy the defining
property (3.2).

To help us find these Wigner P symbols, we note that (3.2) implies that the product
of any two generalised Gell-Mann operators (for general d) is given by

λ
(d)
i λ

(d)
j = λ

(d)
i

(
d

4π

∫
dΩn̂ΦP+

j (n̂) |n̂〉 〈n̂|
)

and so the trace over them yields (again for general d),

2δij = tr(λ(d)
i λ

(d)
j )

=
∑
α

〈α|
(
λ

(d)
i

d

4π

∫
dΩn̂ ΦP+

j (n̂) |n̂〉 〈n̂|
)
|α〉

= d

4π

∫
dΩn̂ ΦP+

j (n̂)
∑
α

〈n̂|α〉 〈α|λ(d)
i |n̂〉

= d

4π

∫
dΩn̂ ΦP+

j (n̂)ΦQ+
i (n̂) , (4.10)

where in the last step we have used the completeness relation
∑
α |α〉 〈α| = I3 for the states

|α〉, and the definition (3.1) of the Wigner Q symbol ΦQ+
i for λ(d)

i .
We seek two sets of eight functions ΦP±

j (n̂) which are orthogonal to the ΦQ±
j (n̂) in the

sense of (4.10). Since the Gell-Mann operators are traceless a similar calculation to (4.10)
shows that the Wigner P symbols must also maintain orthogonality to the identity

0 =
∫

dΩn̂ ΦP±
k (n̂). (4.11)

Eight such symbols ΦP+
j for the d = 3 Gell-Mann operators (and their ΦP−

j equivalents
for W− bosons) can be constructed from the ΦQ+

j (respectively ΦQ−
j )

ΦP±
i (n̂) = [M−1]ijΦQ±

j (n̂) (4.12)

where the elements of the real symmetric matrix M (which is the same for the ± cases)
are given by the inner products

Mij = d

2
〈

ΦQ±
i ΦQ±

j

〉
(4.13)

= d

2
1

4π

∫
dΩn̂ ΦQ±

i (n̂)ΦQ±
j (n̂) (4.14)

of the Q symbols. The corresponding ΦP± for d = 3 are

ΦP±
1 =

√
2(5 cos θ ± 1) sin θ cosφ ΦP±

5 = 5 sin2 θ sin 2φ
ΦP±

2 =
√

2(5 cos θ ± 1) sin θ sinφ ΦP±
6 =

√
2(±1− 5 cos θ) sin θ cosφ

ΦP±
3 = 1

4(±4 cos θ + 15 cos 2θ + 5) ΦP±
7 =

√
2(±1− 5 cos θ) sin θ sinφ

ΦP±
4 = 5 sin2 θ cos 2φ ΦP±

8 = 1
4
√

3 (±12 cos θ − 15 cos 2θ − 5) . (4.15)
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Figure 2. Plots showing the form of the eight Wigner P symbols ΦP +
i corresponding to each of

the Gell-Mann operators λ(3)
i . These functions are used in recovering the density matrix parameters

from the lepton angular probability distribution according to (4.16).

We observe that the Wigner P and Q symbols for a particular λi are not generally propor-
tional to one another. For illustrative purposes the ΦP+

j are shown graphically in figure 2.
Using these Wigner P symbols, together with the orthogonality relationships (4.10)

and (4.11), and the probability density function (4.6), each of the eight Gell-Mann density
matrix parameters aj for any W+ or W− boson may separately be extracted from the
lepton angular emission data. The result is the remarkably simple expression

aj = 1
2

∫
dΩn̂ p(`±n̂ ; ρ) ΦP±

j . (4.16)

With this result one may determine the eight real parameters ai of ρ from data. The
experimental measurement âi of the density matrix parameter ai is obtained by a simple
angular average

âi = 1
2
〈

ΦP±
i

〉
av

(4.17)

over the ensemble of decays. By performing eight such averages (one each for i ∈ 1, . . . , 8)
one obtains each of the parameters of the W boson spin density matrix (2.4). By this
method we achieve our initial goal of performing quantum state tomography for the spin
of a single W+ or W− boson.

Examples of the application of this procedure for ensembles of simulated W+W− pairs
from different simulated sources can be found in section 8.1.

5 General, non-projective measurements

The W± boson example described in section 4 was a particularly convenient introduction
to the Wigner-Weyl method because, unusually, the decays of the W± for m` � mW

are equivalent to projective measurements (via operators Πn̂) along the emitted lepton
direction n̂.
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In the more general case the angular information is consistent with more than one spin
hypothesis along that direction and so will be equivalent to a non-projective measurement
along n̂. We now, therefore, turn to the process of determining the spin density matrix of
parents that undergo these more general types of decay. We will restrict ourselves initially
to the single-particle case; the generalisation to a multipartite case follows in section 5.2.

5.1 Non-projective single particle decay

We will continue to assume that we can identify daughters with parents (at least in cases
where parents are not identical particles) and that we can measure the momentum p of
one of the daughter particles in the corresponding parent rest frame. We shall further
assume that we are not able to obtain additional spin measurement information other than
obtained from the direction n̂ = p/|p| (and in some cases the speed) of that daughter in
that frame; for example we cannot also make a further measurement of the daughter’s spin
after its production.10

Let the decay matrix element of a parent with eigenvalue m of the spin projection
operator to a daughter state f be

M(im → f). (5.1)

From the matrix element we may define a Kraus operator [85] Kl for the decay process,
which, when the spin measurement axis is aligned with n̂, and given our assumptions about
the known information, is diagonal in the parent’s rest frame. In that spin-aligned frame
the Kraus operator elements are given by

[Kl]mm′ = M(im → f)√∑
mM∗(im → f)M(im → f)

δmm′ . (5.2)

We next define a set of quantum measurement operators [85],

Fl = K∗l Kl, (5.3)

which, in the daughter-aligned frame, have diagonal elements

[Fl]mm′ = Γ(im → f)∑
m Γ(im → f)δmm′ . (5.4)

The Fl of the decay in the Standard Model is one of set of possible decay measurement
operators {Fl} that together would form a positive operator-valued measure (POVM),
that is, a set of positive semi-definite Hermitian operators {Fi} on the Hilbert space of the
parent and which together would sum to the identity

d∑
l=1

Fl = Id. (5.5)

10In cases where further information can be obtained from other methods, or for tomography of parents-
of-parents that information can be transferred around the system using techniques similar to those described
for Monte Carlo simulations in ref. [73].
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One special case of a POVM is a set of orthogonal projectors {Πi}

d∑
l=1

Πl = Id, ΠlΠm = δlmΠl.

The projective operators correspond to von-Neumann measurements, while the more gen-
eral POVM operators {Fi} correspond to outcomes of a more general non-projective mea-
surements [85].

After the particular Fl corresponding to the amplitudes for the decay is calculated in
the frame aligned with the daughter direction we define a rotated version

Fl,n̂ = Uθ,φ Fl U
†
θ,φ, (5.6)

where Uθ,φ is the Wigner matrix for the rotation. For a fixed coordinate system the
probability density function for the emission of the daughter in direction n̂ is then given by

p(n̂; ρ, Fl) = d

4π tr(Fl,n̂ ρ). (5.7)

To proceed with the tomographic process we define a non-projective generalisation

Φ̃Q
Fl,j

(n̂) = tr
(
λ

(d)
j Fl,n̂

)
(5.8)

of the Wigner Q symbols (3.1). The tilde, and the measurement operator subscript distin-
guishes this new symbol from the projective symbols ΦQ

i . Since the measurement operator
is a linear combination of projectors by linearity we may now expand the angular emission
probability density function

p(n̂; ρ, Fl) = d

4π

1
d

+
d2−1∑
j=1

ajΦ̃Q
Fl,j

(n̂)

 . (5.9)

in terms of these new Φ̃Q
Fl,j

symbols. The physical meaning of (5.9) is that each term in the
sum gives the contribution to the angular emission probability of a daughter emitted near
the n̂ direction provided by the aj component of the d-dimensional spin density matrix of
the form (2.4) for a decay characterised along the decay axis by the diagonal measurement
matrix Fl.

To determine the density matrix from data we must again find the inverse mapping,
that from the space of functions over the angles of n̂ to the space of operators. We therefore
wish to find for our particular operator Fl a set of (d2 − 1) non-projective equivalents
Φ̃P
Fk,l

(n̂) to the Wigner P symbols which will satisfy orthogonality relationships equivalent
to (4.10) and (4.11). That is, the Φ̃P

Fl,i
(n̂) should be orthogonal to the generalised Q

symbols
2δij = d

4π

∫
dΩn̂ Φ̃P

Fl,i
(n̂)Φ̃Q

Fl,j
(n̂) , (5.10)

and also orthogonal to the identity,

0 =
∫

dΩ Φ̃P
Fl,i

(n̂). (5.11)
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These generalised P symbols can be found from a method similar to that described for
projective measures around (4.12). We form the real symmetric matrix M with elements

Mij = 1
2
d

4π

∫
dΩn̂ Φ̃Q

Fl,i
Φ̃Q
Fl,j

. (5.12)

Provided that M is invertible the P functions are given by

Φ̃P
Fl,i

= [M−1]ijΦ̃Q
Fl,j

. (5.13)

The GGM Bloch vector parameters of the density matrix (2.4) are then given by

aj = 1
2

∫
dΩn̂ p(n̂; ρ) Φ̃P

Fl,j
. (5.14)

The experimental measurement of each density matrix parameter can be obtained from
the average over an ensemble of decays

âj = 1
2

〈
Φ̃P
Fl,j

〉
av
. (5.15)

Unlike in the projective case, the matrix M is no longer guaranteed to have an inverse.
For example, in the extreme case where in which the decay directions are independent of the
parent’s spin the Kraus operator is Fl = 1

dId, meaning that the Φ̃Q each vanish due to (5.8)
and the traceless nature of the λ(d)

j . Hence M vanishes, and the Φ̃P

Fl,λ
(d)
i

cannot be defined.
So we find the logical result that in cases where the decay directions are independent of
the spin, then it is not possible to reconstruct the spin density matrix from an ensemble of
such decays.

5.2 General multipartite measurements

We now consider our most general case — that of the density matrix of a general multi-
partite system with measurements which are not necessarily projective. We continue to
assume that we can determine the event-by-event information about the decay directions of
a daughter in each respective parents’ rest frame, and that each of those decay distributions
depends on the respective parent’s density matrix.

The salient points can be found in a bipartite system of two parents, with Hilbert
space of dimension d1× d2. The joint probability density function (PDF) for the emissions
of the respective daughters is given by the effect of two quantum operations (5.6) — F

(A)
l,n̂1

associated with the decay of parent A and F (B)
m,n̂2

associated with that of parent B.
Defining the combined bipartite Kraus operator

Kl,m,n̂1,n̂2 = K
(A)
l,n̂1
⊗K(B)

m,n̂2
(5.16)

the probability density function over the pair of emission directions is given by

p(n̂1, n̂2; ρ) = d1d2
(4π)2 tr

(
Kl,m,n̂1,n̂2 ρ K

†
l,m,n̂1,n̂2

)
. (5.17)
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Using the cyclical nature of the trace, the definition (5.3) of the measurement operator and
the factorisation (5.16) of the Kraus operators we may write this in the form

p(n̂1, n̂2; ρ) = d1d2
(4π)2 tr

(
ρF

(A)
l,n̂1
⊗ F (B)

m,n̂2

)
, (5.18)

This PDF is a map from the space of density operators of the bipartite system ρ : HAB →
HAB to functions on S2 ⊗ S2. To reconstruct the two-particle density matrix we therefore
wish to invert that map.

Provided that the inner-product matrices (5.12) for each single-particle decay are in-
vertible we may define generalised P symbols Φ̃P symbols for each according to (5.13).
The ai parameters can be obtained from data using an average (5.15) over the appropri-
ate single-particle PDF. The bj parameters are found from corresponding averages of the
angular distributions of the daughter directions n̂2 from parent B, averaging over the Φ̃P

for that decay.
The cij parameters can be extracted (under the same conditions) from the double

integral over the pair of daughter emission directions,

cij =
(

1
2

)2 ∫∫
dΩn̂1dΩn̂2 p(`

+
n̂1
, `−n̂2

; ρ) Φ̃P

F
(A)
l

,i
(n̂1) Φ̃P

F
(B)
m ,j

(n̂2) , (5.19)

where the angular integrals are each performed in the respective parents’ rest frames. The
parameters can be measured experimentally from the averages

ĉij =
(

1
2

)2
〈

Φ̃P

F
(A)
l

,i
(n̂1) Φ̃P

F
(B)
m ,j

(n̂2)
〉

av
, (5.20)

of products of generalised Wigner P symbols. Thus, provided that the matrices (5.12)
for each decay are non-singular we can measure all of the parameters ai, bj and cij of
the bipartite spin density matrix (2.7), providing full quantum state tomography of the
bipartite system. The procedure generalises in a similar manner to multipartite systems of
more than two distinguishable parents.

When two or more parents are indistinguishable the density matrix must be constructed
so as to have the appropriate symmetry under exchange of the parent particles’ labels.
For example, if the parents are a pair of identical bosons then the state vector must be
symmetric under interchange of the labels of the members of the pair. The bipartite
density matrix must then also respect the same symmetry. The symmetry is respected by
modifying the tomographic procedure to be symmetrical with respect to that interchange
of labels, and including an additional factor of one half as follows:

âi = b̂i = 1
8

〈
Φ̃P

F
(1)
l

,i
(n̂1) + Φ̃P

F
(2)
m ,i

(n̂2)
〉

av
. (5.21)

and
ĉij = ĉji = 1

16

〈
Φ̃P

F
(1)
l

,i
(n̂1) Φ̃P

F
(2)
m ,j

(n̂2) + i↔ j

〉
av
, (5.22)

where by defining separate measurement operators F (1)
l and F (2)

m we leave open the possi-
bility that the measurement operators for the daughters differ.
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6 Example decays

In section 4 we described the tomographic procedure for the case of the decay of a single
W+ orW− decay, which had the simplifying factor of being represented by projective decay
operators. Having developed the more general formalism for non-projective decays and for
multi-particle tomography in section 5, we now describe several illustrative examples for
parents with j = 1

2 or j = 1.

6.1 Top quark decay/spin-half fermion decay

As a first example let us take the case of leptonic decay of a top quark. The differential
decay rate is given by

1
Γ

dΓ
d cos θ = 1

2

(
1 + |~P|κ cos θ

)
, (6.1)

where ~P is the polarisation vector of length 0 ≤ |~P| ≤ 1, and θ is the decay direction of the
lepton relative to the polarisation direction [86]. The value of the ‘spin analysing power’
κ varies in the range −1 ≤ κ ≤ 1. In leptonic top decays κ`+ ≈ +1.0, while the b-quark
daughter in top decay has spin analysing power of about κb ≈ −0.41 [86].

Consider now a two-dimensional POVM {F+, F−} where

F± = 1
2(I2 ± κσ3). (6.2)

The corresponding measurement operators are projective when κ = 1 for which F± → Π±
(and when κ = −1 for which F± → Π∓), and are non-projective for intermediate values
−1 < κ < 1. The probability density function (5.7) for daughter emission in direction n̂,
and with density matrix11

ρ2 = 1
2 (I2 +α · σ) (6.3)

is given by

p(n̂; ρ) = 2
4π tr

(
F+,n̂ ρ

)
= 1

4π (1 + κα · n̂). (6.4)

This corresponds with (6.1) for polarisation vector ~P = α. Thus the POVM (6.2) repro-
duces the decay dynamics.

For this spin-half case the generalised Q symbols can be calculated using the procedures
of section 5.1 and are

Φ̃Q
F+,σ1

= κ sin θ cosφ

Φ̃Q
F+,σ2

= κ sin θ sinφ

Φ̃Q
F+,σ3

= κ cos θ. (6.5)

The matrix (5.12) of their inner products is invertible except when κ = 0. Hence for
tomography to be possible it is necessary and sufficient that the decay have non-zero spin

11Our general parameterisation (2.4) of ρ is related to that in (6.3) from ref. [86] by ai = αi/2.
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analyzing power. Provided that condition is satisfied the corresponding generalised P

symbols are

Φ̃P
F+,σ1 = 3

κ
sin θ cosφ

Φ̃P
F+,σ2 = 3

κ
sin θ sinφ

Φ̃P
F+,σ3 = 3

κ
cos θ. (6.6)

The special cases of F corresponding to projective measurements Π± can be found by
setting κ = 1 or −1. For these cases (6.5) and (6.6) become the expressions for the d = 2
Wigner symbols ΦQ±

σi and ΦP±
σi respectively.

We note that for each GGM index (i = 1, 2, 3) the (generalised) Wigner P and Q

symbols are proportional to one another, a property that is particular to d = 2. We also
note that the measurement operators (6.2) are the most general diagonal POVM for a
d = 2 system, and so the methodology of this section applies equally to decays of any other
spin-half system.

Examples of applying these j = 1
2 symbols in simulated data may be found in ap-

pendix D.

6.2 Z → `+`− decay

As a further example let us consider the case Z → `+`−. The Z boson coupling to fermions
is given by [87]

− i gW
cos θW

γµ 1
2(cV − cAγ5), (6.7)

where θW is the weak mixing angle, the vector and axial couplings are cV = cL + cR and
cA = cL−cR, and the right- and left-chiral couplings are cR and cL respectively. For decays
Z → `+`− to the charged leptons the axial and vector couplings are cA = −0.5064 and
cV = −0.0398 respectively [82], and so cL = −0.273 and cR = +0.233. Neglecting the mass
of the charged leptons, higher-order EW effects, and any photon propagator contribution,
the `+-aligned Kraus operator is

KZ→`` = i√
|cR|2 + |cL|2

diag (cR, 0, cL) . (6.8)

The diagonal measurement operator (5.3) is given by

FZ→`` = K†Z→``KZ→`` (6.9)

= 1
|cR|2 + |cL|2

diag
(
|cR|2, 0, |cL|2

)
. (6.10)

The generalised Q symbols are calculated from (5.8) and can be expressed as a linear
combinations

Φ̃Q
FZ→``,j

= 1
|cR|2 + |cL|2

(
|cR|2ΦQ+

λj
+ |cL|2ΦQ−

λj

)
(6.11)
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of the projective Wigner Q symbols. The matrix (5.12) of their inner products is invertible
provided that |cL| 6= |cR| (a condition satisfied for Z → `+`−, but not for e.g. the elec-
tromagnetic process γ → `+`−). Under such conditions the generalised P functions are
given by

Φ̃P
FZ→``,j

= AjkΦP+
λk

(6.12)

where the matrix A is

1
|cR|2 − |cL|2



|cR|2 0 0 0 0 |cL|2 0 0
0 |cR|2 0 0 0 0 |cL|2 0
0 0 |cR|2 − 1

2 |cL|2 0 0 0 0
√

3
2 |cL|2

0 0 0 |cR|2 − |cL|2 0 0 0 0
0 0 0 0 |cR|2 − |cL|2 0 0 0
|cL|2 0 0 0 0 |cR|2 0 0

0 |cL|2 0 0 0 0 |cR|2 0
0 0

√
3

2 |cL|2 0 0 0 0 1
2 |cL|2 + |cR|2


.

When |cR| = 1 and |cL| = 0 the matrix A becomes the identity, and the generalised P

symbols become the Wigner P symbols (4.15) found previously for the W+ boson decay
in the limit of massless fermion daughters.

7 Example quantum applications

The ability to reconstruct the multipartite spin density matrix for multipartite systems of
arbitrary spin j allows us to undertake a broad programme of studies of quantum properties
using the experimental data from colliders. In what follows we provide some illustrative
examples of possible applications.

7.1 Entanglement detection for qubit and qutrit pairs

Entanglement is a fundamental property of quantum systems.12 A pure state |ψ〉 is entan-
gled if it cannot be written

|ψ〉 = |φA〉 ⊗ |φB〉 ⊗ . . . (7.1)

as a product of states |φ〉 of the subsystems. A general mixed state ρ of n systems is
entangled if it is not possible to approximate it [90]

ρ =
n∑
i

pi ρ
i
1 ⊗ . . .⊗ ρn1 0 < pi ≤ 1 (7.2)

as a convex combination of product states. The states that can be expressed in the
form (7.2) are not entangled but may still be classically correlated.

The necessary and sufficient conditions for determining entanglement of a mixed state
are in general difficult (NP-hard) to calculate [91, 92], and they are not analytically known
for bipartite mixed states of dimension larger than 2 × 3 [88]. However several sufficient

12For introductions see for example refs. [88, 89] and references therein.
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conditions for entanglement are known. One such condition is based on the observation
that a state can only have non-zero concurrence c(ρ) if it is entangled [93]. The concurrence
for a pure state can be defined by an operator on a two-fold copy |ψ〉⊗ |ψ〉 of the bipartite
state [93, 94],

c(ψ) =
√
〈ψ| ⊗ 〈ψ|A |ψ〉 ⊗ |ψ〉

where A is a self-adjoint operator which is antisymmetric with respect to exchange of both
parts of the bipartite system. If the state is separable then it must be symmetric under
this exchange, and so the expectation value of A must vanish for separable states. Hence
a non-zero concurrence shows that the state must be entangled.

The concurrence c(ρ) for a mixed state is defined by the method of convex roof exten-
sion. The essence of this method is that, since a mixed state can be obtained in a variety
of different ways from pure states, one must find a limit in terms of the different ensembles
of states (pi, |ψ〉) that could have led to the mixed state ρ. The concurrence for a mixed
state is therefore defined by

c(ρ) = inf
∑
i

pic(|ψ〉),
∑
i

pi = 1, pi ≥ 0, (7.3)

where the infimum is taken over all ensembles {pi, |ψi〉} for which ρ =
∑
i pi |ψi〉 〈ψi|. This

infimum is in general difficult to evaluate.
For bipartite systems of a pair of qubits (d = 2 × 2) the concurrence is analytically

calculable [95, 96]. It may be found using the auxiliary 4× 4 matrix [96]

R = ρ(σ2 ⊗ σ2)ρ∗(σ2 ⊗ σ2),

where the complex conjugate is taken in the basis in which σz is diagonal. The matrix R,
though not Hermitian, has non-negative eigenvalues. Denoting their positive square-roots
ξi with i ∈ {1, 2, 3, 4}, and with ξ1 the largest, the concurrence is [96]

c(ρ) = max(0, ξ1 − ξ2 − ξ3 − ξ4). (7.4)

The maximum value of c(ρ) for 2×2 systems is unity, a value obtained for pure maximally-
entangled states.

For bipartite systems of dimension larger than 2×3 the concurrence is not analytically
calculable. Nevertheless, entanglement may still be demonstrated by evaluating a calculable
lower bound on the square of the concurrence. One such lower bound for a mixed state is
given by [94] (

c(ρ)
)2 ≥ 2 tr(ρ2)− tr(ρ2

A)− tr(ρ2
B) ≡ c2

MB. (7.5)

Here ρA is the reduced density matrix

ρA = trB(|ψ〉 〈ψ|)

for system A formed by taking the partial trace over system B and ρB has a similar meaning
for system B. The key property of this bound is that c2

MB > 0 implies that c2(ρ) > 0 which
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in turn implies that ρ is an entangled state. If c2
MB ≤ 0 it is not possible to determine,

using this measure, whether the state is entangled or not.
For a state corresponding to the spins of a pair of qutrits, such as WW , WZ and ZZ

dibison systems, we have parameterised the bipartite 3× 3 density matrix in terms of the
direct products of Gell-Mann operators (2.7). In this basis the traces entering (7.5) are
given by

tr(ρ2) = 1
9 + 2

3

8∑
i=1

a2
i + 2

3

8∑
j=1

b2
j + 4

8∑
i,j=1

c2
ij ,

tr(ρ2
A) = 1

3 + 2
8∑
i=1

a2
i ,

tr(ρ2
B) = 1

3 + 2
8∑
j=1

b2
j .

Hence the bound defined in (7.5) may be expressed

c2
MB = −4

9 −
2
3

8∑
i=1

a2
i − 2

3

8∑
j=1

b2
j + 8

8∑
i,j=1

c2
ij (7.6)

symmetrically in terms of the 80 GGM parameters ai, bj and cij of the 3 × 3 bipartite
density matrix.

Where (7.6) is positive the state is determined to be entangled. Where the bound it
is less than or equal to zero the c2

MB test is inconclusive.

7.2 Bell inequality tests for bipartite systems

Classical theories are expected to obey local realism: the principles that signals cannot
travel faster than light, and that subsystems have properties that are independent of the
way in which they are measured. Local realist theories must satisfy certain inequalities
known as Bell inequalities, which result from the requirement that the marginal probability
distribution for measurements each subsystem be non-negative. These inequalities are
predicted to be violated in quantum theories.

Bell [97] first showed how one could distinguish between the predictions of quantum
mechanics and those of classical/local realist theories. Thus, by experimentally testing
these inequalities one could empirically discriminate between local realist and quantum
theories.

For a pair of qubits the necessary and sufficient conditions [98] that measurements
be compatible with any local realist theory is that they satisfy the inequality of Clauser-
Horne-Shimony-Holt (CHSH) [99]

I2 = E(a, b)− E(a, b′) + E(a′, b) + E(a′, b′) ≤ 2 . (7.7)

Quantum mechanics, by contrast, permits values of I2 larger than two, up to the Cirel’son
bound [100] of 2

√
2.

– 21 –



J
H
E
P
0
5
(
2
0
2
3
)
0
2
0

For bipartite systems of WW , WZ or ZZ bosons such tests can be performed using
the Collins-Gisin-Linden-Massar-Popescu (CGLMP) inequality [101, 102], the optimal Bell
test for bipartite systems of pairs of qutrits. To construct it, one consider observers A and
B, each having two measurement settings, A1 and A2 for A, and B1 and B2 for B, with
each experiment having three possible outcomes. One denotes by P (Ai = Bj + k) the
probability that the outcomes Ai and Bj differ by k modulo 3. We then construct the
linear function

I3 = P (A1 = B1) + P (B1 = A2 + 1) + P (A2 = B2)
+ P (B2 = A1)− P (A1 = B1 − 1)− P (B1 = A2)
− P (A2 = B2 − 1)− P (B2 = A1 − 1). (7.8)

In theories admitting realism, this function is bounded by [101, 102]

I3 ≤ 2. (7.9)

Quantum theories again violate this bound. Within quantum mechanics we can cal-
culate the expectation values

I3 = 〈B〉
= tr(ρB) (7.10)

of quantum Bell operators B [103], and hence predict the expectation values of the cor-
responding experiments. An quantum operator for the CGLMP test (7.9) was defined in
ref. [104]. A slightly modified version, suited to scalar decays, was defined in a proposal [28]
to test qutrit Bell inequalities in Higgs boson decays to WW (∗)

BCGLMP = − 2√
3 (Sx ⊗ Sx + Sy ⊗ Sy) + λ4 ⊗ λ4 + λ5 ⊗ λ5, (7.11)

where Sx = (λ1 +λ6)/
√

2 and Sx = (λ2 +λ7)/
√

2, and is used again here. The largest pos-
sible value of 〈BCGLMP〉 in non-relativistic quantum mechanics for a maximally entangled
state is 4/(6

√
3−9) ≈ 2.8729 [102]. A slightly larger extremal value of 1+

√
11/3 ≈ 2.9149

can be achieved for other states that are not maximally entangled [104].
The operator (7.11) depends only on spin operators defined in the xy plane [28]. It

may be rotated through arbitrary angles via similarity transformations using products of
the d = 3 operators U †θ,φ (4.4), to obtain corresponding operators in other planes. The
expectation values of the Bell operator can then be calculated from the bipartite density
matrix for arbitrary directions. In particular we can calculate the maximum value,

〈BCGLMP〉max = max
θ,φ

(
tr
(
ρU †θ,φ ⊗ U

†
θ,φ BCGLMP Uθ,φ ⊗ Uθ,φ

))
, (7.12)

of our CGLMP Bell operator evaluated in any plane.13 The underlying theory is incom-
patible with a local realist explanation if this quantity exceeds two.

13Here we apply the same rotation to both sides of the experiment. One could choose to perform
independent arbitrary unitary transformations on each side of the bipartite experiment if one wished to be
sure to obtain the global maximum value of the bound.
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Process d1 × d2

pp→ H →WW ∗ → `+ν` `
−ν̄` 3× 3

pp→W+W− → `+ν` `
−ν̄` 3× 3

pp→ H(200)→W+W− → `+ν` τ
−(30)ν̄τ 3× 3

pp→ H → ZZ∗ → e+e− µ+µ− 3× 3
pp→ ZZ → e+e− µ+µ− 3× 3
pp→W+Z → e+νe µ

+µ− 3× 3

Table 1. Physics processes simulated for bipartite systems of qutrits. The final column gives
the dimension of the Hilbert space of the bipartite system. The particles H(200) and τ(30) have
their masses changed from their Standard Model values to those in the parentheses (in GeV) in
order better to test particular aspects of the tomography method. For each process 106 events were
simulated. The CM energy for pp collisions was

√
s = 13TeV.

8 Monte Carlo simulations

8.1 Tomography of example bipartite systems

To illustrate the method Monte Carlo simulations were performed of the bipartite qutrit
processes listed in table 1.14 The Madgraph v2.9.2 software [80] was used which includes
full spin correlation, relativistic and Breit-Wigner effects. Events were generated at leading
order at a proton-proton centre-of-mass energy of 13TeV. Higgs boson events were gener-
ated using the Higgs effective-field theory model. Higher order corrections to the shapes
of the normalised angular distributions, which for Higgs boson decays to four leptons are
typically at the . 5% level [105–107], are neglected. Care was taken not to introduce any
selection cuts on the leptons on their transverse momentum or rapidity in order not to
bias the expectation values of the angular observables. In a real experiment any such bi-
ases due to trigger and acceptance effects would have to be calculated and corrected for.
When opposite-sign, same-family leptons are selected from continuum Z0 processes the
di-lepton invariant mass is required to be in the range [80,100]GeV in order to select the
Z0 contribution and reduce contributions from virtual photons.

Some samples involve particles with masses far from their Standard Model values in
order better to illustrate particular aspects. For example we include a process with decay
of a W boson to a 30GeV ‘τ ’ lepton (and a massless neutrino) for which v` ≈ 0.75 in order
to test the W boson tomography for a system in which the lepton mass is important.

A basis choice is required to perform quantum state tomography on the systems. The
orthonormal basis chosen for this density matrix reconstruction is a modification of that
proposed for measuring spin correlation in top quarks [4], and is described in [28]. For the
purposes of these examples it is assumed that the vector boson rest frames can be identified.
For the W+W− case, in the centre-of-mass frame of the boson pair the direction of the
W+ is denoted k̂. The direction p̂ of one of the beams in that frame is determined, and a

14Additional processes of other Hilbert space dimension are listed in table 3 in appendix D.
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Figure 3. Cartoon of the right-handed coordinate axes used for the quantum state tomography
of bipartite systems such as W+W−. The axes are aligned as indicated (with n̂ = x̂ pointing out
of the page), and are each defined in the respective bosons’ rest frames. For tomography of other
bipartite systems the axes are similarly defined, with the ẑ axis parallel to the direction of the first
of the two named particles in the bipartite centre-of-mass frame.

mutually orthogonal basis constructed from them:

k̂, r̂ = 1
r

(p̂− yk̂), n̂ = 1
r

(p̂× k̂),

where y = p̂·k̂ and r =
√

1− y2. This provides a right-handed orthonormal basis {n̂, r̂, k̂}
defined in the diboson CM frame. Boosts are then performed into each of the W± rest
frames, and a new basis {x̂, ŷ, ẑ} ≡ {n̂, r̂, k̂′} defined in each such that n̂ and r̂ are un-
modified, while each k̂′ is parallel to k̂ but has been unit-normalised after the corresponding
boost. For other bipartite systems a similar procedure is followed, with the axes defined in
the respective parents rest frames. A sketch of the resulting axes can be found in figure 3.

Quantum state tomography was then performed on the simulated final states. For
the bipartite systems of W+W− bosons the ĉij are found from (5.20), using the projective
Wigner P symbols (4.15). The parameters for the individual W± boson decays to leptons
of negligible mass we find the GGM parameters using equation (4.17). For the decay of
the W boson to the 30GeV ‘heavy τ ’ lepton we instead use the non-projective Wigner P
symbols (C.7). For the leptonic Z boson decays we find the GGM parameters from the
average (5.15) of the generalised Wigner P symbol (6.12) for Z → `+`−. For the case of
a bipartite system of pair Z bosons we symmetrize the density matrix parameters over
exchange of labels using (5.21) and (5.22), with the generalised Wigner P symbols again
being given by (6.12). Further examples illustrating the process of tomography for 2 × 2
and 2× 3 dimensional bipartite systems may be found in appendix D.

For these initial studies we do not apply experimental selections and we assume that
the parent rest frames can be reconstructed with sufficient precision to calculate the gen-
eralised Wigner P symbols. The extent to which these approximation are valid, or can be
corrected for, will depend on the details of the final state (for example whether neutrinos
are created), as well as on details like the experimental selection and detector resolution.
After applying trigger and experimental selection requirement the experimentalist may
wish to obtain GGM parameters from fits to data, rather than from simple averages, in or-
der to reduce bias caused by the selection requirements, and to evaluate the corresponding
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(a) (b)

(c) (d)

Figure 4. Reconstructed Gell-Mann parameters obtained from quantum state tomography of
pairs of simulated W± bosons obtained from (a) W+W− → `+ν`−ν̄ (b) H → WW (∗) → `+ν`−ν̄,
(c) and a 200GeV scalar decaying to WW then to a state with a 30GeV ‘τ ’ lepton. We also show
(d) the results expected for an ideal singlet state (8.1) of two qutrits. The bottom row of each plot
contains the ai parameters for a W+ boson, the leftmost column the bj parameters for the W−
boson and the rows and columns 1-8 the cij parameters. The (0,0) element has no meaning.

uncertainties. An advantage of our approach is that this fitting could also be performed di-
rectly on distributions of experimental interest derived from those GGM parameters, such
as measures of entanglement or expectation values of Bell operators.

The results of the quantum state tomography for pairs of simulated W+W− bosons
can be found in figure 4a–c. In each of the two reconstructed samples one can observe
non-zero GGM parameters corresponding to non-isotropy of, and correlations between, the
spins of the two W bosons. For comparison, figure 4d shows the expected tomographic
outcome for the density matrix

ρs = |ψs〉 〈ψs| (8.1)

of a non-relativistic, narrow-width pure singlet scalar state

|ψs〉 = 1√
3
(
|+〉 |−〉 − |0〉 |0〉+ |−〉 |+〉

)
. (8.2)
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This state is isotropic on measurements of each individual system but has maximal corre-
lations between the two systems.

It can be seen that as expected the parameters for the (scalar) Higgs boson decay
process gg → H → `+ν` `

−ν̄` share many of the properties of the spin singlet state, a
state to which it would reduce in the non-relativistic and narrow-width approximation. A
difference is observed particularly in the a3 and a8 parameters which are related to the
longitudinal polarisation of the vector boson. The tomographic method also performs as
expected for the state with the heavy ‘τ ’ lepton, provided that the generalised Wigner P
symbols (C.7) for the non-projective decay are used, normalised such that only j = 1 states
are reconstructed.

With knowledge of the full joint density matrix one can then consider other operators.
For example one may reconstruct the expectation value of various Cartesian spin operators
of the individual bosons and of their correlated spin expectation values. For spin-half
systems the spin operators are proportional to the GGM operators so their expectation
values such as

〈Si〉 = 1
2 tr( ρ σi )

= ai (8.3)

can be read off directly from the GGM parameters. For spin-one systems the complete set
of relevant spin operators are defined from the j = 3 spin operators Si extended by the
symmetric quadratic products,

S{ij} ≡ SiSj + SjSi.

The various spin operators are related to the d = 3 GGM operators and parameters as
described in appendix B.

The resulting spin-operator expectation values (after tomographic reconstruction of
our Monte Carlo simulations in the Gell-Mann basis) are shown for the two tested W+W−

physics processes in figure 5, along with the corresponding values for the spin-singlet
state (8.1). Again, one observes that the tomographically reconstructed states for gg →
H → `+ν` `

−ν̄` events have the expected correspondence with the idealised spin singlet
state. However, unlike the case for the spin singlet, the expectation values both for the
single W boson and for the WW system, have different values in the W -boson momentum
direction, z, compared to the transverse (x, y) directions.

Figure 6 shows the results of performing tomography on pairs of simulated Z bosons
using (5.21) and (5.22). The density matrix has been constructed to be symmetrical under
interchange of their labels. The GM parameters and the expectation values of the various
Cartesian tensor operators are shown. The high degree of correlation between the GM
parameters is again visible. The reconstructed GM parameters and spin expectation values
have a similar but not identical structure to that for the WW case, as expected for decays
with the same spin structure but different masses.
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(a) (b)

(c) (d)

Figure 5. Reconstructed expectation values of the complete set of j = 1 spin operators for pairs
of W± bosons obtained from (a) pp → W+W− → `+ν`−ν̄ (b) pp → H → WW (∗) → `+ν`−ν̄, (c)
a 200GeV Higgs boson decaying to WW involving a 30GeV ‘τ ’ lepton, and (d) an ideal singlet
state (8.1) of two qutrits. In a–c the bottom row contains the operators for the W+ boson, the
leftmost column the bj parameters for the W− boson and others rows and columns the product
operators for those bosons. The bottom-left-hand bin of each plot has no meaning.

8.2 Entanglement measures in diboson systems

Having found a method to obtain analytically the full density matrix we are in a position to
address other questions about the reconstructed quantum state. One of the most interesting
is whether a multipartite state is separable or entangled.

To test entanglement in our simulations of bipartite systems the bound (7.6) on the
square of the concurrence was calculated. The results may be found in table 2. It is observed
that both inclusive pp→W+W− production and inclusive pp→ ZZ production (i.e. with
no selection requirements) yield a negative c2

MB, so entanglement can not be inferred for
these ensembles using this method.15 By contrast, for the decays of Higgs bosons to
WW (∗) or to ZZ(∗) pairs the c2

MB bounds both exceed zero, meaning that entanglement of
the vector bosons pairs could indeed be inferred in each case.

15Numerical approximations to the concurrence [108] do however suggest that these states still may be
entangled but not in a manner that is not detectable using c2

MB.
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Figure 6. Reconstructed Gell-Mann parameters (top) and spin expectation values (bottom)
obtained from quantum state tomography of pairs of Z bosons obtained from (left) pp → ZZ →
e+e−µ+µ− and (right) pp → H → ZZ(∗) → e+e−µ+µ− simulations in Madgraph. The plots are
symmetric under the interchange of labels 1↔ 2 by exchange symmetry.

For comparison the results for various idealised pure and mixed qutrit pair states are
also calculated. Results are tabulated for two highly entangled states, the singlet state (8.1),
and the qubit-pair-like state:

|Φ+
Bell2〉 = 1√

2
(
|−〉 |−〉+ |+〉 |+〉

)
, (8.4)

as are those for two states known not to be entangled: a separable state

|ψsep〉 = |+〉 |+〉 , (8.5)

and the maximally mixed state in a bipartite system of two qutrits

ρI9 = I9. (8.6)

Comparing the magnitudes of the values we observe that the reconstructed bounds c2
MB

for the Higgs decays to WW ∗ are of the same order as the values expected for maximally-
entangled qubit or qutrit states (1 and 4

3 respectively).
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Process c2
MB

pp→W+W− → `+ν`−ν̄ -0.147
H(125)→WW (∗) → `+ν` `

−ν̄` 0.973
H(200)→WW → `+ν` τ

−(30)ν̄τ 0.946
pp→ ZZ → e+e−µ+µ− -0.21
H(125)→ ZZ(∗) → e+e−µ+µ− 0.53
pp→W+Z → e+νeµ

+µ− 0.10
|ψs〉 〈ψs| (8.2) 4

3
|Φ+

Bell2〉 〈Φ
+
Bell2| (8.4) 1

|ψsep〉 〈ψsep| (8.5) 0
ρI9 (8.6) −4

9

Table 2. Lower bound c2
MB (7.5) on the square of the concurrence for the spin density matrices

obtained by quantum state tomography from simulated diboson Monte Carlo event samples. For
entanglement to be detected it is sufficient that c2

MB > 0. For comparison the values for particular
example states are also given.

To investigate the effect of background processes mixed signal and background state
were constructed from the linear combinations

ρH/WW = αρH→WW∗ + (1− α) ρWW (8.7)

that would be obtained from a fraction α of H →WW ∗ signal events and fraction (1−α)
of W+W− continuum background events, assuming no selection bias. A corresponding
density matrix

ρH/ZZ = αρH→ZZ∗ + (1− α) ρZZ (8.8)

is defined from the states obtained from the H → ZZ(∗) and pp→ ZZ processes.
As we vary the signal fraction for H → WW (∗) we find that the bound (7.5) on the

square of the concurrence is greater than zero for values of α & 0.55, as shown in figure 7.
Hence one could determine using this method that the state is non-separable over the range
of 0.55 . α ≤ 1.

For the ZZ state ρH/ZZ the corresponding range is 0.73 . α ≤ 1. This suggests that a
higher signal-to-background ratio is required to detect entanglement in the H → ZZ(∗) case
than in the H →WW ∗ channel. Nevertheless the ZZ case might be more experimentally
accessible since, unlike the case of the leptonic W boson decays, there are no neutrinos in
the final state so the signal may be cleanly identified from events in which the four-lepton
invariant mass is close to mH .

When selection cuts are applied to the diboson processes the contributions of different
Feynman diagrams with different spin structures differ, and so the density matrix varies.
To investigate the effect of these effects we calculate c2

MB separately for different ensembles
of W+W−, W+Z and ZZ events, each defined by a coarse binning on the angle θcm of one
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(a) ρH/WW

(b) ρH/ZZ

Figure 7. Bell violation and entanglement detection in Higgs boson decays to vector bosons.
Results are shown for the ‘signal+background’ states ρH/WW (8.7) and ρH/ZZ (8.8) as a function
of the signal fraction α. Where the bound (7.5) on the square of the concurrence exceeds zero
the simulated state is entangled. Where it is less than zero the test is inconclusive. For the Bell
inequality test the simulated state violates the qutrit Bell inequality (7.9) if either expectation value
of the CGLMP operator (7.12) exceeds two.

of the parent bosons relative to the beam in the CM frame, and a threshold requirement
mmin

cm on the invariant mass of the diboson pair.
We observe in these simulated diboson systems that the bound c2

MB on the square of
the concurrence typically increases with increasing diboson invariant mass (figure 8). The
bound is typically larger than zero, indicating an entangled systems, for invariant mass
larger than about a few hundred GeV, and has an angular dependence which depends on
which bosons are considered. These results suggest that entanglement might be measur-
able in these systems provided that sufficiently large ensembles can be collected with the
appropriate kinematic selections.

8.3 Bell inequality tests in diboson systems

We next explore Bell inequality violation using the simulated bipartite vector boson systems
W+W−, ZZ and W+Z. After performing quantum state tomography we calculate the
expectation value of the CGLMP Bell operator (7.11).
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(a) pp→W+W− (b) pp→W+Z

(c) pp→ ZZ

Figure 8. Entanglement detection in diboson samples. The color scale shows c2
MB(ρ), the bound

on the square of the concurrence of the bipartite density matrix for diboson production pp→ V V .
The density matrices have been obtained from tomography of the simulated data. Each bin is
plotted deferentially in | cos θcm| (horizontal axis) and with a lower bound mmin

CM on the invariant
mass of the diboson pair given by the value on the vertical axis. Values of c2

MB(ρ) > 0 (pink/purple
bins) indicate non-separable, entangled, states. Values larger than that obtained for a singlet state
(4/3) are due to statistical fluctuations.

All of our background-free simulations of Higgs boson decays have expectation values
which violate the maximum value (two) allowed in local-realist theories, with typical expec-
tation values being in the range 2.3 to 2.6 depending on the decay channel. These results
confirm and extend previous findings for projective H → WW (∗) decays [28] extending
them to H → ZZ(∗) → 4` decays which could be easier to investigate experimentally due
to the absence of invisible neutrinos in the final state.

The effect of generic diboson backgrounds on the Bell operator expectation value was
checked by considering the mixed Higgs signal+background states (8.7) and (8.8). The
results are plotted in figure 7. The maximum expectation values (over all test planes)
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of the tested CGLMP operator exceeds the local realist limit of two for signal fraction
α & 0.81 for WW (∗) and α & 0.92 for ZZ(∗). Thus observing Bell violation in Higgs boson
decays is possible, but the caveat is that it making the measurement is likely to require
samples with similarly large signal purity, at least using the operator.

For the continuum pp → W+W−, pp → W+Z, and pp → ZZ simulations we also
calculate the CGLMP Bell operator expectation values for the same kinematic selections
on mmin

cm and cos θcm as were used for entanglement detection. The expectation values for
operators defined in the xy, xz and yz planes are calculated according to the axes defined
in figure 3 and the largest of the three determined for each ensemble of events.

The WW and WZ samples do not show Bell violation for our (scalar-optimised)
CGLMP operator (7.11), nor for its xz- or yz-plane equivalents.16 The ZZ diboson con-
tinuum sample does show a region at large diboson invariant mass and small cos θCM in
which the xz- and yz-plane versions of the operator violates the local-realist limits in high-
statistics samples. However when the statistical uncertainties of the HL-LHC data samples
are considered, no statistically significant Bell violation is expected to be observed with
3 ab−1 of integrated luminosity with these particular operators. This does not exclude the
possibility of observable Bell violation for other Bell operators optimised for this particular
process.17

8.4 Exchange symmetry tests in H → ZZ∗

To test identical particle exchange symmetry, the ensembles of simulated ZZ events were
reconstructed again but now assuming that the Z boson that decays to e+e− can be
distinguished (due to its different decay products) from the one decaying to µ+µ−. The
GM parameters of the density matrix were therefore reconstructed using the unsymmetrized
averages (5.20) and (5.20) rather than the symmetrized versions (5.21) and (5.22).

The resulting GM parameters were found not to describe a valid density matrix for
the H → ZZ∗ decays. The reconstructed candidate bipartite density matrix in this case
had eigenvalues as large as 1.35 and several negative eigenvalues, one as small as −0.26,
each outside the physical range [0, 1]. The trace of ρ2 was approximately 2.2, whereas
for a valid density matrix it must be in the range [0, 1]. The reconstructed bound on the
square of the concurrence c2

MB = 3.4 was also calculated to have a value larger than the
quantum mechanical maximum 4

3 for an entangled pair of qutrits. Any of these features
would demonstrate that the candidate density matrix is not valid.

This contradiction indicates that the initial assumption, that of distinguishable bosons,
was invalid. Hence one could reject, based on empirical evidence, the hypothesis that this
quantum state of two Z bosons allows them to be individually labelled.

16An apparent violation reported in WZ events in an earlier version of this report was found to be due
to selection requirements made by the Monte Carlo calculation, and should be disregarded.

17During the review of this paper analytical calculations were performed by others for the ZZ process
and tested with sets of Bell operators following various unitary transformations (U⊗V )† ·BCGLMP · (U⊗V )
where U and V are independent three-dimensional unitary matrices. Those results show violation of these
optimised Bell operators in both ZZ and W+W− continuum diboson events [109].
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9 Conclusions

We have outlined a broad programme for performing experimental tests of the foundations
of quantum theory using weak vector bosons at colliders.

The enabling technology developed for this purpose is a rather general method of
quantum state tomography. We have described the simplifications that result from using a
generalised Gell-Mann parameterisation of the density matrix, which allows its reconstruc-
tion for arbitrary numbers of parents of arbitrary spin, provided only that their decays are
spin-dependent. The method links to quantum information theory by making use of Kraus
and measurement operators and by exploiting the Wigner-Weyl formalism for spin. We
have generalised the Wigner-Weyl formalism to deal with non-projective decays, and pro-
vided step-by-step examples for the most relevant spin-half and spin-one cases, including
of the top quark, and the W± and Z bosons.

Monte Carlo simulations were performed and analysed of various bipartite systems.
These illustrate how this procedure of quantum state tomography can experimentally re-
construct the full bipartite spin-density matrix for Hilbert spaces of dimensions 2×2, 2×3
and 3× 3.

We have explored quantum separability/entanglement criteria for W+W− W+Z and
ZZ pairs. The W and Z bosons resulting from the SM Higgs boson decay processes
H → WW (∗) and H → ZZ(∗) are highly entangled, and could be measured to be so
provided that sufficiently pure samples can be selected. In simulations of pp collisions we
have explored general W+W− ZZ and W+Z production, all of which show potential for
measurements of entanglement for particular kinematic selections.

Bell inequality tests for gauge boson pairs were also investigated in simulations. The
expectation value of the Bell operators for the decays H → WW (∗) and H → ZZ(∗) each
violate the qutrit CGLMP Bell inequality provided that the signal-to-background ratios
are sufficiently large.

Finally we outline how in H → ZZ∗ decays one could test experimentally the exchange
symmetry of the boson pair.

For any collider experiments the effects of statistical and systematic uncertainties will
need to be determined before definitive statements can be made. The calculation of these
uncertainties requires multiple numerical experiments which go beyond the scope of this
work. However in general one can say that with increasing LHC luminosity these measure-
ments should become increasingly accessible. The methods are also general and could later
be used at future e+e−, pp or µ+µ− colliders. Applications may also be found in other
spin-dependent decays, such as the weak decays of hadrons.

A Generalised Gell-Mann matrix representations, density matrix repre-
sentations, and Wigner Q and P symbols

The d2−1 generalised Gell-Mann matrices λ(d) for a Hilbert space of dimension d are repre-
sentations of the generators of the group SU(d). They are characterized by the commutator
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structure constants fijk and anticommutator structure constants gijk:

[λ(d)
i , λ

(d)
j ] = 2ifijkλ

(d)
k (A.1)

{λ(d)
i , λ

(d)
j } = 4

d
δijId + 2gijkλ

(d)
k . (A.2)

The generators can be constructed systematically for any d; an orthogonal set is given
by [69]

{λ(d)
i }

d2−1
i=1 = {λ(d)

S,jk, λ
(d)
A,jk, λ

(d)
D,l} (A.3)

comprising a set of symmetric

λ
(d)
S,jk = |j〉 〈k|+ |k〉 〈j| , (A.4)

antisymmetric

λ
(d)
A,jk = −i(|j〉 〈k| − |k〉 〈j|), (A.5)

and diagonal

λ
(d)
D,l =

√
2

l(l + 1)

 l∑
j=1
|j〉 〈j| − l |l + 1〉 〈l + 1|

 (A.6)

matrices where 1 ≤ j < k ≤ d, and 1 ≤ l ≤ d− 1.

A.1 j = 1/2, d = 2 (qubits)

For d = 2 the GGM matrices are the Pauli matrices

σ1 = λ
(2)
S,12 =

(
0 1
1 0

)
, σ2 = λ

(2)
A,12 =

(
0 −i
i 0

)
, σ3 = λ

(2)
D,1 =

(
1 0
0 −1

)
, (A.7)

where for each of the three matrices we label them above both by the Pauli-matrix index
(e.g. σ1 and the GGM label e.g. λ(2)

S,12.
The single-particle density matrix (2.4) written in terms of these three parameters for

d = 2 is

ρ(2) = 1
2I2 +

3∑
i=1

aiσi

=
(

1
2 + a3 a1 − ia2
a1 + ia2

1
2 − a3

)
. (A.8)

The Wigner Q symbols for d = 2 are given by (6.5) with κ = 1. The corresponding Wigner
P symbols are given by (6.6) with κ = 1.
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A.2 j = 1, d = 3 (qutrits)

For spin-1 particles the d = 3 Gell-Mann matrices are

λ
(3)
1 = λ

(3)
S,12 =

 0 1 0
1 0 0
0 0 0

 , λ
(3)
2 = λ

(3)
A,12 =

 0 −i 0
i 0 0
0 0 0

 , λ
(3)
3 = λ

(3)
D,1 =

 1 0 0
0 −1 0
0 0 0

 ,

λ
(3)
4 = λ

(3)
S,13 =

 0 0 1
0 0 0
1 0 0

 , λ
(3)
5 = λ

(3)
A,13 =

 0 0 −i
0 0 0
i 0 0

 , λ
(3)
6 = λ

(3)
S,23 =

 0 0 0
0 0 1
0 1 0

 ,

λ
(3)
7 = λ

(3)
A,23 =

 0 0 0
0 0 −i
0 i 0

 , λ
(3)
8 = λ

(3)
D,2 = 1√

3

 1 0 0
0 1 0
0 0 −2

 , (A.9)

where for each d = 3 matrix both the conventional Gell-Mann notation (e.g. λ(3)
1 ) and the

GGM label (e.g. λ(3)
S,12) are given.

The density matrix for d = 3 is

ρ(3) = 1
3I3 +

8∑
i=1

aiλ
(3)
i

=


1
3 + a3 + 1√

3a8 a1 − ia2 a4 − ia5

a1 + ia2
1
3 − a3 + 1√

3a8 a6 − ia7

a4 + ia5 a6 + ia7
1
3 −

2√
3a8

 . (A.10)

The d = 3 Wigner Q and P symbols are the ΦQ+ and ΦP+ given in equations (4.7)
and (4.15) respectively.

A.3 j = 3/2, d = 4

In d = 4 there are 15 GGM matrices calculable from (A.3)–(A.6). The Wigner Q symbols
for the six symmetric matrices (A.4) are

ΦQ

λ
(4)
S,12

= 2
√

3 sin
(
θ
2

)
cos5

(
θ
2

)
cosφ

ΦQ

λ
(4)
S,13

= 2
√

3 sin2
(
θ
2

)
cos4

(
θ
2

)
cos 2φ

ΦQ

λ
(4)
S,23

= 3
4 sin3 θ cosφ

ΦQ

λ
(4)
S,14

= 1
4 sin3 θ cos 3φ

ΦQ

λ
(4)
S,24

= 2
√

3 sin4
(
θ
2

)
cos2

(
θ
2

)
cos 2φ

ΦQ

λ
(4)
S,34

= 2
√

3 sin5
(
θ
2

)
cos

(
θ
2

)
cosφ. (A.11)
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Figure 9. Graphical display of the Wigner Q symbols for the d = 4 GGM matrices. In each case
θ ∈ [0, π] is shown on the horizontal axis and φ ∈ [0, 2π) on the vertical axis. The plots are arranged
in rows following the order of the symbols in Eqns (A.11)–(A.13).

Those for the six d = 4 anti-symmetric GGM matrices (A.5) are

ΦQ

λ
(4)
A,12

= −2
√

3 sin
(
θ
2

)
cos5

(
θ
2

)
sinφ

ΦQ

λ
(4)
A,13

= −2
√

3 sin2
(
θ
2

)
cos4

(
θ
2

)
sin 2φ

ΦQ

λ
(4)
A,23

= −3
4 sin3 θ sinφ

ΦQ

λ
(4)
A,14

= −1
4 sin3 θ sin 3φ

ΦQ

λ
(4)
A,24

= −2
√

3 sin4
(
θ
2

)
cos2

(
θ
2

)
sin 2φ

ΦQ

λ
(4)
A,34

= −2
√

3 sin5
(
θ
2

)
cos

(
θ
2

)
sinφ. (A.12)

Those for the three d = 4 diagonal GGM matrices (A.6) are

ΦQ

λ
(4)
D,1

= cos4
(
θ
2

)
(2 cos θ − 1)

ΦQ

λ
(4)
D,2

= 1
8
√

3 (6 cos θ + 3 cos 2θ − 2 cos 3θ + 1)

ΦQ

λ
(4)
D,3

= 1
8
√

6 (15 cos θ − 6 cos 2θ + cos 3θ − 2) . (A.13)

These Q symbols are shown graphically in figure 9.
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The corresponding d = 4 Wigner P functions are, for the symmetric GGM matrices:

ΦP

λ
(4)
S,12

= 5
√

3
16
(
3 sin θ + 4 sin 2θ + 7 sin 3θ

)
cosφ

ΦP

λ
(4)
S,13

= 5
√

3
4 sin2 θ

(
7 cos θ + 1

)
cos 2φ

ΦP

λ
(4)
S,23

= − 5
16
(

sin θ + 21 sin 3θ
)

cosφ

ΦP

λ
(4)
S,14

= 35
4 sin3 θ cos 3φ

ΦP

λ
(4)
S,24

= 5
√

3
4 sin2 θ(1− 7 cos θ) cos 2φ

ΦP

λ
(4)
S,34

= 5
√

3
16
(
3 sin θ − 4 sin 2θ + 7 sin 3θ

)
cosφ , (A.14)

for the antisymmetric matrices:

ΦP

λ
(4)
A,12

= −5
√

3
16
(
3 sin θ + 4 sin 2θ + 7 sin 3θ

)
sinφ

ΦP

λ
(4)
A,13

= −5
√

3
4 sin2 θ(7 cos θ + 1) sin 2φ

ΦP

λ
(4)
A,23

= 5
16
(

sin θ + 21 sin 3θ
)

sinφ

ΦP

λ
(4)
A,14

= −35
4 sin3(θ) sin 3φ

ΦP

λ
(4)
A,24

= −5
√

3
4 sin2 θ

(
1− 7 cos θ

)
sin 2φ

ΦP

λ
(4)
A,34

= −5
√

3
16
(
3 sin θ − 4 sin 2θ + 7 sin 3θ

)
sinφ (A.15)

and for the diagonal matrices:

ΦP

λ
(4)
D,1

= 5
8
(
5 cos θ + 3 cos 2θ + 7 cos 3θ + 1

)
ΦP

λ
(4)
D,2

= − 5
8
√

3
(
6 cos θ − 3 cos 2θ + 14 cos 3θ − 1

)
ΦP

λ
(4)
D,3

= 5
8
√

6
(
9 cos θ − 6 cos 2θ + 7 cos 3θ − 2

)
. (A.16)

B Spin matrix representation for d = 3

The j = 1 spin operators are represented by the 3-dimensional traceless Hermitian matrices

Sx = 1√
2

 0 1 0
1 0 1
0 1 0

 , Sy = 1√
2

 0 −i 0
i 0 −i
0 i 0

 , Sz =

 1 0 0
0 0 0
0 0 −1

 . (B.1)

In this basis the states {|+〉 , |0〉 , |−〉} label the eigenstates of the Sz operator. Under an
active rotation of angle θ about an axis in direction n̂ the state transforms as

|ψ〉 → |ψ′〉 = exp (−in̂ · S θ) |ψ〉 , (B.2)
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where we make use of the Cartesian inner product

n̂ · S =
3∑
j=1

n̂jSj .

By the Cayley-Hamilton theorem the spin operators for spin j, matrices of order 2j+1,
can be written as polynomials of degree 2j or less in the spin operator. It follows that a
possible parameterisation for ρ is in terms of the Si together with the S{ij} — the pairwise
symmetric products of those operators:

S{ij} ≡ SiSj + SjSi. (B.3)

Their pairwise symmetric products take the form

S{xy} =

 0 0 −i
0 0 0
i 0 0

 , S{xz} = 1√
2

 0 1 0
1 0 −1
0 −1 0

 , S{yz} = 1√
2

 0 −i 0
i 0 i
0 −i 0

 ,

S{xx} =

 1 0 1
0 2 0
1 0 1

 , S{yy} =

 1 0 −1
0 2 0
−1 0 1

 , S{zz} =

 2 0 0
0 0 0
0 0 2

 .
The density matrix therefore may be written in terms of the Ss and S{ij} as

ρ = 1
3I3 +

3∑
i=1

αjSi +
3∑

i,j=1
βijS{ij} (B.4)

where the three real parameters αi form a vector, and the βij form a traceless real symmetric
matrix.

For the purposes of quantum state tomography it is inconvenient that the set of nine
operators

{
Sj , S{jk}

}
is not linearly independent of the identity I3. The dependence can

be seen from the relation

S{xx} + S{yy} + S{zz} = 2
(
S2
x + S2

y + S2
z

)
= 4I3, (B.5)

which makes it necessary that
∑
j cjj = 0 in order that ρ retains unit trace.

These spin-based operators are given in terms of the Gell-Mann operators by

Sx = 1√
2(λ1 + λ6) S{yz} = 1√

2(λ2 − λ7) S{xx} =
√

8
3λ0 − 1

2λ3 + λ4 + 1
2
√

3λ8

Sy = 1√
2(λ2 + λ7) S{xz} = 1√

2(λ1 − λ6) S{yy} =
√

8
3λ0 − 1

2λ3 − λ4 + 1
2
√

3λ8

Sz = 1
2(λ3 +

√
3λ8) S{xy} = λ5 S{zz} =

√
8
3λ0 + λ3 − 1√

3λ8,

where λ0 was defined in (2.8). Hence the expectation values are given in terms of the
Gell-Mann parameters:

〈Sx〉 =
√

2(a1 + a6) 〈S{yz}〉 =
√

2(a2 − a7) 〈S{xx}〉 = −a3 + 2a4 + a8√
3

+ 4
3

〈Sy〉 =
√

2(a2 + a7) 〈S{xz}〉 =
√

2(a1 − a6) 〈S{yy}〉 = −a3 − 2a4 + a8√
3

+ 4
3

〈Sz〉 = a3 +
√

3a8 〈S{xy}〉 = 2a5 〈S{zz}〉 = 2a3 −
2a8√

3
+ 4

3 . (B.6)
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C Generalised Wigner Q and P symbols W → `+ν decay with massive
lepton

In section 4 we examined W → `ν decay under the assumption of a massless charged
lepton. Here we calculate the Wigner symbols allowing that lepton to be of non-negligible
mass m`, of the same order as mW .

The vertex factor for W+ → `+ν` is [87]

− igW√
2
γµ 1

2(1− γ5) (C.1)

The positive and negative helicity Dirac spinors for the `+ may be written

v+ ∝ 1
2(1 + χ)vR + 1

2(1− χ)vL (C.2)
v− ∝ 1

2(1− χ)vR + 1
2(1 + χ)vL (C.3)

where vL,R are the left- and right-chiral projected components and χ = p
E+m , where p,

E and m are the momentum, energy and mass respectively of the heavy lepton `+, as
measured in its parent W boson’s rest frame.

Allowing for a scalar component of the W boson, neglecting the neutrino mass, and
including a Clebsch-Gordan coefficient coefficients

〈1, 0 |↑↓〉 = 2−1/2

〈0, 0 |↑↓〉 = 2−1/2 (C.4)

for the |1, 0〉 and |0, 0〉 states, the j = 1 components of the Kraus operator are

KW+→`+ν = i√
2(1 + χ2)

diag
(
(1 + χ), (1− χ)/

√
2, 0

)
(C.5)

in the order of mj: (+, 0,−). The j = 0 component has magnitude equal to that for the
|1, 0〉 state if it’s assumed that its coupling is equal. The j = 1 components of the diagonal
measurement operator are then

FW+→`+ν = K†W+→`+ν KW+→`+ν

= diag
(

1
2(1 + v), 1

4(1− v), 0
)
, (C.6)

where v is the speed of the heavy `+ in the W+ boson rest frame. The generalised Q

functions for the j = 1 components can be calculated from (5.8) and (C.6).
The j = 0 component of FW+→`+ν , under the assumption of uniform couplings, is

1
4(1−v). That component has a generalised Wigner Q symbol 1

4(1−v) proportional to the
identity. It contributes to the Kraus and measurement operators of the j = 1 components
by contributing to the normalisation terms in their denominators.

The 9×9 matrix (eight components corresponding to j = 1 one for j = 0) of inner
products (5.12) of generalised Wigner Q functions is then calculated. The j = 0 functions
are orthogonal to the j = 1 functions, so the matrix breaks into two blocks. The j = 1 block
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(of dimension 8×8) is invertible except when v = 0. The j = 0 block (1×1) is invertible
except when v = 1.

Other than at these singular values the generalised P functions for can be calculated
for each block according to (5.13). For j = 1 they are given in terms of the projective P
symbols by

Φ̃P
FW+→`+ν ,i

= AijΦP+
j , (C.7)

where the matrix A is

A =



1
v+1 + 1

2v 0 0 0 0 1
v+1 −

1
2v 0 0

0 1
v+1 + 1

2v 0 0 0 0 1
v+1 −

1
2v 0

0 0 1
2(v+1) + 3

4v 0 0 0 0
√

3(v−1)
4v(v+1)

0 0 0 1
v 0 0 0 0

0 0 0 0 1
v 0 0 0

1
v+1 −

1
2v 0 0 0 0 1

v+1 + 1
2v 0 0

0 1
v+1 −

1
2v 0 0 0 0 1

v+1 + 1
2v 0

0 0
√

3(v−1)
4v(v+1) 0 0 0 0 3

2(v+1) + 1
4v


(C.8)

The corresponding Wigner P symbols for the W− can be obtained from those for the W+

from by the simultaneous replacements φ→ φ+ π, θ → π − θ.
If scalar components for the vector boson are forbidden, for example due to the ar-

gument that the boson must be on-shell, then the measurement operator (C.6) should be
normalised such that its has unit trace without any scalar component. The j = 1 com-
ponents of the measurement operator are then multiplied by a factor fv = 4/(3 + v); the
generalised j = 1 Wigner Q functions are multiplied by fv; and the generalised j = 1 Wigner
P functions (C.7) are multiplied by f−1

v .
In the limit v → 1 the normalisation factor f → 1 and the question as to whether one

permits a scalar component for the W± becomes irrelevant. We have that the product of
Kraus operators FW+→`+νF

∗
W+→`+ν → Π+, the matrix A = I8 and for the j = 1 block we

recover the projective Wigner Q (4.7) and P (4.15) symbols for d = 3.

D Examples of quantum state tomography in bipartite systems of di-
mension 3× 2 and 2× 2

We have concentrated in the main body of the text on 3× 3 bipartite systems, which have
not previously been investigated in detail in particle physics. To illustrate the method also
test examples of bipartite systems of Hilbert space dimension d1×d2 = 3×2 and 2×2. We
follow the procedures described in section 8.1, but now also performing qubit tomography
of leptonic top and anti-top quark decays using the generalised Wigner P symbols (6.6)
with spin analysing power κ = +1.0 for `+ from t and κ = −1.0 for `− from t̄.

The physics processes simulated are shown in table 3. Our 2 × 2 test system is the
hypothetical decay H(400) → tt̄, of a Higgs boson with mass of 400GeV to a pair of top
quarks. The GGM density matrix parameters obtained after simulation by quantum state
tomography are displayed in figure 10a. The ai and bj parameters are consistent with
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Process d1 × d2

pp→ H(400)→ tt̄→ (be+νe)(b̄µ−ν̄µ) 2× 2
pp→W+t̄b→ (e+νe)(b̄µ−ν̄µ)b 3× 2

Table 3. Additional physics processes simulated of Hilbert space dimension different from 3× 3.
The final column gives the dimension of the Hilbert space of the bipartite system. For each process
106 events were simulated. The CM energy for pp collisions was

√
s = 13TeV.

(a) H(400)→ tt̄ (b) pp→W+t̄

Figure 10. Generalised Gell-Mann parameters obtained by quantum state tomography of sim-
ulated decays for bipartite systems of Hilbert space d1 × d2 = 3 × 2 (qutrit-qubit) and 2 × 2
(qubit pair).

zero while the cij parameters of the reconstructed bipartite density matrix are, within the
statistical uncertainties of the simulation, consistent with those

cij = 1
4

 1 0 0
0 1 0
0 0 −1


of a maximally entangled state a pair of qubits.18 Such a state has the largest concurrence
possible (unity) for a 2× 2 system. The reconstructed concurrence is 0.97, confirming that
the tomographic process has reconstructed an almost maximally-entangled state of a pair
of qubits.

To test a bipartite system of Hilbert space dimension 3 × 2 we reconstruct the spin
density matrix of a W+ boson together with a leptonically decaying anti-top quark, for
the process indicated in table 3. The lepton is used as the probe daughter in each decay.
The reconstructed GGM parameters are plotted in figure 10b. Correlations are visible, but
they are not as strong as in the Higgs boson decay cases.

After reconstructing its spin density matrix we find that our test decay H(400) → tt̄

has an expectation value of the Clauser-Horne-Shimony-Holt (CHSH) operator [99] that is
18They are also consistent with those calculated in ref. [11] for the similar process of H(125)→ ττ .
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consistent with the value 2
√

2 within statistical uncertainties. This is the maximum value
for a 2 × 2 bipartite system [100], and in violation of the upper bound of two required of
local realist theories [99]. Thus if nature permitted such a process it would be an ideal
laboratory for a Bell test. Further exploration of possible qubit-pair entanglement and Bell
tests in particle decays can be found in previous works [5, 7–12, 24–27].
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