The University of

Nottingham

Discontinuous Galerkin Methods for the

Linear Boltzmann Transport Equation

Thomas Radley

A thesis submitted to the University of Nottingham for the degree of
Doctor of Philosophy

December 2022



Abstract

Radiation transport is an area of applied physics that is concerned with the propaga-
tion and distribution of radiative particle species such as photons and electrons within
a material medium. Deterministic models of radiation transport are used in a wide
range of problems including radiotherapy treatment planning, nuclear reactor design
and astrophysics. The central object in many such models is the (linear) Boltzmann
transport equation, a high-dimensional partial integro-differential equation describing
the absorption, scattering and emission of radiation.

In this thesis, we present high-order discontinuous Galerkin finite element discreti-
sations of the time-independent linear Boltzmann transport equation in the spatial,
angular and energetic domains. Efficient implementations of the angular and energetic
components of the scheme are derived, and the resulting method is shown to converge
with optimal convergence rates through a number of numerical examples.

The assembly of the spatial scheme on general polytopic meshes is discussed in more
detail, and an assembly algorithm based on employing quadrature-free integration is
introduced. The quadrature-free assembly algorithm is benchmarked against a standard
quadrature-based approach, and an analysis of the algorithm applied to a more general
class of discontinuous Galerkin discretisations is performed.

In view of developing efficient linear solvers for the system of equations resulting
from our discontinuous Galerkin discretisation, we exploit the variational structure of
the scheme to prove convergence results and derive a posteriori solver error estimates for
a family of iterative solvers. These a posteriori solver error estimators can be used along-
side standard implementations of the generalised minimal residual method to guarantee
that the linear solver error between the exact and approximate finite element solutions
(measured in a problem-specific norm) is below a user-specified tolerance. We discuss a
family of transport-based preconditioners, and our linear solver convergence results are

benchmarked through a family of numerical examples.
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Chapter 1

Introduction

In the UK, around 1000 people are diagnosed with cancer every day, and of these people,
around half will undergo radiotherapy as part of their treatment plan [26] [75]. Such
treatments involve the delivery of photon and/or electron beams from linear particle
accelerators to target areas of the patient’s body. In the personalised treatment plan, it
is vital that the radiative dose delivered to the tumour, as well as to healthy surrounding
tissue and vital organs, is quantified accurately and precisely - previous studies suggest
that a 5% error in dose estimation can change the tumour control probability by as
much as 20% [76]. Additionally, such dose estimates must be quickly obtained by the
clinician before the procedure takes place.

Typically, Monte Carlo (MC) approaches are employed to model the transport of
individual radiative particles through the patient. The distance each particle travels
between interactions with the medium, as well as the deflection angle (and associated
energy loss) after each interaction, are randomly sampled using given cross-sectional
data. Particle interactions with the medium may result in the liberation of an addi-
tional radiative particle whose trajectory must also be tracked. The total radiative dose
delivered to the patient is then calculated as the sum of doses delivered by each particle.
The use of Monte Carlo methods in hospitals is widespread and are considered the “gold
standard” against which other methods for estimating dose delivery are validated [2] [10].

More recently, deterministic methods are being proposed as an alternative to Monte
Carlo approaches for the simulation of radiation transport. The central object common
to each of these methods is the linear Boltzmann transport equation (LBTE), a 7-
dimensional partial integro-differential equation (PIDE) whose solution gives the angular
fluence of radiative particles in the patient as a function of their position, direction of
travel, energy and the time since the simulation was started. Once the angular fluence
is known, the radiative dose delivered to the patient can be computed. Owing to the
high dimensionality of the LBTE, many numerical methods have been proposed to

approximate the angular fluence and the dose delivered to the patient.



One of the most popular deterministic methods for approximating the solution of spa-
tial transport problems is the discontinuous Galerkin finite element method (DGFEM)
of Reed and Hill [81]. Finite element methods seek a piecewise-polynomial approxima-
tion of the solution with respect to an underlying computational mesh whose elements
typically have a simple geometry. Discontinuous Galerkin (DG) methods, on the other
hand, are capable of employing meshes consisting of more general element geometries,
which makes such methods suitable for problems with non-smooth data or are posed
on complicated domains. DGFEMs have also been applied to the discretisation of the
angular domain for the time-independent and mono-energetic LBTE [45].

By contrast, the discretisation of the energetic domain has most commonly been
treated using a single standard approach known as the multigroup method [70]. Af-
ter subdividing the energetic domain into a number of so-called energy groups, the
multigroup methodology results in a collection of mono-energetic problems, one for each
energy group. The solutions of these mono-energetic problems are then multiplied by an
energy group-specific energetic function to yield an approximation of the exact angular
fluence. In order for the energetic component of the solution to be well-resolved, one
must either use a large number of narrow energy groups in the discretisation of the en-
ergetic domain, or perform an intermediate infinite-medium calculation to approximate
the energetic dependence within each group.

The use of arbitrary (polytopic) elements in the mesh presents a challenge for the
assembly of the system matrix, whose entries involve integrals over the elements and
faces in the mesh. For simple element geometries, these entries are typically evaluated
using numerical quadrature schemes defined on reference elements. However, general
polytopic elements and faces require the construction of bespoke quadrature schemes
before the system matrix can be assembled. These quadrature schemes may either use
many more quadrature points and weights than is needed to achieve the desired order
of accuracy, or perform an optimisation algorithm for each element and face in order to
minimise the number of quadrature points used [73].

Recently, there has been interest in “quadrature-free” assembly methods [6] which,
for problems with piecewise-polynomial data, perform decompositions of the element and
face integrands into a linear combination of simple functions which may be integrated
quickly and exactly. However, the implementation of such methods must be tailored to
the problem at hand; in particular, we are not aware of applications of quadrature-free
assembly methods to spatial transport problems. Moreover, while quadrature-free meth-
ods have been observed to improve assmebly times compared to standard quadrature-
based techniques on polytopic meshes, no quantitative analysis has been performed that
attempts to explain the performance of these algorithms on the meshes employed.

The application of DGFEMs to the numerical approximation of the (time-

independent) linear Boltzmann transport equation yields a large and sparse system of



linear equations for the approximate angular flux. For such systems, direct solution
methods are not feasible due to demanding memory requirements and so iterative
methods are frequently preferred. These methods, which include stationary iterative
methods and Krylov subspace methods, generate a sequence of approximations that
converge to the true solution of the linear system. They may also contain configurable
options to terminate the generation of this sequence prematurely; for example, once
the error between successive iterations is deemed to be sufficiently small. A key object
employed by iterative methods is a preconditioner, which can be thought of as an
operator on vectors that closely approximates the action of the inverse of the original
system matrix. A good choice of preconditioner is often problem-dependent and may
greatly improve the convergence of an iterative method.

The analysis of iterative methods applied to the discretised linear Boltzmann trans-
port equation has largely been conducted via Fourier analysis [I}, [I03]. However, the
framework of finite element methods allows for an alternative approach to the study of
iterative methods applied to discretised partial differential equations [63]. Firstly, one
may derive computable and guaranteed a posteriori error estimates for the linear solver
error through standard techniques in the analysis of finite element methods. Secondly,
one can exploit the variational setting to define linear solvers whose convergence rates
are independent of the discretisation parameters used in the prescription of the finite
element space (e.g. mesh spacing or polynomial degree). Though these ideas have not
to our knowledge been applied to problems in radiation transport, they are an ideal
candidate for such analyses - a poorly-prescribed linear solver for the linear Boltzmann
transport equation may either rapidly converge or stagnate depending on the mesh size

parameter [103].

1.1 Thesis outline and contributions

The thesis is structured as follows. In Chapter [2] we first provide an extensive overview
of the linear Boltzmann transport equation, as well as its numerical solution and its
application to radiotherapy treatment planning. Specifically, we will discuss the various
numerical methods that have been employed in the literature for the discretisation of
the LBTE, with a particular focus on mesh-based deterministic methods. We shall give
a brief review of the assembly of the linear system of equations arising from discontin-
uous Galerkin discretisations of general partial differential equations on non-standard
polytopic meshes. We conclude the chapter with a discussion on the numerical solution
of systems of equations arising from discretisations of the LBTE.

The main contribution of Chapter [3]is the prescription of a discontinuous Galerkin
discretisation of the time-independent, poly-energetic linear Boltzmann transport equa-

tion. This method will employ DGFEM discretisations in the spatial, angular and en-



ergetic domains. We present stability and convergence results for the resulting scheme.
We will then present an efficient implementation of the scheme and demonstrate the
previous convergence results through poly- and mono-energetic examples. This chapter
is based on work carried out in [53]; the original contributions to that work present in
this thesis will be discussed in the introduction to Chapter

In Chapter[4 we will give an overview of quadrature-free integration with specific ap-
plications to the exact integration of families of monomial functions on general polytopes.
The fast integration of these functions will be compared against standard quadrature-
based methods. Using these ideas, we propose a quadrature-free assembly method for
the first-order, constant-coefficient linear transport equation. The main contribution of
this chapter is a general analysis of quadrature-based and quadrature-free-based assem-
bly methods. This analysis will illustrate the key factors that may contribute to the
previously-observed accelerated assembly of the DGFEM equations using quadrature-
free techniques. We conclude by presenting some examples that show that the resulting
assembly method can outperform quadrature-based approaches.

In Chapter || we propose some iterative linear solvers, expressed using the varia-
tional framework of discontinuous Galerkin methods, and prove a number of original
convergence properties and a posteriori solver error estimates. These solvers include
an extension of the classical source iteration to the poly-energetic setting and an over-
relaxed modification of source iteration in the mono-energetic setting. After a discussion
of the spectral properties of the stationary-iteration operators, we turn our attention to
the application of Krylov subspace-based iterative solvers. In particular, we demonstrate
an approach to insert a previously-derived a posteriori solver error estimate into many
implementations of the generalised minimal residual (GMRES) method. We present
a number of transport-sweep-based preconditioners and conclude the chapter with an

extensive look at a family of benchmark problems.



Chapter 2

Background

2.1 Formulation

Radiation transport is an area of applied physics that studies the transmission of energy
(either in the form of particles or waves) through a material medium. More specifi-
cally, the discipline concerns itself with the distribution of particles (such as photons,
neutrons and electrons) in an irradiated medium as a function of their position and
energy, and their movement through the given medium. Comprehensive studies of ra-
diation transport applied to nuclear reactor theory are given in [I5], 90]; an overview of
solution methods for the resulting linear Boltzmann transport equations (LBTEs) with
application in radiotherapy treatment is given in [I1]. While we do not provide a formal
derivation of the LBTE, we give a brief overview of the key ideas used in its derivation.

To motivate the mathematical formulation of such phenomena, we first introduce
the notion of an angular flur or fluence (corresponding to a given particle species),
denoted by u(x, u, E,t). This function describes the expected distribution of particles
as a function of time ¢, position x within some physical d-dimensional domain Q C R¢,
d = 2,3, energy E > 0, and the angle/direction on the unit sphere in which particles
travel pu € S, where S = S%~! denotes the surface of the unit sphere in R

Now consider a single particle of the species under consideration, and its interaction
with the matter it moves through. For simplicity, we assume that the only events that
alter the trajectory of the particle are those when it interacts with matter, and not with

other particles of the same species. There are a number of things that may happen:
e the particle may travel through the medium unimpeded;

e the particle may be deflected by matter in a different direction and with a different

energy;

e the particle may be absorbed by matter or leave the system through the boundary

of the domain;



e the particle may enter the system, either through the boundary of the domain or

via some source located in the interior of the domain.

Many potential particle interactions are only likely/possible for different energy bands
[37,[85]. The range of particle interactions becomes even broader when one considers the
simulation of multiple particle species in the same medium; furthermore, the presence
of nanoparticles also allows for the possibility of changing the energy bands in which
different processes are dominant [37]. To mention just a few scattering processes in ra-
diative transfer problems, we refer to [I1] for descriptions of Compton, Mgller and Mott
scattering processes, and to [37] for descriptions of the photo-electric effect, Compton
scattering, pair production and the effect of gold nanoparticles with application to med-
ical physics. More in-depth discussions of Compton and Mgller scattering are deferred
until Chapter 2.1.1]

We will first state the equation satisfied by the angular flux and then highlight the
key points in its derivation. To this end, we introduce the basic form of the linear

Boltzmann transport equation (LBTE) [I5] [70 ©0]:

1 a E X E + X 17 1 X; aE ]:" )
v 8ut( :’ l"'? ’ ) M qu( 7“7 ’t) (Oé( 7“7 Y ) ﬁ( /‘l’ 7t))u( )

= / /H(X, w = p B — E tu(x,p,E' t) du' dE' + f(x, p, E,t).
Y Js

Equation (2.1]) is a seven-dimensional partial integro-differential equation for the angular

flux u(x, @, E,t). The notation is explained below:
e X - position in Q C R?;
e u, ' - angles/directions in S;
e E, E' - energies in Y = [0, 00);
e t - time in RT;

o u(x,pu, E t) - angular flux at position x and time ¢ for particles with energy E

travelling in direction p;
e v(FE) - energy-dependent particle speed;

o O(x, 1’ — p, B — E,t) - differential scattering cross-section of particles at posi-
tion x and time ¢ initially travelling in a direction g’ with energy E’ and, after
interacting with the medium, scattering to a direction p with energy E (typically
the dependence on g’ and p is in the combination p’ - , which is recognisable as

the cosine of the angle between p’ and p);

e a(x,p, E,t) - macroscopic absorption cross-section of the medium describing the
rate of removal of particles of energy F travelling in direction g at position x and

time t from the system as a result of absorption processes;
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e 3(x,p, E,t) - macroscopic scattering cross-section of the medium describing the
rate of removal of particles of energy F travelling in direction g at position x and
time ¢ from the system as a result of scattering processes - this may be expressed

in terms of the differential scattering cross-section as
BB = [ [ 06— i B B0 alaE (2.2)
Y Js

o f(x,u, E,t) - external source term.

A derivation of is given in [70]; an analogous derivation of the same equation
with energetic dependencies dropped is given in [90]. The basic idea is to instead consider
the time-evolution of a quantity N(x, u, F,t), called the particle density distribution,
where N(x,u, E,t)AXApAE denotes the expected number of particles in a volume
element Ax about x with energies between F and E + AFE travelling in the cone of
directions Ap about . It is typical to write Ax = ACA A, where A¢ denotes the length
of the volume element Ax in the direction of p and AA is the corresponding area of the
volume element Ax perpendicular to . The particle density distribution is related to
the particle fluence by

u(x, pu, E,t) = v(E)N(x, p, E, t). (2.3)

The change in the number of particles in the space-angle-element AxApuAFE between

times ¢t and ¢t + At is given by

[N(x,p, E,t + At) — N(x, p, E, t + dt) | AXApAE
= increases due to external source terms
— decreases due to streaming out of Ax (2.4)
— decreases due to collisions out of AuAFE

+ increases due to scattering into AuAFE.

The prescription of these contributions in terms of N(x, u, E,t), Al; AA, Ap, AE and
At is beyond the scope of this discussion; see [71] for more details. A partial integro-
differential equation for N(x, u, F,t) is obtained by completing the balance equation
, dividing by A(AAApAEAt and taking appropriate limits as At and A/ tend to
zero. Equation is obtained by rewriting the particle density function in terms of
the angular flux via .

Equation is supplemented with an initial condition w(x, u, E,0) = ug(x, , E)
and a boundary condition whose specification can be difficult. In order to achieve the

latter, we form the following boundary sets:

Tin ={(x,u, E,t) €2 xS xY x[0,00) : p-n(x) <0},

Coue = {(x, 0, E,t) € Q2 xS xY x[0,00) : p-n(x) > 0},



where n(x) denotes the outward unit normal to 2 on the boundary 9€2. The two main

classes of boundary conditions for (2.1]) are specified on I';, and read as follows [90]:

o u(x,u,E t) = g(x,pu, E,t) for some function g. This is the typical Dirichlet
boundary condition - the special case g = 0 is often referred to as a wvacuum
boundary condition and the corresponding spatial part of T';,, (for fixed p € S) is

referred to as a free surface.

o u(x,p, Et) = [ [(r(x,p = p, B — E t)u(x,pu, E',t)dp’ dE’ for some func-
tion . This describes a general class of reflecting/scattering boundary condi-
tions when radiative particles interact with the spatial boundary. The function
k(x, i — w, B’ — E,t) is an albedo function describing the relative likelihood
that a particle travelling in direction p’ is deflected along p upon interacting
with the boundaryﬂ Whenever particles are reflected back according to the gen-
eral reflection rule, the boundary condition is referred to as a specular boundary
condition; whenever particles are deflected back in an isotropic distribution, the

boundary condition is referred to as a white boundary condition [68].

For many practical applications, the angular flux is often not a quantity of interest,
but rather another quantity called the scalar fluz [90], defined by
o(x,E,t) = /u(x,mE,t) dp. (2.5)
S
In this sense, the angular flux quantifies the distribution of particles at a given spatial
position x with energy E at time ¢ moving in the direction p, whereas the scalar flux
quantifies the distribution of particles at a given spatial position x with energy E at
time ¢ moving in any direction.
Equation provides a basic template for the types of systems arising in more com-
plex mathematical models of radiative transfer. For example, many applications only
consider the steady-state solution, which satisfies the time-independent, poly-energetic

linear Boltzmann transport equation:
w- Vu(x, p, B) + (a(x, p, E) + B(x, , E))u(x, p, E)
(2.6)
= / /Q(X, @ = p, B — Eyux,u',E') dp' dE" + f(x, 1, E).
Y JS

Equation (2.1)) is often replaced with (2.6)) whenever the particle speed v(E) is expected
to be very large. The discretisation of Equation (2.6 shall be the main focus of this

work.

2.1.1 Physical processes in radiation transport

As mentioned earlier, photons and electrons may undergo a variety of scattering and

absorption interactions as they are transported through a medium. A couple of these

1We adopt the convention that x = 0 whenever u’ - n < 0.
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interactions are explained below; a more complete overview of other types of interactions

is given in [85].

Compton scattering of photons Compton scattering describes a process whereby
an incident (high-energy) photon v (with energy E) is absorbed by an electron e in an
atom (typically assumed as initially being at rest), resulting in the electron recoiling
and a new photon 7/ with energy E’ (typically with E/ < F) emitted at an angle ¢ from
the initial photon’s incoming trajectory. The difference in energy between the incident
and emitted photon is transferred to the recoiling electron [64]. Figure depicts this

interaction.

Figure 2.1: Schematic diagram of Compton scattering.

The differential scattering cross-section 0(x, u — p', E — E’) is defined by
O(x,p— p',E— E') = p(x)0xn(p-p', B E),

where p(x) denotes the (local) electron density and 0 n(cos o, E, E') denotes the Klein-
Nishina differential scattering cross-section per electron [36] defined by
Ok n(cosp, E,E") = g (EEV>2 (g + % — sin? cp) . (2.7)
Here, 7. ~ 2.818x10~'®m denotes the classical electron radius and energies are measured
in units of kiloelectron volts (keV).
The fraction of energy retained by the recoiling photon can be determined from

kinematic considerations and is given by

E ! P(cosp, E) (25)
— = =: P(cosp, E), .
E 1+ E5(1—cosyp)

Me

where m.c? =~ 511keV denotes the electron rest energy. Such kinematic constraints can
also be used to determine the trajectory of the recoiling electron, which is typically not
perpendicular to that of the recoiling photon. This constraint can be incorporated into
the definition of the Klein-Nishina differential scattering cross-section by introducing a

Dirac delta distribution:

2
Oxn(cosp, E,E') = 7OE‘eP(cos ¢, E)? (P(cos g, E) 4+ P(cosp, E) ™' —sin® ) -

§(E'— EP(cosp, E))

=0kn(cosp, E)S (B — EP(cosp, E)) .



It is typical to express energies in units of electron rest energy by introducing the

/ .
(resp. ol = mb;C?) - here, we use the subscript

rescaled energetic variables o, = —~
MeC

7 to distinguish the photon energies a, and o/, from the macroscopic absorption cross-

section «. In this notation, we may write
2
e

1 2 a2 (1 — cos)?
O n(cosp, ay) == )> (1 +cos?p + A 2 ) )

2 <1+an,(1—cosap 14+ (1 —cosy)

The expression for 6 n(cos ¢, ay) as given above may also be used as a mono-energetic
scattering kernel for fixed a, > 0. The first few coefficients in the Fourier-Legendre
series of this scattering kernel have been studied in [82].

By substituting into , the following expression for the macroscopic Comp-
ton scattering cross-section B¢ (x, ) (with energy measured in units of electron rest

energies) can be obtained [50]:

Be(x, an) = 2mr?p(x) | L2 (2(1 +a,)  log(l+ 20@))

a2 14 20, Qy
N log(1 + 2cv) 14 3ay
201, (1+2a,)?|

The description of the Compton scattering kinematics by the Klein-Nishina differ-
ential scattering cross-section is only reliable for interactions in which the momentum
transfer is much larger than the average momentum of the electron [85]. Outside of the
range of photon energies in which Compton scattering is the dominant scattering pro-
cess, additional corrections to the differential scattering cross-section are made at both
low energies (due to electron binding effects) and high energies (due to, among other
things, the double Compton effect) [55]. For a given material, macroscopic cross-sections
for many types of scattering interactions are often given as tabulated data [18,[91], which

may be used to construct fitted functions for use in Monte Carlo simulations [30].

Mgller scattering of electrons Mgller scattering describes a process whereby an
incident electron e of energy E collides with another electron ¢’, resulting in two free
recoiling electrons. For simplicity of presentation, we shall assume that e’ is initially
at rest. The recoiling electrons are indistinguishable and it is conventional to denote
by e, (resp. es) the primary (resp. secondary) electron recoiling with higher (resp.
lower) energy [72]. That is, the primary electron is the one that recoils the fastest. The
maximum allowable energy transfer from the incident electron to the secondary electron
is therefore given by %

The differential scattering cross-section §(x, u — p’, E — E') (for both primary and

secondary electrons) is defined by

O, — p',E— E') = p(x)0um(p- 1, E, E),

10



Figure 2.2: Schematic diagram of Mgller scattering.

where p(x) denotes the (local) electron density and xs(cos ¢, E, E’) denotes the Myller
differential scattering cross-section per electron [19] defined by
2mr2mec? (E")? a? EN?
0 E,E") = e (1 < —
wteosn ) = s (14 5o + i (7)

20 +1 E’
(e +12E—_E' )

(2.9)

where r2 and m.c? are as before, a, = % denotes the kinetic energy of the incident
electron expressed in units of electron rest energies and S, = ?((f&)zz) denotes the speed

of the incident electron divided by the speed of light. We have used the subscript e to
differentiate the quantities o, and S, from « (the macroscopic absorption cross-section)
and S (the macroscopic scattering cross-section).

E/
mec?

Denoting by o/, = the kinetic energy of (either of) the recoiling electrons, it can
be shown via kinematic considerations that the incident electron energy ca., recoiling

electron energy o/, and scattering angle ¢ are related in the following way:

ol e+ 2
=,/-=. . 2.10
cosp = 4| o ol i2 ( )

The trajectories of the recoiling electrons are typically not perpendicular to each other.

This constraint can be incorporated into the definition of the Mgller differential scat-
tering cross-section by introducing a Dirac delta distribution in a similar fashion as was
done in the Compton scattering case above.

Owing to the singularities of the Mgller differential scattering cross-section at E' = 0
and E' = E for a given incoming electron kinetic energy E, the usual definition of the
Mgller macroscopic scattering cross-section Sy (x, E) = 8(x, E) with 8(x, E) as in
is no longer finite. The kinematic constraint also implies that primary (resp.
secondary) electrons with recoiling kinetic energy E’ &~ E (resp. E’ ~ 0) are deflected
through an angle ¢ ~ 0 (resp. ¢ =~ 7). Moller scattering is therefore considered to be a
highly peaked scattering process.

In the context of estimating dose deposition by electron ionisation, Hensel et al. [50]
offer an alternative approach by considering primary and secondary electrons separately.
They remark that low-energy secondary electrons deposit their energy locally as they

have a very short range in most media and thus focus on the transport of high-energy
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primary electrons. A Fokker-Planck approximation for the forward-peaked scattering
process is derived via the methodology in [79] to replace the linear Boltzmann transport

equation (2.6 with the asymptotic equation

n- VXU(X, K, E) - T(Xa E)Asu(x, K, E) S(X’ E)U(X, K, E)] = f(X, K, E)7

" o5 |
where Ag denotes the Laplace operator on S and the coefficients T'(x, F) and S(x, E)

are defined for a general differential scattering cross-section 0(x, u - ', E — E’) by
T(x,E) = / /(1 - p)l(x,p-p' E — E) du/ dFE,
v Js

S(x,E) = / /(E —EN0(x,p-p/,E — E') du’ dE'.
Y JS

Coupled photon-electron models In radiation oncology applications, it is often
the case that multiple species of radiative particles must be tracked. For instance, if a
patient is to undergo radiotherapy using beams consisting (primarily) of photons, then
it is necessary to keep track of both the photon fluence (denoted by wu.) as well as the
electron fluence (denoted by u.), since photons may undergo Compton scattering events.
Such scattering events liberate electrons from the tissue medium, which may continue to
travel through the patient and cause further ionisation. In this model, we may describe
the distribution of the photon and electron fluences using a coupled system of LBTEs

150, 99]:

e VXUW(X,H,E) + (O"Y(Xv E) + B’Y(xa E))UW(X7H5E)

=//9w(x,u’-u,E’ = B)uy(x,u', E') dp' dE + f,(x, 1, E),
Y JS

(2.11)
B Vue(X, p, B) + (ae(x, E) + Be(x, E))ue(x, 1, E)
= /Y/SH.YE(X, wop, B = E)uy(x,p1/,E") dp' dE
+/Y/Saee(xv p -, B — Eluc(x, ', E') dp' dE
+ fe(x, 1, E). (2.12)

Here, the terms o, (, and 6., (resp. a., B and 0..) denote the typical macroscopic
absorption, macroscopic scattering and differential scattering cross-sections associated
with the physics of photons (resp. electrons). The additional scattering term in
including the differential cross-section 6., represents a source of electrons produced by,
e.g., Compton scattering of photons against electrons in the medium.

In the example given above, the photon-electron coupling is one-way. That is, one
may numerically solve for the photon fluence u., which is used to generate the
source term in for the electron fluence.

12



2.2 Deterministic methods for radiation transport

Given the structure of Equation ([2.6)), the spatial, angular and energetic components of
the solution are typically discretised using a number of numerical techniques. We shall

give a brief overview of the methods used to discretise each component.

2.2.1 Energetic discretisation

Historically, the standard approach to discretising the energetic component of the time-
independent LBTE is the multigroup approximation [11l [70]. The energy domain Y
is first restricted to a (physically-relevant) finite interval (Fpin, Emaz). This range is
further divided into a fixed number of energy groups N > 1 with the g** energy group,
1 < g < N, given by the range (E4, E4_1), where

Emaz:EOZEl2"'ZEN—1ZEN:Emin~

Following the convention set out in [IT}[70], the energy groups {(E,, E,_1)})_; and the
energy group cut-offs { £, } o are listed in descending order. For each energy group g,
the function u,(x, p) is defined by
Eg 1
ug(x, ) :/ u(x,u, E) dE (2.13)
Eg
and we further suppose that there exists a function w : (Epin, Emaz) — R satisfying,

for all 1 < g < N, the following separability and normalisation conditions:

u(x, p, E) =~ w(E)ug(x,pu) for E; < E < Ey_1, (2.14)

/Egl w(E) dE = 1. (2.15)

EQ
Note that the normalisation condition (2.15)) is necessary to ensure that (2.13]) holds
whenver u(x, i, E') is separable (that is, whenever (2.14]) holds with equality). Moreover,
let us define group-dependent data terms for 1 < g, ¢’ < N as follows:

Ey_1
oy = [ w(B)atx . E) dE.

By

Eg71
Bl = [ wB)se ) B,
Eg v By,
Oy —g(x, " — p) = / / V0(x, ' — p, ' — E) dE'dE,

fo(x, 1) = /E w(E)f(x,u, E) dE.

g

It can be shown that integrating (2.6) over a single energy group g and replac-
ing u(x,p, E) with Zgzlw(E)ug/(x, p) yields the following coupled system of

mono-energetic problems for the mono-energetic group approximations {ug}évzlz

B Vg (%, )+ (g (x, ) + By (%, p)) ug (X, )
N (2.16)
= 30 [ Byl > g ') fy )
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As remarked in [70], the evaluation of the group cross-sectional data requires knowl-
edge of the weight function w(FE), as well as the original cross-sectional data a(x, u, F)
and B(x, u, E). The selection of w(E) can be made in a number of ways. If very fine
energy grids are to be employed, analytical or semi-analytical approximations to w(E)
may be sufficient - in this case, the simplest prescription of w(E) may be given by the

piecewise-constant function
1
E, 1 —E,

for 1 < g < N. On coarser energy grids, prescriptions of w(FE) can be made by con-

w(FE) =

sidering a model problem based on the time-independent poly-energetic LBTE ([2.6) in
which the solution v has no dependence on space or angle.
In the special case N = 1, (2.16]) reduces to the time-independent, mono-energetic

linear Boltzmann transport equation:
B - Viu(x, p)+ (a(x, p) + B(x, p)) u(x, p)

(2.17)
B /SQ(X, B o= pu(x, ') dp' + f(x, p),

where we have suppressed the subscript notation for brevity.

When the weight function w(FE) is selected to be a piecewise-constant function, the
resulting multigroup scheme can be thought of as the lowest-order discontinuous
Galerkin (DG) semidiscretisation in energy of the poly-energetic LBTE. In Chapter
we build upon this observation to derive a high-order energetic DG scheme whose

structure is analogous to that of (2.16]).

2.2.2 Angular discretisation

Once the energy domain has been appropriately discretised, an angular semidiscreti-
sation of the resulting (system of) mono-energetic problems (2.17) may be performed.
There are two commonly-used approaches to this semidiscretisation, which will be out-

lined below.

Discrete ordinates methods The first approach, called the discrete ordinates
method [7, 7], attempts to replace integrals over the angular domain with an

approximate quadrature/collocation scheme of the form

N
/S o) dpm S wg fx, ay).
q=1

We henceforth denote by Q = {(wg, p1q)}0-; C Rsg x S the set of quadrature weights
and points used in the discrete ordinates semidiscretisation. Additional assumptions on
the weights and points in () ensure numerical stability of the quadrature scheme on S;
similar assumptions are standard in the wider numerical quadrature literature. Beyond
this, there are a number of key ideas used in prescribing “good” quadrature schemes Q);

we will review these ideas later.
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On substitution of the above quadrature rule into the time-independent, mono-
energetic LBTE , one reduces the problem from one over all angular directions
in S to one over a finite subset of directions {uq}é\;l. This yields a system of hyperbolic
PDEs coupled via the scattering term, with each equation corresponding to a single
ordinate direction. Specifically, writing ug\?) (x) ~ u(x, py) to denote the approximate

angular flux corresponding to the fixed ordinate direction pg, the discrete ordinates

semidiscretisation reads as follows: find {ug\?)}fl\le such that

N
g - Vul? (x) + (a(x) + ) (x) = Y webx, g — pg)ull) + F(x, 1) (2.18)

q'=1

for each 1 < ¢ < N. Further spatial discretisations of the system can then
be selected from any of the methods outlined in [2.2.3] Boundary conditions for the
semidiscrete angular fluxes may be prescribed straightforwardly on replacing the con-
tinuum variable g by each of the ordinate directions p,. Owing to the nature of the
coupling of the transport problems in , iterative methods are typically employed
to solve the coupled transport problems; see Chapter for some commonly-employed
approaches.

Many suitable choices of quadrature schemes @) have been proposed for solving ,
many of which share a number of recommended design choices [66]. The following list

summarises some desirable properties:

e The quadrature scheme @ should be able to integrate spherical harmonic functions
Y m (1) (see below) of up to some degree L; ie. for 0 <! < Land -l <m <.
These functions can be considered as polynomials in R? restricted to S in the case

d=3.

e The choice of the ordinate directions p, must be directionally unbiased, so that
the set of quadrature points remains unchanged under selected rotation&ﬂ For
example, many angular quadrature schemes are chosen to be invariant under rota-
tions by 7/2 in any direction. Furthermore, if any two quadrature points p, and
pg can be reached from each other only by rotations by 7/2, the corresponding
weights w, and wy must be equal - such a symmetry is referred to as “octahedral

symmetry”.

e The choice of the ordinate directions p, should respect the so-called “principle of
optical reciprocity”. The statement pertains to the scattering kernel 0(x, ' — w);
we shall briefly omit the spatial argument for simplicity of presentation. The

principle states that, for any quadrature points p, and pq, we have

O(pg — pg) = 0(pg — pg)-

2The stronger condition - that the set of quadrature points should remain unchanged under any

rotation, cannot be satisfied for any finite set of ordinate directions.
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The principle states that any particle in the (mono-energetic) system will undergo
the same collision events whether it moves along its trajectory “forwards” or “back-
wards”. For this reason, many quadrature schemes are constructed so that, for
any quadrature point g, in @, its antipode —p, is also a quadrature point in Q.

This also ensures that odd spherical harmonics are integrated exactly [12].

e The quadrature scheme @ should have nodes and weights that satisfy
N
Z Wqptqg = 0.
q=1

This requirement ensures that the number of particles in the system remains con-

served.

There is a vast literature on quadrature schemes on the surface of the unit sphere

S c R3. A number of key families of schemes are summarised below.

e Level-symmetric quadrature: Denoted by Sy, level-symmetric quadratures
are a widely-used family of quadrature schemes used in discrete ordinate methods
for solving the LBTE. Here, N is understood to be an even positive integer. The
idea is to insert % (% + 1) quadrature points in each octant of the unit sphere
S c R3 [90]. Within each octant, the quadrature points are chosen to lie on one
of the latitudes of the sphere under different orientations. Once the points are
selected, the weights are chosen to integrate as many spherical harmonic functions

as possible, starting from those of the lowest degree.

e Ty quadrature: A subtly different scheme to the Sy method above, the Ty
family of quadrature schemes [07] first triangulate the surface of the sphere. Each
“triangle” then corresponds to a quadrature point and weight, with the quadrature
point taken to be the centroid of the “triangle” and the quadrature weight its
area. In this sense, this can be considered a zeroth-order discontinuous Galerkin

discretisation in angle.

e Lebedev quadrature: Like the level-symmetric quadrature schemes, Lebedev
quadrature schemes also rely on octahedral symmetry, though the surface of the
unit sphere is not first subdivided into octants and the quadrature points and
weights are computed simultaneously. As before, the quadrature schemes are de-
signed to integrate all spherical harmonics up to some given degree exactly. How-
ever, the resulting nonlinear system for the points/weights is drastically reduced
in size by invoking a theorem by Sobolev [I2]. This theorem states that, for any
quadrature scheme on the sphere that is invariant with respect to some group G,
the scheme can exactly integrate all spherical harmonics of maximal degree if and

only if it can exactly integrate those functions that are invariant under G.
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e Spherical t-designs: These quadrature schemes are designed so that each
quadrature point has the same weight, and are thus considered Chebyshev
quadratures [I2]. As before, the points are chosen to integrate all spherical
harmonics up to some maximal degree t; however, these schemes may not be

symmetric or even unique.

e Lagrange discrete ordinates (LDO): A relatively new approach is to shift
away from the quadrature-based philosophy of the classical Sy methods towards
an approach based on Lagrange interpolation of functions defined on the unit
sphere [3]. The resulting numerical method requires little modification of pre-
existing Sy discrete ordinate codes; furthermore, the angular flux can easily be

evaluated at points other than those found in the original quadrature set.

If the physical system under investigation is advection-dominated (i.e. there is very
little scattering of radiation) and contains strong sources of localised emission, spurious

oscillations may manifest in the quantity

N
ov(x) =Y waul? (x),
q=1

which we recognise as an approximation of the scalar flux ¢(x) defined in using
the discrete ordinates quadrature scheme in angle. An example of these artifacts, called
ray effects, can be seen in Figure Since information about the angular flux is only
advected along those ordinate directions chosen in the discrete ordinates scheme, ray
effects arise when there is little scattering of this information away from those directions;
this can be observed in Figure [2.3| as the “wedge-like” regions in which the scalar flux
is under-approximated. The magnitude of these fluctuations in the approximate scalar
flux can be reduced, and thus ray effects can be mitigated, by taking more ordinate

directions in the discrete ordinates scheme.

Characteristic methods A similar method to the discrete ordinates method is the
method of long characteristics proposed by Askew [§]. The formulation of the method
starts with the semidiscretisation as well as a discretisation of the spatial geometry
into a mesh consisting of (polytopic) cells. Rather than applying spatial discretisation
techniques such as finite element methods to this system of PDEs (see Chapter ,
the method of long characteristics first rewrites as

ol g @) @
D har e = = D0 wybx g = p)ull) (%) + 1% ) — (a(x) + B ()
k=1 q’'=1

where we have expressed the spatial variable as x = (xk)gzl, where d denotes the spatial
dimension of the problem.
We now rewrite each of the N linear transport equations as a Cauchy problem;

that is, we write xp = xx(t;8) for 1 < k < d and ug\?) = u%)(t;s) for 1 < ¢ < N,
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Figure 2.3: Plot of an approximate scalar flux arising from a discrete ordinates method
using N = 8 equally-weighted ordinate directions applied to a mono-energetic LBTE
with a point source at the origin. The exact scalar flux is radially-symmetric about the

origin.

where ¢ parametrises distance along characteristic curves (from the inflow boundary)

and s parametrises the initial data on the inflow boundary given by xx o = x(0; s) and

un,p(Xo, q) = ug\?)(O; s). Foreach 1 < ¢ < N, the characteristic equations then become

dl‘k
E:ugf) for 1 <k <d,
du(‘l) N ,
N S w0 g = pg)uld) () + F( ) — (a(x) + B0 ()

q'=1

These ODEs form the basis of the method of long characteristics, which seeks to
approximately solve the LBTE along each characteristic curve for different initial data
(parametrised by s) by integrating the equations above over intervals (t,,,tm41); this
allows one to infer the angular flux at position t,,41 from the flux at position t,, along
the characteristic curve.

In the simplest case, the method of long characteristics assigns to each element
in a spatial mesh 7Tq of the spatial domain €2 a constant polynomial approximation of
the angular flux u(x, u). In order to achieve this, one requires that, for each ordinate
direction g4, there are sufficiently-many characteristic curves (corresponding to different
initial data) that each element x in the underlying mesh has a characteristic passing
through it; the value of ugg) (x)|; is then given as the average of the inflow and outflow
angular flux values on the characteristics passing through x.

The requirement in the method of long characteristics that each x has at least one
characteristic curve passing through it for every ordinate direction means that such
methods struggle in regions where the mesh is fine [74]. One idea to overcome this is the
method of short characteristics proposed by Takeuchi [94], whereby a set of characteristic

curves are selected for each element in the mesh.
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Spherical harmonics method The second class of methods for the angular discreti-
sation of the time-independent mono-energetic LBTE are based on truncated expansions
of the angular flux in terms of an orthogonal basis of the unit sphere in d dimensions.
For simplicity, we shall limit ourself to the three-dimensional case S C R3, for which any

@ € S may be written in terms of parameters (¢, ¢) € (0,7) X [0,27) as
p = (sin cos p, sin ¢ sin p, cos ).

With a slight abuse of notation, we shall henceforth write the angular flux as u(x, u) =
u(x,1, ). We then express u as a spherical harmonic decomposition [90]

l

l
u(x, p) = u(x, ¥, @) = ZQ+1Z¢lm VYim (¥, 0).

m=—I
The spherical harmonic functions Y} ,, (1, ¢) are defined (with abuse of notation) byE|

(I —m)!

Gyl (cos )™,

Yim(¥,0) =Yim(p) =
where each function P/"(-) is an associated Legendre function:

(1-22)% % m >0,
(~)p™@)  m<o,

and Pj(-) is the I*" Legendre polynomial, defined recursively by

=
—~
8
~
Il
J—‘

Pi(

8
N~—
I
8

2l 4+ D)zPi(x)

(+1)Pyi(z) +1P_1(x) forl>2.

The spherical harmonic method for solving the linear Boltzmann transport equation
simply truncates the series expansion at, say, [ = N for some non-negative integer N,
yielding the approximation:

4

N ooy 41
u(x, p) ~ Z A Z ¢l’,m/(X)Yl',7rﬂ(H)-

=0 m'=—l

In addition, the following useful properties of the spherical harmonic functions are ex-

ploited:

e As is the case for the Legendre polynomials, the spherical harmonic functions also

satisfy a recursion relation:
@2+ D)zP"(x) = (I =m+ 1P (x) + (I +m) P (2);

e The complex conjugate of a spherical harmonic function is another spherical har-

monic function:

Yim () =Y (1);

3The normalisation used here is the Schmidt semi-normalised variant.
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e The spherical harmonic functions are orthogonal with respect to the L?(S)-inner

product:
47

LI P S
oA +1

R
where § denotes the Kronecker delta function;

e The addition theorem allows one to rewrite the [** Legendre polynomial in a con-

venient fashion:

Z Vi () Y75 ().

m=—I
To this end, expanding the source term and scattering kernel as

I

Yol 41
IEIEDS 4; S S ()i (1),

I'=0 m/=-=1

0(x,p-p') =
'=0

it can be shown, by substituting the truncated series expansion for u(x, ) and the
expansions above into the LBTE, multiplying by Yl*m(u) and integrating over S with

respect to p, that the set of spherical harmonic moments
{Gim(x) : 0<I<N,—-l<m<lI}

satisfy the following system of first-order PDEs for 0 <1 < N and -l <m < [:

1
2041

VT BT 1) (=5 = i) (0
+ 1\/(1 “mi2)(—m+1) (ai - zgy) B tm1(x)

0 0
+ = \/ [ — — ]. ) (&E + Zay) ¢lfl,m+1(x)

+ ﬂ(l +m—1)(I+m) (;; + i§y> G1-t.m—1(x)

T Tm T D0 m 1 28em®)

0z
2] () + )01

(I+m)(l—m)
= 01(x)P1,m (%) + fi,m(x). (2.19)

From here, the moments ¢; ,(x) (which are now potentially complex-valued) can be
discretised in space using, for example, a finite element method. In the system of equa-
tions above, we set ¢y /(%) = 0 whenever (I',m') & {(I,m) : 0 <I<N,—-l<m <I}.
The resulting method is called the spherical harmonic method, or Py method.

The system of (N + 1)? equations in the form above is very cumbersome to solve
numerically, and often N is chosen to be fairly small, say N =1 or N = 3, in numerical

computations. However, a number of simplifications can be made:

20



e A typical assumption that is often made is that the original LBTE is posed in a slab
geometry; i.e. where the solution u(x, p) and the functions a(x), 5(x), 6(x, - p’)
and f(x, ) depend only on p and the z-component of x. Here, the dependence
of w on the polar angle ¢ is unimportant, and thus we need only consider the case
m = 0. This simplification yields a system of N+ 1 ordinary differential equations:

[+1 dgiga(2) n I dgi-1(2)
20+1  dz 20+1  dz

+ (a(2) + B(2))¢u(2) = Oi(2)¢u(2) + fi(2),

where we have suppressed the dependence on m for simplicity.

e Rather than discretising each equation in separately, the system of first-
order PDEs may be reduced to a smaller system of second- or higher-order
PDEs before a spatial discretisation is performed. For example, the P; equations
can be rearranged (under the assumption that fi ,,(x) = 0 for —1 < m < 1) to

yield the following equation for the scalar flux ¢(x) = ¢g,0(x):

1
-V (3 (@@ 1 B0 — )

The system of first-order PDEs ([2.19)) must additionally be supplemented by bound-

w(x)) fa)6() = foolx)  (220)

ary conditions; we will primarily focus on the imposition of standard Dirichlet boundary

conditions of the form
U(X»H) = g(x,u) on Piny

where T';, is defined by
Tin ={(x,n) €90 xS : p-n(x) <0}

and n(x) denotes the outward unit normal to 2 on 9.

The first class of boundary conditions we consider are Marshak boundary conditions.
Here, the (truncated) spherical harmonic decomposition of u(x, ) is substituted into
the Dirichlet boundary condition. The resulting equation is then multiplied by a cer-
tain subset of the spherical harmonic functions Y}, () (usually the odd functions) and
integrated over the hemispherical domain S (x) C S, which is defined for any x € 99
by

S"™(x) ={pme€S: pu-n(x)<0}.
This yields the following boundary condition for x € 92
N I
w00 = [T Y G0V | Vi) i

47
=0 m/=—l

_ / g )Y () dps.
Sin (x)

When employing the Py method, additional care must be taken to ensure that the

correct number of boundary conditions are supplemented [25]. Specifically, one needs
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to prescribe W boundary conditions, which are typically chosen to correspond to
the spherical harmonics Y] ,,, sharing the same parity as N (i.e. for | odd whenever N
is odd, and vice versa).

An alternative approach to imposing the Dirichlet boundary condition above, valid
in a one-dimensional slab geometry, is to force the (truncated) spherical harmonic de-
composition of u to match the Dirichlet condition at the left-hand (resp. right-hand)
boundary for certain angles {u; E given by the positive (resp. negative) roots of the

(N + 1) Legendre polynomial. This is called a Mark boundary condition [90].

Finite element methods More recently, finite element discretisations of the angular
domain have been studied. Starting from the angular domain S, or a sufficiently-accurate
polytopic approximation of S, a computational mesh Ts is constructed on the surface
consisting of (d — 1)-dimensional polytopic (angular) elements kg € Ts. One may then
introduce (continuous or discontinuous) piecewise-polynomial finite element spaces Vs
consisting of functions v € Vs such that v|,, is a polynomial function for all kg € Ts.
Upon selection of an angular basis {v;(u)}Y; C Vs, N = dim Vs, the spatial semidis-

cretisation of (2.17) reads as follows: for each x € , find u(x,-) € Vs such that
[ Tl mot) + 0(x) + BGOux (i) g
= [ [ oxm = o otn) e da+ [ s m)oten) ap (2.21)

for all v € V5. Once boundary conditions for the mono-energetic LBTE are prescribed,
an additional spatial discretisation may be applied to to yield a full discretisation
of in both space and angle.

It is apparent that the computational difficulty of solving the resulting finite-
dimensional problem (on selection of an appropriate spatial discretisation of )
drastically increases as the number of degrees of freedom in the angular space Vs
increases. It is perhaps for this reason that this approach has yet to be fully explored;
works that have utilised this approach typically consider “quasi-3D” problems where
the solution is assumed to be independent of one of the three spatial dimensions
[1°7, 48], 67, [74]. These works typically employ a finite element discretisation in space,
see Chapter [2.2.3] for more details.

The authors of these works develop and employ a preconditioning strategy based on
the computation of the inverse of the discretised transport operator; see Chapter [2.5
for more details. This turns out to be nontrivial since, unlike the standard transport
equation with constant advection field, the presence of the angular component means
spatial elements (associated with the same angular element) become coupled and there
is no natural ordering of spatial elements in which a sweeping preconditioner can be
applied. Instead, they exploit Tarjan’s strongly-connected components algorithm [96]

to identify blocks of spatial elements for which a sweeping procedure can be applied.

22



A comparison between discrete ordinates methods and angular finite element meth-
ods can be made about their respective orders of approximation. Many discrete ordi-
nates methods employ angular quadrature schemes designed to exactly integrate sets
of high-order spherical harmonic functions; the resulting (semi)discrete solution is then
viewed as a global high-order approximation (in angle) of the analytical solution. In
contrast, the (semi)discrete solution arising from angular finite element methods may
be considered as a local low-order approximation (in angle), since the angular mesh Tg
may not be rotationally-symmetric and the approximation is formed from comparatively
low-degree polynomial approximations on each mesh element. However, finite element
methods can handle global or local mesh refinement in a natural way, allowing for the
adaptive generation of angular meshes designed to resolve the angular component of the
solution around localised parts of the angular domain. For example, problems contain-
ing source terms with a strong directional bias (say, in the direction of p*) may require
specially-designed angular meshes to resolve the solution around p*. On the other hand,
the adaptive generation of quadrature schemes for use in discrete ordinates methods is
typically more difficult.

The idea of discretising the angular domain in a finite element fashion is relatively
new, and the resulting numerical method has received little attention in terms of a
priori and a posteriori error analyses from a theoretical perspective. However, a priori
analysis of a mixed finite element approach [40] has been conducted; in that work, this
was achieved by a parity splitting in the angular domain.

In Chapter 3| we will introduce discontinuous Galerkin discretisations of the angular
domain, as well as an efficient implementation of the resulting scheme as a discrete

ordinates method of the form ([2.18]).

2.2.3 Spatial discretisation

Once the time-independent mono-energetic (or poly-energetic) LBTE has been semidis-
cretised in angle (and energy), the resulting field variables to solve for are functions of
space only. The type of spatial problem left to solve depends heavily on the angular

semidiscretisation employed. For example:

e if a discrete ordinates method is employed for the angular discretisation of the
mono-energetic LBTE, the resulting problem is the system of first-order linear

hyperbolic PDEs given in (2.18) for the angular flux u;

e if instead a P; spherical harmonics method is employed for the angular discreti-
sation, the resulting problem is the second-order elliptic PDE given in ([2.20) for
the scalar flux ¢.

We will primarily focus on the discretisation of the first-order linear hyperbolic PDE
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defined by

@ Vu(x) + a(x)u(x) = f(x) in Q, (2.22)

where the inflow boundary 9_€2 C 01 is defined by
0_Q={xe€dN:p-nx) <0},

where n denotes the outward unit normal to 2 on 0f).

Discontinuous Galerkin finite element methods (DGFEMs) The discontinuous
Galerkin finite element method (DGFEM) developed by Reed and Hill [81] is one of the
most popular numerical methods for transport problems of the form . Let Tq
denote a shape-regular subdivision of the spatial domain €2 into disjoint open elements
k € Tq such that = U,e7, k. For each k € T, we assign a non-negative polynomial
degree p,, > 0 and write the shorthand vector p = (p,; : & € Tq). We define the following

function space:
Vo ={ve L*Q):v|, € HP*(k) for all k € To } .

Here, HP (k) denotes a space of polynomial functions defined on k. The two most popular
choices of this space are HP(k) = PP(k), the space of polynomial functions on s of
maximal total degree p, and H?(k) = QP(k), the space of polynomial functions on &
of maximal degree p in each of the d independent variables (in Cartesian coordinates).
Finally, for a function v defined on the boundary Ok of a spatial element k € Tq, we
denote by vl (resp. v ) the interior (resp. exterior) trace of v on dx. It will always be
understood on which element x the notation applies; henceforth, the subscript « shall
be suppressed.
To this end, the full discontinuous Galerkin discretisation of reads as follows:
find up € Vg such that
Alup,vp) = €(vp) (2.23)

for all vy, € Vg, where

A(wh,vh) = Z < — pwp, - Vo, + awpv, dx
rkE€ETQ

+ H(w;f,w, ,n,)ot ds) ,
Ok

(o) = Z fop dx.

KETQ Y F
Here, H(-,-,-) denotes a numerical flux function. Denoting by I' the set of faces of
elements in 7Tq, the numerical flux function is typically chosen to have the following

properties:
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e Consistency: for the problem above, H(:,-,-) is consistent if we have
H(u",u",n) = (u-n)u whenever u is a smooth function satisfying the inflow

boundary condition;
e Conservation: H(:,-,-) is conservative if it is single-valued on T'.

A common choice for the numerical flux function above for transport problems is the

upwind flur given by

M-y w+(x7l’l"E) xea-‘rKﬂ
H(wh, w™,n,)|ox = peongw (x,u, E) x€0_k\0-Q,
pen, gx,pm, E) X €0_KkNO_Q,

Assuming that both the domain € and the mesh 7, are polytopic, but otherwise ar-
bitrary, finite element methods can handle complicated domain geometries in a straight-
forward manner. By tailoring the finite element spaces on each element, one can also
generate approximate solutions with high-order accuracy. It is known [27, [54] that the
convergence of finite element methods behaves like O(h?®), where h denotes the spatial
mesh size parameter and s denotes a function of the polynomial degree of approximation
p and the smoothness of the exact solution. By exploiting hp-adaptivity, DGFEMs can
achieve exponential convergence rates with respect to the number of degrees of freedom
N employed in the method. It is known that, for elliptic problems, the DG-norm of
the discretisation error scales like O(e~ %) for two-dimensional problems [104] and
O(e "N %) for three-dimensional problems [87] for some b > 0.

Adaptive finite element methods can also be applied to the problem of functional
error estimation. Provided that one can prescribe an appropriate dual problem and
output/goal functional J(-), such methods exploit computable a posteriori error esti-
mators which provide information about the local accuracy of the computed primal and
dual solutions [49] [52]. Examples of output functionals relevant to the field of radiation
transport include the ks r-eigenvalue arising from neutron transport criticality problems

[48] and the deposited dose in photon radiotherapy [50].

Streamline upwind Petrov-Galerkin methods (SUPG) A typical weak formu-

lation of a (linear) partial differential equation reads as follows: find u € V such that
A(u,v) = £4(v) (2.24)

for all v € V, where V is typically a Hilbert space, A : V xV — R is a given bilinear form
and ¢ :V — R is a given linear functional. However, a typical finite element formulation

reads as follows: find u;, € Vq such that

Ap(un,vp) = p(vp) (2.25)
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for all v, € Vg, where Ay : Vo x Vo — R and ¢, : Vo — R are possibly different
from A and £ respectively. The finite element method is said to be conforming if the
finite element space satisfies Vo C V and the discrete bilinear form and linear functional
satisfy Ap(wp,vn) = A(wp,vy) and €,(vy) = £(vp,) for all wy,v, € Vo. By selecting
v=uvp € Vg in , we immediately have that

A(u, vp,) = £(vp) (2.26)
for all vy, € Vg, and so we obtain the following Galerkin orthogonality result:
A(u — up,vp) =0 (2.27)

for all v, € Vq. Conversely, the finite element method is said to be non-conforming if the
finite element space satisfies Vo ¢ V; an example of such a method is the discontinuous
Galerkin finite element method outlined earlier. For these methods, the condition
must be checked separately.

An example of a conforming finite element method for first-order transport equations
is the streamline upwind Petrov-Galerkin method [42]. Starting from the transport

equation with zero inflow boundary condition:

p-Vutau=f inQ,

u=0 on [y,

one multiplies by a test function of the form v + du - Vv for v € V, where the small
mesh-dependent parameter § > 0 is typically chosen to satisfy 0|, = O(hy) for each
Kk € Tq. Integrating the result over Q2 yields the following variational problem: find

u € V such that

/(u~Vu+au)(v+5u-Vv) dX:/f(v+6u-Vv) dx.
Q Q

for all v € V. The streamline upwind Petrov-Galerkin method then follows by replacing
V with a finite element space Vg of continuous piecewise-polynomial functions with
respect to a spatial mesh 7q. The streamline upwind Petrov-Galerkin method reads as

follows: find uj € Vg such that

/ (- Vup, + aup) (v + 0 - Vop,) dx = / fop +6p- Vo) dx.
Q Q

for all v € V.
Streamline upwind Petrov-Galerkin methods have been used to numerically approx-
imate the solutions of mono-energetic linear Boltzmann transport equations arising in

astrophysics applications [43, [58].

Virtual element methods (VEMs) Virtual element methods (VEMs) can be

thought of as an extension of finite element methods which are applicable to general

26



polytopic meshes [14], as well as an evolution of mimetic finite difference methods
towards a finite element-like presentation [I3]. The main point of departure of these
methods from classical finite element methods is the choice of test and trial functions.
Specifically, virtual element spaces are defined locally with respect to elements and
contain, in addition to polynomial functions of maximal degree p, non-polynomial
functions. These additional “virtual” functions need not be computed, but information
about them can be inferred from particular carefully-chosen degrees of freedom - these
are typically selected point-evaluations on the faces and vertices of elements as well
as internal moments. In the elliptic case, by employing certain projection operators
that are computable using only the specified degrees of freedom, elemental matrix
contributions can be decomposed into a fully-computable term and a stabilising term
that can be approximated without degrading the accuracy of the method.

The original formulation of the virtual element method was employed for the con-
forming discretisation of the Poisson problem, but non-conforming variants exist [30].
The virtual element method has also been studied in the context of discontinuous

Galerkin methods [23] and applied to non-symmetric problems [16] 20].

2.3 Stochastic methods for radiation transport

While deterministic methods for the simulation of radiation transport through matter
have attracted more attention in recent years [I1} 9], it is important to note that ra-
diation transport has almost always been modelled as a stochastic process by the wider
medical physics community. There is a vast body of literature regarding Monte Carlo
methods for radiotherapy treatment planning [9, 2] 56} [60, 6T, ©2] [7T), 80, 101] cover-
ing topics including dosimetry, Monte Carlo code design and applications to realistic
“phantoms” or domains.

In this setting, the macroscopic total cross-section o(x) = a(x) + S(x) is interpreted
as a scaled probability (per unit atom/electron density and per unit path length) that
a particle will have an interaction while travelling a spatial distance, and all other
macroscopic cross-sections (e.g. scattering and absorption) are interpreted as scaled
probabilities that any given interaction is of that type [15] [90].

Monte Carlo codes for particle transport problems (e.g. for neutrons, photons and
electrons) typically generate a large number of particle histories by individually follow-
ing each particle through every interaction it experiences. The trajectory along which a
given particle travels is essentially generated randomly (using macroscopic and differen-
tial cross-sections in the sampling process), and the history of each particle is assumed
to be independent and identically distributed. The following is a very simplified example
of how such a particle history for a mono-energetic simulation is generated.

Assume that a particle enters the system at a single point xy €  in space and
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in an initial direction pg € S. The particle will then travel a distance s along this
direction until it undergoes its first interaction; this is dependent on the total cross-
section o(s) = o(xg + spo) along the trajectory, and is drawn from the probability

distribution defined by the following probability density functiorﬁ

o(s)e=Jo o) ds" g5 0,
fls) =
0 s < 0.

Having chosen a random value of s, say sqg, set X1 = xg + Sopg. We now consider
what type of interaction the particle undergoes at this point, namely one of the following

processes:

e Absorption/leakage: the particle is removed from the system and its history

recorded.

e Scattering/fission: a random scattering angle is generated from an associated
probability distribution (based on the differential scattering cross-section 6(u, p'))
and the previous process of drawing a new traversal distance is repeated. In
addition, any energy lost in the interaction is subtracted from the particle’s energy
and any new particles created/liberated during the interaction are allocated their

own histories.

The process outlined above only requires one to generate sequences of random num-
bers, meaning that many particle histories can be generated very quickly. If the in-
dependent and identically-distributed random variables Xy, X5, ..., X,, represent the
histories of n simulated particles, one might want to study, say, the (independent and
identically-distributed) random variables Y; = h(X;), where h is some real-valued func-
tion of interest (and which is defined for all values that each X; can take). For example,
h might denote the dose (per radiative particle) of radiation delivered to a particular

region in the body. In particular, one may wish to take the estimated average:

1 n
Zy = E;Y

We may then take the expectation and variance of Z,, under the assumption that

the random variables X; (and thus Y;) are independent:
E[Zn] = E[p(X1)],

Var(Z,] = %Var[h(Xl)],

4Notice that, in the case of a homogeneous medium, this is precisely the probability density function

of an exponential random variable with rate parameter o and mean o1

; in particular, the more
optically-thick the medium is (i.e. the larger the rate parameter is), the shorter the distance between
successive interactions. This probability distribution exhibits “memorylessness” - the probability that a
particle will travel a distance greater than s+t from where it started, given that it has already travelled
a distance s, is equal to the probability that the same particle would have travelled a distance greater

than t from its initial position.
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B =P (n-t2 <vi<p+iz)

1 0.6827
2 0.9545
3 0.9973

Table 2.1: Probabilities that a given normally-distributed random variable Y;, with mean
u and variance o2 takes a value within & standard deviations of the mean, for different

values of k > 0.

where we have used the fact that the random variables Y; are independent and
identically-distributed. The calculations above tell us that the expected value of the
mean of h(X;) over n sample histories is equal to the expected value of h(X;), and that
the variance of the mean of h(X;) behaves like O(n~1). Thus, as we take more and
more particle histories, we can be more and more confident in the computed mean of h.

The observations above can be formalised by way of the central limit theorem. Sup-
pose that X7, Xs, ..., X, are independent and identically-distributed random variables

with mean p and variance o2, and consider the sample mean

Then Y,, converges in distribution to a normal random variable with mean p and variance
%2; in notation, this reads
Y, —>dN<,u,C:> as n — 0o.

Thus, as n — oo, we can think of Y,, as “approximately” normally-distributed, and use
well-known properties of the normal distribution about the likelihood that a randomly-
sampled average Y,, will be “sufficiently close” to the true mean . Since Y, is random,
deterministic notions of convergence (for example, a priori error bounds of the form
[|lu — up|ly < Ch® in the case of finite element methods) make no sense in this context.
Instead, the term “sufficiently close” will be taken to mean “to within k& standard de-
viations of the true mean”. The standard deviation of a distribution is taken as the
square-root of its variance; thus, the standard deviation is a measure of spread. In the
case of the normal distribution above, the standard deviation is given by %

To this end, we consider the probability that Y, takes a value in some confidence
interval I, = (u — k—\/%, w+ %), with k£ chosen such that the probability that Y, fails
to lie in this interval is small. Table 2.I] gives the probability that a randomly-sampled
average lies in [}, for different values of k.

Fixing some value of k, and thus a confidence of how close Y,, is to pu, it is easy to
see that the range of I, decays as O (ﬁ) as n — oo. In clinical practice, it is often the

case that a particular quantity of interest is sought to some level of confidence - this is
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the motivation for selecting a sufficiently-large value of k£ such that py is “close enough”

to 1. The arguments outlined above show that
Y, — ul < Cn~? with probability py as n — oo

for some C' > 0 dependent on k and o. The stipulation “with probability pi” makes
this differ from similar convergence bounds one might derive for deterministic methods.
The statement above means that, in order to halve the length of the confidence interval,
one must take four times as many samples.

As mentioned earlier, the constant C' appearing in the bound above is dependent on
the variance of the random variables X;. Indeed, a smaller variance results in a smaller
value of C; it is therefore of interest to reduce the variance of the random variables in
the hope of obtaining a sharper bound, whilst also maintaining the mean of the random
variables. This can be done by way of variance reduction techniques [6I]. In the case
of neutron transport codes, this is achieved by changing the sampling process outlined
above; namely, by altering the probability distributions from which random collision
distances/interaction types are drawn, and weighting the terms appearing in the sample
average according to their “importance” (in some sense) to a quantity of interest. This
is known as “importance sampling” [90] and is typically achieved by introducing the
importance or adjoint function, which is the solution to an associated adjoint PDE.

The computational costs associated with both stochastic and deterministic methods
for the numerical solution of the LBTE have been studied [22]. In that work, an at-
tempt to find relations of the form & = O(WW~?) between the error in a computation €
and the work W (defined by the number of arithmetic operations); the parameter g then
quantifies how fast the error decays as more computational effort is expendecﬂ Compar-
isons of different values of ¢ between Monte Carlo methods and grid-based deterministic
methods suggested that high-order deterministic methods may yield smaller error esti-
mates than Monte Carlo methods for the same amount of work; however, this did not
take into consideration the effect of using different computer architectures. Meanwhile,
an empirical comparison was made in [45] which found that both the CPU time and
dose calculation of a finite element implementation of the LBTE compared favourably

against those of Monte Carlo simulations.

5For Monte Carlo simulations, £ instead denotes the standard deviation of the error, centred at zero,

and W denotes the standard deviation of the work.
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2.4 Polytopic methods for finite element discretisa-
tions

A typical finite element method is performed by first rewriting the underlying PDE in

a weak /variational form reading as follows: find u € X such that
A(u,v) = £4(v)

for all v € Y. Here, X and ) are (usually Banach or Hilbert) spaces of functions
(which may be the same) inferred from the original PDE problem. A finite element
formulation follows upon taking finite-dimensional subspaces of X and ) - typically
these subspaces will contain piecewise-polynomial functions defined on an underlying
triangulation 7q of the computational domain 2, which we shall assume is polytopic
and exactly covered by the elements k € Tq. For simplicity, we suppose that )V =
X C H*(Q), where H*(Q) denotes the Sobolev space of square-integrable functions on
Q whose weak derivatives up to order k are also square-integrable. In this setting, a
typical finite element discretisation will replace the infinite-dimensional space X with a
finite-dimensional subspace Vq. The finite element formulation then reads as follows:
find up € Vg such that

Ap(un,vn) = Lr(vn)

for all v, € Vq. Here, Ap(-,-) and £;,(-) denote (possibly inexact) replacements of A(,-)
and £(-) respectively in the original weak formulation of the PDE and may depend on
discretisation parameters.

The finite element space Vg is frequently chosen to contain piecewise-polynomial
functions of a given degree p on each element x € T (which may be continuous or
discontinuous across element boundaries, depending on the method chosen). Such a

test spaceﬂ may, for example, be defined as follows:
Vo = {v € L*(Tq) : v|, € PP(k) for all k € T}

One can select a basis for Vg since it is finite-dimensional; consequently, under the
assumption that Ay, : Vo x Vo — R is a bilinear form and 45, : Vo — R is a linear
functional, a matrix system results for the coefficients of the solution u; expanded in
the finite element basis:

Au="~,.

If Vo = span{¢; }Y.,, N = dim Vg, with each ¢; a basis function, then the matrix A has
coefficients A;; = Ap(¢;, ¢;) and the vector £ has coefficients ¢; = £}, (¢;).
It is therefore apparent that, in order to construct the matrix system, one must be

able to integrate polynomial functions over the elements of the mesh Tg. Typically,

6Note that this test space is suitable for discontinuous Galerkin methods, not for continuous Galerkin

methods.

31



T consists of simplicial elements (triangles in 2D, tetrahedra in 3D) or tensor-product
elements (rectangles in 2D, cuboids in 3D). For these shapes, high-order quadrature
schemes exist that integrate any polynomial function of maximal degree p exactly.

Recently, attention has turned towards the employment of general polytopic meshes
in the finite element framework. Such meshes can be formed via agglomeration of a fine
mesh [0, 28] or via Voronoi tessellations restricted to the domain of interest [95]. This
has been motivated in part by the desire to capture fine geometrical features within the
computational domain whilst reducing the number of elements in the domain partition
(and therefore number of degrees of freedom in the resulting matrix system) [2§].

A key computational task is therefore to integrate finite element basis functions
(i.e. polynomial functions) on an arbitrary polytopic domain; we shall assume that the
coefficients arising in the PDE problem are piecewise-constant with respect to 7g. One
solution is to further triangulate each polytopic element in 7 into standard element
shapes (simplices or tensor-product elements) and employ a high-order quadrature on
each subelement [93]. An example of such a quadrature scheme is illustrated in Figure
This can be expensive in the context of the assembly of the matrix system arising
from a finite element discretisation, particularly if element geometries are complex. In
two spatial dimensions, the time taken to generate a triangulation of a simple polygon
grows linearly with the number of faces of the polygon [31]. Furthermore, if the polytopic
mesh T arises from an agglomeration of elements of a fine (simplicial or tensor-product)
mesh 7—§{ine (and each k € Tq inherits its quadrature scheme from the underlying fine-
mesh elements comprising it), then the assembly of the system of equations on 7g is no
faster than on 7™ [6], though the resulting system will be smaller.

Another approach is to use moment-based quadrature rules [73]. In these quadra-
ture schemes, one first establishes an upper bound for the number of quadrature points
required to integrate (restrictions of) polynomial functions over a given polygon P up
to some given degree - this can be achieved by generating the quadrature scheme de-
scribed above. This serves as an initial guess for an iterative algorithm designed to
generate a quadrature scheme over P which is exact for polynomials of maximal degree
p with as few quadrature points/weights as possible. At each iteration, the quadrature
point/weight with least “importance” is discarded from the scheme and the remaining
points/weights are adjusted to satisfy a moment-fitting criterion - this takes the form
of an algebraic system of equations to solve numerically. The algorithm returns a near-
optimal quadrature scheme on P when the moment-fitting criterion can no longer be
satisfied by the set of remaining quadrature points/weights. In the context of a finite
element assembly implementation, this can become very expensive since this procedure
must be carried out for each unique (non-affine) element shape in Tg. Furthermore,
there is no guarantee that quadrature points will lie in P, nor that their weights are

nonnegative - this potentially compromises the numerical stability of the quadrature
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Figure 2.4: Example of a quadrature scheme on a polygon generated via subtriangula-
tion. Here, the domain is taken to be a regular pentagon and the quadrature scheme

exactly integrates quartic polynomial functions defined on the domain.

scheme.

In each case, the computational cost of using each quadrature strategy becomes
prohibitively large, both as the mesh size decreases and as the geometry of elements in
Tq becomes more complex. One key idea that has been exploited is to restrict attention
to homogeneous functions [69]. A function f : R?\ {0} — R is said to be (positively)
homogeneous of degree k € R if, for all a > 0, we have that f(ax) = oFf f(x) for all
x € R4\ {0}; furthermore, if & > 0, then this results extends to all functions f : RY — R.
It is easily seen that any polynomial functions of degree p can be decomposed into a
sum of at most p + 1 homogeneous functions.

Within the context of integration of homogeneous functions over polytopic domains,
Euler’s homogeneous function theorem proves fundamental. This theorem states that,
for any continuously differentiable function f : R\{0} — R, f is positively homogeneous
of degree k if and only if kf(x) = x - Vf(x) for all x € R?\ {0}.

For any polytopic domain P € R?, we denote by {0P;}™, the set of (d — 1)-
dimensional planar boundary faces on which x - n; = a; € R for all x € 0P;, where
n; denotes the outward unit normal to P on 9P;. It is straightforward to show that any

positively homogeneous function f : P — R of degree k satisfies
1 m
X) dx = —— a; x) ds.
[0 ax= g > | s
That is, the integral of a homogeneous function over an d-dimensional polytope can be

rewritten as a linear combination of integrals of the same homogeneous function over

its (d — 1)-dimensional (polytopic) boundary faces. With a slight modification, one can
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continue to reduce each boundary integral to an expression involving a weighted sum
of integrals over its corresponding (d — 2)-dimensional (polytopic) edges [6]. This forms
the basis of a recursive algorithm that computes the volume integral of a homogeneous
function f over P based on the weighted sum of evaluations of f at its vertices; this
algorithm is given in [6]. A non-recursive implementation of this algorithm for three-
dimensional polytopic elements is given in [34], where point evaluations of all monomials
are taken at each vertex, followed by the computation of all line integrals along every
one-dimensional edge, followed by the computation of all surface integrals over every
face, and finalised with the computation of all volume integrals over the polyhedron.

It was found that this numerical integration technique is substantially faster than the
subtessellation approach within the context of finite element methods [6], and that the
computational speedup was much more significant in the evaluation of volume integrals
than face integrals for an interior penalty DGFEM discretisation of Poisson’s equation.

This idea has also been applied in more general settings. For example, [69] derives
expressions when the integrand is weighted with elementary non-homogeneous functions;
in that case, closed-form expressions of volume integrals in terms of face integrals exist
only for certain integrands. Another extension of this idea is given in [33], where the
boundary faces of P are no longer required to be planar/polytopic; instead, each face 9P;
need only be prescribed in the form h;(x) = a; € R, where each h; is a homogeneous
function. The idea presented there is applied to the case where each face admits a
representation in terms of polar coordinates, and numerical results are obtained by first
reducing the volume integrals to face integrals and performing a quadrature on each face
integral.

In Chapter @] we introduce a quadrature-free approach to the assembly of linear
systems arising from discontinuous Galerkin discretisations of the linear, first-order and
constant-coefficient transport equation. We also present a floating-point operation anal-
ysis of a general assembly method using quadrature-free integration and compare the

results against standard quadrature-based methods.

2.5 Linear solvers for discretised radiation transport
problems

The discretisation of the time-independent, poly-energetic linear Boltzmann transport
equation (and the mono-energetic LBTE (2.17))) using any of the methods outlined
earlier typically yields a large and sparse linear system of equations. This is in part due
to the high dimensionality on which the LBTE is posed. Even in the mono-energetic
setting, the angular flux u(x, pt) is a function of 2d — 1 independent variables (d spatial
and d — 1 angular variables) for d = 2,3. For the remainder of this discussion, we will

focus on schemes for the mono-energetic LBTE employing discrete ordinate discretisa-
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tions in angle and discontinuous Galerkin discretisations in space. In Chapter |5, we
will study the convergence of iterative methods applied to variational problems, with a
particular focus on discretisations of the mono-energetic LBTE using DGFEMs in both
the spatial and angular domains.

The mono-energetic LBTE may be written abstractly in an operator form:
Tu=Su+ f,

where the operators 7 and S act on functions v : 2 x § — R by:

Tv=p- va(X, :u’) + (Oé(X, ,U,) + /B(Xv /L)) U(Xv /”’)7

Sv= /H(X, p = pu(x,p) dp'.
s

When a discrete ordinates scheme employing an ordinate set {uq}flvzl is used for the
angular discretisation and a discontinuous Galerkin scheme is used for the spatial dis-

cretisation, one obtains a linear system of the form
Tu = Su+f.

The matrices T and S admit a block structure. The matrix T = diagév:l(Tq) can
be written as a block-diagonal matrix whose on-diagonal blocks {Tq}évzl are precisely
the matrices arising from DGFEM discretisations of the transport problem
associated with the ordinate directions {gtq}2_;. The matrix S, on the other hand, can

be partitioned as

Svi Sn2 ... Snn
where S;; denotes the (spatial) mass matrix associated with the weight function
wiB(x, p; — ;).

Owing to the size of the matrix T — S, direct solvers such as Gaussian elimination
become prohibitively expensive, both in terms of the number of floating-point operations
required to compute (T — S)~! and in terms of storage of the inverse. Therefore, a
number of iterative techniques have been employed to solve these equations - an overview

is given in [I].

2.5.1 Source iteration

One of the most common methods for solving the discrete LBTE system is source iter-
ation (SI). The method exploits the splitting of the (continuum) operator 7 — S into
a streaming operator 7 and a scattering operator S. As remarked earlier, discrete or-
dinates discretisations of the operator 7 generally yield block-diagonal system matrices

with each block corresponding to a single spatial transport problem. On the other hand,
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such discretisations of the operator S yield comparatively more dense system matrices.
For this reason, the action of (7 —&)~! is generally more difficult to compute than that
of 71, the latter of which can be performed using a direct solver. The source iteration
method computes a sequence of approximations {u,, }52, generated from an initial guess

ug (typically chosen to be zero) via the iteration
Ttupi1 =Su, + f foralln>0.

This solution method can also be applied to the discrete equations: starting from an
initial guess up, we may construct the sequence of approximations {u,}22, via the
iteration

Tu,+1 =Su, +f foralln>0.

We remark that the action of T~! on a vector is generally computationally easier than
the action of (T —S)~! on a vector, owing to the block-diagonal structure of T and the
fact that the action of the inverse of each T, on a vector can be performed in a sweeping
fashion. When a DGFEM discretisation is employed in space, the action of Tq’1 can be
performed on an element-by-element basis by first ordering the elements k of the spatial
mesh Tq according to the wind direction using Tarjan’s strongly-connected components

algorithm [74]; see Figure

6 8 9

Hq
/ 3 5 7
1 2 4

Figure 2.5: Plot of 3-by-3 square mesh 7o and given wind direction py. Tarjan’s
strongly-connected components algorithm is used to topologically sort the elements of
Ta with respect to the wind direction. The action of T;l can be evaluated on an
element-wise basis by looping through this ordering. In this way, the transport problem
on element kg is only assembled and solved once the solutions on all elements adjacent

to its inflow boundary 0_k(p,) are known.

It can be shown that source iteration applied to the continuum problem is convergent

provided that the (global) scattering ratio, denoted by ¢ and defined by

¢ = esssup LG
x€N a(x) + B(X) ’
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satisfies ¢ < 1 [I]. That is, we have u,, — u as n — oo, where u denotes the analytical
solution of the LBTE. Moreover, the same condition on ¢ ensures that source iteration
applied to the discrete problem is also convergent; that is, we have u,, — 0 as n — oco.

In the continuum and infinite-medium setting, the spectral radius p(7~1S) of the
iteration operator 7 1S characterises the rate of convergence of source iteration and can
be shown to satisfy p(7~1S) = c. That is, source iteration is rapidly convergent for ¢ ~ 0
but stagnates for ¢ ~ 1. In the discrete and finite-medium setting, the spectral radius
p(T~18) of the iteration operator T~1S satisfies p(T~1S) < c. This is because radiative
particles can only leave the system via absorption in the infinite-medium case, whereas
particles can additionally leave the system via exiting the domain in the finite-medium

case [I].

2.5.2 Diffusion-synthetic acceleration

One of the most popular techniques to remedy the slow convergence of source iteration
is diffusion-synthetic acceleration (DSA) [I03]. The key idea is that source iteration
effectively suppresses the error modes with strong spatial and angular dependence, and
thus that stagnation of source iteration is associated with the slow decay of error modes
with weak spatial and angular dependence; this can be demonstrated through Fourier
analysis [I}, [103].

At the n'" step of the DSA method, a single source iteration is employed to generate

an intermediate angular flux wu,;/2:

Writing the exact angular flux as u, we would like to write an equation for the difference

Op41/2 & U — Upy1/2 S0 that the updated flux

Unt1 = Upy1/2 + Ong1/2

is a much better approximation to u than wu, /3 is.

Through some algebraic manipulation, one can find an equation for the difference
U= Upy1/2°

(T - S)(u - un+1/2) = 8(un+1/2 - un)

The spherical harmonics method can now be applied to obtain an approximation 4,412
of the angular flux difference v — u,,11/2. In the simplest case of isotropic scattering,

one may obtain the diffusion equation (2.20) with ¢(x) = 6,41 /2(x) and source term

fo,0(x) = 6p(x) /S (Unt1/2(%, ) — un(x, 1)) dp

= 00(x) (852 (0 ~ 69 x) ).
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where we have defined by ¢£)T,lo) the scalar flux associated with the angular flux u,, and
defined as in with ¢ = ¢¢,0 and u = u,,. Explicitly, the DSA correction equation
in the isotropic scattering case is given by
v (Mvmm) +a()dn51/2(%) = bo(x) (95 (x) = 8l (x) ) -

Fourier analysis of the DSA method on an infinite medium shows that this new
process yields an iteration operator G with a spectral radius p(G) ~ 0.2247¢ [I]. This
means that, even in scattering-dominated regimes (¢ = 1), DSA is rapidly convergent.
However, a practical challenge arises when one seeks to discretise both the LBTE and
the DSA correction equation - if the discretisation of the diffusion equation is not “con-
sistent” with that of the transport equation, then the rapid convergence of DSA may be

lost I, 4, T03]. By “consistent” we mean the following;:

e the DSA discretisation is stable; that is, the discrete iteration operator G satisfies

p(G) < 1 for all cell aspect ratios;

e the DSA discretisation is effective; that is, p(G) < py < 1 for all cell aspect
ratios (with py an analytically-derived spectral radius when a particular angular

quadrature is used for the initial source-iteration step).

In other words, a “consistent” discretisation of the DSA correction equation cannot
result in stagnation of the DSA iterations (in the case where scattering is isotropic).
The DSA step in the fully-consistent method of Warsa, Wareing and Morel [103]
can be thought of as a discontinuous Petrov-Galerkin discretisation of the diffusion
method outlined earlier. This can become prohibitively expensive to solve, particularly

7

in three dimensions, so a number of so-called “partially consistent” methods have been
proposed. These are stable methods that are not necessarily effective, but whose spetral
radii are still bounded away from one [102] I03]. DSA discretisations that respect
optical thickness of the medium (which can be loosely described by the magnitude of
the macroscopic total cross-section) and the cell aspect ratio of the mesh (which can
be thought of as the product of the mesh size parameter and the macroscopic total
cross-section) have also been studied [89].

While DSA is a rapidly-convergent iterative method for the numerical solution of
the LBTE with isotropic scattering, its performance can deteriorate when highly-peaked
scattering kernels are present. One idea around this is to perform an “angular multigrid”

method, whereby source iteration steps are repeatedly performed with ordinate sets of

decreasing size and culminate in a final DSA correction [I].

2.5.3 GMRES

Recently, the generalised minimal residual (GMRES) method of Saad and Schulz [83], 84]

has been proposed as an alternative to DSA for the solution of the discretised time-
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independent, mono-energetic LBTE [77]. It is a member of the family of Krylov subspace
methods for large and sparse linear systems of the form Ax = b, where A € CNXV
and b € CV. GMRES is often used as an iterative solver as it generates a sequence of
approximate solutions {x, },>0 C C for a given initial guess xg, but in exact arithmetic

it is a direct solver since it returns the exact solution after N iterations.

Introducing the Krylov subspaces IC,, for a given initial guess xq defined by
IC,, = span{rg, Arg,..., A" 'ry},

where ry = b — Ax( denotes the initial residual vector, the n** approximate solution
vector x,, solves the following residual-minimisation problem:
X, = argmin ||b — Aylls.
ye€Xo+Kn

Preconditioned versions of GMRES have been studied in the context of radiation
transport [77], where the system matrix A = T — S. These authors focussed on two
preconditioning strategies: one based on the streaming/transport part of A, and one
based on incomplete LU (ILU) factorisations of A. It was found that the convergence
rates of both strategies are comparable to DSA in some test cases. However, the CPU
time taken by the ILU-preconditioned GMRES method scaled nonlinearly with respect
to the number of energy groups and angular quadrature order, whereas the transport-

preconditioned GMRES method scaled linearly with respect to these quantities.

GMRES in Hilbert spaces It is worth noting that Krylov subspace methods can be
extended to functional settings; i.e. tailored to functional equations of the form Az = b,
where z € X, A € L(X, X*) (assumed invertible) and b € X* [44] 47]. Here, X is a
Hilbert space and £(X, X*) denotes the space of linear operators from X into its dual
space X*. Furthermore, one introduces a duality pairing (-,-)x x» between X and X*
and an inner product (-,-)as on X defined for all u,v € X by (u,v)py = (u, Mv), where
M € L£(X, X*) denotes the Riesz isomorphism from (X, || - ||ar) to (X*, || - |lar-1)-

In this setting, residual vectors are replaced with residual functionals r, = b —
Az, € X*. One subtle departure from the linear-algebraic formulation of GMRES is
the introduction of a right-preconditioning operator P € £(X, X*), which is necessary

for the definition of the Krylov subspace IC,:
K,, = span {ro, AP Yrg, .., (AP_l)"_lro} )

The elements of the sequence of approximations {z,}n>0 C X are defined as the solu-
tions to the residual-minimisation problems
x, = argmin ||b— AP y||p-1.
yExTo+Kn
The extension of GMRES in this fashion is in part motivated by the free choice of

the scalar product (-,-)a in X, which fixes the choice of the norm || - ||3;-1 in which
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GMRES minimises ||b—Azy||pr-1. In many GMRES implementations for linear systems
of the form Ax = b (for which X = C¥), the choice of the scalar product in X is fixed
to the standard Euclidean product of vectors in CV, although generalisations to other
scalar products in X have been studied [32]. In Chapter 5] we discuss how standard
GMRES implementations can be used to minimise linear solver residual errors measured
in norms other than the standard Euclidean norm, and in particular how residual-based
a posteriori solver error estimates arising from finite element discretisations of PDEs

can be used to prematurely terminate GMRES solvers.
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Chapter 3

Discontinuous (alerkin
Discretisation of the
Time-Independent Linear
Boltzmann Transport

Equation

In Chapter [2] we introduced the linear Boltzmann transport equation (LBTE), a seven-
dimensional partial integro-differential used to model the fluence of a radiative particle
species, as well as a number of simplifications and special cases commonly studied in
radiation transport literature. We also reviewed a number of techniques employed in
the discretisation of the time-independent LBTE in each of the spatial, angular and
energetic domains. In particular, we noted that the multigroup discretisation of the
energetic domain may require a large number of energy groups in order to resolve the
energetic component of the solution. Moreover, multigroup discrete ordinates methods
are not well-suited to local angular and energetic mesh refinement.

In this chapter, we will seek to discretise the time-independent, poly-energetic LBTE
using high-order discontinuous Galerkin (DG) methods in space, angle and energy. We
start by carefully prescribing meshes and finite element function spaces for each of the
spatial, angular and energetic domains. A full discontinuous Galerkin finite element
method (DGFEM) for the poly-energetic LBTE is presented, which may be used to
derive DGFEMs for the mono-energetic LBTE as well as linear first-order transport
equations with constant wind direction.

The resulting DGFEM scheme applied to the poly-energetic LBTE is shown to be sta-
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ble under reasonable assumptions on the cross-sectional data. The scheme is also proven
to be convergent, and optimal-order convergence in an associated problem-dependent
norm is demonstrated through poly- and mono-energetic numerical examples.

Finally, we discuss how the scheme may be implemented in an efficient fashion. By
carefully selecting the angular and energetic basis functions, we show that the scheme
can be written as a classical multigroup discrete ordinates method without compromising
high-order accuracy in the angular and energetic domains.

This chapter is based on the work carried out in [53]. In particular, the author
is responsible for both the collection of numerical results and the technical discussions
concerning the (poly-energetic) scattering operator and its effect on the coercivity result

for the space-angle-energy DGFEM scheme.

3.1 Model Problems

Let © C R? denote an open and bounded polyhedral spatial domain, d = 2,3, and let
99 denote the union of its (d — 1)-dimensional open faces. Let S = S9! = {u € R4 :
|[e||2 = 1} denote the angular domain, where || - ||o denotes the Euclidean norm on R¢,
and let Y = {E € R: E > 0} denote the energetic domain. Let D = Q x S x Y denote
the space-angle-energy domain, and define the inflow boundary T';, = I, (0 x S) of
the space-angle domain 92 x S by

Tin = {(x,) €00 xS :n(x) - p < 0}, (3.1)

where n(x) denotes the outward unit normal vector to € on 9. For a given (constant)

wind direction p € R, let 0, Q(p) and §_Q(u) = [, (; ) be defined by

0+ () ={x €9 :n(x) pu >0}, (3.2)

0_Qp) ={x € :n(x) pu<0}. (3.3)

Here, 0.Q(p) C 09 (resp. 0_Q(u) C 09Q) denotes the outflow boundary (resp. in-
flow boundary) of 2 corresponding to the wind direction p. When discussing inflow
boundaries (either of the full spatial domain € or on open polytopic subsets of 1), the
dependence on p will always be made explicit. Thus, for any (x, u) € I';,,, we have that
x € 0_Q(p).

The time-independent linear Boltzmann transport equation (LBTE) for a function

u: D — R reads:

n- qu(x7 K, E)+ (O‘(x’ K, E) + ﬁ(xa K, E)) U(X, K, E)
= Slul(x,p, E) + f(x,p, E) inD,

u(x,pu, E) =g(x,pu, E) onTy, xY. (3.4)

42



Here, V4 denotes the gradient operator acting on only the spatial components of func-

tions defined on D, and o € L*(D), f € L*(D) and g € Lf, , (Tiy x Y) are given data

2

terms, where L
) [pm|

(Tin, X Y) denotes the weighted Lebesgue space of all measurable

functions f on I';, X Y for which

1
2
1l v = ([ [ [ weml s P dsapar)” < .
Y JS JOQ2

The term S[u] denotes a scattering operator acting on u and is defined by

Su)(x, u, F) = // O(x,u — p, E' — E)u(x,u/, E') dE"dp'. (3.5)
sJy

The function 6(x, u — p', E — E') is a given scattering kernel. The data term §: D —
R is related to 6 by

B(x,m, E) = // O(x,p — p',E — E") dE' dp'. (3.6)
sJy

For the sake of notational simplicity, the dependence of the PDE/data terms on x, p
and E will be suppressed where such dependence is obvious.

The physical interpretation of is given in Chapter We remind the reader of
the terminology used in the previous discussion of the LBTE: 6 denotes the differential
scattering cross-section, o denotes the macroscopic absorption cross-section, 8 denotes
the macroscopic scattering cross-section and « + [ denotes the macroscopic total cross-
section.

The following (physically-reasonable) simplifying assumptions will be made about
the data terms. The differential scattering cross-section (and the kinematics of the
scattering event) will be assumed to depend on its angular arguments only through the
cosine of the angle between them; that is, 0(x,u — p/, E - E') =0(x,u-p/, E — E’).
Consequently, this means that 5(x, u, E) = B(x, E). Moreover, we assume that particles
can only lose energy during scattering events, so that 6(x, u-u', F — E') = 0for E' > E.
We will also assume that the medium is angularly isotropic so that a(x, u, F) = a(x, E),
and that a(x, E) > 0 for all x € Q and E > 0.

For the forthcoming analysis in Chapter we introduce two additional data-
dependent terms v, & : D — R defined by

v(x, pu, E) = /S/YG(X, w — u, B — E) dE' dy/, (3.7)
8%, 1, B) = a1, B) + 5 (806, 1, B) =15, . ). (33

Under the previous assumptions on « and 6, it can be shown that v and & are indepen-
dent of the angular variable . We remark that the definition of « in is in general
not identical to that of 8 in due to the reversal of the order of the energetic vari-
ables E and E’, as well as the angular variables g and g/, in the differential scattering

cross-section 6.
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In view of discretising (3.4) using a discontinuous Galerkin finite element method
(DGFEM) approach, it is useful to introduce a number of sub-problems. To this end,
we will further define a mono-energetic version of the LBTE for a function u(x, )

independent of energy:

- Foct(x, 1)+ () + Ax)u(x, 1)
= S[ul(x,p) + flx,p) 0 QxS,
u(x, ) = g(x, ) on Tin(2 x S),
St ) = [ Oty ) it

560 = [ 00xp' ) it (3.9)

as well as a first-order hyperbolic transport equation for a function u(x) independent of

energy and angle:

p- Vu(x) + a(x)u(x) = f(x) in Q,

u(x) =g(x) on I (). (3.10)

Here, the problem domains and inflow boundaries for the mono-energetic and transport

problems are defined similarly to the case of the poly-energetic problem.

3.2 DGFEM Discretisation

We will now discretise the poly-energetic problem using a discontinuous Galerkin
finite element method (DGFEM) approach, and then present DGFEM discretisations
of the mono-energetic problem and the transport equation as special cases.
The spatial, angular and energetic domains will be discretised separately, and the finite
element solutions sought by the discretisation of the poly-energetic problem will take the
form of a linear combination of discontinuous piecewise-polynomial functions defined on
each space-angle-energy mesh element. Before we present the DGFEM scheme for the
poly-energetic problem, we first introduce the finite element meshes and spaces employed

in each of the spatial, angular and energetic domains.

3.2.1 Spatial discretisation

Let Tq denote a subdivision of €2 into disjoint open polytopic elements xq such that Q =
UmeTg ka. To each spatial element ko € To we denote its diameter by h,,, and assign
a non-negative integer polynomial degree p,,. We collect these polynomial degrees into
a vector po = (px, : ko € T) and define a finite element space Vo = V52 (7q) of spatial

discontinuous piecewise-polynomial functions by
VE2(Tq) = {va € L*(Q) : valx, € HP (kq) for all ko € To}.
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The space HP(k) = PP(k) denotes the set of polynomial functions of maximal total
degree p on k; the space HP(k) = QP(k) denotes the set of polynomial functions of
maximal degree p in each independent variable on k. We remark that the former choice
of HP(k) is the polynomial space of least dimension that will ensure the validity of the
forthcoming approximation properties of the scheme [35]. However, we will consider
both choices of HP(x) in the context of quadrature-free assembly methods; see Chapter
@

Let Okq denote the boundary of kg consisting of planar (d — 1)-dimensional faces,

and define a partition kg = 0_kqo(p) U 04ka(p) by

0_ka(p) = {x € Okq : ng, (x) - p < 0}, (3.11)

Orka(p) = {x € Okq : ng, (x) - p > 0}, (3.12)

where n,, (x) denotes the outward unit normal to kg on Jkq.

Let Fq denote the collection of element faces in 7o and partition this set as Fqo =
FS U Firt where F3 denotes the set of faces lying on the spatial boundary 09 and
Fint denotes the set of interior faces. For a given wind direction p € S, let F3 =

F (1) U Fg (), where

Fs(w) ={f € F§: f C 0w}, (3.13)
Fo(w)={f € F5: f Co-Qu)}. (3.14)

Finally, for a function v, defined on the boundary on an element dxq, we denote
by v (resp. vy,) the interior (resp. exterior) trace of v on dkgq. Henceforth, it shall

be clear on which element this notation applies, and so the subscript shall be dropped.

3.2.2 Angular discretisation

An obvious method for constructing a mesh on the (three-dimensional) unit sphere S is

to map a mesh of the rectangle (0,27) x (0,7) onto S via the parametrisation

p = (sin cos g, sin sin p, cos ) ,

where (¢,v) € (0,27) x (0, 7). However, such a mapping becomes singular at the poles
of S (i.e. when ¢ = 0 and ¢ = 7) and forces elements adjacent to the poles to have
degenerate faces. We shall instead employ a cube-sphere mesh of the angular domain
S on which we shall define a discrete function space of discontinuous piecewise-tensor-
product polynomials. The construction of such a mesh requires that one already has a
mesh of the surface of the d-dimensional unit cube and that the map from the unit cube
to the unit sphere is smooth and invertible. In principle, the meshes employed on each
face of the cube can be arbitrary; however, in view of constructing special polynomial
basis functions that allow for a simplified assembly of the resulting DGFEM equations
(see Chapter , we consider only mapped tensor-product meshes.
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Let F4=! C R? denote the surface of the unit cube defined by FI=! = {u € R :
||t]|oo = 1}, where ||pt||oo = max?_, |u;| denotes the vector £*°-norm on R¢. For each
1 < f < 2d, the face F; € F¢=! is a (d — 1)-dimensional hypercube on which we will
define a mesh 7T, consisting of disjoint open tensor-product elements kg, such that
Fr = Umfeﬁf kr, and that there exists an affine mapping Xz, K — &k, from the
reference open hypercube K = (—1,1)47! to sp ; for every kp, € Tr,. We denote by

Tgpa—1 the mesh obtained by taking the union of the meshes Tg, for 1 < f < 2d; i.e.

2d

Tpar = | T,
f=1

Let T : F¢=! — S be the smooth invertible mapping defined by T'(¢) = &/||2
for all £ € F?~!, and denote by 77! : S — F¢~! the corresponding inverse mapping
TYu) = p/|ploo for all u € S. Here, |- |2 (vesp. |- |oo) denotes the vector £y (resp.
vector /s,) norm on R%. We define the cube-sphere mesh 75 to be the union of the

images of the elements of Tgpa—1 under T
Ts = {T(lﬁwq) P Kpda-1 € 7%(1—1}

The construction of the cube-sphere mesh is outlined in Figure [3.1

To each angular element ks € 75 we denote its diameter by h,, and assign a non-
negative integer polynomial degree ¢.,. We collect these polynomial degrees into a
vector gg = (g, : ks € Ts) and define a finite element space Vs = V§®(7s) of angular

discontinuous piecewise-polynomial functions by
Ve (Ts) = {US € L*(S):vglx, 0T o XT-15y, € Hime (K) for all kg € 7'5} )

Here, we may select either HP(k) = PP(x) or H?(x) = QP(x). We shall henceforth
only consider the latter choice as it simplifies the practical implementation outlined in
Chapter [3.:41 While the details are not relevant here, we will require the construction of
a family of N,-point quadrature scheme on [—1,1]47! with N, = dim HP(x) and which
exactly integrates any function in HP(k); such a construction is generally easier when

HP (k) = QP (k).

3.2.3 Energetic discretisation

We shall restrict the energy domain to a finite interval by selecting maximum and
minimum energy cutoffs E,,., and E,,;, respectively. These limits should be chosen
such that the true solution of is compactly supported in energy, and by abuse
of notation, we shall refer to Y as the restricted energy domain (Enin, Fmaz). We
subdivide the interval (Eyin, Emaz) into Ny > 1 energy groups kg = (Eg, Eq_1) such
that

Bz = Eo > E1 2 -+ 2 Eny—1 2 Eny = Ein.
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Figure 3.1: Left: reference element K = (0,1)? embedded in R?. Middle: cube mesh
F4=1 with an element xp ; highlighted. Right: cube-sphere mesh 7 with an element xg
highlighted. Left-to-middle: action of Xrz, O K. Middle-to-right: action of T" on kr,.

We define the energetic mesh Ty = {ffg}évll. To each energetic element Ky € Ty we
denote its diameter by h,, and assign a non-negative integer polynomial degree r,. We
collect these polynomial degrees into a vector ry = (74, : ky € Ty) and define a finite
element space Vy = Vy"(Ty) of energetic discontinuous piecewise-polynomial functions
by

Vi (Ty) = {vy € L*(Emin, Emaz) : vy € P (ky) for all ky € Ty}

3.2.4 DGFEM Poly-Energetic Scheme

Seeking to derive a DGFEM scheme for the poly-energetic LBTE ({3.4), we must first
specify a computational mesh on the space-angle-energy domain D and a function space
over the resulting mesh. We consider a tensorised space-angle-element mesh 7Tq sy

defined by
Tasy =Ta x Ts x Ty = {kq X ks X Ky : kq € Ta,ks € Ts, ky € Ty} (3.15)
Furthermore, we will define the following function spaces:

G={veL*D):p Vxv+ (a+p)veL*D)}, (3.16)
G(Tasy) ={ve L*(D): (u-Vyv + (a+ B)v) |, € L*(k) for all k € Tosy}. (3.17)

The space-angle-energy mesh 7q sy is equipped with a finite element space of dis-

continuous piecewise-polynomial space-angle-energy functions Vg gy constructed via
Vasy = Vo ® Vs ® Vy

= span {vqusvy : vg € Vq,vs € Vs, vy € Vy}.

Notice that G C G(Tas,y) and Vasy C G(Tas,y) but Vaosy ¢ G.
Multiplying the first equation in (3.4) by a test function v € G(7q s v) and integrating

over D, we get

/Y/S/QN'quv—i—(a-l—ﬁ)uv dxdu,dE:/Y/S/Q(S[u]v—i—fv) dxdp dE,
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where we have momentarily suppressed the dependence of all functions on x, p and E
for simplicity. Isolating the integral of the streaming term p - Vyxuwv over the spatial
domain for given p and E, we have

Au-vxu(x,u,E)v(x,u7E) dx= ) /

rkETQ M

> (/ u’ (%, p, E)vt (%, p, E)p - mey ds
Ok

k€T

—/ u(x, u, E)p - Vxv(x, s, E) dx)

©- Viu(x, b, B)v(x, p, E) dx
Q

Z (— /I‘m w(x, p, Bt - Voo (x, i, E) dx

ko€Ta

+ HN(UJF,’U,?,I‘[KQ)UJF(X,M,E) dS>

Ok

Here we have replaced the term u®p - n,, with a numerical flux with a numerical flux

H, (u™,u™,n,) satisfying the following assumptions:
e H,(-,-,n,,) is consistent - we have that
Hy(wh w™,ngg)|ong = B NiqW|on,
whenever w is a smooth function satisfying the inflow boundary conditions;
e H,(-,-,ng,) is conservative - we have that
Hy(wh w™ ng,) =—H,(w ,w", —n,,)
and so H,(-,-,-) is single-valued on I'g(7q) = Uk,e,Oka, the set of spatial ele-
ment boundaries in 7.

We shall select an upwind numerical flux for our scheme; see [98] for a number of
commonly-employed numerical fluxes. The upwind flux is both consistent and conser-

vative:
BN, wh (X, B) x € Opka(p),
Hyu(w w™ g )wo = S - ey, w™ (%, 1, E) x € 0_ka () \ 0_Q(p),
B, g(x, 1, E)  x € 0_ka(p) NO-Qp),
where 01 kq(pt) (resp. 0_kq(p)) denotes the outflow (resp. inflow) boundary of kg and

defined in (3.12)) (resp. (3.11])). With this choice of numerical flux, we have the following

expression for the boundary integral over dkq:

Hy(u™ u™, ng, vt (x, u, E) ds
Ok
:/ |- 0, [ut (x, 1, B (x,u, E) ds
Oy r(p)
7/ |IL'IIRQ|U7(X,/J,,E)U+(X,/J,,E) ds
O r(p)\0Q

- / |1 g g(x, 1, B)o™ (x, p, E) ds.
O_ Kk(pn)NON
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By summing over all kK = kq X kg X Ky € Tqgs,y, the variational formulation reads as

follows: find u € G(Tq,s,y) such that
T(u,v) = S(u,v)+ £(v) (3.18)

for all v € G(Tasy), where the bilinear forms T, S : G(Tas,y) X G(Tas,y) — R and the
linear functional ¢ : G(Tas,y) — R are defined for all w,v € G(Tasy) by

T(w,v):/y/g 3 </m(—wu-vxv+(a+5)wv) dx

ka€Ta
+/ g, lwot ds
Otk (pm)
—/ | n, |w vt ds) dpdE, (3.19)
0 ke (1)\OQ
S(w,v) :// Slwlv dxdpdFE (3.20)
v JsJo

://///H(X’H'H/’E/_)E)w(X,N/,E/)U(X7/1,,E) dH/dE/dXdp,dE’
YJSJQJY IS

E(U)Z// > (/ fv dx+/ |p - ng |got ds> dpudE.  (3.21)
Y JS KQ O_ k()N

rko€Ta
Here, we use the condensed notation [, = >, 7 [, s = Y e [ and [ =
Zweﬁ{ frw for simplicity of presentation.
By replacing u,v € G(Tqs,y) with discrete functions up, vy, € Vags,y, the poly-

energetic DGFEM scheme thus reads as follows: find up € Vo gy such that
T(U}“ ’Uh) = S(uh, ’Uh) + E(’Uh) (322)

for all v, € Vo s y. We note that the scheme is consistent whenever the numerical flux
H,(-,-,-) is consistent. If the analytical solution u to (3.4) satisfies u € G, then by
taking v = v, € Vo sy in (3.18)) we have

T(u,vp) = S(u,vp) + £(vy)

for all vy, € Vo sv.
Finally, we note that the data terms § and «y retain their original definitions in ({3.6)
and (3.7]) respectively, so that the definition of & in (3.8) remains unchanged:

8,1, B) = alx, . B) + 5 (5(x, . B) — (5 1, ).

By our assumptions that the medium is angularly isotropic and that the differential
scattering cross-section depends on g and p’ only through the combination u - p', we
may eliminate the dependence on p in «, 8 and ~, so that & is a function of space and

energy.
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Example: Compton scattering
Consider the case where the differential scattering cross-section
O(x,pu-p', E — E") = p(x)0xn(cosp, E, E"),

where cosp = p - p/, p(x) denotes the (local) electron density and Oy denotes the

Klein-Nishina differential scattering cross-section per electron [64], which we repeat from

Chapter 2.1.1}

Oxn(cosp, E,E') = % (E;>2 (5/ + %/ — sin® @> 7 (3.23)
where r. /= 2.818 x 10~ '®m denotes the classical electron radius. Henceforth, it shall
be convenient assume that E and E’ are specified in units of electron rest energy (i.e.
multiples of m.c? ~ 511keV).

We additionally have the following (equivalent) kinematic constraints on %, the
fraction of energy retained by a photon with initial energy E undergoing a Compton
scattering event and recoiling with energy E':

/
% = m =: P(cosy, F),
E
E

1—E'(1—cosy) =: Q(cosp, E).

These constraints may be implemented as Dirac delta functions multiplying
Oxn(cosp, E,E') and allow one of the angular or energetic integrals in and
to be eliminated.

The associated macroscopic scattering cross-section 5(x, E) associated with the dif-
ferential scattering cross-section 8(x,pu - ', E — E') is a classical result [64], and is

given as follows:

B(X,E)://G(x,,u~p/,E%E’) dy' dE'
Y Js
1+ E (20+E) log(l+2E)
= 2712 -
Wep(x)[ fog <1+2E E
| log(1+2B) 1+43E
°F  (1+2B)2)

The evaluation of the associated coefficient (x, F) defined in (3.7)) requires more

(3.24)

care. We repeat this definition using slightly different notation:
y(x,E') = / /H(X,u -y E— E') dpdE. (3.25)
Y Js

Since 0 < E’ < E, the fraction % = Q(cos p, E’') must lie in the interval [0, 1], and
so we must have
1
Oglcosgogmin{lEl}. (3.26)
This is because we must have 0 < 1 — cosp < 2 since cosg € [—1,1] for all possible

deflection angles ¢, and additionally we must have 0 < 1 —cosp < % by the constraint

on Q(E',E).
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The physical understanding of (3.26)) is as follows: for a photon leaving a Compton

scattering event with energy E’ < %, we can deduce that it may have scattered through

1

any deflection angle ¢. However, if the recoiling photon has energy E’ > 3, it can only

have scattered through a small enough angle. Mathematically, the deflection angle ¢
must satisfy

2m, E <

9

N[ =

0<p<p(E):=
arccos (1— 2;), E' > 1.

We are now ready to evaluate the integral in (3.25). By abuse of notation, we

shall understand integrals over S as the integral over all allowable scattering angles as

permitted by the scattering kinematics; i.e. those angle satisfying (3.26]). We have

2 Q(cos p, E’

/

o) = 05 [ Qreosio, 7 (Qeos . )+ s — i)
1)

(2= Grnn) e

?(E")
= ﬂr?p(x)/ (1—E'(1—cosy))*
0

[cos2 0+ — E'(1 — cos @)] sin @ de.

1—FE'(1—cosy)

Making the substitution y = 1 — cos ¢, this integral can be evaluated as

min{Z,%
A B = mi2o() [ (1= B2 [0 =02+ =g~ E]
0 1-PE'y
8 _ 16E | 32(E')? N3 /o1
SR 4 =L (R, B < s,
= 7r2p(x) ? 3 ° 2 (3.27)
3 1 1 1
4E7 T 6(E)2 + 30(E")3> E > 2"
—B(E)
—(E)
2 |-
B
>
1 | -
0 |-

0% 1072 107* 10° 10" 10 107
E (m.c?)
Figure 3.2: Plot of B(E) = B(x, E)/mr?p(x) and v(E) = v(x, E)/7r2p(x) as functions

of energy over the energy range (1072,10%) in units of electron rest energy.

Figure shows the energetic dependence of 5(x, F) and v(x, E) (defined in
and respectively) in the case that both functions are derived from the Klein-
Nishina differential scattering cross-section . Both functions tend to zero in the
high-energy limit, and to %mﬂg in the low-energy limit. Figure shows that, over the
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Figure 3.3: Plot of 3(E) —v(E) = (B(x, E) — v(x, E))/mr?p(x) as a function of energy

over the energy range (1073,10%) in units of electron rest energy.

range of energies presented, we have that 5(x, E) — v(x, E') > 0 - while not proven here,

it is expected that this result also holds for any 0 < E < oo.

3.2.5 DGFEM Mono-Energetic Scheme

To derive a DGFEM scheme for the mono-energetic LBTE , it suffices to con-

sider the scheme (3.22)) in the case where the energetic component of the test and trial

functions and the data terms are suppressed. This removes the need to derive the mono-

energetic scheme from scratch. We consider a tensorised space-angle mesh 7q s defined
by

Tos =Ta x Ts = {kq X ks : kg € Ta, ks € Ts}. (3.28)

The space-angle mesh 7Tq s is equipped with a finite element space of discontinuous

piecewise-polynomial space-angle functions Vg g constructed via
Vas=Va®Vs.

Equivalently, we may define the space-angle finite element space as the subspace of Vo s v

consisting of space-angle-energy functions which are constant in the energetic argument:
Vas = {vn € Vasy :vn(-, E) =vu(-,-, E') for all E,E’ € Y}.
Finally, we shall define energy-independent data termﬂ by

1
O(x,p-p'\E' = E) = mﬂ(x,u ),

OZ(X,II,, E) = a(x’ H)’
f(xal"‘aE) = f(X»H)a

g(x, p, E) = g(x, p).

INote that the definition of # only makes sense when the energy domain Y is a finite interval; however,

we made this assumption upon discretising the energy domain.
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Upon replacing the data terms in and replacing the finite element space Vo s v
with Vo s, the mono-energetic DGFEM scheme thus reads as follows: find up € Vog
such that

T (up,vn) = S(up,vn) + £(vp) (3.29)

for all vy, € Vo5, where

T(wn, vn / 3

ra€Ta

+/ | Dy, |wifo ds
Ot+ra(p)

_/ | D, [y, v; ds) du, (3.30)
6 HQ(;L \89

S(wp, vp) // Slwp vy, dxdp (3.31)
= [ [ o e ) i dxae

fn) /Z /f” dx+/ [ nglgot ds | dp. (3.32)
0_ ko ()N

k€T
Contrary to the poly-energetic case, the data terms 8 and « in the mono-energetic

(/ —wpph - Vxop + (a+ Bwpvy) dx

case are identical:
sci) = | [0 s ) duap
Z/S9(X7u-u') du’,
v(x, p) =/Y/89(X7/~L-N',E' — E) dp/ dE’

=/9(x,u-u’) dp/
S

As a consequence, the definition of @ in reduces to the macroscopic absorption
cross-section
a(x, p) = a(x, p).
By our assumptions that the medium is angularly isotropic and that the differential
scattering cross-section depends on g and p' only through the combination - ', we
may eliminate the dependence on p in o, 8 and ~, so that & is a function of space only.
As before, the scheme is consistent whenever the numerical flux H,(-,-,-) is consis-

tent; that is, if the analytical solution u to (3.9)) is sufficently smooth, we have
T(u,v) = S(u,vp) + £(vy)

for all vy, € Vo 5.

3.2.6 DGFEM Transport Scheme

To derive a DGFEM scheme for the transport equation (3.10)), it suffices to consider the
scheme (3.29)) in the case where the angular component of the test and trial functions
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is suppressed. This removes the need to derive the transport scheme from scratch. We
consider only the spatial mesh 7T equipped with a finite element space of discontinuous
piecewise-polynomial space functions V.

We shall set the differential scattering cross-section 6(x, p - p') = 0 - this has the
consequence that S(x, u) = y(x, ) = 0. We shall define angle-independent data terms
by

a(x, p) = a(x),
flx,p) = f(x),
g(x, p) = g(x).

Upon replacing the data terms in (3.29)), replacing the finite element space Vg s with
Vq and eliminating the outer integral over S, the transport DGFEM scheme correspond-

ing to a fixed wind direction p € S reads as follows: find up € Vg such that
T(uh, Uh) = g(’l}h) (333)
for all vy, € Vg, where

T(wp,vp) = Z </ (—wpp - Vv + awpoy) dx
KQ

ka€Ta

+/ - g lwif ol ds

Oy ra ()

—/ |p - Do, [w, vy ds:)7 (3.34)
0— ko (K1)\oQ

o= X ([ roaxe | onglet ds|. (339)
KQ O_ k()N

k€T

The definition of @ in (3.8]) reduces to the macroscopic absorption cross-section:
a(x) = a(x).

As before, the scheme is consistent whenever the numerical flux H,,(-,-,-) is consistent;

that is, if the analytical solution u to (3.10) is sufficently smooth, we have
T(u,vp) = S(u,vy) + £(vp)

for all vy, € Vq.

3.3 Stability and Convergence Analysis

We shall now analyse the stability and convergence of the DGFEM scheme ([3.22]) applied
to the poly-energetic LBTE (3.4]) - the analysis of the DGFEM schemes (3.29)) and ({3.33))
applied to the mono-energetic LBTE (3.9) and the first-order transport equation ([3.10))

respectively follow by removing the dependence on the energetic and angular variables.
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We assume that there exists a constant g > 0 such that
a(x, 1, E) > ag (3.36)

almost everywhere in D, where we recall the definition of & in . In the case of
the first-order transport problem , this assumption is equivalent to the standard
positivity assumption for Friedrichs’ systems [38]. In the case of the mono-energetic
problem , as well as the poly-energetic problem , the assumption is
understood as a generalisation to problems incorporating an additional integral source

term of the form

/ /9()::7 uw = p, B — Eu(x,p',E") —0(x,p — p', E — E"u(x,u, E) dp' dE".
v Js

In order to make the forthcoming analysis rigorous for polytopic meshes Tq, we shall
introduce an extra mesh size parameter hi. for each kg € Tq as in [28, 53]. Given
ko € Tq, define F as the set of all possible d-dimensional simplices contained in kg
and with at least one face F' C Okq in common with k. We define the extra mesh size
parameter h, by

hi, = Frélziagg ;i, sup{|x} | : kI € F/® with F C 9k['}. (3.37)
For all kg € T, we have hiﬂ < Ry -

For the stability analysis, we shall introduce the DGFEM-energy norm ||| - |||pa :
G(Tas,y) — Ras in [53]:

_1
Iloll[be = llaz vl (p

1 _
+§/Y/S Z (|U+_U |%,m(u)\an+|v+|%mman) dpdE,  (3.38)

ka€Ta
where | - |, for w C Okq denotes the seminorm associated with the semi-inner product
(v,w)w = [ |1 Ny, |vw ds and @ denotes the function in (3.8). For the convergence
analysis, we shall introduce the streamline norm
2 2 2
vllls = llllbe +/ / Y Tl Vvl dudE, (3.39)
YIS poeTh
where 7, is defined for each ko € Tq by
_ g

=— -
pl@g

Tk

and hin is defined in 1}

Before we analyse the stability and convergence of the poly-energetic scheme, it is

useful to introduce the following lemma regarding the scattering operator.

Lemma 3.3.1. For all wy,,vn, € Vas,y, we have

///S[wh]vh dxdpdE < ||BZwp]| 20y |77 08| |L2(D)- (3.40)
Y JS JQ
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Proof. By employing the Cauchy-Schwarz inequality directly, we have

/Y/S/Qs[wh]vh dxdpdE

[ [ ][ [oocmw = Byt Byon . B) di dE' axduds
YJSJQJY JS

< (/ // / / 9(Xa vV “/, E’ N E?)wh(x, /7 El)2 dN«’ dE/ dxdud >
YJSJQJY JS / FE
. (/Y// / / (qu’ : H/7E, — E)Uh(XHU',E)2 dp,/d ' >
SJQJY JS E dx 12

= |82 wall 2oy V2 vnll2(p)
O

We shall start by proving coercivity of the bilinear form A : Vosy x Vasy — R

defined for all wp, v, € Vogs v by
A(wh, ’Uh) = T(wh, Uh) — S(wh, Uh). (341)

Theorem 3.3.2 (Coercivity). The bilinear form A : Vasy X Vasy — R used in the
DGFEM scheme for problem 18 coercive with respect to the DGFEM-energy norm.

That is, we have

A(vn,vn) > [llonlllbe

for all vy, € Vagsy.

Proof. We shall treat the terms T'(vp,vp) and S(vp,vy) in (3.41) separately, starting
with T'(vp, vg). Noting that

/UhN'Vth dx = Z / vp - Vxvp dx
Q

ka€Ta

- [ ( u) ax
HQGTQ

52 [ wewn? as
I{QETQ Ora

+ 4
) Z Uh 7Uh Orra(pm) — (Uh » Up )3—KQ(H)] )
KszETsz
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we can write
T(vh,vh):/// —vppt - Veop + (a+ B)v; dxdpdE
// Y LW oo matw = Wr s via_saea] dpdE

S kaeTa

= [[(a+B) 2vh||L2(D

_7// Z (008w matu) — (W 08 Jo_ ko] dpwdE

k€T

// Z [0, 0D 0 maw) — h Vi o raunoe] dpdE

ko €Ta

= |l(@+ B)2unllZ2(p)

// > @k oD o ma — 200 v o_ ka(uon

ko€Ta

+ (1}2_, ’U;:)ai,iﬂ(“)] dudE

We now manipulate the remaining face integrals by conditioning on whether the face is

adjacent to the spatial boundary:

> [ oo ratm — 25 Vo ko + (U V) o_ ka(w)
ka€Ta

= > [ vh)o.matwnon + (0 0o ra(noc]
ko €Ta

+ Z (Wi v ) o, maunoe — 2V 0 o ke non + (VU)o kg (uno0)
r€Ta

Z (v}, v )omanon + (0 — vy v — 0o ko (unoen)
ko €Ta

—12 2
= E [|’U+ = V7[5 wounon t |U+|ammag} .
k€T

We therefore have
1 1 _
T'(vn,vn) = [|(a + 6)27%”%2(2)) T3 Z [|U+ —v |§,m(u)\aﬂ + |’U+|(%I1Qﬁaﬂj| :
ka€To

For the treatment of S(vy, vy), we may use Lemma together with the arithmetic-

geometric mean inequality:

S(vh,vh):/y/S/QS[vh]Uh dxdpdE

1 1
182 vn|l2(py |72 vRl|L2(D)

IN

IA

1 1 1
5 (1830l o) + IR unl oo )
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Putting everything together, we have

1 1 1 1
A(vn, o) > [|(@+ B)2vnl[72 () — 3 (Hﬁz@hﬂiz(p) + \|72Uh||%2(1>))

1 —
* 2 /Y/g Z (lvaLr ~h |?Lm(“)\ag + |U;|gmmaﬂ) dpdE

ko €Ta

= llonlllbe-
O

We now present a summary of the stability and convergence results for the poly-
energetic DGFEM scheme as proven in [53]. We henceforth assume that the spatial

mesh T, satisfies the following assumptions:

e 7Tq is shape-regular; that is, there exists a positive constant Cgpape, independent

of the mesh parameters, such that

h
e < Cshape
Pra

for all ko € Tq, where p,.,, denotes the diameter of the largest ball contained in

RQ-

e Every spatial element kg € Tq has at most Cg (d—1)-dimensional boundary faces,

where Cr < oo is independent of the mesh parameters.

e There exist constants ny, € N and ¢ > 0, independent of 7q, such that every

spatial element ko € To admits a sub-triangulation into at most ny;, < oo shape-

regular simplices lﬁg), 1 <4 < ny,, such that Ko = U::i’ ko and

KD | > &lmr, |

for all 1 <i < ny,.

Under these assumptions on the spatial mesh, the following inf-sup result with respect

to the streamline norm ||| - |||s in (3.39) is proven in [53].

Theorem 3.3.3 (Inf-sup stability). The poly-energetic DGFEM scheme s inf-
sup stable in the streamline norm; that is, there exists a constant A > 0, independent of

discretisation parameters, such that

A
inf sup (Uh—’wh) > A.
0n€Va 5.\ 0} wy eV s v \{0} [|[Vnllls]|[wallls

Also under the previous assumptions on the spatial mesh, the following a priori

convergence result with respect to the streamline norm ||| - ||| is proven in [53].
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Theorem 3.3.4 (A priori convergence in the streamline norm). Let uj, € Vo s,y denote
the DGFEM solution to approzimating u € H* (D), the solution to . Further-
more, for each k = kq X kg X Ky € Tas,y, assume that u|, € H' (k) U H' (kq; H' (ks x

ky)) forl, > 1. Then the following error bound holds:

> ey ® I o, R 2
e S e B e [

KETq,s,Y ra KO KQ KQ
28, 2s
I 1
(B B ) (o) + o 2 e
Ks Tky Ko
h? hit
+( Ko Hsz)”u”%ﬂ CH e (1o X e ) ,
hi P, (ka3 H's (ks X Ky ))
where Lo, 8,7) = [lal[Leew) + (lla + 5H2Loo(n) + 1B]lLo () 1V Lo (0)) /0, Sk =
min{prg,le}t, Sks = Min{qus,ln}, Sky = {Twy e}, and C is a positive constant

independent of the discretisation parameters.

Remark. The discretisation parameters referred to in the result of Theorem [3.3.]] are
the spatial, angular and energetic mesh-size parameters hy,, he, and hy,, respectively,
and the spatial, angular and energetic polynomial degrees pi.,, qrs and Ty, , respectively,

for each kg € Ta, ks € Ts and Ky € Ty.

Remark. Denote h = max{diam(k) : k € Tags,y} and consider the case of uniform
polynomial orders; that is, Pry = Qrs = Try = D for all kg € Ta, ks € Ts and Ky € Ty,
and s, = s = min{p + 1,1} for all k € Tasy, | > 1. Furthermore, assume that the
diameter of the spatial faces of each ko € Tq is comparable to the diameter of the
element, so that hiﬂ ~ hyg,. The a priori error bound given in Theorem simplifies
to 1o
.
I = wnll < €% Il oy
where C' is a constant independent of the discretisation parameters. This bound is opti-

mal with respect to the space-angle-energy mesh size parameter h, but suboptimal in the

space-angle-energy polynomial degree of approzimation p by half an order [27].

3.4 Discrete Ordinates Galerkin (DOG) Implemen-
tation

The poly-energetic DGFEM scheme , on first glance, appears to couple the spatial,
angular and energetic degrees of freedom in both of the bilinear forms T'(-, ) and S(, ).
By careful selection of the angular and energetic basis functions, we can approximately
rewrite the scheme as a multigroup discrete ordinates scheme for which standard iterative
procedures requiring the solution of (sequences of) spatial transport problems may be

employed; see Chapter [5| The key observations are that:
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e no derivatives of the test or trial functions in (3.22)) nor jump terms are taken with

respect to the angular or energetic variables;

e for any p € Ny, k € N\ {0} and any k-dimensional tensor-product element «, there
exists a quadrature scheme consisting of N = dim Q?(x) quadrature points and
weights that can exactly integrate the product of any two elements of QP (k) over

K;

e such a quadrature scheme can be used to define an orthogonal basis of Q¥ ().

3.4.1 Implementation in energy

The poly-energetic DGFEM scheme ([3.22]) can be solved sequentially on a per-energy-
group basis, starting with the highest energy group (corresponding to g = 1) and ending
with the lowest energy group (corresponding to g = Ny). To see this, consider the

problem of solving 1) for u(x, p, E’) at a fixed energy E:

I qu(xa K, E)+(a(xa L, E) + 6(x» K, E))U(Xa L, E)
— Slul(x, 1 B) + f(x,p. B) in D,

u(x, pu, E) = g(x,p, E)  on 9D.

We recognise that the left-hand-side of the first equation specifies a mono-energetic
problem for wu(x, M,E‘), and only the right-hand-side of the first equation involves a
coupling over the whole energy domain. However, by the definition of the scattering
operator S[-] in and the assumption 8(x, u- ', E' — E) > 0 only when E' > E| it
can be shown that the energy cut-off function

u(x,u, E) for E > E,
ut(x, pu, E) =

0 otherwise,
satisfies S[u](x, p, E) = S[u™](x, p, E). Therefore, assuming that u* is known before-
hand, the scattering operator in the poly-energetic LBTE acts as a source term for a
fixed-energy mono-energetic problem.
Extending this idea to the discretised setting, we denote by k, = (Eg, E4—1) the gth
energy group, 1 < g < Ny, and introduce the following family of cutoff energy functions:

up(x,p, E) for E> E,_q,
uf (%, p, E) =

0 otherwise.

Notice that u = 0 for the highest energy group g = 1.

On each energy group kg4, the approximate fluence can be expanded in terms of an

energetic basis {(pé}?iﬂﬂ of P"*s (k4) supported on fg:
rng+1
Uh(xa K, E)|l€g = Ug(X, K, E) = Z UZ](X, “)@;(E)
j=1
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Here, each ug € Vo s. Notice that u; and ug may be rewritten respectively as

g—1 TNg’+1
X s, E Z ug x,p, E) = Z U?]/(X,/,L)QD?]/(E),
g=1 j=1
Ny eyt ) ]
un(x, 1, E) = Uy (X, )y (E).
g'=1 j=1

In particular, u; can be thought of as a truncation (or restriction) of uj to the first
g — 1 energy groups.
By selecting test functions of the form v, = vy¢! € Vagsy with v, € Vog and

substituting the expression for uj, into (3.22]), we arrive at the following problem: for

each 1 < g < Ny, find {uJ }j 1+ C Vq s such that
Tng-'rl
Y (e, vg0y) = S(uhh, vgpy)) = S(uf,vg0y) + Lvgey) (342)
j=1
g—1 T /+1
= Z Z S(ud @l vg0%) + L(vgeph)
=1 j=1

for all v; € Vos and 1 < ¢ < Tk, + 1. We have thus rewritten the original poly-
energetic DGFEM scheme as a collection of Ny sub-problems which may be
solved sequentially.

We shall now simplify the structure of the poly-energetic DGFEM scheme above by

r,.ungl

prescribing the basis functions {go] } . For a given energy group ry, let {Ed} =~ C

kg denote the r,, + 1 Gauss—Legendre quadrature points on k4 with associated weights

{w q}r”g—H C R>q. Let 4,0; be defined for E € x4 as the Lagrange interpolating polyno-
mial .
et o E
H Ez Eq
q#l

and apg(E) = 0 otherwise. Note that we have goé(Eg) =0y forall 1 <id,j <rg, +1,
where 0;; denotes the Kronecker delta function defined by d;; = 1 if ¢ = j and d;; =0

otherwise. Moreover, since deg ¢} (E)@)(E) < 2r, and the quadrature rule

Tyl
/ f(B) dE~ ) wif(EQ)
Ky e
is exact whenever f(FE) is a polynomial of degree at most 2r,, + 1, we have that
Trg+1
| maE) B = Y el (EDAED = wifisdi (3.43)
9 g=1
+1

That is, the basis functions {(pé};lgl are orthogonal with respect to the L?(k,)-inner
product.

We will approximate the energetic integrals in the terms T(ugapg, vggog) and E(vggp;)
with an energetic quadrature scheme. While any appropriately-high-order quadra-

ture scheme may be used in principle, we select the energetic quadrature scheme to
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be the same Gauss-Legendre quadrature scheme defining the energetic basis functions

{ J}T”‘“’Jrl We have

r,,g+1
T(”:é(p?]’vgwg Z wy Sog Eq SDg(Eq)T ( g’vg)

= wiTo(u},vg)di5, (3.44)
T~g+1
E(Ug%plg) ~ Z WZWZ(EZ)%(%)
q=1
= w; Z(Ug)’ (3.45)

where the bilinear forms Tg : Vas X Vaos — R and linear functionals E; :Vas —+ R are

defined for all wy, v, € Va,s by

(o, vn) / 3

S ka€eTa
+/ | ngw v ds —/ B Do, [wy, v ds) du,
Oy ra(m) 0— ko (1)\o0Q

0 (vn) /Z (/fxp,, Yo dx

ka€Ta

+/ |u-n,m\g(x,u,E;)v;[ ds) dp.
o Iin(u)ﬁaﬁ

(/ —wpp - Vv, + (a(x, p, E ) + B(x, 1, E ))whvh) dx

That is, Tgi(~7 -) is precisely the mono-energetic bilinear form 7'(-,-) in with the
coefficient data o and [ evaluated at the energy E;, and ZZ() is precisely the mono-
energetic linear functional £(-) in with the forcing data f and g evaluated at the
energy E;.

We will treat the scattering bilinear forms S (uz,go;,,vggp;) in a different manner.

Instead, we proceed by writing the bilinear form in full:
S(upy vgey) = / // / /9(X7 pep' B — E)gl (E), (E')-
yJsJaJy Js
ug, (x, ' )vg(x, ) dp' dE" dxdpdE.

We define the following family of mono-energetic scattering kernels for each 1 <7 <

T,q,ngl,1§j§rKH,+1and1§g,g’§Ny:
CIMCNTRNTY //pr, W, E’—>E)<pq(E)<p (E') dE'dE.

Then we may write S(u ,gog,,vggog) = SJ o (u /,vg) where the bilinear form Sglig :

Vas X Vas — R is defined for all wy, vy, € VQ’S by
895 (wn, on) / / / (s, 1+ 1 Yon (o, 1) on(x, 1) dpr/ dxdps. (3.46)

Substituting the approximations of the terms T'(u @7, v l), S(ug,w‘;,,vg@;) and
é(vggpg) (from lj 1) and 1’ respectively) into the rewritten poly-energetic
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DGFEM scheme (3.42) yields the following problem: for each 1 < g < Ny, find
{u J}%+1 C Va5 such that

Pl vg) + wilh (vg) (3.47)

i)~ D Skl = 5

for all v, € Vo 5.

The result of this treatment of is a method in which the approximate fluence
up(x, p, E) on each energy group r, requires the solution of 7, + 1 mono-energetic
DGFEM problems which are coupled only through a term representing the scattering of
the group angular flux u, between different energies in the current energy group; this is
given by the sum on the left-hand-side of . The solution of these systems in high
energy groups are subsequently used as incoming forcing terms for the problems in low
energy groups.

A special case of occurs when r,, = 0 for all x, € Ty; i.e. when a piecewise-
constant approximation of w in energy is sought. Here, the poly-energetic DGFEM
scheme reduces to the classical multigroup approximation: for each 1 < g < Ny, find
ug € Va5 such that

- 1 - 1 91 _
Ty(ug,vg) — B ‘Sgg(ugvvg | E g(ugr,vg) + £4(vg)
g =1

for all v, € Vos. In this case, the data/forcing terms in Ty(-,-) and £,(-) are evaluated
at the midpoint of #,, and the scattering bilinear form S, 4(-,-) assumes the following

form for all wp, vy, € Vas:

Sy atwnon) = [ [ @y wyone,iw)ont )

where O,/ 4(x, p - p') is defined by
Oy g(x, - ') :/ / O(x,pu-p', E' — E) dE' dE.

While the numerical solution of (3.47) is deferred to Chapter |5, we shall provide
an example of a stationary iterative method for the solution of (3.47)) within an energy
group. For each 1 <1 < Thy + 1, let fgi : Va,s — R denote the linear functional

g— 1rh,+1

fZ (vg) Z Z S“ ,,vg)+w;l7;(vg)

g'=1 j=1
for all v, € Vqs. Note that f; requires prior knowledge of ug, for all higher-energy
basis functions 1 < j <7, , + 1 and all higher energy groups 1 < g < g—1. For each

1 <i<rg +1, we introduce a sequence {ui’"}n>o C Vqs of approximations to the

Z’ﬂ

true solution u of { - ) for some initial guess u’ 0. For each n > 1, we define ug™ as
the solution to the variational problem
Trgtl
w;fg(u;’”,vg) = E:g(ug’"*l, vg) + f;(vg) (3.48)
j=1



for all v, € Vo s. Notice that the group scattering term appearing in the left-hand-side
of now corresponds to the right-hand sum in , where we have replaced ug
with u}"~1. We defer the question of whether such an iterative method converges to
Chapter

Upon selection of a basis {¢a}2_; C Vas, N = dimVqg, it can be seen that the

iteration above can be expressed in the following block-matrix form:

1l 1,n
wy Ty U,
2 2 2.n
wy T U,
T,ig+1 r,ig+1 r,&.g+1,n
Wy Ty Uy
1,1 2,1 Thgt1,1 1,n—1 1
Sy S5y . Sg.d u, £,
1,2 2,2 Trgt1,2 2.n—1 2
Sg’g Sg,g T So.9 Uy fg
= . . . . +
1,re,+1 2,7, +1 T, +1,7e,+1 Tr,+1,n—1 T, +1
g g g 7 g g g
Sg.g Sq.9 ... Sgyg Uy £y

Here, T;, Sg’fg € RV*N and f; € RY are matrix/vector representations of Tg(-,-),

S’g:;(-, -) and fg‘() respectively, and u’%™ represents the coefficients in the expansion of

ub™ in the basis {¢q}0_; C Vas; that is,

7,n
g

N
Ug’"(& l"’) = Z(ugn)b(bb(xa /'l’)'

b=1

By setting vy = ¢, for 1 < a < N, the matrix/vector terms are defined entry-wise by

(Té)ab = T5(¢b7 ¢a)7
(S-‘;’fq)ab = S‘;fq(gsba ¢a)7
(f;)a = f;(d)a)

for 1 < a,b < N. Owing to the angular coupling in the definition of S’g:é(-, -), the
matrices Sg’fg are generally denser that Tg; we refer to Chapter for more details

about their structure.

3.4.2 Implementation in angle

We may apply the same methodology for approximately implementing the mono-

energetic DGFEM scheme (3.29). On each angular element ks € Tg, the approximate

d—1
((I»eg“!‘l) of

mono-energetic fluence can be expanded in terms of an angular basis {7} =1

Qs (kg) supported on Kg:

(qrg+1)*71
un (% )|y = s (6 p8) = > ul ()¢l (1).

j=1
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Here, each u,{us € Vq. Notice that u;, may be rewritten as

(Grg+1)*71
up(x, p) = Z Upes (X, 1) Z Z ul, (%)l (1)
ks€Ts Kks€Ts j=1

By selecting test functions of the form vy, = ’UKSQOZS with ve, € Vo and substituting
the expression for wy, into (3.29)), we arrive at the following problem: for each kg € Ts,
d—1
find {u/, q'”%H) C Vq such that

(qug+1)*7 1

Z T(u{%g@{%s,vﬁgcpf;s) = S(uh,v,%(pf;g) + E(vnsgoig) (3.49)
=1
(q,i/—&-l)dl’1

=YY S vl) + ).

kg€Ts  J=1

for all v, € Vg and 1 <4 < (g, +1)47%
As was done for the poly-energetic DGFEM scheme, we shall now simplify the struc-

ture of the mono-energetic DGFEM scheme above by prescribing the basis functions

) d—1
{ol, }gq:fﬂ) . We refer to Chapter [3.2.2| for further details on the construction of a
(qrfg“'l)

basis on S. For a given angular element xg, let {7}~ C K denote the (g, +1)%~1
tensor-product Gauss-Legendre quadrature points on the (d — 1)-dimensional reference
element K = (—1,1)97! formed by placing g, + 1 points in each coordinate direction.
Let the associated quadrature weights be denoted by {@w? (q?H) C R>g.

Let ¢ € Qars D" 1(IC) be defined for i € K as the (d — 1)-variable Lagrange
interpolating polynomial satisfying ¢%_(f1d.) = d;q and @L_(fr) = 0 otherwise. We define

the basis function ¢, for p € kg by
i i (1 -1
s () = Prs(Xp-1,,, T 1)

and SDZS(H) = 0 otherwise, where the map X;Lm oT~ ' : ks = K. Finally, we set
pi, = Txr-1 e, and wl = J(f, )@k , where J denotes the square root of the
determinant of the first fundamental form of the mapping 7" o xp-1,, : K — Ks. Note

that we have ¢! (pul ) = &;;, but the basis functions {y7_ bz q“°‘+ ?

are generally not
orthogonal with respect to the L?(kg)-inner product; this is due to the inclusion of a
non-polynomial Jacobian weighting term in the definition of the inner product which
cannot be integrated exactly.

We will approximate the angular integrals in the terms T(u{;uscpf;s,v,ﬂscpzs) and
K(UHSQOZS) with an angular quadrature scheme. While any appropriately-high-order

quadrature scheme may be used in principle, we select the angular quadrature scheme

to be the same Gauss-Legendre quadrature scheme defining the angular basis functions

65



{pl }(q““ﬂ) . We have

(qrg+1)471
T(ul ol veph) ® Y wi ol (ud)ok (e )T (ul,, v,,)
qg=1
*WHST;S( Up s Vs )0 (3.50)

(Qrg+1)471

q=1

=W W s (Vks), (3.51)

where the bilinear forms T,i% : Vo X Vo — R and linear functionals ENf% : Vo — R are
defined for all wy, vy € Vg by

T o) = 3 ( [ ot Vo + @l i) + Bl wnon) i

ko €Ta

i +,t
F o ds
Oy ra(mly)
' -+
_/ ) |l‘l’lz‘$g.nliﬂ|wh Uy, d5>7
0-ra(ply)\oQ

by (vn) = </ F(x, g, Jon dX+/ s+ s 9, i, Yoy dS)-
a,m(mﬁg)maﬂ

ro€Ta
That is, T,Zus(, -) is precisely the transport bilinear form 7T'(-,-) in with the wind
direction and coefficient data a and 3 evaluated at the direction g, and £ (-) is
precisely the transport linear functional ¢(-) in with the forcing data f and g
evaluated at the direction wa
As before, we will treat the scattering bilinear forms S ( . np T v,%gpm) by first writing

it in full:

S(ulyelprvnsi) = [ [ [ b ek (el () -l ()0 e
We define the following family of macroscopic cross-sections for each 1 < i < (gu, +

Nit1<j5< (qn; + 1)4=1 and kg, ks € Ts:
Bl o (X) //9xu 1) ek (W)l (1) dp dps.

Then we may write S (u’ ,ga z VnsPh) = S7 Ks(uii, Vxs ), where the bilinear form 57}

I‘LS Ks

Vo X Vo — R is defined for all wy, v, € Vo by
sg oo (W, v) = /Q ﬁfm (x)wp (x)vp(x) dx. (3.52)

Substituting the approximations of the terms T'(ul_ )., ve @k, ), S(uiégoié,v%@fis)

and ((v., L ) (from (3.50), (3.52) and (3.51) respectively) into the rewritten mono-

energetic DGFEM scheme (3.49) yields the following problem: for each kg € Ts, find
) d—1

{ul, };gfﬂ) C Vq such that

Qg +1)%4"
wKSTfig( fﬁg’ ’UNS) = Z Si; Ks (’LL ’ ) UWS) + wmggfis (UK?S) (353)
S j=1

A

U
s
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for all v, € Vq.
The result of this treatment of (3.29)) is a method in which the approximate mono-

energetic fluence up, (x, p) requires the solution of ) (@ue +1)%71 transport DGFEM

ks€Ts
problems which are coupled only through a scattering term. Unlike our presentation of
, where we wrote the bilinear forms 5’5’,2 on the left-hand-side, we opt to keep the
bilinear forms 5;;% (corresponding to the scattering of u,, between different directions
within kg) on the right-hand-side of , since u,, cannot be found sequentially for
any ordering of the angular elements in 7s.

A special case of occurs when ¢, = 0 for all kg € Ts; i.e. when a piecewise-

constant approximation of u in angle is sought. Here, the poly-energetic DGFEM scheme

reduces to the classical discrete ordinates scheme: for each ks € Tg, find uy, such that

Tﬂg(uﬁgvvﬁs | S‘ Z g, RS ul‘iwvﬁs) +€Hs(vﬂs)
KkEETs

for all v, € Vo. In this case, the data/forcing terms in Ty, (-, -) and £, (-) are evaluated
at the midpoint of kg, and the scattering bilinear form S’Ké)ﬁs(-, -) assumes the following

form for all wy, v, € Vaq:

St e (Wn, v) :/Bné,ng(x)wh(x)vh(x> dx,
Q

where ﬁ,{ém(x) is defined by

Bt s (X) :/ / 0(x,p- p) dp’ dps.
Ks H/S

While the numerical solution of is deferred to Chapter |b} we shall provide an
example of a stationary iterative method for the solution of . For each ks € Ts
and 1 <7 < (qus + l)dfl, we introduce a sequence {ui’”}n>0 C Vq of approximations to
the true solution ufis of (3 for some initial guess uZ 0. For each n > 1, we define u?;

as the solution to the variational probem

(Grg+1)41

w;i{ngs( Ul " Ung) Z Z Sif ,.;S( ’ni s Ukg) + wl{ggfis (Vks)

k§ETs j=1

for all v, € Vo. We defer the question of whether such an iterative method converges
to Chapter
Upon selection of a basis {¢,}_; C Vo, N = dim Vg, and an ordering of the angular

elements {11 ,, M = |Tg], it can be seen that the iteration above can be expressed in
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the following block-matrix form:

T,., u?

KM
n—1
Sﬂl-ﬁl SR2J€1 e SKM,M uK1 fﬂl
n—1
ika  Skaka e+ Skama u,, fis

S S u? 1! f
K1,KM K2,kM t e KM KM KM KM

S

The matrices Ty, and S, ., and the vectors uy;, and f,, assume further block-matrix

forms:
1 ml
wﬁkTﬁk
2 M2
Wnank
Tlik - )
(@ #1471y (@ey, +1)7 1
wﬁ):k Tﬁk’ck
a
gLl 2.1 §(@xm +1) 11
Km,Kk Km Kk t Km, Kk
ae
gl1.2 §2.2 §(@m +1) 12
KoKk Km, Kk t Km Kk
S = . . . . )
Slw(an+1)d71 SQv(q»ck+1)d71 S(qu“rl)dilv(qﬂk‘*l)d?l
Kom Kk Kom Kk s Ko, Kk
1,n 1 g1
unk wnkff@k
2,n 2 £2
. ug . wnkfnk
u, = f =
Kk ) Rk
(g +1D)4 " n (qﬁ-,k+1)d*1f(qh-,k+1)fH
K wﬁk K

Here, T% , 87" € RV*N and f/ € RN are matrix/vector representations of T,ﬁk(-, ),

S’ﬁ‘m(, -) and £, (-) respectively, and u;” represents the coefficents in the expansion

of ul™ in the basis {¢q}i,; that is,

N
ugt = (i )edn.
b=1

By setting v, = ¢, for 1 < a < N, the matrix/vector terms are defined entry-wise by

(T3, )b = T2, (65, 6a),
(S s )ab = SZ s (6, ba),
(£2,)a = 01, (¢a)
for 1 < a,b < N. We remark that the matrix Tfik is actually the DGFEM matrix for a

. . . . . . . . . ; . . h
linear first-order transport equation with constant wind direction p,, given by the it

quadrature point on Ki. Since Sfﬂfn,% is a weighted spatial mass matrix, it is slightly
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sparser that Tf;k. However, owing to its block structure, the matrix T, is much sparser

than Sy, x,; this is due to the judicious choice of the angular basis functions.

3.4.3 Discussion

We have detailed how the poly-energetic DGFEM scheme can be approximately
replaced with a multigroup discrete ordinates scheme. The resulting method
(for poly-energetic problems) enjoys several benefits over a direct implementation of
(3.22) as well as some drawbacks. Most notably, the poly-energetic scheme can
be easily incorporated into existing radiation transport codes. As was noted earlier,
is identical to the multigroup equations when an energetic basis of piecewise-
constant functions is employed; for p > 1, one may interpret as the multigroup
equations with upscattering limited to each energetic element. Likewise, the mono-
energetic scheme (3.53)) can also be incorporated into existing radiation transport codes
as it is identical to the discrete ordinates equations.

While the schemes and may be implemented as a multigroup discrete
ordinates scheme, the resulting approximate solution wuy is defined over the whole space-
angle-energy domain. Owing to the definition of the angular and energetic basis func-
tions, u; may be evaluated at angles and energies other than the quadrature points
employed in and (3.53).

The main drawback from this treatment of the scheme is that we are no
longer implementing the exact DGFEM equations. In addition to the discretisation
error incurred in a finite element discretisation of the LBTE, we are also introducing an
inconsistency error arising from the quadrature-based approximation of the angular and
energetic integrals in . As such, the convergence results of Chapter no longer
hold exactly when the finite element approximation uy is generated from the schemes
and .

However, one could argue that such an inconsistency error is practically unavoidable
since most implementations of the original scheme would use numerical quadrature
to construct the resulting system of equations. Moreover, such a quadrature scheme is
unlikely to exactly integrate the Jacobian of the mapping from the unit cube to the unit
sphere (introduced in Chapter [3.2.2]). From this perspective, we have simply selected
angular and energetic basis functions that simplify the implementation of when
appropriate quadrature schemes are selected. Therefore, even though we have not proven
a convergence result similar to that of Theorem for the simplified scheme, one can
still expect similar convergence rates if the additional “quadrature-inconsistency” term

decays sufficiently fast as a function of the discretisation parameters.
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3.5 Numerical Results

We now focus on some benchmark problems to assess the error incurred by the poly- and
mono-energetic DGFEM schemes and respectively. In particular, the error
ep, = u — up between an exact solution u to these problems and their corresponding
DGFEM approximation u, will be computed for a range of different mesh sizes and
polynomial degree of approximation. The error e; will be measured both in the DGFEM-
energy norm and the L?-norm, which is denoted by || - ||12(py and defined for

lonlfeoy = [ [ [ ok axauaz

for poly-energetic problems, and for v, € Vo s by

lonlieimy = [ [ o dxdp
SJQ

for mono-energetic problems.

vn, € Vas,y by

3.5.1 Poly-Energetic 2D

We first employ the space-angle-energy DGFEM scheme ([3.22)) to a model poly-energetic
benchmark problem assuming the form of (3.4)) in two spatial dimensions. We describe
the discretisations and associated finite element spaces for the spatial, angular and

energetic domains below:

e The spatial domain is taken to be the unit square © = (0,1)2, which
we discretise using a family of (non-nested) polygonal meshes 7q with
|Ta| € {16,64,256,1024,4096} polygonal elements. On each spatial element
kq € Ta we define a basis of PP(kq), where p € {0,1,2} and is uniform across all
elements in the spatial mesh. Figure shows the polygonal meshes employed in

the spatial domain.

e The angular domain is taken to be the unit circle S = S', which we discretise using
the aforementioned cube-sphere meshes Ts with |Ts| € {8,16,32,64,128} curved
one-dimensional elements. On each angular element kg € Tg we define a basis of
QP(ks), where p € {0,1,2} and is uniform across all elements in the angular mesh.

Figure [3.4] shows the cube-sphere meshes employed in the angular domain.

e The energetic domain is taken to be the energy interval Y = (500keV, 1000keV),
which we discretise with a one-dimensional uniform mesh 7y with |Ty| €
{4,8,16,32,64}. On each energetic element ky € Ty we define a basis of PP(ky),

where p € {0,1,2} and is uniform across all elements in the energetic mesh.

The space-angle-energy domain D is discretised using the resulting space-angle-energy

mesh Tosy with |Tasy| € {512,8192,131072,2097152, 33554432} elements. On each
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Figure 3.4: Plot of space-angle meshes employed in poly-energetic 2D problem. Each row
corresponds to a space-angle mesh Tos with |Tos| € {128,1024,8192,65536, 524288}
space-angle elements. Left column: polygonal spatial meshes of (0,1)?. Right column:

cube-sphere angular meshes of S*.
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space-angle-energy element ko X kg X Ky € Tosy we define a tensor-product basis
P?(kq) x QP(ks) X PP(ky) from the constituent bases described above, where p € {0, 1,2}
and is uniform across all elements in the space-angle-energy mesh.

The data terms « and 6 are chosen to mimic the Compton scattering of photons
travelling through a slab of water. The macroscopic absorption cross-section is selected
to be @ = 0 over D, and the differential scattering cross-section 6 is selected to be as in
I50]:

O(x,p-p',E' = E) = p(x)0xn(p- ', E' — E)S (F(E',E,p-p')),

where

e p = p(x) denotes the electron density of water and is approximately equal to
p(x) =~ 3.34281 x 10?m~3. This is computed as in [36] 85] using atomic weight
data in [55]. Denoting by ng (resp. no) the number of atoms per unit volume of

hydrogen (resp. oxygen) atoms, we have

ng = /\/PHzowH7
Ag

no = -/\/pH2OwO7
Ao

where N & 6.022045 x 1023mol ™" denotes Avogadro’s constant, proo ~ 997kg/m?
denotes the density of water, Ay ~ 1.0079 (resp. Ao =~ 15.9994) denotes the

standard atomic weigh of hydrogen (resp. oxygen), and wy = 213;‘7_&0 (resp.
wy = 214:72140) denotes the proportion (by mass) of hydrogen (resp. oxygen) in

water. Thus, the electron density of water can be computed as
p=Zung+ Zono,

where Zy = 1 (resp. Zo = 8) denotes the atomic number of hydrogen (resp.

oxygen).

e Oxn(cosp, E' — E) denotes the Klein-Nishina differential scattering cross-section

[64]
1,(EN°(E E
Oxn(cosp, B — E) = 57’3 (E’) <E’ + 7 sin? <p> ,

where 7, ~ 2.81794 x 10~ %m denotes the classical electron radius [50].

e J denotes the Dirac delta distribution and F(E’, E, cos ¢) = 0 enforces the follow-
ing kinematic constraint between the incoming and recoiling photon energies and

the deflection cosine:
E/
B 1+ =E (1 —cosyp)’
511keV ¥

2Strictly, atomic masses should be used in place of standard atomic weights, in which case Ap = 1

and Ap = 16.

72



where E and E’ are both measured in units of keV. Hence, we define F' by
E/

F(E',E,cosp) =F — ; .
1+ o5 (1 —cos )

The data terms 8 and v are defined using (3.6) and (3.7) respectively, where the
angular integrals are taken over S'. Finally, the forcing terms f and g are selected so

that the analytical solution to (3.4) is given by

2
u(x, p, E) = exp (— (%"'x) >¢~(EE )

where F,,q, = 1000keV and ¢(x) = exp (—ﬁ) denotes a mollifier ensuring that wu is

compactly supported in energy.

It was shown in Chapter [3.2.4] that, in the three-dimensional setting, the quantities 3
and v (defined in and respectively) satisfy 8 —~ > 0 over a restricted energy
domain; moreover, the difference 8 — ~ is likely to be bounded away from zero over any
finite interval not containing £ = 0. This implies that the condition is satisfied

even when a = 0.
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Figure 3.5: Convergence of full DGFEM discretisation of poly-energetic benchmark
problem. Gradients represent optimal convergence rate of L2- and DGFEM-energy-

norm errors.

Figure shows the convergence of the poly-energetic DGFEM scheme in the L2-

and DGFEM-energy-norms. For all polynomial degrees reported, the rate of convergence
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of the fluence error measured in the L*-norm is O(N %), where IV denotes the number
of degrees of freedom and k = 4 denotes the total dimension of the problem domain
D (i.e. the sum of two independent spatial dimensions, one angular dimension and
one energetic dimension). Equivalently, the L?-norm fluence error is O (hp‘“)7 where
h denotes the space-angle-energy mesh size parameter under uniform refinement. This
convergence rate matches the optimal L?-norm convergence rate expected when the
DGFEM scheme is applied to the transport equation [28, 78], though we note
that this result is not guaranteed on general meshes.

For both p = 0 and p = 1, the DGFEM-energy-norm rate of convergence of the

fluence error is O(N p+k1'/2), or equivalently O(hP*'/2). This convergence rate is sub-

optimal by a factor of h2, which matches the expected rate when the DGFEM scheme
is applied to the transport equation [28,[78]. This result also agrees with Theorem
[3:374] The set of results for p = 2 suggest that the convergence behaviour of the scheme
is pre-asymptotic. However, we stress that the finite element meshes employed in this

benchmark are still coarse, despite the large number of degrees of freedom employed.

3.5.2 Mono-Energetic 3D

We now employ the space-angle DGFEM scheme to a model mono-energetic benchmark
problem assuming the form of (3.9) in three spatial dimensions. We describe the dis-
cretisations and associated finite element spaces for the spatial and angular domains

below:

e The spatial domain is taken to be the unit cube Q = (0,1)3, which we discretise
using a family of regular cube meshes T with |Tq| € {8, 64, 512,4096, 32768} cubic
elements. On each spatial element kg € T we define a basis of PP(kq), where

p € {0,1,2} and is uniform across all elements in the mesh.

e The angular domain is taken to be the unit sphere S = S2, which we discretise
using the aforementioned cube-sphere meshes Tg with |Ts| € {6, 24,96, 384, 1536}
curved quadrilateral elements. On each angular element kg € Ts we define a basis
of QP(ks), where p = {0,1,2} and is uniform across all elements in the angular

mesh.

The space-angle domain D is discretised using the resulting space-angle mesh 7o s with
[Tas| € {48,1536,49152,1572864, 50331648} elements. On each space-angle element
ko X ks € Tas we define a tensor-product basis PP(kq) x QP(kg) from the constituent
bases described above, where p € {0,1,2} and is uniform across all elements in the
space-angle mesh.

The macroscopic absorption cross-section is selected to be a = 1 over D, and the
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differential scattering cross-section 6 is selected to be

1 1

N - =
0(X7u’ l‘l’)_ |S| 477',

so that § = 1. Finally, the forcing terms f and g are selected so that the analytical
solution is given by

u(x, p) = cos(4¢)(x cosy + ysinz),
where the angular variable is parameterised by p = (sin ¢ cos ¢, sin ¢ sin ¢, cos ¢) for

0<¢p<mand 0 < < 27.
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Figure 3.6: Convergence of full DGFEM discretisation of 3D mono-energetic benchmark
problem. Gradients represent optimal convergence rate of L?- and DGFEM-energy-norm

errors. An additional space-angle mesh was employed for p = 0 with |Tg| = 262144,
|Ts| = 6144 and |Tqs| = 1610612736.

Figure shows the convergence of the mono-energetic DGFEM scheme in the L2-
and DGFEM-energy-norms. As in the previous benchmark, the rate of convergence of
the fluence error measured in the L?-norm is O(N %), or equivalenty O(hPT1). Again,
N denotes the number of degrees of freedom and k£ = 5 denotes the total dimension of
D (i.e. three independent spatial dimensions and two independent angular dimensions).
The rate of convergence of the fluence error measured in the DGFEM-energy-norm is

p+1/2

O(N~% ), or equivalently O(hp+%), only for the set of results for p = 0; we attribute the

results for p = 1 and p = 2 to the numerical scheme being in the pre-asymptotic regime.

(0]



We conclude that the mono-energetic DGFEM scheme exhibits optimal convergence
in the DGFEM-energy- and L%-norms as in [28, [78], although the latter result is not
guaranteed on general meshes. As before, we stress that the finite element meshes
employed in this benchmark are still coarse, despite the large number of degrees of

freedom employed.

76



Chapter 4

Quadrature-Free
Implementation of the
Discontinuous (Galerkin

Method for Transport

Problems

In Chapter |3} we derived a discontinuous Galerkin finite element method (DGFEM) for
the first-order linear transport equation. In practice, the DGFEM problem is converted

to a linear algebra problem of the form
Au=Tf,

where A € RVXN denotes the DGFEM transport matrix, f € RY denotes the forcing
vector and N = dim Vg denotes the dimension of the (spatial) finite element space.
These matrix/vector quantities are often assembled by applying numerical integration
techniques to the corresponding bilinear form or linear functional. Such techniques
typically employ quadrature schemes on elements and faces of the mesh 7g.

When 7, consists of standard (simplicial or tensor-product) elements, one may con-
struct mappings between each element x € Tq, and a reference element k. Such mappings
can be exploited to prescribe quadrature schemes and basis functions defined on each
element « in terms of a single quadrature scheme and a set of basis functions defined on
.

Recently, there has been growing interest in employing meshes T consisting of non-
standard (polytopic) elements [27] 28]. The question arises as to how numerical integra-

tion over the elements of such meshes should be performed. Since elements of T may
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have different numbers of boundary faces, it is not clear how elements may be mapped
to a single reference element. In view of performing numerical integration on polytopic
elements, one possibility is to inherit the quadrature schemes from a subtesselation of
the element into simplices. The number of quadrature points and weights in this scheme
for the polytopic element can be reduced via optimisation algorithms [73].

This chapter will discuss an alternative approach to assembling the DGFEM matrix
for transport problems via homogeneous function integration [0, B3, 69]. We will first
review some important properties of homogeneous functions and derive expressions for
their integrals over polytopes in terms of their integrals over boundary faces. We will
compare the resulting quadrature-free algorithm for homogeneous function integration
against a standard quadrature-based algorithm.

We will then discuss how homogeneous function integration can be used to assemble
matrices arising from a DGFEM discretisation of the first-order linear transport equa-
tion. We will rewrite the weak formulation by decomposing the (polynomial) integrands
into a linear combination of homogeneous functions. The resulting quadrature-free as-
sembly algorithm will be benchmarked against a standard quadrature-based implemen-
tation. A floating-point operation analysis of both methods will be performed, high-
lighting the advantages and disadvantages of quadrature-free methods for the assembly

of more general DGFEM matrices.

4.1 Overview of Quadrature-Free Integration

We first give an overview of the principle techniques we shall employ in the quadrature-
free assembly procedure, cf. [6L B3] 69]. The central idea is to consider the class of
homogeneous functions: a function f : R4\ {0} — R is said to be (positively) homoge-

neous of degree k if we have
flax) = o f(x)

for all @ > 0 and x € R%\ {0}. If k > 0, then this extends to functions f : R? — R. The
following theorem about homogeneous functions is useful for quadrature-free integration

of polynomial functions:

Theorem 4.1.1 (Euler’s homogeneous function theorem, [88]). Let f : R?\ {0} — R
be continuously differentiable. Then f is positively homogeneous of degree k if and only
if

x - Vf(x) = kf(x)

for allx € R\ {0}.

Remark. An example of a homogeneous function f : R® — R is given by f(x) =

X = ngl z$, where a = (o)L, € N is a multi-index of length d. To see that f is

7 7
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homogeneous, note that

d
0
a;
X Vf(x):E i 5 H :
j=1 J =1
d d
_ o1 o
= g Tj QT H:cll
Jj=1 i=1
i#]
d
. ) [0
=2 o ]] =
j=1 i=1
d
=> a;f(x)
j=1

Thus, f(x) is a positively homogeneous function of degree k = |a| = Zle Q;.

To see how Euler’s homogeneous function theorem can be applied to the implemen-
tation of finite element methods, we remark that often one seeks a piecewise-polynomial
approximation of the PDE variable(s). On selecting a basis of piecewise-polynomial
functions, the entries of the discontinuous Galerkin finite element matrix frequently in-
volve integrals of polynomial functions over the elements and faces of the mesh. Such
integrands may be decomposed as a linear combination of monomial functions, which
are also homogeneous.

Let f: R? — R be a positively homogeneous function of degree k > 0 and P C R¢
a d-dimensional polytope with boundary 0P = (J.", F;, where each F; is a (d — 1)-
dimensional planar polytopic boundary face on which x - n; = a;. Here, a; € R and
n; denotes the outward unit normal to P on F;. We seek to find an expression for the

volume integral
I= / f(x) dx.
P
Rather than manipulating the integral Z directly, we will instead express the integral
J = / V- (xf(x)) dx
P

in two different ways. The first way is to invoke the divergence theorem:

J = f(xX)x-n ds

oP

i/}_if(x))(oni ds

The second way is to expand the divergence term and invoke Euler’s homogeneous

function theorem:
7= / (V- x)f(x) +x- Vf(x) dx
P
=(d+k x) dx.
(d+ k) /P f(x)
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On rearranging the two expressions for 7, we obtain the following result:

1 m
/Pf(x) dx = m;ai /F f(x) ds. (4.1)

It can be seen that, whenever f is a positively homogeneous function, we can always
write its volume integral over a polytopic domain as a linear combination of surface
integrals over its boundary faces. However, one can use the same procedure to rewrite
these surface integrals in terms of line integrals over the boundary edges of the face [6].
For a given (d — 1)-dimensional face F;, let 0F; = {&;;}}_; denote the set of (d — 2)-
dimensional (planar) boundary edges of F;. For any homogeneous function f of degree

k > 0, we have

Jo 10 =y (X [ 0 vt [ wae Vi ) a2)

Here, x; ¢ is an arbitrary point lying in the same hyperplane H; as F;, d;; is the Euclidean
distance between x; o and &;;, and dv denotes the (d — 2)-dimensional surface measure
on the boundary edges of F;. Figure highlights the key geometric quantities in the

case of a two-dimensional polytope.

Figure 4.1: An example d-dimensional polytope P (black) for d = 2. For the highlighted
(d —1)-dimensional boundary face F; (blue), its (d — 2)-dimensional boundary edges &;;
(red) are marked. Also shown are he hyperplane H; (grey) containing F; and a choice

of X0 € H;.

Remark. In the aforementioned case when f(x) = x%, the relationships and

respectively become

1 - /
x* dx=——)» a; | x% ds, (4.3)
1 n d *)
x* ds= ———— di-/ x* dv+ > x* ak/ x*7% ds |, (4.4)
/]__Y ‘OL|—|—d—1 ; J 5” Z 3,0

k=1 Fi
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where e, € N& is defined by (ey); = 6. In particular, the formula for ff_ x® ds is
recursive; this recursion ends when ngcc))ak =0 for all 1 < k < d. By careful selection

of the point x; o, the authors of [6] describe an algorithm to evaluate this integral for a

single multi-index o using as few recursive function calls as possible.

One may recursively apply this “dimension-reducing” procedure to single-point eval-
uations of the function f (and its gradient) at the vertices of the polytope P [6l [34]. For
the example illustrated in the remark above, it can be shown that integrals of monomi-
als of the form x* over any face F; C OP can be reduced to sums of integrals of the
same integrand over the boundary facets of F; plus a sum of integrals of lower-degree
monomials of the form x*~¢* over F;.

Equation holds more generally when F; denotes a general k-dimensional poly-
topic facet, 1 < k < d — 1, embedded in R¢. For instance, is true when F; denotes
a 1-dimensional line segment in R® - here, {£;;}3_, denote the end-points of F; and
d;; denotes the distance between &;; and x; ¢ € R3, where X;,0 is chosen along the line
containing F;.

This idea can be exploited to compute families of integrals of monomials of the form

‘Snp{/xadx:0§|a|§p70§a§p} (4.5)
P

where p denotes the maximum total polynomial degree of any moment in S, p, p =
(pi)%_, € Nd denotes the maximum component-wise polynomial degree of any moment
inS,p, 0= (0,0,...,0) € Nd and the notation a < p means «; < p; for 1 < i < d.
A recursive algorithm was developed in [6] to evaluate the elements of S, , for given p
and p, and is reproduced in Algorithm

We may also consider the more general case where the function f assumes the form

flz) = 2?21 fj(z) with each f; a homogeneous function of degree k;. For example,

(4.1) may be written as

/P 7(x) dx=§ /P f3(x) dx

fi(x) ds.

i

I
(]
g

INgh

ISH

+|

7

T

Note that we may still write the integral of f over P as a sum of contributions from

each face F;.

Remark. For example, let I C NZ be a finite subset of multi-indices, and define f by

f(x) = qcr caX™ where each co € R. We have

- c
f(x) dx=» a; 7‘1/ x® ds.
fre 2% 2 73l Jy,
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Algorithm 1 Integration of all monomial functions of maximal total degree p and

component-wise degree p = (p;)%_, on a d-dimensional polytope P.
1: Get polytope boundary 0P = {P;}*,, where P; C OP

2. F = FaceIntegrals(d —1,Py,...,Pn) > Get integrals [, x* dx
> Compute [,x* dx using
3: for ky = 0,...,min{p,p1}, ko = 0,...,min{p — k1,p2}, ..., kg = 0,...,min{p —

Ei;ll knapd} do
4: V(kl,...,kd):mzﬁlai}?(klv"'7kd?i)
5: end for

6: procedure F' = FaceIntegrals(N,&,..., &)

7 F(-1:p,...,—1:p,1:7)=0
8: fori=1,...,r do
9: Choose x; o as the first vertex of &;
10 Get face boundary 0&; = {&;;}7, where &; C OE;
11: Compute the distance d;; between xg; and (the hyperplane containing) &;;
12: if N > 1 then
13: E = FacelIntegrals(N — 1,&1,...,Em;) > Get integrals f&j x® dv
14: else if N =1 then > Here, £;j =v € R? is a point
15: Eky,... kg, 5) = vf...vk for each 0 < k, < pn, 1 < n < d and
I1<j<my
16: end if
> Compute [, x* dx using
17: for kv = 0,...,min{p,p1}, ko = O0,...,min{p — ki,p2}, ..., ka =

0,...,min{p — Zi;ll kn,pa} do

18:
F(kh...,k/’d,i) = =4 . dzEkh 'akdaj)
N+Zn 1 Z ’
+ Z(xi70),Lk7,,F(k1, skt k= Lk, .oy kd,i)>
n=1
19: end for
20: end for

21: end procedure

4.1.1 Numerical example

To see how Algorithm [I] can outperform classical numerical quadrature techniques in
the evaluation of the set S, p defined in (4.5)), we apply both methods to the problem
of computing the family of integrals S, given by

Sp:{/ x dx:0<|a|<p},
Pn
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n
where P,, C R? denotes the n-gon with vertices {v,(g") = (cos 22 sin 2”’“)} for 5 <
k=1

n n
n <16 and p € {2,4,8,16,32}.
For the quadrature-based method, a quadrature scheme Q,, = {(x;,w;)}, C R? x
R>g on P, is defined by first forming a subtriangulation consisting of n — 2 triangular
(

elements by joining vln) to every other vertex in P,. On each element, a (g + 1)2-point

quadrature scheme, ¢ = [21=], is defined by constructing a reference quadrature scheme

p+1
2
on the unit square (—1,1)? exactly integrating all bivariate polynomials of degree p + 1
and then mapping the reference quadrature scheme to the triangular element via a Duffy
transformation [39]. The resulting quadrature scheme on P, thus has (n — 2)(g + 1)?

points. The set S, is computed entry-by-entry by forming the weighted sum

;

for each 0 < || < p. We record the times taken by the quadrature-based algorithm to

N
x% dx = Zwi(xi)‘fl (x1)9?
i=1

P

evaluate &, in this manner - the time taken to generate the quadrature scheme on P,
is not included in this timing.

For the quadrature-free-based method, Algorithm [I] was specialised to the two-
dimensional setting. Two arrays V,F € R@+tUx®+1) are used to store the monomial
integrals (V);; = [, 2’y dx and (F);; = Jopw 2yl dx, where OP) c 9P, and
1 < k < n. Algorithm [I] is implemented in such a way that F can be re-initialised at
each face, sparing the need to keep n copies of the matrix.

The CPU times taken for both methods to evaluate S, are given in Figures @
and averaged over 100 calls to both integration procedures. The quadrature-
based evaluation of S, has computational complexity O(np?). To see this, note that
Spl = 3(p+1)(p+2) = O(p?) and that, for each element s;; = [, 2y’ dx € S, a
quadrature scheme employing (n — 2)(q + 1)? = O(np?) points/weights is used to eval-
uate the integral. On the other hand, the quadrature-free-based evaluation of S, has
computational complexity O(np?). This is given in [6], but can be argued as follows.
For each of the n faces of P, Algorithm loops over each of the 2 (p+1)(p+2) = O(p?)
elements of S, and performs an O(1) floating-point operation, owing to the recurrence
E2).

In the context of finite element assembly methods, we point out that the insertion
time taken by the quadrature-free algorithm to update the entries of V is likely to be
less than the inerstion time taken by the quadrature-based algorithm to perform the
same action. While insertion time is not likely to be a dominating factor between the
two algorithms, the quadrature-based computation of [, 2’y dx requires one insertion
into (V);; for each quadrature point (which scales with the size of S,), while the number
of insertions into (V);; performed by the quadrature-free-base computation of the same
integral does not scale with the size of Sp.

It is important to note that the performance of the quadrature-based algorithm (in
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finite element applications) can be greatly improved on massively-parallel architectures
[65]. Tt is expected that the quadrature-free integration method outlined earlier may
not be competitive with such quadrature-based methods, in part due to the fact that

the entries of V (and F) must be assembled in a specific order.

== Quadrature 5= Quadrature-Free —= O(p?) == O(p?)

CPU time (s)

Figure 4.2: CPU times taken by the quadrature-based and quadrature-free-based meth-
ods to evaluate S, for p = 2,4,8,16,32 on a regular n-gon. Left: n = 5. Right: n = 16.
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Figure 4.3: CPU times taken by the quadrature-based and quadrature-free-based meth-
ods to evaluate S, for 5 < n < 16 and fixed p. Left: p = 4. Right: p = 32.

4.2 Application to DG Methods

We now turn our attention to the application of the quadrature-free integration method
for homogeneous functions to the discontinuous Galerking finite element method applied
to the transport equation . The DGFEM scheme reads as in : find up, € Vo
such that

Z (/ —uppt - Vop, + bupvup, dx+/

|- njuf vl dsf/ \p - nlu;, v ds)

KEVq o4k O_k\OQ
= Z </ fun dx+/ |- nlgv; ds) (4.6)
KE€Va K 0_KkNON

84



for all v, € Vq. Here, we suppress the dependence on p € S of the element inflow /outflow
boundaries d+k for notational simplicity, and denote the reaction coefficient by b rather
than « to avoid notational clashes. Henceforth, we shall assume that the data term b is
piecewise-constant with respect to the mesh 7g; that is, b|,, = b(*®) € R for all k € Tq.

Recall that Vg denotes a finite element space of piecewise-polynomial functions de-
fined on the mesh T such that, for any v, € Vg, we have vy|k € HP=(k), where p,
denotes the maximal polynomial degree of any function on xk € 7. Common choices for
HP (k) are PP(k), the space of all polynomial functions of maximal total degree p on &,
and QP(k), the space of all polynomial functions of maximal degree p in each variable
on k. We shall postpone the discussion of different choices of HP(x) until the analysis
of the quadrature-free implementation, but we will enforce that p, = p for all k € Tq
for simplicity.

In practice, the implementation of is first performed by selecting a complete
and linearly-independent finite element basis {¢;}Y; C Vo with N = dim Vg and con-
structing the system

Tu = f, (4.7)

where the (i, )" entry of T and the i" entry of f are given respectively by

(TM=:2:</L¢ﬂrV@+M@@%dX+A - nlof o) ds

KEVO
- / -l o5 ds>7 (4.8)
O_r\0Q
£); = ; d . +ds|. 4.9
(f) 2;( 1o X*/a,mm‘“ nlgé; ) (4.9)

Before introducing the quadrature-free-based method, we shall separate the volume
and face contributions to the system matrix in (4.8]). For each element k € Tq, we seek

to compute the local elemental contribution T% with entries

(T7);; = / e (s Voo () + B ()i (x) dx (4.10)

900 ()
() "
— [ =m0 g )+ B (K ()
Fook=1
We will also seek to compute local face contributions, for which it shall be useful to
rewrite the element boundary contributions in (4.8]) as sums of integrals over the faces
in the skeleton of the spatial mesh. To this end, we shall denote by Fq the set of faces

in the mesh 7q, and further partition Fq as
Fo =Fq UFS UFG,

where F, denotes the set of inflow boundary faces on 0_€, ]-';{ denotes the set of
outflow boundary faces on 9,2, and FG" denotes the set of interior faces. Henceforth,

we assume that each face e € Fq is planar.
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Additionally, we shall redefine our trace notation. For each face e € F, we assign
a unit normal n.. The element for which n. is an outward (resp. inward) unit normal
is denoted by kT = k! (resp. K~ = k_ ) and for any function v € Vg we denote by v+
(resp. v™) the trace of v on e from k™ (resp. 7).

For functions ¢1, ¢2 € Vg, the sum over element boundary integrals may be rewritten

as a sum over face integrals as follows:

T At de nldF b
3 (/Mm nlot ot ds /Mm - 0|67 63 ds)

k€T
= 3 tmonel 6105 dst 3 lwoneligunzoy [ ofof —orof ds
ee]-'g ¢ eef(il"t €
=3 I e, <o) / 67y — oty ds.
ee]:;{"t €

Here, the trace notation used on the left-hand-side of the equality is that used in Chapter
and the trace notation used on the right-hand-side of the equality is described
above. For a statement S, Ig denotes the indicator function returning 1 if S is true and
0 if S is false. By setting ¢1 = ¢o and g2 = ¢, we seek to compute the local face

contributions T; with entries

(T = 3 |nonl / OF o (X)60 (%) ds (4.11)

ee]-';{
+ Z |“'ne|H{u-ne20}/¢Z<i> (x)gﬁ;(j)(x) — O (X)ﬁb;rm(x) ds
e€ Fint ¢
+ Z |u-nE|H{“_ne<0}/¢;(i)(x)¢;m(x) _¢Z<1)(X)¢;<J‘>(X) ds.
ec Fint ¢

We note that the assembly of the matrix T is equivalent to the assembly of the

on-diagonal and off-diagonal matrices Tgf’i’i) and T(fe’i’:F) with entries

(T2 = [ 6500065000 ds (412
(T )y, = /gbim(x)@bl:(ﬂ(x) ds. (4.13)

Depending on the sign of p-n., only one of the matrices in needs to be assembled.
Furthermore, if e is an interior face, only one of the matrices in needs to be
assembled.

We shall focus primarily on the assembly of the matrix T due to our simplifying
assumption that the wind direction p is constant on €2 and the coefficient b is piecewise-
constant with respect to the spatial mesh 7. While we will not cover the assembly of
the vector f in , we emphasize that this term is typically assembled in a standard
manner using quadrature schemes on the elements and faces in the mesh 7q, since
the functions f and g are generally not homogeneous functions (or linear combinations

thereof). However, if f and g can be expressed as linear combinations of the basis
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functions {¢;}~ ; one can, in principle, exploit the quadrature-free assembly approach

outlined below.

4.2.1 Defining bases on polytopic elements

The basis functions {¢; }Y., employed in DGFEM discretisations are commonly selected
to be compactly supported on each element x € Tq, but can otherwise be prescribed
arbitrarily. When standard element shapes are employed, the basis functions are often
defined on a reference element which is (affinely) mapped onto the physical elements.
However, when T consists of polytopic elements, mappings from reference to physical
elements may be highly complicated (if the local-to-physical mapping is allowed to be
non-affine) or may require a cumbersome number of reference elements (if the local-to-
physical mapping is restricted to be affine). Following [6], 29], we opt to define basis
functions on a simpler reference geometry which may be affinely mapped to a bounding

box of the physical element.
For any d-dimensional polytope s € Tq, define the bounding box B, € R? by

d
B, = [[Iri. s (4.14)
k=1

with each r,i””),sgf) € R and r

,(f) < s,(f), 1 < k < d, chosen such that B, is the d-
dimensional hypercube of smallest measure satisfying B, O k. We also define a reference

bounding box B by

d
B=]]I-11. (4.15)
k=1

Remark. By applying a rotation R : RY — R? to k, it may be possible to find a
bounding box, say Bryk, for the rotated element Rk of the form with smaller
Lebesque measure than B,. A different (and tighter) bounding box for k is then given
by R~ Bpg,, though we note that the edges of R™'Bgr, are not necessarily aligned with

the Cartesian coordinate directions.

Let F,, : B — B, denote the affine map between the two bounding boxes of the form
F.(x)=J:X+t, forx e B, where J,, € R%? and t,, € RY are respectively defined by

(=) _ (%)

S1° 7™M
2
ng)iréw)
2
J, = . , (4.16)
S(dm)irfim)
2
T§n)+s(1m)
2
Té~)+s(2ﬂ)
2
t, = . . (4.17)
T((ln)_,’_s(dm)
2
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Note that J, is a diagonal matrix and denotes the Jacobian of the mapping F},, and
that t, denotes the translation of the centroid of B to the centroid of B,. Moreover,
the determinant of the Jacobian is constant and is given by

d d Sl(f) B T}(:)

|Je| = H(Jﬁ)kk = H —— (4.18)

k=1 k=1
In order to introduce a basis of HP(x), we first define a set of multi-indices Z,; = Zy» ,,)

by

d
T.= {a = (ap)f_, e N§: x> = H S H”(n)} . (4.19)
k=1

As in [6], we define reference basis functions ¢o : B — R for cach a € Z,; as a

product of univariate Legendre polynomials of degrees specified by the entries of a:

d
b (%) = [ Lay (Er), (4.20)
k=1
where L, (x) denotes the Legendre polynomial of degree n > 0 defined on [—1, 1] by
1 d7
Ln(z) = — (22 =)™ 4.21
(@)= o (@ 1) (4.21)

It can be seen that {an}aezﬁ is a complete, linearly-independent and orthogonal set of
basis functions of HP (k).
Finally, the basis {qbgf )}QGIK C HP (k) is constructed for each o € Z,; and k € Tq by
. ba(F7'x) forx €k,
o4 (%) = da(F %) = (4.22)
0 otherwise.
In other words, the basis function (bff) is the restriction of éa o F 1 to k= F 'k, the

image of x under F;!. The basis of Vg can therefore be written as the following set:
{¢5;;> :aezmmem}. (4.23)

Henceforth, the basis function QSEK), 1 <4 < dimHP(x) shall be uniquely associated to a
multi-index a(® e Ty, and we will write ¢; = ¢, for clarity.

The basis functions have a few desirable properties. Since {(bi}?i:nfw(m) are
defined as products of univariate Legendre polynomials defined on bounding boxes, they
are orthogonal with respect to the L?(B,)-inner product and the corresponding mass

Rdim]HI” (k) xdimH?P

matrix Mp,_ € (%) has entries:

>0 fori=j,
(Mg, )ij = / ¢i(x)d;(x) dx
Br =0 fori#j.

As a result, the corresponding mass matrix is well-conditioned. While {d)i}?iznfﬂp(”) are

no longer orthogonal with respect to the L?(k)-inner product, the corresponding mass-
matrix M,, € RUmH"(x)xdiml”(x) i expected to be well-conditioned, provided that the

bounding box B, is not too much larger than x.
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Moreover, noting that the inverse mapping F. ! : B, — B is given by F1(x) =
J-1(x —t,), we have that

K

__tﬁ)k)

(N) ()
2 + 55,

where we have written x = (xk)gzl € R?. Thus, the basis functions (/ga are separable -

- Il
1.

this turns out to be a useful property in the upcoming quadrature-free development.

Remark. If the bounding box of k has been rotated as in the previous remark, the map-
ping Fy : B — R™1Bg,. can still be written in the form F,(%X) = JoX + t,.; however, J,
is no longer diagonal. Thus, the basis functions defined in cannot be decomposed

as in .

For the remainder of this section, it will prove important to express the Legendre

polynomials (4.21]) and their first derivatives as a linear combination of monomials:

= Coyat, (4.25)
k=0
n—1 n—1
=Y Ch k=D (k+1)Ch e, (4.26)
k=0 k=0
as well as their pairwise-products:
m+n
Lin(2)Ln(2) = Y Coz® (4.27)
m—+n
S 3 enatie)
k=0 L1 +Llo=k
aL m+n—1
é%;( Z — (4.28)
m+n—1
- ( S chucu)
k=0 l1+Lla=k

4.2.2 Rewriting the volume integrals

In order to apply the quadrature-free integration technique to the volume integrals
appearing in , we shall change variables to integrate over # = F_1lx C B. By
virtue of the fact that J, is diagonal, we have
0o (%) _ 1 3(;3&(1) (x)
oxy, Je)ek Oy
for 1 < k < d. This allows us to rewrite as

d
(T2)is :[ [Z (Jm;kk 8¢g;)( )¢a<7>( )+b(ﬁ)€5a(i>(x)€5am(x)] [ Je| dx
K k=1 \"F

& |l

—/[ ﬂ(ﬁ)ad)g(x)( )¢a(])( )+b(n)$a(i)(x)$a<j)(x)1 13| dx,

k=1
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where we have defined the scaled wind direction fi(*) = (id (F")) -1 € R? by %) = Jlu
for brevity. Using (4.27)), the reaction term can be written as

d d
) Gey(ir (X) P (%) = b (H ol (T > (H La;CJ')(Cka))
k=1

— px) H Lo (@) Ly (k)

k=1
d a(1)+a(J)
—b('{)H E C, @ 00 R
Ne= 0
= b E Cott) o) aX%,
(]Saga(i)-i-a(.?)

where the coefficients Co i) o) o are defined by

Cot o), HC<> @ o

Similarly, using (4.27) and (4.28)), the streaming term can be written as

K 8 ~(Kk 8 d -, ! %
20005 ) = g (a 11 Lag“(”)) (H Lagﬂ(xf))
(=1 (=1

) d ) | Ao (T) X
= (1] Lo (@)L, (e BT Lo (&)
(=1
ik
4 o 4ald ol yal 1
_ (k) H _ ) Ay ! an
=i E Cag‘),aéﬂ,nﬁf E Ca@,afj),nx’“
=1 n,g:O n=0
i#k

_ ) (k) Lo
= By E , Ca(w,a(j),ax )

where the coefficients C;k()i) i) o AT€ defined for each 1 < k < d by

(k) '
Cald ,al) a H C ) Ca,ﬁi)@,(f),ak'
Z;ék

To this end, we are now ready to rewrite (4.10) in a form that is readily amenable
for a quadrature-free implementation. For each element k € 7Tq, define the element-
dependent coefficients C(TZ) ) - for each a® al) e 1T, (or equivalently for each 1 <

al®) ali) a
i,j < dimHP(k)) and 0 < a < a® 4+ al¥) by
d

== iCE, e F D Caw a0 (4.29)

a®,al).a
k=1

e

a®,a o

Furthermore, denote the element boundary 0k = {90&m, },_1, where n denotes the num-

ber of faces of < and dkj denotes an external face of & on which X-n; = a, with ap € R
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and ny the unit normal to % on dkg. Then, (4.10) may be written in the form

(T3)ij = Z Cﬁ%,am,alhl[ﬁ“ dx (4.30)
0<a<al+al) A

n (k)

Colh at o lJxl
-Sa ¥ M/ % dg (4.31)
P ‘< d+ o ok
=1 o<a<al)4ab) k
n
_ () )
- Z Caﬁ(”,a(”,a Z mg) ; Hk)’
0<a<al+al) k=1
where we have defined the quantity m&""?"*) for each face dky, € dr by
mggmons) = Sl [ gagg (4.32)
d+ o Jog,

Equations (4.30) and (4.31) represent two different ways in which (T%);; may be
assembled. For example, an implementation of (4.30) may compute the coefficients
((:(2) i) o and moments fn X% dx once per element, whereas an implementation of
li may recompute C((:(z),a(j),a and fakk x® d§ once for each face.
In a practical implementation, the coefficient C(iz) ) . need not be computed and
al) ali) o
stored for each element k € Tq. Instead, the coefficients C,, ,,  and C;n,n,k (in 1D

and (4.28]) respectively) are independent of x, and so may be pre-computed before
(k)

assembly. The element-dependent coefficients C_ ;) _ .
al) ali) a

may then be computed on-
the-fly as necessary.

Algorithm [2| shows pseudocode for a quadrature-free implementation of the element
volume terms T/ in for a first-order transport problem. Algorithm [2| mirrors
a similar algorithm outlined in [6], though in that case the quadrature-free volume
assembly was tailored to a second-order elliptic PDE problem. As remarked in the
earlier discussion of the quadrature-free monomial integration procedure outlined in
Algorithm [I} the computational complexity of the operation on line 4 is linear with
respect to the number of faces of k. However, the computational complexity of the main
assembly procedure in Algorithm |2| (lines 7 to 21) is independent of the geometry of «.
This contrasts with standard quadrature-based assembly methods in which lines 11 to
19 are replaced by a loop over volume quadrature points (which may grow as a function

of the number of faces of k if the geometry of  is complex). A more rigorous comparison

of quadrature-based and quadrature-free-based assembly methods is deferred to Chapter

Z3

4.2.3 Rewriting the face integrals

We now apply the quadrature-free integration technique to the face integrals appearing

in (4.12) and (4.13). We shall treat each case separately.

On-diagonal face matrix In this case, the integrand in (4.12) is either supported

on the element x* if e € ]-"a' U Fq,, or is supported on exactly one of the neighbouring
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Algorithm 2 Quadrature-free assembly of T% using the assembly procedure (4.30) in

the case of a two-dimensional element k.

> Setup
1: Compute the coefficients C,, ,, ; and C’fw’n) , as in 1’ and 1D (if not already
available)

2: Generate index set 7, = {a(® + al) o al) e 7.}
3k F 'k
> Compute integrals \J,@u|f’% X dx in , where fm X* dx is evaluated using
Algorithm []]
Moy a0) < [Tl [ 22192 dX for (a1, x2) € T
(T%)i; < 0for 1 <4,j <HP(k) =: N,
(K)<—uk/( Jo)gr for 1 <k <d > Here, d = 2

=

o

=2

> Loop over test and trial functions on k; note that the following operations are all
independent of the geometric complexity of k

7. fori=1,...,N, do

Get a¥ = (agi),aéi))

9: for j=1,...,N, do

10: Get o) = (ol o)

i

> Loop over all monomials in integrand of T(¢;, ¢;) - one “for” loop for each inde-

pendent variable

11: for a; :O,...,agi) +agj) do

12: C1 < C (i) (j)7a1

13: A« OO

14: for as :0,...,045” —I—agj) do
15: Co < Cag),agj),az

16: cy C’;(;) 0P as

> Increment (T4);; with single term from sum in ; here, el
—,&gK)CQCQ — ﬂgﬂ)clc’g + b ey (as in ) with a = (aq, as)

a( i) a(])

17 (T5)ij  (T5)is + M) |~ b2 = 1§71y + bW crcr
18: end for

19: end for

20: end for

21: end for

elements k% if e € F4*. We shall apply the map F’;il to the face and obtain a face

integral over the mapped face é,.+ = F;ile C B:

/ b o (X)6E, (x) ds = / G (R)begc (%) 13T || |9 ,e | ds.

Remarking that ||J {fH+|| [J.=| is constant on é.=, and reusing our previous work
K
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concerning the treatment of the volume terms, we rewrite the on-diagonal matrix (|4.12))

as

(Tgf’i’i))ij = Z Ca<i),a<j>,a||J,:inléi|| |Jni|/ X% ds (4.33)
é,.+

0<a<a® tal)

(Fr¥e.+)
= E Coat) o) aMa’ "7,

where we have defined the quantity mg *#€) for each face e € Ok by

i =13 Thee e [ 5 s (434
€.+

Off-diagonal face matrix In this case, the test and trial functions in the integrand
of (4.13) are supported on different neighbouring elements to e € F&*. Applying the

map F;il to the face yields the following face integral:
/¢i:<i) (X)¢l:<j>(x) ds :/ ¢i(i>(Fni&)¢zu>(Fai5{) ||J,;jfléi” |Jni| ds
e é,.+
. / beat ()b (FLFs®) (17T hugs || 35| ds.
.+

The composite map F;;Fﬁi : B — R describes the “cross-face” coordinate trans-
formation mapping F;ile to F;;le and must be explicitly computed in order to exploit
the quadrature-free integration algorithm. This map is affine and its action on X € B

can be written in the form Fﬁ;lFRifc =J,+%+ t,+, where

Joe =T 1T, (4.35)

tor =J 1(ter — o). (4.36)

We note that the Jacobian of the map F;;lFHi is diagonal. The product of the basis

functions in the integrand above can then be written as

Do) (X) D) (F 3 FreX) = i (X) by (Tt X + )

I
EQ.

Lag) (i‘k)Lag‘) ((jni)kkik + (fni)k> .

~
Il

1

We arrive at a product of Legendre polynomials in which one of the terms has a
scaled and shifted argument. In order to obtain a representation in terms of monomials,

we use (4.25) and the binomial theorem. Denoting by p.+ the maximum value of ||
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for a € Z,,+ we have that

Ly (x)Lyp(Jx +1) =

T

merxr> (

o) (S0, (7)o
a=0 \ @

Cps(Jz + t)5>

O

N -~/
1]z

NE

ﬂ
I
=)

Cm,TOn,s Jos gt

M-

ﬁ
Il
=}
w
Il
=}
IS}
Il
=}
S|

3

Cm,?“cn,s Jatsfaxrﬁdz

M-
NE

ﬁ
Il
=}
IS}
Il
=}
@
I
S
IS

n

S
Cm,’rJG Z Cmstsfa xT‘Jra

M-
NE

r=0 a=0 s=a a
m+n n s
a s—a
E Cord E Ch st il
q=0 r4+a=q s=a a

for any 0 < m,n < max{p.+,px- }. Therefore, by defining the coefficients

§ I —a
r(r':n:];) = Z Cmr mi kkz Cn,S(trci)z (4.37)
a

r4+a=q
for 1<k<d,0<g<m+nand 0<m,n < max{p.+,p.-}, we can write

NQEINCY

d
¢a(i>(&)¢a(j)(F;=FlFHi§():H Z (H Z”,aﬁk

OckO

- > <HC(<7> @, )’A‘a

0<a<al®+ali)

~ .t
_ K S
= E Cam,a(j),ax )

where the coefficient C* is defined for each a® € 7+, a) € 7, and 0 < a <

a( N, o
a® + al) by by

m (4.38)

a( i) a(J)

H::]@~

Finally, the off-diagonal matrix (4.13|) may be written as

e,t, At — T~ 15 3
TPy = Y Cawa Wbl el [ 50 ds (3)
eﬁ,i

ArE (fFe +)
= Z CZ(i),au),a Ma )
where we recall the definition of m&"™® from (4.34).

Owing to the cross-face mapping F_, F +, the coefficients C* (or equiva-

a( ) al) o

lently 07(7L,n:q for 1 < k < d) must be computed for each face e € Fq. These may be

computed via Algorithm [3|- these coefficients are also computed in [6].
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Algorithm 3 Computation of cross-face coefficients CT(n mq) in (4.37) for 0 < m < pq,
0<n<p,0<g<pi+pand 1 <k <dforanyd>1.

o

10:

11:

12:

13:

14:

15:

16:

17:

18:

19:

20:

21:

> Setup
Compute the coefficients Cy p for 0 < a < max{p;,p2} and 0 < b < @ as in (4.25)) (if

not already available)
s
Compute the binomial coefficients for 0 < s < pyand 0 < a < s (if not already

available)

~ +
Cffa’k)eOforOSngpg,Ogagnandlgkgd

Cﬁ,fn’ —0for0<m<p;,0<n<py,0<g<pr+peand 1<k <d
> Compute intermediate cross-face coefficients ( ( ) ¢ ap-

pearing in

forn=0,...,ps do

fora=0,...,ndo
for s=a,...,n do
(ot (ot s -
Cl® gl Crua(Bs )i for 1<k <d
a
end for
~ (.t ~ a .+
Gl (Jni)kk Ol for 1 <k <d
end for
end for

> Compute cross-face coefficients
for m=20,...,p; do

forn=20,...,p2 do
for ¢ =0,...,p1 +po do
for a = max{0,q — m},...,min{g,n} do
é,(,ii;’;) — Cﬁ(qfif;) + Cmyq,aé’,(f;’k) for1<k<d
end for
end for
end for

end for

4.2.4 Simultaneous computation of volume and face moments

For a given element k € T and boundary face e € Ok, the volume and face moments

(%) and m(f "¢) defined in 1] and 1) may be computed simultaneously via

a slight modification of Algorithm [I} An implementation for a two-dimensional element

K is given in Algorithm |4} Here, p € Ng and p = (py)¢_, € N& denote, respectively, the

maximum total degree and maximum component-wise degree of any multi-index in the

set I, = Spp defined in (4.5). Since we seck to evaluate integrals like [ x*™° dx with
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o, B € I,,, we will define an intermediate set of multi-indices J,; defined by
J.={a+p:a,8cI.}, (4.40)
For any a € J,, we have 0 < |a] < 2p and 0 < @ < 2p.

Remark. The choice of the index set I, = Spp must relate to the local polynomial
space HP (k) via the relation HP (k) = span{x® : o« € Z,;}. If HP (k) = PP(k), then one
may take T, = Spp1 where 1 = (1,1,---,1) € Nd. If HP(k) = QP(k), then one may
take I, = Sapp1-

Algorithm 4 Quadrature-free assembly of volume moments m,(; ¢) in (4.32) and face

moments m$ " in 1] with a € J,. corresponding to a given one-dimensional face

e € Ok of a given two-dimensional element x € Tq.
> Setup

1: Get J. and t,

2: Get endpoints x1 = (21,¥1) and xo = (x2,y2) of e
3 (24, 0:) =% < I H(xi —t,) for i = 1,2 >é=F"le

4: d H)A(Q —)A(1H

5: Construct outward unit normal fi to & = F, 1(k) on é
6: a4+ X110
> Assembly
7: V(=1 :min{2p,2p;1}, —1 : min{2p, 2ps}) < 0 > Array containing mlvre)
8 F(—1:min{2p,2p:}, —1: min{2p, 2p2}) < 0 > Array containing my®

9: for ¢y =0,...,min{2p,2p;} do
10: for g2 =0,...,min{2p — ¢1,2p2} do
11: g q1+q2
> Compute F(q1,q2) = fé TN g ds as in and the single contribution of é to
V(qi,q2) as in
12: F(q1, ) + 194 [d23 95 + @i F(qn — 1,42) + @201 F(q1,¢2 — 1)]
13: Vg, a2) < 355 F (a1, 42)
14: end for
15: end for
> Finalise
16: V+|Js| V > Applied to all array elements
172 F« ||J; Tl |J.| F > Applied to all array elements

For the most general implementations, there are a number of noticeable differences
between Algorithms [I] and [l The first difference is that Algorithm [ initially maps the
element x, as well as the face e € Ok, on to the reference bounding box.

Secondly, the sum over faces in Algorithm [1] is replaced with a single contribution

from the face e in Algorithm [4] Thus, the array V in Algorithm (] does not correspond
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to the integrals of (shifted and scaled) monomials over s, but rather a contribution
to such integrals. In fact, the array V in Algorithm [] corresponds to the integrals of
(shifted and scaled) monomials over the hyperpyramid formed by joining the vertices of
e to the centroid of k. Therefore, by calling Algorithm {| for each e € Ok and summing
up the arrays V, the resulting array corresponds to the integrals of (shifted and scaled)
monomials over k.

Finally, Algorithm [4] additionally returns an array F' corresponding to the integrals
of (shifted and scaled) monomials over the face e. In Algorithm [1} this was originally
temporary storage required to store contributions to the full volume integral. This face
integral array may be used for the quadrature-free assembly of the face terms outlined

in Chapter

4.3 Implementation and Analysis

In the previous section, we saw how the volume and face integrals arising from the
DGFEM discretisation of the first-order, constant-coefficient transport equation can be
rewritten as linear combinations of monomials integrated along the faces of the compu-
tational mesh. Our motivation for doing this was to decrease the total time taken to
assemble the linear system of equations in the case where the underlying mesh consists
of arbitrary polytopic elements. This removes the necessity of constructing specialised
quadrature schemes on each polytopic element. We will now show that, under specific
conditions, this does indeed decrease the assembly time of the system.

To this end, we will present pseudocode detailing the face-based implementation of

a general discontinuous Galerkin finite element method with a system matrix defined by

A)iy = Z/ (65, 1) (4.41)

KETQ

+ X [ [ on) + (600 + 6760 + Fy(07.00)] ds,

ecFq
(4.42)

where F,,, F fi and F ]FF denote integrands in the DGFEM discretisation of a PDE for
a single field variable which admit monomial expansions of the form

¢j7¢’t Z Ca ¢]7¢z)] s

a>0

FFE(0F,0F) = > ca |[FFE(0F, 0F)| x

a>0

FEF(,07) = 3 ca [FET(6F,07)] x

a>0

Here, the function cq[-] accepts multivariate polynomial functions as arguments and

returns the coefficient of the monomial x* in the corresponding monomial expansion.
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For a boundary edge e € F§ = Fg UFq with Fo = Fa (p) and F; = Fo () as in
and respectively, we remark that only one of the face integrands is required
for assembly; however, we shall henceforth assume that exactly two of the integrals
involving FfjEjE and FfjtjF will be evaluated as this simplifies the forthcoming analysis.

In light of assembling the full system matrix A in , we make the following

assumptions on the integrands:

e The number of floating-point operations required to increment a real number by
wF,(¢;(x), ¢i(x)) (i.e. to evaluate wF,(¢;(x), ¢;(x)) and add the result to another

real number) is constant and denoted by F2.

e The number of floating-point operations required to increment a real number by

wFfii(qS;E (x), ¢ (x)) or wF]FF(d)j[ (x), ¢ (x)) is constant and denoted by F§.

e The number of floating-point operations required to increment a real number by
MeaCaFo(d), $i)] is constant and denoted by F4/, where mq, = m(;’ﬁ’e) for a given
k € To and e € Ok is given by (4.32)) and co[Fy (¢}, ¢;)] denotes the coefficient of

[e 2

x® in the monomial expansion of F,(¢;, ¢;).

e The number of floating-point operations required to increment a real number
by MacCa [Ffii( Ji, ¢F)] or Mmaca [Ffi¥(¢ji, ¢7F)] is constant and denoted by F%/,
where mqo = m(af’ni’e) for a given kT € T and e € Ox™ is given by and
ca[Ffi((bji,(bf)] (resp. ca[F;[jF(@[,cﬁf)]) denotes the coefficient of x* in the

monomial expansion of Ffii( ;t,qbii) (resp. F;ti( ]i,qﬁf))

In addition to these assumptions on the weak form, we shall also make the following

assumptions on the mesh and polynomial spaces:

e On each element s € T, we will place a polynomial basis H?(x) = PP(k) (so that

+d
there are P degrees of freedom on each element) or H? (k) = QP (k) (so that

d

there are (p + 1) degrees of freedom on each element).

e The number of faces each element x has is denoted by f., and is uniformly
bounded; that is, there exists finin, fimae € N such that fiin < fi < fmax for

all k € Tq.

e The mesh Tq is conforming in the following sense. For each face e € .7-'8 , there
exists exactly one element  for which e is a face of k. For each e € F5', there
exists exactly two elements k; and ko for which e is a face of both elements. Note
that, by this definition, it may be the case that two neighbouring elements may

be separated by multiple faces and that adjacent faces may be coplanar.

e For the purposes of quadrature-based assembly, we will assume that:
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— Each element k € T can be decomposed into n, standard d-dimensional
element types on which a quadrature scheme employing 7, = r,(p) quadra-
ture points and weights exactly integrating polynomial functions of maximal
degree 2p can be used. The quantity n. is also uniformly bounded; that
is, there exists 1y min; Nv,maz € N such that 1y min < M < Ny mae for all
k € Tqo. Thus, a full quadrature scheme on x will utilise n,r, quadrature

points and weights.

— Bach face e € {&%i}lf;l for a given element k € T can be decomposed into n.
standard (d — 1)-dimensional element types on which a quadrature employing
ry = rg(p) quadrature points and weights exactly integrating polynomial
functions of maximal degree 2p can be used. The quantity n. is also uniformly
bounded; that is, there exists n¢min, Nf,mae € N such that n¢min < ne <
Nfmax for all e € Fq. Thus, a full quadrature scheme on e will utilise ners

quadrature points and weights.

It will also prove useful to introduce some definitions. The average number of faces

per element is defined by

F= 3 g (4.43)

|7b|ﬁ€7b

the average number of volume subdomains per element is defined by

1
A= —— . 4.44
P 49

and the average number of face subdomains per element is defined by

f
m = % > now,, (4.45)

KETq i=1

where {3/@-}{;1 C Fq denotes the set of faces of k. Notice that m > f with equality

when n, = 1 for all e € Fq.

Proposition 4.3.1. The number of elements in Tq is related to the number of internal
and boundary faces in Fq in the following way:
F3| + 2| Fit
f
Proof. For each k € Tq, we have that
fro =105 0 FG| + 10k 0 FG,

where Ok = {8/@}{;1 is understood as the set of faces of k. Summing over each k € Tq,

we have that

S o= D losnFy+ > |osn F.

KETQ k€T KETa
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Notice that each face in ]-'8 appears exactly once in the first sum on the right-
hand side, and that each face in F4'* appears exactly twice in the second sum on the

right-hand-side. Using the definition of f, we can write the equation above as
AITol = 5] + 2175,
and the result follows on rearrangement. O

Corollary 4.3.1.1. The average number of face subdomains per element can be written

as

4.3.1 Analysis of general quadrature-based assembly

Algorithm 5 Quadrature-based assembly of the matrix A in (4.41]).

> Load volume integrals

1: for k € To do
2: A, < AssembleElementMatrix(k)
3: Insert A, into A
4: end for
> Load face integrals

5: for e € F§ do

6: AT < AssembleFaceMatrix(e,s™, k™)
7: Insert AF™ into A
8: end for

9: for e € F5'* do

10: for s, € {+,—} do

11: for s € {+,—} do

12: A5z «+ AssembleFaceMatrix(e, k%, £°2)
13: Insert AS**? into A

14: end for

15: end for

16: end for

Algorithm [5| describes the standard quadrature-based assembly procedure required
to load the matrix A in . The procedure loops over the elements in the mesh and
assembles local elemental contributions A, which are then added into the correct rows
and columns of the global matrix. Similar loops over the internal and boundary faces in
the skeleton of the mesh are performed. In the former case, four matrix contributions
AF* and AFT are computed and added to the global matrix. In the latter case, a single

matrix contribution A} is computed and added to the global matrix. For the purpose
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Algorithm 5 (continued)

> Compute volume contribution
17: procedure B = AssembleElementMatrix(k)
18: (B);j < 0for 1 <4,j < dimHP(k)

> Loop over entries of B

19: fori=1,...,dimH?(x) do

20: for j=1,...,dimH?(x) do
> Loop over subdomains of k and associated quadrature points/weights
21: for k=1,...,n, do
22: forg=1,...,r, do
23: (B)ij = (B)sj +wy" Fu(6; ("), 4i(x4)
24: end for
25: end for
26: end for
27: end for

28: end procedure
> Compute face contribution

29: procedure B = AssembleFaceMatrix(e, k%!, k%2)

30: (B);j «—0for 1 <¢<dimHP(k*) and 1 < j < dimHP (k%)
> Loop over entries of B

31: fori=1,...,dimHP(x°*) do

32: for j=1,...,dimHP(k*?) do

> Loop over subdomains of e and associated quadrature points/weights

33: for k=1,...,n. do

34: forg=1,...,75 do

35: (B)ij ¢ (B)ij +w Fp2 (65 (x7), 67 (x4))
36: end for

37: end for

38: end for

39: end for

40: end procedure

of simplifying the forthcoming analysis, we will assume that an additional matrix AX¥
is assembled.

In order to assess the computational expense of a standard quadrature-based assem-
bly procedure, we will perform a basic count of floating-point operations (FLOPs). We
denote by FLOP? = FLOPY(p) (resp. FLOP? = FLOP?c (p)) the number of floating-point op-

erations required to assemble all volume (resp. face) terms via quadrature. The number
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of FLOPs required to assemble the volume terms is given by

dim HP (k) dimHP (k) n,. 7,

ATERED SHD SRS S 90 91+
KETq i=1 7j=1 k=1 q=1
= r,FI (dimHP (k Z Ny
KETQ

= ar,F? (dim HP (x))* | Ta|.

For the face terms, we assume that a uniform polynomial degree of approximation p
is employed on each k € Tg, so that dim HP (k) = dimHP (k) for all k1, ke € Tq. This
simplifies the analysis of the number of FLOPs required to assemble the volume terms,
which is given by

dim H? (k) dim HP (k1) n,

FLOPY(p) =2 » Z > ZZF"

pe}‘a i=1 j=1 k=1q=1

dim HP (k%) dimHP (k%) n, 75

LD DEED D DD ) B

eef}'{”" i=1 j=1 k=1q=1
= 2rF} (dim]HIp(mi))2 Z ne + 2 Z Ne
e€FY e€ Firt

= 2mrF§ (dim]I-]Ip(F;i))2 |Tal.

The total number of FLOPs required to compute all local element and face matrices

in Algorithm 5| is denoted by FLOPY = FLOP?(p) and given by

FLOPY(p) = FLOP{ (p) + FLOP (p)

— (dim HP(x))? (mpg + erfpg) 17al. (4.46)

Tt is useful to consider how (4.46]) behaves as a function of the polynomial degree p.
Since dim HP (k) = O(p?), 7, = O(p?) and r; = O(p?~1), we have that FLOP? = O(p3?)
at leading order, and we remark that the assembly of the volume terms is the most

expensive procedure in Algorithm

4.3.2 Analysis of general quadrature-free-based assembly

Algorithm [6] describes a quadrature-free assembly procedure that requires only a loop
over the faces in the skeleton of the mesh. For simplicity, we present pseudocode for
a general model problem posed in two dimensions; however, our algorithmic analysis
will be valid for a general problem posed in d > 1 dimensions. For each e € Fq, two
sets M@r5€) and MUR50e) of integrals for each of the elements x* adjacent to e are

defined by

M(v,/{i,e) _ m(v,ﬁi@) — % X* ds$: o € j (4 47)
- e’ B d+ |a| FES ’ " .
M) {mgxfﬁ,a = (|3 T hpe || [Tx| / x* ds:ae jn}, (4.48)
éx
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Algorithm 6 Quadrature-free-based assembly of the matrix A in (4.41). The general
structure of the matrix assembly algorithm is valid for all spatial dimensions d, but the
functions AssembleOnDiagonal and AssembleOffDiagonal must be specifically written
for each given d - in this example, these functions are written under the assumption

d=2.
> Load boundary face integrals

1: for e € F§ do
2: Compute M@re) and MFrTe)
3: AT < AssembleOnDiagonal(e, k™, M) pp(faTe))
4:  Inmsert A}T into A
5: end for
> Load interior face integrals
6: for e € 7' do
7 Compute M@re) and MrTe)
8: Compute “cross-face” coefficients (e.g. Algorithm
9: AT < AssembleOnDiagonal(e, kT, M (V") Af(FrT.e))
10 A~ < AssembleOnDiagonal(e,x~, MW" »e) M7 e))
11: AF~ + AssembleOffDiagonal(e, nt, k=, M@Wr"e) Nf(firTue))
12: At « AssembleOffDiagonal(e,x™, kT, M(¥n e p(free))
13: Insert A$152 into A for s1,s0 € {+,—}

14: end for

+ S N . .
where a(*"¢) = % . AT for any % € e and AT denotes the outward unit normal to £ on

e. Here, J, describes the monomial set defined in and the integrals mgj 7 0e) and
my o oe) (defined in and respectively) can be computed using Algorithm
Therefore, the sets M@0 and M%) are the arrays V and F' produced by
Algorithm [4]

As in the quadrature-based assembly, four matrix contributions AX* and AXT are
computed and added to the global matrix for interior faces e € F4'*, and only one
matrix contribution ATT is computed and added to the global matrix for boundary
faces e € ]-'8. However, an additional volume contribution is incorporated into the on-
diagonal matrices AX*. For the purposes of simplifying the forthcoming analysis, we
will assume that an additional matrix AT is assembled.

As before, we will count the number of FLOPs in the face-based quadrature-free
assembly procedure. We denote by FLOPZ, = FLOPY/ (p) (resp. FLOP?);f = FLOPg}Cf (p))
the number of floating-point operations required to assemble the on-diagonal (resp. off-
diagonal) terms via Algorithm @ Furthermore, we will again assume that dim HP (k1) =

dim HP (k3) for all k1, ke € Tq. The number of FLOPs required to assemble the on-
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Algorithm 6 (continued)

15:

16:

17:

18:

19:

20:

21:

22:

23:

24:

25:

26:

27:

28:

> Compute on-diagonal face contribution
procedure B = AssembleOnDiagonal(e, £°, M (V%7€ N(f:575€))
(B);j < 0for 1 <4¢,j < dimHP(k®)
> Loop over entries of B and retrieve corresponding multi-indices
fori=1,...,dimH?(x*) do
Get @ = (a\?, al?)
for j=1,...,dimHP(x®) do
Get a?) = (agj),aéj))
> Loop over all monomials in integrands of volume and face integrals - one “for”
loop for each independent variable
for a; = 0,...,a§i) +a§j) do
for as = 0,...,049 —|—a§j) do

> Assemble partial volume integral and full face integral from constituent monomials

(B)ij < (B)ij +m(v e [Fv(¢ja¢f)]

Fml e [F (0], 67)

end for
end for
end for
end for

end procedure

diagonal terms is given by

dim H? (k1) dim HP (k)

FLOPY (p) = > > Z 3 (Fgf +F§10f)

ecF3 i=1 0<a<al®4+al

dlme(K,i) dim HP (k%)

2T Y Y T ()

ee]—‘””f =1 0<a<al®+ali)

dim HP (k) dim HP (s 1)

() (R X X > oo

=f (Fgf + F?cf) Qa(p)|Tal,

where we have used Proposition [£.3.1]and defined the dimensionally-dependent function

Qa(p) by

dim H? (k) dim HP (k)

Qulp)= > > oo (4.49)
i=1

=1  o<a<al4al)

for any k € Tg.
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Algorithm 6 (continued)

> Compute off-diagonal face contribution

29: procedure B = Assemble0ffDiagonal(e, £°!, k%2, M (V"1 :e) pf(fa7the))
30: (B);j <~ 0for 1 <¢<HP(xk)and 1< j<HP(k%)
> Loop over entries of B and retrieve corresponding multi-indices
31: fori=1,...,dimH?(x**) do > Test functions supported on k°!
32: Get a® = (ol al?)
33: for j=1,...,dimHP(k%2?) do > Trial functions supported on %2
34: Get o) = (agj),aéj))
> Loop over all monomials in integrands of volume and face integrals - one “for”
loop for each independent variable
35: for oy :0,...,a§i) +a§j) do
36: for as :0,...,a§i) —|—a§j) do
> Assemble full face integral from constituent monomials using cross-face mapping
coefficents from k*2 to k!
37: (B)ij « (B)yj +mi™ D ea[F}2 (637, 67)]
38: end for
39: end for
40: end for
41: end for
42: end procedure
Similarly, the number of FLOPs required to assemble the off-diagonal terms is given
by

dim H? (k) dim HP (s 1)

FLOPY, (p) = > Y Z; Yy

ecFl  i=1 0<a<al®+ali)

dim HP (k%) dim H? (k)

23 > ) > ¥

eeFirt =1 i=1  o<a<a®+al)

dim H? (k) dim HP (s 1)

=F (82 R > X > 1
=1

J=1 0<a<al®)4al)

=75 Qu(p) | To.

The total number of FLOPs required to compute all on- and off-diagonal matrices

in Algorithm |§| is denoted by FLOP?f = FLOP?f(p) and given by

FLOPY/ (p) = FLOPY/ (p) + FLUPZ}Cf(p)
= F (4! +26%9) Qup)| Tl (4.50)

As before, we consider how (4.50) behaves as a function of the polynomial degree

p. All of the dependence of FLOPY/ on p is contained in the function Q4(p), which can
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be shown to be O(p*?) when HP (k) = PP(x) or HP (k) = QP(k). The following lemma

shows that Q4(p) cannot grow faster than O(p3?) in these two cases.

Lemma 4.3.2. The function Q4(p) in satisfies Qq(p) = (p+1)3% when HP (k) =

QP (k) and Ny .
(p+d)** (2
Qd@)g 2d12 (d)
when HP (k) = PP (k).

Proof. We first remark that both polynomial spaces admit linearly-independent bases

of monomial functions:

QP(k) =span {x* : 0 < a < p},

PP(k) = span {x* : 0 < |a| < p},
and that

{a:0<a<p}=(@+1)
p+d
Ha:0<|al <p} =

Here, p = (p){_, € N& denotes the multi-index of length d whose entries are all equal
to p.
When HP (k) = QP(k), we have

2. 2 > 1

O<a<p0<ﬁ<p0<7<a+ﬁ

- Y Y Masmsnm

<p 0<B<p k=1

=TI D D +ar+8)

0<a
d
k=1 \ o =03, =0

P d
= > ;(p+1)(p+2(1+ak))>

When H? (k) = PP(k), we have

> > > 1

0<|e|<p 0<|B|<p O<v<+p

IR

a=0 b=0 |a|=a |B|=b k=1
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Noting that

|{a€Ng:|a|:a}|:HaGNg:|a|§a}|f|{a€Ng:|a|§a71}}

B a-+d a+d—1
d d

B at+d—1
d—1

and invoking the arithmetic-geometric mean inequality for the innermost product:

d d d 4
H<1+ak+m>g(jlz<1+ak+5k>) (1 lo+181)’

k=1

we have

Qd(p)SZé 3 (1+a;r|m>d

a=0b=0 |ar|=a | 8=

PP (fa+d—1)\ (b+d—1 b\ ¢
23 ()

a=0b=0 d—1 d—1

< ;Zi(ajtd— D b+d—1)"a+b+d)™

We shall further bound this sum from above by a double integral. We will first consider
the case d > 2 and then show that the same inequality also holds for d = 1. For d > 2,

we have

p+1
(a+d—1)4"b+d-1D)4"Ya+b+d)? dbda

a1 a + B)! dBda

p+d/0p+d o
:/d /d @189 o+ B+ 2 d)? dfda
/

d d p+d Akl p+d
— -1 4 2d-k-1 4
kZ:O (k;) (/d—l ¢ “ /d—l b 5
- zd: d\ (p+d)™" (p+d)*"
S\ y) dtk 2d — k
24(p + d)3?

Therefore, for d > 2, we have

< . =
Q) < g —E T 2 2412

d

1 2(p+d)3®  (p+d)3d <2>d

Finally, we can explicitly compute Q;(p) = (p + 1)3, and so the result of the lemma
extends to all d > 1. O
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Remark. For the choice HP (k) = PP(k), it has been validated for the cases d = 1,2,3

that we have )

p+d

Qa(p) = ; q4(p), (4.51)

where the function qq(p) is a polynomial of degree d in p given by

a(p)=p+1,
1
a(p) = 78(7132 +21p + 18),
1
q3(p) = 1720(]04‘2)(11172 + 44p + 60).

It is conjectured that also holds for d > 4 for some sequence of polynomials
{ga(p) }a>4 with degqa(p) = d.

4.4 Comparison of Assembly Procedures

We are now ready to compare the face-based and quadrature-free assembly procedure
outlined by Algorithm [f] with the standard quadrature-based assembly procedure out-
lined by Algorithm This is most straightforwardly demonstrated by comparing the
number of floating-point operations required to assemble the system matrix. To this

end, we define the following ratio:

_ FLOPY(p) _ FFY +2F9)Qu(p)
") = FLop(p) ~ (@ B (n)? (o (p)FL + 2, (0)F) (4.52)

The function r(p) denotes the fraction of floating-point operations required to execute
the quadrature-free-based assembly procedure compared to the quadrature-based as-
sembly procedure. It is assumed that both assembly procedures can be run on machines
with identical floating-point operations per second (FLOPS), so that r(p) can be used as
a measure of computational speed-up. However, the validity of using the function r(p) as
an analytical tool is still potentially imprecise. For example, since we have only consid-
ered FLOP-counting arguments, r(p) will not incorporate effects due to array accesses,
which may significantly skew the expected performance of both assembly procedures.
Due to low-level effects, such as instantiation of data structures and additional rou-
tines required for imposition of boundary conditions, is only a reliable measure
of performance improvement in the large-p limit. Denoting by r, the limit of r(p) as

p — 00, we have that

7 f
J R Ry Qa(p)
n

F4 p—00 Tu(p)(dime(li))Q : (4'53)

Yoo = lim r(p) =

Since ro denotes the ratio of floating-point operations performed between the
quadrature-free and quadrature-based algorithms, values of r., less than one indicate

that the quadrature-free algorithm is generally faster than the quadrature-based
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algorithm, and vice versa. Each of the isolated ratios plays an important role in the

comparison of both algorithms:

e The ratio % is dependent only on the underlying computational mesh and how one
treats volume- and face-integrals on it. Under the assumptions outlined earlier, it
is independent of the implementations of both assembly procedures. The existence
of such a mesh-dependent quantity motivates the idea of seeking different assembly

procedures tailored for given families of meshes.

af 2 af
e The ratio 2121 s dependent only on the implementations of both the

Fg
quadrature-based and quadrature-free-based assembly procedures, and not
on the underlying mesh. This quantity is problem-dependent, and so is also
dimensionally-dependent. From a programming perspective, this ratio tells us

to what extent code optimisation within the innermost for loops can boost the

speed of quadrature-free-based assembly compared to quadrature-based assembly.

e The ratio %, as well as the value of the limit lim,_, %,
is dependent on the spatial dimension of the problem, as well as the polynomial
spaces employed on each mesh element k € 7. It is independent of the geom-
etry of the mesh and the implementation of both assembly procedures. Notice
that we have eliminated the quadrature-based face integral contribution in the

denominator under the assumption that r¢(p) < r,(p) in the limit p — co.

We will investigate each of these ratios in more depth to better understand the
feasibility of the quadrature-free assembly method against standard quadrature-based

asembly methods.

4.4.1 Mesh-dependent ratio

S~

As remarked earlier, the ratio £ is a function of the mesh 7q and possibly the face
sets F§ and Fi*. Table records the values of this ratio for a wide class of two-
dimensional and three-dimensional mesh types. An explanation for each mesh type is

given below.

Standard meshes The first class of meshes under study are the meshes that are
deemed standard in most practical applications. These meshes consist of elements whose
geometries are either all simplicial (i.e. triangular in two dimensions, or tetrahedral in
three dimensions) or all tensor-product (i.e. rectangles in two dimensions, or cuboids in
three dimensions). For these meshes, elements do not need to be subdivided in order to
perform quadrature-based volume integrals, since exact quadrature rules exist for these
element types. Furthermore, each element in the mesh has a constant number of faces,

say f. Therefore, the ratio % for these meshes is given simply by f.
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Element type f n %
Simplex (2D) 3 1 3
Tensor-product (2D) 4 1 4
Simplex (3D) 4 1 4
Tensor-product (3D) 6 1 6
Polygonal (centroid) f f 1
Polygonal (ear-clipping) | f f—2 %

Table 4.1: Comparison of the mesh-dependent quantity % for different two- and three-
dimensional mesh types. For the (two-dimensional) polygonal mesh types, two methods

for splitting the volume integral into simplicial elements are considered.

Polygonal meshes The second class of meshes (in two dimensions only) are those
meshes whose elements are general simple polygons with no underlying fine structure.
These elements have no “holes”, but may otherwise be convex or non-convex. For
the sake of presentation, we shall assume that the polygonal meshes we encounter are
convex; this is true, for example, in the case that the mesh is the restriction of a Voronoi
tesselation to the given domain geometry, as is true for meshes generated by PolyMesher
[95]. For an element x € Tq of such a mesh with f,; faces, there are a couple of ways
to triangulate x for the purposes of quadrature-based volume integration. The simplest
is to join each vertex of x to its centroid, yielding a triangulation consisting of n, = f«
triangles; a more sophisticated approach is to employ a so-called “ear-clipping” method
which yields a triangulation consisting of n, = f, — 2 triangles (and can also be applied
to non-convex elements). A linear-time algorithm for finding such a triangulation is

given in [31].

Agglomerated meshes The final class of meshes under consideration are the fam-
ily of agglomerated meshes. Denoted by To = T3%9, these meshes are formed from
the agglomeration, or “joining together”, of elements of a fine-mesh 7-({me consisting of
standard (simplicial or tensor-product) element types to form polytopic elements. Such
elements are often referred to as agglomerated elements, and are treated as unions of
fine-mesh elements. Alternatively, 77%Y can be thought of as a partition of 7}{”” into
agglomerated elements {7'}767-599 such that each fine-mesh element x € 7}{”’6 is con-
tained in exactly one agglomerated element 7 € 737%?. Such meshes can be generated
by graph partitioning packages such as METIS [59], whereby the fine mesh is expressed
as a graph whose vertices are mesh elements and whose edges are mesh faces between

neighbouring elements. From Proposition we can express f in terms of the number

of elements and faces of 7377 as

50| + 2

T
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The quantity 7 denotes the average number of subpartitions per agglomerated ele-
ment on which an exact quadrature rule can be performed. Since the underlying fine-
mesh elements constituting an agglomerated element suffice as a suitable subpartition,
7 can be reformulated in this context as

74"

n = -—ggar -
70|

Si

Thus, the ratio £ can be expressed in terms of agglomerated- and fine-mesh quantities

as
T B s

— — (4.54)
n 174

Note that the face sets J—_-g,agg and fé"t’agg contain fine-mesh faces that are present in

the agglomerated mesh.

Figure 4.4: Two different agglomerated meshes with |75%7|

formed from a fine mesh with |7}{me| = 16 square elements. Left: £ = 5. Right: g =2.

n

= 4 agglomerated elements

Figure shows how % may depend on the agglomeration of the fine mesh. A
two-dimensional tensor-product mesh 7™ with |7J"¢| = 16 square elements is ag-
glomerated to two different agglomerated meshes 7599 with |73%7| = 4 agglomerated
meshes. For the first mesh consisting of four 4 x 1 agglomerated elements, we have
% = 3, while for the second mesh consisting of four 2 x 2 agglomerated elements, we

have

Sif~ ™I

= 2. While both agglomerated meshes consist of the same number of elements,
the quadrature-free-based implementation will assemble the DGFEM matrix faster on
the second mesh since the corresponding value of g is smaller. This is because Algorithm
[6] will loop over fewer (internal) faces in the agglomerated mesh.

In view of minimising %_, and thus improving the performance of quadrature-free-
based assembly procedures relative to quadrature-based ones, the result above suggests
that the agglomerated meshes for which quadrature-free-based methods work particu-

larly well are those meshes for which |F**99

| is small (the other mesh-based quantities
above are fixed on selection of ’7}{”16) The problem of determining an optimal agglom-
erated mesh 7399 with |T399| = k from a given fine-mesh 7" is therefore analogous
to the problem of k-way graph partitioning. Here, the elements of 7}{""6 are interpreted

as vertices of a graph and the faces between fine-mesh elements are interpreted as edges
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between vertices in the graph. Such partitioning problems have wide-ranging applica-
tions and a number of methods for partitioning large graphs have been developed; [24]

gives an overview of graph partitioning problems.

4.4.2 Implementation-dependent ratio

Faf 4 opef . .
——r—L- denotes the ratio of floating-
H

The problem- and implementation-specific ratio
point operations between the quadrature-free-based and quadrature-based assembly
procedures. More specifically, ¥4, F4/ and F‘}f denote, respectively, the number of
floating-point operations required to increment a real number by wF,(¢;(x), $:(x)),
MacalFy(Pj, ¢:)] and maca [Ffii((;ﬁ;t, ¢5)] (o MeCa [Ff$(¢;t, #7)]). We will consider

each term in the case where both methods are used to assemble the system matrix (4.8])

in the DGFEM discretisation of the first-order, constant-coefficent transport equation.

e F? denotes the number of floating-point operations required to increment a real
number by the integrand of the volume integral in ; that is, to increment
the system matrix entry (T);; by we;j(xq) (—p - Voi(xq) + 0¥ ¢i(x,)), where
(wg,Xq) C Rsg x R? denotes a quadrature point. Assuming that ¢;(x,), ¢:i(xq)

and V¢;(x,4) are all precomputed, this operation can be computed using
Fl =2(d+2)
floating-point operations.

e F4/ denotes the number of floating-point operations required to increment a real
number by the product of a monomial integral mi"™® (which are precomputed
using Algorithm and the corresponding coefficient in the monomial expansion of
the volume integrand in . An example of this operation in two spatial dimen-
sions is given in line 17 of Algorithm [2| but can be straightforwardly generalised

to any number of dimensions. This operation can be computed using
Fi/ = (d+1)* +1
floating-point operations.

° F‘}f denotes the number of floating-point operations required to increment a real
number by the product of a monomial integral mY ) (which are precomputed
using Algorithm [4)) and the corresponding coefficient in the monomial expansion
of the face integrand in . Since only half of the terms Ffi(qui,q’)f) and
Ffi:‘:(d)ji, ¢ ) are non-zero, we will instead take F;’cf to be half of the number of
floating-point operations required to assemble any non-zero term. Owing to our

previous quadrature-free analysis of the face integrals, the increment to (T);; takes

+ t
the form of a product of [ - n| with a monomial integral m&* ** ) and either:
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. . d .
— a face-independent coefficient Cyi) e = [lpey Ca(i) NOI if an
’ ’ - k b k 9

on-diagonal block is being assembled; or
o~

— a face-dependent coefficient C* ;)
al),all) o

~(E
= HZZI C(T.) *) (e.g. from Algo-

DINO)
Qg o0
rithm , if an off-diagonal block is being assembled.
This operation can be computed using d + 2 floating-point operations, and so we
take
1
FY/ = F(d+2).

Fof +ord/

Thus, we have the following expression for the —— as a function of the spatial

dimension only:
Fif+ oY @2y3d44 |7 d=2

Fd - 2d+2) |
5

d=3.

Note that the number of floating-point operations required to evaluate the inner-most
loop in the quadrature-based assembly approach scales linearly with the spatial dimen-
sion, whereas the number of floating-point operations required to evaluate the inner-most
loop in the quadrature-free-based assembly approach scales quadratically with the spa-
tial dimension. Thus, we expect that the inner-most evaluations in the quadrature-free-
based approach will be slower than those of the quadrature-based approach for DGFEMs
applied to high-dimensional first-order constant-coefficient transport problems.

We stress that the ratio ﬁ characterises the relative expense of the computa-
tions performed within the inner-most loops in the quadrature-based and quadrature-
free-based methods, and the above analysis for their application to the transport equa-
tion does not assume that either method is fully optimised. For example, the loops
over quadrature points, test and trial functions in the quadrature-based approach can
be ordered in such a way that some floating-point operations required to increment an
entry of the system matrix T can be moved outside the inner-most loop. Similar tricks
can be employed in the quadrature-free-based approach as well - for example, the face-
independent coefficients Ca(i)’a(j)’a used in the on-diagonal face assembly procedure can
be pre-computed offline and re-used for each face. Therefore, the value of this ratio may

vary significantly depending on the efficiency of the assembly methods implemented.

4.4.3 Function space-dependent ratio

The ratio limy o - (pc)g(ﬁg ()H))Q is dependent on the polynomial spaces H? (k) employed

for each k € T and the number of quadrature points 7, (p) selected for each subdivision

of k. For convenience, we shall define the shorthand

B Qa(p)
P) = @)

which we remark is an approximation of r(p) (given in (4.52)) obtained by discarding

(4.55)

the lower-order contributions to the numerator and denominator (with respect to p).
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We offer the following interpretation of R(p). For a given edge e with neighbouring
elements x; and ko, let n% denote the number of times that the operation within the
inner-most loops of Algorithm |§| (i.e. on lines 23 or 37) is executed. For a given element
K, let n? denote the number of times that the operation within the inner-most loops of
Algorithm (i.e. on line 23) is executed. We then have that R(p) = %If

Values of R(p) < 1 indicate that the quadrature-free assembly algorithm (Algorithm
@ requires fewer inner-most function evaluations (per face) than the quadrature-based
assembly algorithm (Algorithm .

Henceforth, we will consider the following cases for 7, (p):

e 7,(p) = (p+1)?% - in this case, the quadrature scheme on each element subdivision
is constructed by mapping a tensor-product quadrature scheme on the reference

tensor-product element (—1,1)%;

+d
e 1,(p) = P - this is the theoretical lower bound for the size of a quadra-

d
ture scheme that can exactly integrate polynomials of maximal degree 2p on an

arbitrary d-dimensional polytope (see [92]), although such a minimal quadrature

scheme is difficult to construct in practice [73].
We will consider two common choices of HP(k):

e HP(k) = PP(k), the space of all polynomials of maximal total degree p on x with

+d
dimH? (k) = b ;
d

e HP (k) = QP(k), the space of all polynomials of maximal degree p in each indepen-

dent variable on k with dim HP (k) = (p + 1)%.

Table [4.2|shows the value of lim,,_, ., R(p) under different choices of H?(x) and 7, (p).
For the choice HP(k) = QP(k), the exact value of the desired limit for all d > 1 is
reported; for the choice HP (k) = PP(x), Lemma is used to generate an upper
bound on the desired limit that is valid for all d > 1.

HP (k) = QP(k)  HP(x) = PP(x)

ro(p) = (p + 1) 1 <32

ry(p) = d! <

Table 4.2: Values of lim,_,. R(p) for different choices of H?(x) and r,(p). Note that

the entries in the second column are all less than or equal to 1 for d > 1.

In each case, the ratio lim, .. R(p) exist and is finite, and represents the ratio
of inner-most integrand calls made between the quadrature-free-based and quadrature-

based assembly methods. This ratio is independent of both the mesh used to discretise
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the spatial domain and the PDE problem under consideration. The smallest value of

this ratio appears to be attained when both:

e the dimension of the space of polynomial basis functions HP (k) is minimised for a
given degree p - note that, in order to ensure suitable approximation results [35],
we must have PP(k) C HP (k) and so HP(x) = PP(k) represents the minimal choice

for HP (k).

e the number of quadrature points r,(p) required to integrate polynomial functions
of maximal degree 2p on the smallest standard subelements is maximised for a
given degree p - note that any arbitrarily-large quadrature scheme may be se-
lected, but for practical purposes the largest quadrature scheme one would em-
ploy on standard subelements contains no more than r,(p) = (p + 1)¢ quadrature

points/weights.

Remark. We can calculate the entries in the second column of Table (i.e. the
case HP (k) = PP(k)) exactly for d = 1,2,3 from the results of a previous remark about

expressions for Qq(p) for these values of d. In this case, we have

1 ifd=1,
. Qd(p) _ 7 .
plggo 7o (p)(dimHP (k)2 | 18 fd=2,
Lifd=3,
when r,(p) = (p+1)¢ and
1 ifd=1,
. Qa(p)
1 =T ifd=
P, ) dmEr(m)? |5 I
& ifd=3,
+d
when 1,(p) = b
d

From Table we note that lim, ,. R(p) < 1 independently of r,(p) whenever
the finite element space for each k € Tq is chosen as HP(k) = PP(x), and conversely
we have lim,_, ., R(p) > 1 independently of r,(p) whenever the finite element space
for each k € Tq is chosen as HP(k) = QP(x). This suggests that the quadrature-
free assembly algorithm is more likely to yield faster assembly times (relative to the
quadrature-based assembly algorithm) when the finite element space on each element
is chosen as HP(k) = PP(k). Moreover, Table suggests that the speed-up in the
assembly procedure using quadrature-free methods may improve for problems posed in
higher dimensions.

We may also consider the behaviour of R(p) for small values of p - this is displayed

in Figure for d = 1,2,3. Recall that the limit p — co was taken in (4.53) to compare
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the most computationally-demanding processes in the quadrature-based and quadrature-
free-based assembly methods. For small values of p, the quadrature-free integration of
monomial functions, the computation of “cross-face” coefficients, the evaluation of test
and trial functions at volume quadrature points, and the quadrature-based assembly
of face terms arising in the DGFEM formulation all become significant in terms of
computational complexity (relative to the assembly of volume terms). Indeed, these
processes are not taken into account by the expression for r(p) in . Figure
shows that there is also variability in the ratio R(p) of the leading-order costs of both
methods for d > 2. Moreover, depending on the choices of d, HP(x) and r,(p), the ratio

R(p) may not even be close to its asymptotic limit for moderate values of p.

== d=1 == d=2 =3 d=3
r—d =1 (limit) =d =2 (limit) —=d =3 (limit)

1
2N - 0.8 N S S-S
2 3::::=:::==°=° """"
E% ] 0.6 _____AAAAAAAAAAAAAAAAA B
SE | 04 2
D
< 1o02) )
0L | | 0L | |
0 10 20 0 10 20
6 6 — .
< 4t 1 4}
e
RE!
S
= 2| N 21
£
0L | | 0L | |
0 10 20 0 10 20
p p

Figure 4.5: Plots of the rational function R(p) and its limit as p — oo for d = 1,2,3.
Top row: HP (k) = PP(k). Bottom row: HP (k) = QP(x). Left column: r,(p) = (p + 1)%.

+d
Right column: r,(p) = b
d
. . ptdy . .
Even when the optimal choice r,(p) = is chosen for the size of the quadra-
d

ture scheme employed on each subelement, the quadrature-free-based implementation
can save on inner-most function executions compared to the quadrature-based imple-

mentation, provided that bases of PP(k) are employed on each spatial element.
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4.5 Numerical Results

We shall now perform two sets of experiments showing the performance of the
quadrature-based and quadrature-free-based methods for the assembly of the transport
DGFEM matrix (4.8)). For a given mesh Tq, we shall compute the mesh-dependent
ratio % and record the times t, and t,; taken by the quadrature-based and quadrature-
free-based assembly methods respectively. The ratio %}f can then be interpreted as
a measure of how much time can be saved by employing the quadrature-free-based
method compared to the quadrature-based method. When the quadrature-free-based
method is faster than the quadrature-based method, we have ?—qf < 1. The ratio :’—: is
intended as a surrogate for the quantity r(p) defined in ; for large enough p, ?—q’
may also be used as a surrogate for the quantity r., defined in .

When agglomerated meshes are used, we shall first construct a fine mesh 7;{"16
from which we form an agglomerated mesh 7%?. Interpreting the elements of T " as
vertices of a graph and the faces of 7;{"“3 as edges of a graph, the graph-partitioning
software METIS [59] is used to generate 7Y with a user-specified number of agglomer-
ated elements (or connected components of the underlying graph). In what follows, we

always seek to select |7579| to be an integer power of 2; however, METIS occasionally

failed to generate such partitions.

4.5.1 Test 1 - Comparison on different mesh types

4,

3 K 4
P@
32
i)

1,

O'/ | | |

0 1 2 3 4

fin
Figure 4.6: Time taken for quadrature-free-based assembly of the transport DGFEM
matrix (4.8) as a fraction of the time taken for quadrature-based assembly, plotted
against g . Blue: family of standard (simplicial/tensor-product) meshes. Yellow: family

of polygonal meshes. Red: family of agglomerated mesh. Solid line: best fit line through
data with gradient ~ 0.6624 and intercept ~ 0.1203. Dashed line: r, as a function of

Sif~
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Figure shows the dependency of the ratio of quadrature-free-based and
quadrature-based CPU times taken to assemble the transport DGFEM matrix (4.8))

against the ratio % corresponding to a number of standard, polygonal and agglomerated
meshes of varying number of elements. In every case, the spatial domain is given by
Q = (0,1)2, the wind direction is given by u = (1,1) and the reaction coefficient is

given by b = 1. The families of meshes on 2 are defined as follows:

e For the standard mesh types (simplicial/tensor-product), the mesh 7, denotes a
regular mesh consisting of |7q| € {124, 512,2048} triangular elements or |Tq| €
{64,256, 1024, 4096} square elements.

e For the polygonal mesh types, the mesh 7q denotes a non-nested polygonal mesh
consisting of |Tq| € {64, 256,1024} polygonal elements generated from PolyMesher
[05]. For the purposes of volume quadrature, each polygonal element is sub-

triangulated by joining each vertex to the barycentre of the element.

e For the agglomerated mesh types, the mesh 7o = 7399 denotes a mesh formed from

ine ine

agglomerating a fine mesh Tg{ consisting of |T§{ | = 8192 triangular elements
or |’T§{me| = 4096 square elements. The graph-partitioning package METIS [59]
is used to form the agglomerated mesh. The corresponding agglomerated meshes
consist of |7599] € {128,512,2048} elements if 7" is a triangular mesh, or

1 T399) € {64,256,1018,4096} elements if 7™ is a square mesh.

The polynomial space employed on each x € 7379 is chosen to be P1®(x).

Figure displays a strong linear correlation between the ratios ttiqf, suggesting that
the relative performance of the quadrature-based and quadrature-free-based assembly
methods is dependent on the underlying meshes. On standard meshes, corresponding
to %_ = 3 for triangular meshes and %_ = 4 for square meshes, the quadrature-free-based
assembly method does not outperform the quadrature-based assembly method, since
no further subdivision of elements into simplices was required by the latter method
in order to perform numerical quadrature. However, on polygonal and agglomerated
meshes, the quadrature-fee-based assembly method can offer savings in total assembly
time compared to the quadrature-based assembly method. Recalling 7 small values
of % correspond to small numbers of internal faces in the agglomerated mesh (and thus
small numbers of agglomerated elements in the mesh).

It should be noted that the coarsest standard and polygonal meshes (corresponding
to % € {1, 3,4}) have the largest corresponding value of tt‘%’f Therefore, for sufficiently
fine meshes of these classes, the ratio tt“—qf reasonably approximates the ratio ro, defined
in . This trend extends to agglomerated meshes, though t,%qf tends to deviate

further from the predicted value of ro, for this class of meshes.
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4.5.2 Test 2 - Comparison on different agglomeration sizes

ter/tq

Figure 4.7: Time taken for quadrature-free-based assembly of the transport DGFEM
matrix as a fraction of the time taken for quadrature-based assembly, plotted
against ;’: Blue: family of agglomerated meshes based on 64 x 64 square mesh. Red:
family of agglomerated mesh based on 64 x 64 triangular mesh. Solid line: best fit line
through data with gradient ~ 0.4616 and intercept ~ 0.2620. Dashed line: r., as a

function of % .

Figure shows the dependency of the ratio of quadrature-free-based and
quadrature-based CPU times taken to assemble the transport DGFEM matrix (4.8))
against the ratio %_ corresponding to two families of agglomerated meshes. In every
case, the spatial domain Q = (0, 1)? is first subdivided into a fine-mesh 7;{”“9‘ consisting
of either |7 = 8192 triangular elements or |7 | = 4096 square elements. From
these fine meshes, a number of agglomerated meshes 7579 are generated using METIS,

a graph-partitioning software - the number of elements in the generated meshes are:

o |T5%9] € {8,16,32,64,128,256,512,1024,2048,3950} (when the underlying fine-

mesh consists of triangular elements); and

o |T599] € {4,8,16,32,64,128,256,512,1018,1922,4096} (when the underlying fine-

mesh consists of square elements).

The polynomial space employed on each x € 7379 is chosen to be P1¢(x).

Sif

Figure displays a strong linear correlation between the ratios tq%f and £, suggest-
ing that the relative performance of the quadrature-based and quadrature-free-based as-
sembly methods is dependent on the underlying meshes. Moreover, Figure [£.7] confirms
that the quadrature-free-based assembly outperforms the quadrature-based assembly
on meshes with smaller values of % We remark that, in this test, smaller values of %

correspond to coarser agglomerated meshes and larger values of % correspond to finer
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agglomerated meshes.

However, we do not observe that tqif is proportional to %, as is suggested by ||

t
We speculate that, on the coarsest agglomerated meshes (for which % is small), the
computational cost of assembling the individual block matrices in a quadrature-free

fashion is outweighed by another process not accounted for in the analysis.

4.6 Summary

In this chapter, we have developed and analysed techniques for the assembly of linear
systems arising from the application of DGFEMs to linear first-order partial differential
equations with constant coefficients, with particular focus on employing meshes consist-
ing of arbitrary polytopic elements. We have opted to assemble the DGFEM matrix
using a quadrature-free approach as opposed to standard quadrature-based methods,
which may become expensive when the elements of the underlying mesh have compli-
cated geometries. The key idea is to decompose the integrand into a sum of homogeneous
functions for which fast integration techniques can be developed. We started by review-
ing homogeneous function integration with a particular focus on integrating families
of monomial functions. This approach rewrites integrals over a polytopic domain as a
sum of integrals over the planar boundary facets of the domain. Through a practical
example, we showed that the proposed quadrature-free method was able to integrate
sets of monomial integrals more rapidly than standard quadrature-based methods based
on domain subtessellation.

Next, we focussed on applying the quadrature-free integration method to the prob-
lem of assembling DGFEM matrices for transport problems. By defining the polynomial
basis functions on each polytopic element with respect to the element’s bounding box,
we were able to explicitly decompose pairwise-products of basis functions as linear com-
binations of monomial functions which may be integrated in a quadrature-free fashion.
We proposed a quadrature-free assembly method that requires a single loop over each
of the faces in the polytopic mesh and compared the time taken to assemble a DGFEM
matrix with this approach against standard quadrature-based methods.

The face-based and quadrature-free method introduced in this chapter can be gen-
eralised to the assembly of DGFEM matrices from the discretisation of other prob-
lems. In an attempt to understand why quadrature-free-based assembly algorithms have
been observed to outperform quadrature-based algorithms in terms of CPU time taken,
an analysis of the number of floating-point operations required to assemble a general
DGFEM matrix via both methods was performed. It was observed that there are three
different factors that can affect the performance of quadrature-free methods (relative
to quadrature-based methods): the geometry of the mesh, the polynomial spaces and

quadrature methods employed, and the structure of the weak formulation of the PDE.
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Our analysis suggests that quadrature-free-based methods generally outperform
quadrature-based methods on non-standard meshes; i.e. meshes whose elements require
further subdivision into simplicies and tensor-product subelements on which standard
quadrature schemes can be employed. Conversely, quadrature-based methods should
always be employed on standard meshes. Furthermore, when quadrature-free-based
methods are to be employed, one should always employ polynomial bases on each
element whose dimension is “minimal” with respect to the desired degree of approx-
imation; i.e. one should always employ the function space HP= (k) = PP=(x) for each
element x € Tgq.

The structure of the weak formulation of the PDE is clearly problem-dependent and
we have not been able to demonstrate its effect on the assembly times of the quadrature-
based and quadrature-free-based algorithms for a range of PDE problems, although we
have provided an analysis for first-order transport problems. It is also expected that the
extent to which this factor influences the time taken for quadrature-free-based methods
to assemble DGFEM matrices is highly dependent on the implementation of the assembly

algorithm.
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Chapter 5

Iterative Solvers for the Linear
Boltzmann Transport

Equation

In Chapter [3] we derived a discontinuous Galerkin finite element method for the time-
independent linear Boltzmann transport equation and gave a convergence result on the
DGFEM-energy norm error |||u — uyl|||pg between the analytical solution u and the
DGFEM approximation uy. However, the problem for uj is equivalent to the solution
of a large and sparse linear system of equations for which direct solution methods are
impractical. One must therefore turn to iterative methods which typically generate a
sequence of approximate solutions {uzn)}nzo converging to up as n — 0o.

Motivated by the optimisation of computational resources to quickly obtain good
approximations of u, we may not always need to solve the discrete problem for wuy
to a very high accuracy. For example, consider the following inequality between the
analytical solution u, the exact DGFEM approximation up and the inexact DGFEM

approximation uz") generated by terminating an iterative solver after n iterations:

llu = us || 1pe < |llu—wunlllpa =+ |[Jun — ul™|l[pe -

discretisation error solver error

We can see that (in view of minimising the left-hand side) there is little point in min-
imising the solver error past the order of magnitude of the discretisation error - the
sequence {ugn)}nzo is converging to a poor approximation of u. Thus, by comparing
(estimates of) the solver and discretisation errors, we can determine whether we should
take another step of the iterative solver or refine the computational mesh. If one can
provide computable a posteriori error estimators for the discretisation and solver errors,
this choice can be made automatically within an adaptive procedure.

This chapter will discuss the numerical solution of the linear system of equations
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arising from discretisations of the linear Boltzmann transport equation, with particular
emphasis on the mono-energetic form of the partial integro-differential equation. Rather
than appealing to Fourier-analytical techniques to prove convergence results, we shall
exploit the variational setting of our discrete methods, cf. [63]. We will first verify the
convergence of a family of stationary iterative methods based on source iteration for the
discretised mono-energetic problem, and that the convergence rate is characterised by
the problem data. We will later prove that the classical source iteration method applied
to the discretised poly-energetic problem is also convergent. In both cases, computable
a posteriori error estimates will be presented.

Motivated by the development of more sophisticated Krylov subspace-based solvers,
we investigate the spectral properties of the resulting discrete iteration operators in order
to develop and test classes of preconditioners. A key challenge is that such precondition-
ers must be computationally inexpensive to implement and adaptable to a wide range
of scattering models and optical thicknesses. In this work, we shall define the optical
thickness or cell aspect ratio of a medium with respect to a given spatial mesh as the
product

e = (a+ p)h, (5.1)

where a+ 3 denotes the macroscopic total cross-section and h denotes the spatial mesh-
size parameter - a motivation for this definition is given in Chapter [5.3.3] The effective-

ness of these preconditioners is assessed qualitatively through model problems.

5.1 Introduction

While this chapter primarily concerns itself with iterative methods applied to the time-
independent and mono-energetic linear Boltzmann transport equation, we shall initially
consider the poly-energetic problem (3.4) from Chapter[3.1]for the fluence u : QxSxY —

R of a species of radiative particles travelling through a medium satisfying

w Viu(x, u, B)+ (a(x, pu, E) + B(x, b, E)) u(x, u, E)
= S[ul(x, p, E) + f(x,p, E) in D,

U(X,[L,E) :g(x,u,E) on 'y,
where the scattering operator S[u] is defined by
Stultxop B) = [ [ 06 B Byutx ) du'dE
Y Js

The coeflicient «a(x, pu, E) > 0 denotes the macroscopic absorption cross-section and

the coefficient 3(x, u, E') denotes the macroscopic absorption cross-section defined as in

(2.2); that is, we have
B(x,m, E) = / /Q(X,u —u/,E— E') dy/ dE.
v Js
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We henceforth assume that the medium is angularly isotropic. This allows the macro-
scopic cross-section to be written as a(x, p, F) = a(x, E) and the differential scatter-
ing cross-section to assume the form 6(x,u — p/,F — E') = 0(x,p - ', E — FE’');
that is, the differential scattering cross-section depends on the cosine of the angle be-
tween the incoming and outgoing directions. This has the further consequence that
B(x, 1, B) = B(x, E).

Abstractly, we may introduce a “transport-plus-absorption” or “streaming” oper-
ator £ and a “scattering” operator & whose actions on a space-angle-energy function

v(x, u, E) are given by

Lo(x,p, E)=(n-Vx +ax,E) + B(x,E))v(x,u, E),
SotxB) = [ [00xu > B Bpotx ) dudE
Y JS
and rewrite the LBTE in the following operator form:
Lu=Su+ f. (5.2)

As remarked in Adams and Larsen [I] in the mono-energetic setting, the operator
L—S§ is difficult to invert in practice, since the scattering operator introduces a coupling
over all pairs of angles and energies; this is also true for any discretisation of . The
streaming operator £, on the other hand, is generally much easier to invert; for instance,
if a discrete ordinates method in angle and a multigroup method in energy are employed,
the action of £ can be computed on a “per-energy group” basis, where in each energy
group a (large number of) first-order linear partial differential equations (PDEs) are
solved, each with a constant wind direction.

In light of this observation, the classical source iteration method has formed the basis
of a wide variety of numerical methods selected to solve the discrete equations. Starting

0 _

from any initial guess of the fluence u() (a typical choice is ul ), a sequence of

fluence iterates {u(™},>¢ is constructed iteratively via the relation
Lu™HY) =Sy 4 f for n > 0. (5.3)

In the limit n — oo, it is hoped that u(™) — u, where u denotes the analytical solution
to (5.2). Denoting by a(x) and S(x) the mono-energetic macroscopic absorption and
scattering cross-sections, the iteration defined by is guaranteed to converge for
mono-energetic problems [I] provided that

ess sup Bx)

P )+ B

An algebraically-equivalent and arguably easier-to-implement method can be ob-
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tained by introducing an auxiliary sequence {r(™},>¢:

uw® =0 = ¢
Lrth) = gp() for n > 0,

u ) = () 4 (0t for n > 0.

From a mathematical perspective, source iteration is nothing more than a precondi-

tioned Richardson iteration of the form
u™ D = (™ 4 ypt (f —(L— S)u(")) forn >0, (5.4)

with the specific choice of preconditioner P = £ and relaxation parameter w = 1.

5.1.1 Discretisation

In Chapter we presented a discontinuous Galerkin discretisation of the poly- and
mono-energetic forms of the LBTE, and in Chapter [3.4] we introduced the so-called dis-
crete ordinates Galerkin (DOG) method for the efficient implementation of the DGFEM

scheme. While both methods lead to a system of equations of the form
Tu=Su+f

where u is a vector of unknowns, the discrete ordinates Galerkin method resulted in
a transport matrix T with a (sparser) block-diagonal structure. Specifically, each on-
diagonal block matrix in T corresponded to a DGFEM matrix associated with a first-
order linear hyperbolic PDE for a single ordinate direction. We then hinted that this

equation may be solved approximately using a stationary iterative method of the form
Tu™*) = Su™ 4+ f.

While the convergence of iterative methods is the focus of this chapter, we will not
primarily focus on such methods applied to the DOG scheme. We instead opt to perform
our analysis on the original DGFEM schemes in Chapter [3.2] although we stress that
the following results can be extended to the DOG implementation; this will be discussed
in Chapter [5.5.2]

For simplicity of presentation, we shall restate the poly-energetic DGFEM problem:

find up, € Vq s,y such that

T(uh,vh) = S(uh,vh) + E(”Uh) (55)
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for all vy, € Vo 5y, where

o= [ f(

ro€Ta

—|—/ \p - njw;fvl ds
Oy ra(p)

- / |- njw, v ds)) dpdE, (5.6)
0—ra()\0-Q(n)

S(U)h,vh)Z/Y/S/(l/y/ge(xdi'u/’E/%E)'

wn (%, 0, B )on(x, u, B) dp' dE"dx dpdE, (5.7)

o) = [ [ [ rcean By a. ) dxapear
+// Z / g(x, p, BV (x,p, E) dsdpdE.  (5.8)
Y JS -k (n)No-Q(w)

k€T

(/ —wpp - Vo + (a+ Blwpy, dx
KkQ

As was noted in Chapter we may obtain discretisations of the mono-energetic
LBTE by discarding the dependency of the solution and problem data on the energetic
variables F and E’ in the poly-energetic problem above.

Since we are unable to solve the full DGFEM problem directly, we may employ
a source iteration method to find an approximate solution. The full source iteration

scheme thus reads as follows: given uglo) € Vags,y, find {ugn)}nzo C Vq s,y such that

T vop) = SW™ vy) + £(vy) (5.9)

for all v, € Vqogsy. On selection of an appropriate basis {¢i}i]\;1 C Vasy, N =

dim Vg s,v, we may define the matrices T, S € RN*N and the vector f € RY by

(T)ij =T(j,9:), (5.10)
(8)ij = S(5, 1), (5.11)
(£): =€), (5.12)

and rewrite the source iteration method in the following linear algebraic form:

Tu™* = Su™ + 1. (5.13)
Here, u™, u®*1) ¢ RN denote the solution vectors for the coefficients of ugln) and

uénﬂ), respectively, for the basis {¢;}¥ |, i.e.,

N
up = Z(ué"))isbi,
=1
N

u ) = Z(ugnﬂ))i@-

i=1
The study of the convergence of (5.9) is deferred to Chapter m
We also point out the following useful connection between the functional and linear-

algebraic forms of source iteration, which will be used throughout our analysis. Suppose
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that up, vy € Vogsy and u,v € RY are related by

N

up = Z(U)zﬂ%
2;1

vh =Y (V)ids;

i=1

then we have the following equivalences:

v*Tu = T (up,vp),
v*Su = S(un,vp),

vt = L(vp,).

We briefly remark that the quantities T, S and f are always understood to be real, and
the vectors u and v are also assumed real whenever they correspond to functions in
Va,s,v expanded in the basis described above - in this case, v* refers to the transpose of
v. However, we will permit u and v to be complex when discussing (potentially complex)
eigenvalues of the discrete iteration operators, although we will always decompose them

into their real and imaginary parts in practice.

5.2 Error Analysis for Mono-Energetic Modified
Source Iteration

We shall analyse a family of stationary iterative methods generalising the classical source

iteration method for the solution of mono-energetic problems of the form

o Vu(x, p)+ (a(x) + B(x)) u(x, p)
= S[ul(x,pn) + f(x,p) inD,

u(x, p) = g(x,pu) on ID,

where the scattering operator S[u] is defined by

St ) = [ 00x s o, ) i’

The mono-energetic LBTE can be written in the form , instead with the energetic
dependence removed from u, the data «, § and 6, and the scattering operator. By our
assumptions outlined in Chapter [3.2.5| we assume that the data «a and g are functions
of space only.

Introducing a parameter w € [0, 1] and subtracting wf(x)u(x, p) from both sides of

(5.2)), we arrive at the following (mathematically equivalent) operator equation:

Lou=S8,u+ f,
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where the actions of the modified streaming and scattering operators L, and S, re-

spectively, on a space-angle function v(x, ) are given by

Lov(x,p) = (1 Vx + a(x) + (1 - w)B(x)) v(x, p),

Sov(x, pu) = /SH(X, poop)o(x,p') dp' —wB(x)v(x, @),

For an initial guess u(?), we construct a sequence of approximations to u according to
the iteration

Lou™D) =8 u™ + f for n > 0. (5.14)

Note that the choice w = 0 reduces (|b.14)) to the classical source iteration (5.3]).
In many important contexts, the differential scattering cross-section € is a symmetric
positive-semidefinite kernel satisfying Mercer’s condition [86]: for all v € L%(S) and

x € ), we have that

//9(x7u ~p)o(p)v(p') dp'dp > 0. (5.15)
sJs
This turns out to be a desirable property when discussing the eigenvalues of the iteration

matrix, as well as the forthcoming analysis. We shall assume that 6 satisfies (5.15)). By

the definition of §(x) in the mono-energetic setting (given in Chapter [3.2.5), (.15
implies that (x) > 0 for all x € Q.

5.2.1 Discretisation

We can recast the iteration (5.14)) for the discretised mono-energetic LBTE in either a

variational or linear algebraic form - for completeness, we present both forms. Intro-

ducing the bilinear form M : Vo s X Vos — R and weighted mass matrix M € RN XN

defined for all wy, v, € Vo by

M) = [ B Ge o (x,p0) dadx
(M);j = M(¢;, ¢i), (5.16)

the modified source iteration method can be rewritten in the following functional and

algebraic forms:

T(ué"-’_l), vp) — wM(ug:Hl), vp) = S(u,gn), vp) — (,L)M(uén)7 vp)
+ C(vp,) for all vy, € Vo5, (5.17)
(T —wM)u" = (S —wM)u™ +f. (5.18)
We note that, in practice, ([5.18]) is no more difficult to implement than the standard
source iteration method - the matrix T — wM (resp. S — wM) shares the same
sparsity pattern as T (resp. S) and the action of (T —wM) ™' (resp. S —wM) on a

vector can be computed in an almost identical fashion as the action of T~! (resp. S)

on a vector.
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5.2.2 Analysis

We seek to show that the iteration defined by (or equivalently (5.18))) is a contrac-
tion mapping on Vg s and that the exact solution uy, is a fixed point of this contraction.
Rather than proving convergence in the DG-energy norm defined in Chapter
it is useful to define a family of norms ||| - [|[pa(w) : Vas — R for w € [0,1] and every

vy € Vas:
ol = [ [ (ate)+ (=)0 lonte ) et
1
w3 [ 5 U = o ol non

k€T

+ HU}JLF(7 IJ’)Hg_r@Q(u)ﬂaQ) dﬂ

Note that the family of ||| - ||| pg(w)-norms for w € [0, 1] represents a generalisation of
the DG-energy norm ||| - ||| pg; in particular, we have that ||| - |||pc = ||| - [[|paq)-

The non-negativity of a and [, together with the restriction that « is bounded
away from zero (in the mono-energetic case - see Chapter , suffice to prove that
Il - Il pG(w) is indeed a norm on Vo s. In fact, it is the natural norm in which to prove
coercivity of the bilinear form T'— wM; moreover, we have the following identity for all
v, € Vo5t

vnlllBawy = T(vn, vn) — wM (vn, vp).

When analysing the modified source iteration with a particular choice of w, we shall
always use the ||| - ||| pg(w)-norm in our analysis. However, the following lemma tells us
that these norms are actually equivalent for any choice of w € [0, 1], provided that the

global scattering ratio

¢ = esssup (a(x)ﬁ(x)) (5.19)

x€e

satisfies ¢ < 1.

Lemma 5.2.1 (||| - ||| pg()-norm equivalence). Suppose ¢ < 1. For 0 < w; < ws <1

and any vy, € Va5, we have

1 —wic

[loalll DG (ws) < llvnlllpaw) < |valll DG (ws)-

1 —wsce

Proof. For the first inequality, we remark that
a+(1l—w)f<a+(l—w)s

for w; < wq and any «, 8 > 0, and so we immediately have

Nonllp e < onlllbe,)-

For the second inequality, we define the local scattering ratio ¢(x) by

B
)= e+ 5w
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and consider the following:

ol ) :/S/Q(Oé+(1*wl)ﬂ)\vh|2 dxdp + R(vn)

non-negative face contributions

// X (e (1) Bl dxdut R(w)

a+(1—w)p
wlc 2
= 1—
|| 20+ (= w)lonl? dxdpe+ R(wn)
1—wic

IN

//(a+(1—w2)5)|vh\2 dxdp + R(vp)

1_(.026 sJO

< Lowe (/S/Q(a+ (1= w2)B)lon? dxdf”R(”h))

1 —wse
1 —we 9
= 1o llenllfegen-

O

We shall now turn our attention to the bilinear forms appearing on the right-hand
side of (5.17)). The bilinear forms S and M are related through the differential scattering

cross-section 6, as the following lemma shows.

Lemma 5.2.2. The bilinear forms S, M : Vo s x Vaos — R are symmetric and positive-

semidefinite, and the following relationship holds for all wy, vy € Vas:

m\»—\

|S(wh,vp)| < M(whawh)%M(Uhavh)
Proof. For any wp, v, € Va5, we have
Stwnon) = [ [ [ 06cs e, a) dit’ dnx
aJsJs
=///9(x, B pvn(x, pwp(x, 1) dpdp’ dx
aJsJs
- S(Uha U)h),

and a similar result can be shown for M. Positive-semidefiniteness of S follows
from recalling that 0(x, @ - p') satisfies Mercer’s condition for any x € . Positive-
semidefiniteness of M follows from the non-negativity of 3.

The first relationship between S and M follows from the Cauchy-Schwarz inequality

and the connection between 6 and [3:

S(wh,vh)z///H(X,u-u')wh(x,u’)vh(x,u) dp dpdx
QJSJS

- </Q/S/s9(x’“ - wn (x, 1) dp! dudx>;
(/Q/S/se(x’“ Yo (x, ) dp dudx)é
: </Q/Sﬁ(X)|wh(X,”/)2 du’dx>2 </Q/S/8(X)|’Uh(xa w)? d;udx>2

= M(wmwh)%M(vh,vh)%.
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Remark. As a consequence of Lemmal[5.2.3, we get that
0 S S(’Uh,'l)h) S M('Uh,'l)h)

for all v, € Vags.

Remark. The relationship between S and M above is a restatement of Lemma[3.3.1] in

the mono-energetic setting.

The properties of symmetry and positive-semidefiniteness of S and M are inherited
by the linear algebra quantities S and M. However, the bilinear form S — wM (or
equivalently the matrix S — wM) is generally symmetric indefinite; that is, there exist

wp, vy, € Vo s such that
S(wp, wp) — wM (wp, wp,) < 0 < S(vp,vn) — WM (vp, vp).

This means it cannot necessarily induce a (semi)norm, although we have the following
bound for all wy, v, € Vo and w € [0,1] by naive applications of the triangle and

Cauchy-Schwarz inequalities:

N

S(wh,vp) — wM (wh, vn) < (14 w) M(wh, wy)2 M (vh, vp)2.

However, we will require a stronger “Cauchy-Schwarz-like” bound for the bilinear form
S(-,+) — wM(-,-). We shall work around this problem by invoking the following the-
orem by Horn and Johnson [51] regarding the simultaneous diagonalisation of two
Hermitian positive-semidefinite matrices by congruence. We remark that a matrix
M = (m4;)} =1 € C"*" is Hermitian if m;; = my; for all 1 <4,j < n; equivalently, M

is Hermitian if M = M .

Theorem 5.2.3 (Thm. 7.6.4b). If A,B € C"*"™ are Hermitian positive-semidefinite

matrices and rank(A) = r, then there exists a nonsingular S € C"*™ such that

A =S(I,30,_,)S",

B = SAS*,

where @& denotes the direct sum of matrices and A is a non-negative diagonal matriz

with rank(A) = rank(B).

We shall now resolve the problem of indefiniteness of S — wM by proving the following
“Cauchy-Schwarz-like” inequality.

Lemma 5.2.4. For any wy, vy, € Vo and w € [0, 1], we have that
|S(wp, vr) — wM (wp, vg)| < r(w)M(wh,wh)%M(vmvh)%,

where r(w) = max{w, 1 —w}.
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Proof. We remark that it is sufficient to prove that
IV¥(S — wM)w]| < r(w)(w*Mw)2 (v Mv)?2

for all w,v € RV, owing to the connection between bilinear forms and matrix quantities.
However, it shall be convenient to instead prove the inequality above for all w,v € CV.
Since S and M are both real, symmetric and positive-semidefinite, Theorem [5.2.3| can

be applied. By that theorem, there exists a nonsingular R € CV*" such that

S =RAR",

M =R(I, ® Oy_,)R*

where r = rankM and A is a non-negative diagonal matrix with rankA = rankS.

Introducing the matrix W = R™* € CV*¥ | we equivalently have

W*SW = A,

WMW =1, ©0y_,.

Let {w;}Y, € CV denote the columns of W. The above equalities show that this
set of vectors is both 8- and M-orthogonal, in the sense that w;Sw; = w:Mw,; = 0 for
i # j. Considering only the diagonal entries of A and I, & Oy _,, we have the following

for 1 <i< N:

By Lemma [5.2.2] we have that 0 < A\; < 1for1 <i<rand \; =0forr+1<¢<N.
We can therefore write A = A @ On_,, where A € R™%" is a non-negative diagonal

matrix.
Now consider the product MW A:
MWA =W (I, ® Ox_,)(A ® On_,)
=W (1,4) & (0%_,))
~wW (Aooy,)
=WA
=SW.

It follows that the vectors {w;}¥.; C CV are generalised eigenvectors of the generalised

eigenvalue problem
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with corresponding generalised eigenvalues on the main diagonal of A. Moreover, since
W is nonsingular, these eigenvectors span CV. If we have wMw; > 0, then ); is given

by

w Sw;
A= ——2€<10,1].
wiMw; €(0.1]

The statement that A; € [0, 1] follows from Lemma [5.2.2} If, on the other hand, we have
w;Mw; = 0, we can choose to define A\; = 0 since we also have w;Sw; = 0. Therefore,
the diagonal entries of A lie in the interval [0, 1].

We are now ready to prove the statement above. Since {w;}¥ ; spans CV, we can

expand w and v in the generalised eigenvector basis:

N
W = E Q; Wi,
i=1

N
V= Z Biwi,
i=1

where «;, 8; € C for 1 < ¢ < N. Evaluating the indefinite bilinear form directly, we have

N - N
v (S —wM)w = Z Biw; | (S—wM) (Z aiwi>
j=1 i=1

N
= Z ;B (wiSw; — ww;Mw;)

ij=1

N
Z ;B (WISw; — ww;Mw;)

i=1

N
= aif; (\i —w)w;Mw;.
i=1

We have used the fact that {w;} ; are simultaneously S- and M-orthogonal and satisfy
the aforementioned generalised eigenvalue problem. In view of obtaining the bound in
the statement of the lemma, we have

N
> @B (A — w)wi Mw;

=1

[v*(S —wM)w| =

N
< sl 1Bl [N = w| wiMw;

i=1

N
N
< (i |\ = wl) - Jaal 18] wiMw,;

=1

N 5 /N 3
< _ 12w ) 12w )
< (Ogl%u w|> <2a1| WzMWz) <Z@Z| szw,)

=1
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= max{w,1 — w}

M=
S
QQ*
E
<
=

N————

] =
iS
=
k}g*
<
=

N 3
= max{w, 1 — w} Z ajw; | M <Z aiwi> .

N * N
> Biwi| M (Z @'Wz)
=1 /
= max{w, 1 — w}(w*Mw)% (V*MV)%.

Here, we invoke the triangle inequality, the Cauchy-Schwarz inequality, the fact that
each \; € [0,1] and the fact that the vectors {w;})¥ | are M-orthogonal. O

One more lemma is needed that relates the bilinear form M back to the natural norm

Il [l pG(w) used in the proof of convergence of the modified source iteration method.

Lemma 5.2.5. For any vy, € Vas, w € [0,1] and ¢ < 1, we have

Cc

M (vn,vp) < 1 wc|||vh\|\2pc(w)-

Proof. The proof closely follows that of Lemma [5.2.1] Recalling the definition of ¢ in

(5.20), we have
M) = [ [ sl dxdn
sJa

B e d
‘/S/Qaﬂl_wm( + (1= w)B)lonl* dxdp
SJQ

1—we

/S/Q(O‘ + (1= w)B)[onl* dxdp

c

IN

1 —we
c

IA

—llonllle-

O

We are finally ready to prove a priori and a posteriori error estimates for the modified

source iteration by invoking Banach’s fixed point theorem.

Theorem 5.2.6 (Convergence of MSI). The map F' : Vos — Vas defined, for any

wp €Vas, c<1landw € [07 i) as the solution to the variational problem
T(F(wp),vn) —wM(F(wp),vn) = S(wp,vp) — wM (wp, vp) + £(vg) (5.21)

for all vy, € Vq s admits a unique fized point up, € Vo s provided that ¢ < 1, where

_ r(w)e ¢ max{w, 1 —w}

C1l-—we 1 —-wec
Moreover, the sequence {ugln)}nzo C Vas defined by ugnﬂ) = F(uﬁl")) forn >0

converges to up for any choice of uéo). We also have the following error reduction
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formula, a priori error estimate and a posteriori error estimate for the ||| - ||| pg(w)-norm

solver error:

n+1 n

1ug™™ — unll e < 4 llluf” — unlllpew),
+1 q" 1 0

™ = wnlllpg < 1 lus” = llpac):
n+1 q n+1 n

™ = unlllpacs < 7 llu™ = 6l

Proof. We first remark that the mapping F' is well-posed in the sense that the variational
problem (5.21)) for F'(wy,) is well-posed for any wy, € Vo s. Let wy,ws € Vo 5. We have

[F(w1) = F(w2)|[[hg(w) = T(F(wi) = F(ws), F(w:) — F(ws))
— wM(F(w) — F(ws), F(wy) — F(w2))
= S(w1 — w2, F(wr) — F(w2))

— wM(wy — we, F(wy) — F(ws)).
Invoking Lemmas and we get

|| F(wy) — F(wz)H\QDG(UJ) < r(w) M(wy — wa, wy — ws)?-
M(F(wy) — F(wy), F(w;) — F(ws))?

< r(w)e

T—we wr = w2lllpa)[1F(w) = Flwa)ll b )

On rearrangement, we obtain the following contractive property of F for all wi,ws €

Vas:

r(w)c
I1E(w) = F(w2)lllpaw) < 77— lllwr = walllpgw)-
r(w)c
1—we

In order for F' to be contractive, we require that ¢ = < 1. For any given

0 < ¢ < 1, this is achieved if 0 < w < 2% Under these assumptions, we have a
contraction mapping on Vog. Since (Vags, ||| - ||[pc(w)) is a non-empty and complete
metric space, Banach’s fixed point theorem implies that F' has a unique fixed point
up € Va5, and that the sequence {ugln)}nzo C Vq s defined by ugnﬂ) = F(u%")) for
n > 0 converges to uy for any choice of uglo) € Vas.

The proofs of the three error bounds are straightforward. The error reduction in-
equality is proven by the definition of the fixed point u; and the relationship between

consecutive terms in the sequence {ugln)}nzo:

n+1 n n
™™ = unlllpa) = 1F@M) = Fun)llpaw) < g lllul™ = unlllpaw)-

Applying the triangle inequality after one application of the error reduction inequality

yields

n+1 n n+1 n+1
[ W =Y 4w — |l poge)

(n+1)
h

—unll|paw) < q [l|u

-1
< a(Illuf” =" Pllipge + g™ = wnlllpee ) -

135



The a posteriori error estimate follows on rearrangement. The a priori error estimate
follows from applying the error reduction estimate n times, followed by one application

of the a posteriori error estimate:

™™ = unlllpa) < " lus? = unlll Do)

q" 1L _ (0
< T-4 g, = wy, [l pGw)-

O

We have proven that the family of methods (5.14) discretised using discontinuous
Galerkin finite elements in the space-angle setting is convergent for all w € [O, i), where
¢ < 1 denotes the global scattering ratio. This was achieved by showing that the map

between successive fluence approximations is a contraction with factor ¢ = % For

_ 1
at w = 3. In

C
2—c

fixed ¢ < 1, the contraction factor assumes its minimum value of
contrast, when w = 0, reduces to the classical source iteration method, and the
contraction factor assumes the value of ¢ - this agrees with the classical result in the
infinite-medium setting [IJ.

By using Lemma in conjunction with Theorem [5.2.6] it is possible to derive
a priori and a posteriori error estimates in ||| - ||| pg(.) norms for values of w different
from those employed in the iterative scheme. However, such bounds may lose sharpness
by exploiting norm-equivalence. We instead focus on deriving a computable a posteriori
error estimate in the ||| - ||| pg-norm, which we earlier remarked is identical to the ||| -

Il |DG<1)-n0rm.

Theorem 5.2.7. Let {ugn)}nzo C Va,s be constructed as in Theorem with a fized

value of w € [O, 2%) and assume that the global scattering ratio ¢ < 1. At the n'" modified

(n)

source iteration, the DG-energy norm of the solver error u, ' — uy, satisfies
C 1 —1
g = wunlllpe < r(w)y) 7= 182" = a2,
Proof. Letting e,(ln) = uén) — up, we have

e 1he < Tl ei) — S(ep” ef”)
= [T, ef) = wM(ef” ef”)] = [S(ef” ef) = wM (el )]
- [S(e%ﬂfl), e;ln)) — cuM(eEln*l)7 ei"))} — {S(eﬁ"), egln)) — wM(eEln), eén))}
= S(uy ™ —ul”,ef) — wM (D —uf el
< r(w) M(ug™ w7 =) EM (e o)

c

n—1 n n—1 n)y L n
<r(w) Mu{"™ —u{™ W — w3 be,

1 —-wec
where we have invoked Lemma [5.2.5] The a posteriori error bound is proven on rear-

rangement. O
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Finally, we shall present the following residual-based a posteriori error estimate

which is valid for any approximation of the solution of the discrete problem.

Theorem 5.2.8 (DG-energy norm a posteriori error bound, mono-energetic version).
Define an inner product (-,-)r2 (py : Vas X Vas — R and associated norm || - ||z (p) :

Vas — R for all vy, wp, € Vo s by

(wh, 0h) 12 () = / / (xX)n (%, 15)on (%, 1) dxddp,
SJQ

llonllz2 () = 1/ (Vh, v8) L2 (D)

Let up, € Vo s be the exact solution to the variational problem
T'(up,vn) = S(un,vn) + €(vn)
for all v, € Vags, and 4y, € Vo denote any approximation of un. Then we have

[[un = @nlllpe < llrallzz (o),

w

where rp, = T (Un) € Va,s denotes the unique solution to the following variational prob-

lem for all vy, € Vo s:
(ra(@n), vn)r2, ) = L(vn) = (T'(Gn, vn) — S(@n, vn)) -
Proof. We have
llun = @n|l[pe < T(un — n,un — an) — S(un — an, up, — )

= E(uh — '&h) — (T(ﬁh,uh — @h) — S(ﬁh,uh — @h))

= R(uh - ﬁh)7

where R : Vqos — R denotes the residual functional. By the Riesz Representation

Theorem, there exists a unique r;, € Vo s satisfying

(Thsvn) L2 (D) = R(vn) (5.22)
for all vy, € Vo s. Therefore, we have

un = anll[pe < Run — in)
= (Th,un — Un) L2 (D)

< |lral

2,0yl [un — Gnl|L2 (D)

w w

<|lrallez, (coylllun — nlllpe,

where we remark that ||vs |2 (p) = Ha%vhHLz(D) <|||lvn|l|p¢ for all v, € V5. Dividing

both sides by |||up — @n|||pe retrieves the desired bound. O
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We conclude this section by showing how the a posteriori error estimate can be

evaluated in a linear algebraic setting. We first denote by r,@ € RV, N = dim Vg g, the

vector of expansion coefficients of 7y, up € Vo in the basis {pit
N
rh =Y (r);é;, (5.23)
j=1
N
i =Y _(10);0;. (5.24)

.
Il
_

We note that the coefficient vector @ is assumed to be known. Inserting ([5.23) and
(5.24) into (5.22)) and setting vy, = ¢; for 1 < i < N yields the following linear system

of equations for the vector r:
Mr=f—(T-S)u=:r1,

where © € RY denotes the true residual vector induced by the approximation @ and the

RNXN

entries of the mass matrix M € are given by

(M)ij = (¢5,bi) 2, (D)- (5.25)
Moreover, the a posteriori error estimate can be written as
7nll L2 0y = 1/ (rhsTh) 2 () = VI T M.
Putting everything together, the a posteriori estimate can therefore be evaluated as
l7nllz2 (py = VET M~ 11 (5.26)

Remark. The a posteriori error estimate in the statement of Theorem[5.2.8 is in fact
not sharp. Indeed, a sharper estimate can be employed by replacing the (-, ~)Lgv(p)—inner
product with an inner product (-,-)pe induced by the DG-energy norm, defined for all

wp, vy, € Va5 by the polarisation identity

1
(wh,vn) DG = I (Illwn + valllpe — wn — valllbe) -

However, the mass matriz induced by the inner product (-,-) pg has a slightly denser
structure than the mass matriz induced by the inner product (-, ~)L%J(D). In the latter case,
the mass matrix is block-diagonal, with each on-diagonal block matrix corresponding to a
space-angle-enerqgy element. In the former case, however, the mass matriz has additional
off-diagonal blocks due to the additional face terms present between neighbouring spatial
elements. Therefore, the application of the mass matriz inverse cannot be performed

separately for each space-angle-energy element.

Remark. The residual vector t and mass matriz M can be partitioned into blocks:

I M,
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where, for each 1 < k < |Tas|, Tx and My, respectively correspond to the local residual
vector and local space-angle mass matriz on a unique space-angle element pair kg X kKg €
Tas. By constructing an appropriate bijection from {1,2,...,|Tas|} to the elements of

Ta,s, the a posteriori error estimate in can be written as

up — || pa < gAY I
Il llpe< [ > #IM
KETQ,g

That is, the a posteriori error estimate proven in Theorem[5.2.8 can be used to compute

local solver error estimators for each element in the space-angle mesh.

5.3 Spectral Properties of Modified Source Iteration

Having shown that the family of modified source iteration methods converges for selected
parameter values and has computable a posteriori error estimates, we turn our attention
to the spectral properties of the iteration by means of analysing the iteration
matrix G, € CN*V defined by

G, = (T —wM) " (S —wM). (5.27)

For a matrix G € CV*¥ | we denote its spectrum by o(G) and define it as the subset

of C containing the eigenvalues of G; that is,
o(G)={A € C:Gv = \v for some v e CV\ {0}}. (5.28)

We similarly denote the spectral radius of G by p(G) and define it as the largest absolute

value of any eigenvalue of G; that is,
p(G) = max{|\|: A € c(GQ)}. (5.29)

We will specifically identify subsets of the complex plane containing the spectrum
of the iteration matrix , as well as its spectral radius, given as functions of the
relaxation parameter w. The motivation for doing this is to better understand the
convergence of over-relaxed variants of source iteration and Krylov subspace methods
with multiple-transport-sweep preconditioners.

Note that the matrix T — wM is invertible since the corresponding bilinear form
T —wM is coercive in the || - || pg(w)-norm. In the following work, we shall assume that
the scattering kernel 6 satisfies Mercer’s condition and that the mono-energetic LBTE

is discretised using discontinuous Galerkin finite elements in space and angle.

5.3.1 Spectrum of Gy

We commence with the following straightforward result on complex numbers, which will

be used in the spectral analysis.
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Lemma 5.3.1. Let o, 5,7,p € R with >0, p >0 and <p.

B
1. If « > 0, then

o _rlor
B+ivy 2 2
2. If a <0, then
o P P
Pl< B
’ﬁ+i7+2‘2

Proof. We consider each case separately.

2_ a p a p

- (ﬂﬂ'v_?) (52‘7_2>
o pa 20 P

By 2 Py a

02

4

1. We have 0 < a < pf and

[Nl st

«
B+iv

<
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Lemma 5.3.2. Every eigenvalue A\, € 0(Gy,) can be written in the form
A
Ay = —" 5.30
g Bk + ik ( )

where ay, Bk, vk € R are constants depending on the real and imaginary parts of a

corresponding eigenvector Vi.

Proof. Let A\ € o(G,,) denote an eigenvalue of G, and v, € CV a corresponding
eigenvector. We have

(T - wM)_1 (S — wM) vi, = A\pvi.
Multiplying both sides by v} (T —wM) and rearranging, we get

vi (S —wM) vy

Ak = vi (T —wM) vy

Introducing xz,yr € RY such that v = xj +iy, and recalling that S and M (defined in
(5.11) and (5.16)) respectively) are Hermitian, the result of the lemma is readily shown:

Vi (S —wM) vy =x; (S—wM)xi + vy, (S —wM)ys,

=0k

Vi (T —wM) vy =x; (T —wM)x; +y; (T —wM)yy
=:Bk

+i [x) Ty, — yp Txx] -

=k
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Remark. The division by the term v} (T — wM) vy, is reasonable since the real part of
this term is equal to ||U1||%G(w)+\|vg||%G(w) for some v1,v2 € Va5, with vy (resp. ve) the
finite element function corresponding to x (resp. y) - at least one of these DG(w)-norm

terms must be non-zero.

Theorem 5.3.3 (Bounding discs of MSI spectrum). The spectrum of the modified source
iteration matriz G, satisfies

(6= D (5 ey si=eg) VP (ar ey BT o)

where the sets D(a,s) are defined for a € C and s > 0 by
D(a,s)={z€C:|z—a| <s}.

In particular, we have

s e 0 (G2 o) en (0.5

2(1 — cw)’ 2(1 — cw) 1—cw
and
cr(w)
<
p(GW) — 1 _Cw’

where r(w) = max{w, 1 —w}.

Proof. Letting A\, € 0(G,,) and using the definitions of ax, Bk, 1 € R and x,y, € CV
in Lemma it suffices to prove that S > 0 and |ay| < pBj for some p > 0, which

will depend on the sign of ay. In fact, we automatically have that S > 0 since
Br = x;; (T —wM)x;, +y;; (T —wM) y,
and the right-hand-side above can be expressed as

T(w,2) = wM(z,2) + T(y,y) = wM(y,y) = llz[l[pe) + I1¥lllbew) > 0

for some z,y € Vaogs \ {0}.
Lemmas [5.2.2 and [5.2.5 will be translated from the language of bilinear forms to the
language of vector-matrix-vector products and used to prove that |ay| < pfi for each

of the cases a, > 0 and oy, < 0.
1. If o > 0, we have
0 < ay
=x} (S—wM)x, + ¥/ (S—wM)yy

< (1 —w) xg Mxj + (1 —w) y; My

c(l-—w) + c(l—w) +
< — T — wM _ T - wM
< D wMy + D Ty,
c(l —w
ey
—w
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Here, we have used Lemma for the first inequality and Lemma for the

c(l—w)
1—cw

/\k€D<C(1w) C(1W)>.

2(1 — cw)’ 2(1 — cw)

second inequality. Invoking Lemma with p = shows that

2. If a, <0, we have

OSfozk

—x; (S —wM)xx —yj (S —wM)yy

<w xZMxk—l—w y,jl\/[yk
cw cw

<o % (T-wM)x,+ —— vy (T - wM)yy
cw

= 1=

Here, we have used Lemma for the first inequality and Lemma for the
second inequality. Invoking Lemma with p = %2~ shows that

M\ €D (2(16_000@’ 2(1C—wcw)) '

Since each Ay lies in one of these two discs, 0(G,,) is contained in their union. The

final two results follow by straightforward geometric considerations. O

We can draw some similarities to the previous a priori convergence analysis of the

c r(w)

modified source iteration method. The contraction factor 3—-

appearing in the error
reduction bound in Theorem is precisely the (upper bound on the) spectral radius
of G,. We remarked that the choice w = % is optimal in the sense of minimising
the contraction factor - in light of Theorem [5.3.3] we now recognise that this choice
“centralises” the spectrum of the iteration matrix at the origin in the complex plane.

This is shown in Figure [5.1

5.3.2 Related linear solvers

Successive over-relaxation (SOR) In light of Theorem we can make a di-
rect comparison between the modified source iteration (5.18) and the following relaxed

variant of the classical source iteration method:
u) = ¢ 4 ! (f (T - S)u<n>) . (5.31)

The iteration can be thought of as the specific application of the preconditioned
Richardson iteration recast in a linear algebraic form. Here, 0 < w < 2 is an
over-relaxation parameter. When w < 1, the method is under-relazed; when w > 1,
the method is over-relaxzed; and when w = 1, reduces to the source iteration
method . We will henceforth denote by wjss; the relaxation parameter used in
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Figure 5.1: Bounding discs for the modified source iteration method with ¢ = 0.4 (left)
and ¢ = 0.7 (right) for different values of 6 € [0,1]. Dashed grey circle shows the
boundary of D(0,1). Blue: § = 0. Red: 8 = 0.25. Green: § = 0.5. Yellow: § = 0.75.
Cyan: 6 = 1.

the modified source iteration method and by wsor the relaxation parameter used
in the successively-over-relaxed source iteration method to avoid confusion.

The family of iteration matrices G(wgor) corresponding to the iteration is
defined by

G(wsor) = (1 —wsor)I +wsorG,

where G is the iteration matrix for the classical source iteration (i.e. wgor = 1, wyrsr =

0) and, by Theorem satisfies

Through the relationship between G(wsor) and G, it can be shown that the spectrum

of the relaxed iteration matrix is also contained in a disc in the complex plane:

CWSOR WSO
0(G(wsor)) € D (1 —wsor + TR7 TR> ;

from which it can be deduced that

p(G(wsor)) < ‘1 — wsoR + CWSQOR’ CMZOR-

Table shows a comparison between the spectral properties of the modified and
relaxed versions of source iteration. The results of the relaxed version of source iteration
are consistent with the analysis of Wang [100], where the theoretical optimal choice
of wsor was also found to be close to ﬁ In that work, however, a scheme based
on different spatial and angular discretisations was analysed, and the result proven
there was explicit with respect to the optical thickness ¢ of the medium. We recall the
definition of € in .

The most striking similarity is that the optimal choices of wasg5 and wsor minimising

the spectral radius of the iteration matrices of both methods yield the same upper bound

143



of 5. In fact, by substituting
1

WSOR = 77—
1-— CWMST

into the second column of Table the bounding discs, spectral radii, convergence cri-
teria and optimal parameter choices between the modified and relaxed source iterations

all agree. This establishes the modified source iteration as a type of over-relaxation

method.
Modified SI (w = wMSI) Relaxed SI (w = wSOR)
Tteration matrix (T —wM) ™" (S — wM) (1-wI+wT 'S
. . c(1—2w) c cw  cw

Boundlng dlSC D (m, m) D (1 —w + PR 7)
Spectral radius = (|w - %‘ +1) ’1 —w+ %“’ + %

Convergence O<w< i O<w<?2

Optimal parameter choice w= % w= %_C
Optimal spectral radius 5 5

Table 5.1: Comparison of spectral properties of modified source iteration (|5.18) and

relaxed source iteration lj

The modified source iteration method enjoys a couple of benefits with respect to
the over-relaxed source iteration method. Firstly, the optimal choice of the parameter
wrsr 1s independent of the global scattering ratio ¢ (defined in ), as opposed to
the parameter wsor whose optimal choice depends on c¢. This is useful since we no
longer need to have accurate approximations of ¢ in order to implement the version of
the method with (theoretically) the most rapid convergence. Moreover, ¢ may not be
representative of the local scattering ratio ¢ (defined in ) everywhere in the spatial
domain if the medium is heterogeneous - the modified source iteration method naturally
respects variation in the local scattering ratio.

Secondly, the analysis of the modified source iteration method readily yields a poste-
riori error estimates on the solver error, which are not so straightforward for the over-
relaxed source iteration method. This is because one needs to prove sufficiently-sharp
continuity bounds for the terms involving the bilinear form (1—wsor)T(+, ) +wsorS(:, )
with respect to some DG(w)-norm. In the modified source iteration case, this bound was
provided by Lemma - however, the relationship between the (Hermitian positive-

semidefinite) bilinear forms S and M was instrumental in the proof of that lemma.

Generalised Minimum Residual (GMRES) The generalised minimum residual
method (GMRES), developed by Saad and Schultz [84], is one of the most widely-used
Krylov subspace methods for large, sparse non-symmetric systems of equations. Applied
to the linear system

Ax=Db
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with an initial estimate xo, GMRES constructs a sequence of Krylov subspaces I,
defined by
Kn = Span{rOa AI'(), s 7An71r0}5

where rg = b — Axg is the initial residual error. At the n'” iteration, the corresponding
approximation x, to x is selected to be the minimiser of the Euclidean norm of the
residual error r,, = b — Ax,, from x¢ + K,,; that is, x,, is the unique solution to the
following minimisation problem:
X, = argmin ||b — Ay]||s. (5.32)
ye€Xo+Kn
In practice, the Arnoldi iteration is employed to construct an orthonormal basis
{vi}™_, for K,,. At the n*" step, the new basis vector v,, is obtained by orthonormalising
Av, _; against all previous basis vectors {v; ?:_11. This process additionally returns an
(n 4+ 1)-by-n upper Hessenberg matrix H,,, which is used in the solution of the least-
squares problem . The least-squares problem can be written in the form

yn = argmin||Se; — H,y||2, (5.33)
yER™
where B = ||rg||2 and e; = (1,0,...,0)T. This problem (of size n) can be solved

using repeated applications of plane rotations and additionally returns the Euclidean
norm of the residual error [|r,||2 as a by-product, which may be used to terminate the
GMRES iteration early if the linear system is solved to a sufficient accuracy. Writing the
matrix V,, = (v1,...,V,), the nt" approximation to the solution of the linear system is
constructed as

Xp = X0+ Vyp¥n.

GMRES is an example of a direct linear solver since, in exact arithmetic, the true so-
lution to the linear system of equations is returned after IV iterations, where N denotes
the number of unknown variables to solve for. However, since the sequence of approxi-
mations x,, are chosen to minimise the residual error in the nt* Krylov subspace, it is
often sufficient to terminate the iterative process when the residual error is smaller than
some accepted tolerance. One may also be forced to terminate or restart GMRES when
the dimension of the Krylov subspace has grown large enough that one may not store
the full basis.

The convergence of GMRES in the worst-case scenario is well-known - for any non-
increasing sequence of non-negative real numbers (r,,))_, with 7y = 0, one may find a
N-by-N linear system Ax = b for which (r,)"_, is precisely the sequence of residual
errors 1, = ||b — Ax,|| obtained from the GMRES algorithm [46]. In particular, one
can construct a problem for which the sequence of residual errors is non-decreasing for
the first IV — 1 iterations and convergence is only reached on the last iteration.

Outside of such pathological cases, the convergence of GMRES can be characterised

by a number of different properties of the coefficient matrix A - an interesting review of
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some techniques for obtaining bounds on the sequence of residual norm errors is given

n [4I]. We shall focus on the simplest convergence result based on the eigenvalues of

A.

Proposition 5.3.4 ([83], Prop. 6.32). Assume that A is a diagonalisable matriz and
let A = XAX ™! where A = diag{\1, \a,..., AN} is the diagonal matriz of eigenvalues
of A. Define

(m) _ ; .
e\™ = a i)l
PEPmp(0)=1 =1 N ()]

where P, denotes the space of polynomial functions on C of degree m > 0. Then, the

residual norm achieved by the m* step of GMRES satisfies the inequality
e |2 < r2(X)e™ |02,
where k2(X) = ||X||2||X 7|2 denotes the 2-norm condition number of X.

If the spectrum of A is known to satisfy
0(A)C{ze€C:|z—a| <r}=:D(a,r)

for some a € C and r > 0, the residual error bound given in Proposition can be

made explicit with respect to a and r through manipulation of the quantity e("):

< ra(X i i
([emll2 < Fa(X)lrollo_ min - max |p(A)]

min max
pEP,,,p(0)=1 AXeD(a,r)
< ka(X)|[rol[2  max

(-2
AeD(a,r) a

~ra (Ol (1) (5.3

la

< ra(X)roll2 (V)]

By itself, GMRES may not be rapidly convergent, or may even stagnate. However,
one may employ preconditioning operations to accelerate the convergence of GMRES.
Loosely speaking, a preconditioner P~! ~ A~! is an operation chosen such that the
condition number of P! A is smaller than that of A. GMRES may be implemented
with left, right or split-preconditioning [83]; for generality, we shall describe the case
with split-preconditioning. Assume that P &~ A is (the inverse of) a preconditioner
for the matrix A which may be factored as P = Py Pg. Split-preconditioned GMRES

attempts to solve the linear system
P;'AP;'u=P;'b

for the auxiliary variable u, followed by a transformation back to the original solution
variable x via

_ p-1
x=Pru
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At the n'" step, split-preconditioned GMRES will attempt to minimise the left-

preconditioned residual
IPL'D —PLIAPL w2 = P71 (b — Ax,) |2

Left- and right-preconditioned GMRES can be thought of as special cases with Pr =1
and Py = I respectively.

By careful selection of the left- and right-preconditioners, we can exploit the split-
preconditioned GMRES method to terminate once the residual-based a posteriori error
estimate given in the statement of Theorem [5.2.8| is smaller than a given tolerance,
without explicitly computing the residual error vector, for the case of the discretised
LBTE system

(T—S)u=Hf.

Theorem 5.3.5. Let T, S and f be as in , and respectively, and let
P ~ T — S denote any preconditioner for the matriz T —S. Let M be as in , and

let L denote the (lower-triangular) matriz in the Cholesky decomposition M = LL'.
Finally, for any A € CN*N, g ¢ CN and TOL > 0, let gmres(A, g, TOL) denote an
implementation of the GMRES algorithm returning an approximation 0 € CN to the

true solution u € CV of the linear system
Au=g

satisfying ||g — Au||la < TOL. The following function calls

% « gnres(L™Y(T — S)P~'L,L~'f TOL),

<+ P 'Lz
generate an approzimate solution Uy =~ up € Vs to the solution of the (discrete) vari-
ational problem satisfying

[un — |l pe < TOL.

Proof. Consider the following splitting of the preconditioner P:

P= L -L'P.
~ ——
=:P; =:Pgr

The sequence of calls then assumes the form
2 + gures(P, (T — S)P,', P, 'f, TOL),
a+ Py'z,
which generates a vector 1 satisfying ||[L~'#||; < TOL, where £ = f — (T — S)@ denotes
the residual vector induced by . But we have
IL7'%||p = V#*L—*L-1t

= ||rullLz (py,

w
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where we have used the fact that M~ = L™*L~! and the definition of ||ry||.2 (p) in

(5.26)). Using Theorem we therefore have

Up — ’lAj,h DG = ||Th||L2 (D) = L™'r 2 < TOL.
O]

Remark. The result of Theorem|5.3.5 applies to both mono-energetic and poly-energetic

problems. In the latter case, the a posteriori error estimate is provided by Theorem|[5.5.

in Chapter[5.5.1]

Remark. The result of Theorem[5.3.5] still holds when the function GMRES is used with

restarting.

5.3.3 Transport-Based Preconditioners

We shall now discuss preconditioning techniques for Krylov subspace solvers based on

transport sweeps [77]. Specifically, we shall consider the model problem
I-G)x =D,

where G is an iteration matrix associated with the (convergent) stationary iterative
method
Xnt+1 = Gx, + b.

We shall assume that ¢(G) C D(a,r) is known a priori for some a € C and r >
0. Using this assumption, we shall construct preconditioners for the matrix I — G as

polynomial functions of G:
n—1

pit= S aGh
k=0

where the coefficients {ai")}z;é C C are to be determined. The preconditioner P!
may be applied on the left:
P '1-G)x=P,'b,

or on the right:

in the context of Krylov subspace methods. The spectral properties of the left- and
right-preconditioned systems are identical, and in practice both approaches tend to share
similar convergence properties. For simplicity, we shall first study the left-preconditioned
case.

The following theorem provides a family of preconditioners based on a priori knowl-

edge of the iteration matrix G.
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Theorem 5.3.6. Let G be a matriz satisfying
o(G) C D(a,s)

where a € R\ {1} and s > 0. The family of polynomial preconditioners P,;1 for the
matriz I — G of the form

n—1
P;l = Z a,(cn) G’k
k=0
. . (n)\n—1 :
with coefficients {a; '} —_y C R given by

n 1 n—j
al(c )= a—ar Z | (=)

j=k+1 \J

sI-P:'1-G)CD <0, (1fa>n> .

Moreover, if G = VDV ™! is diagonalisable and s < 1 — a, then

satisfies

Ra (P (I = G)) < Ra(V) H(l_a>: (5.35)
(=)

where k2 (V) denotes the 2-norm condition number of V.

Proof. Consider the family of maps f,, : C — C defined by

Ful2) =1 (Z;a)n

Note that f,, maps D(a, s) into D(0,r,); in particular, it maps o(G) into D(0, 7).

Our objective is to select the coefficients {a,(cn)}z;é such that P, (I - G) has eigen-
values clustered about 1; or equivalently, that I — P,;1(I — G) has eigenvalues clustered
about zer(ﬂ We shall achieve this by balancing the coefficients of {Gk}zzo in the

equation

I-P'(I-G)=f,(G):i=r, (G—al)”

S

and solving the resulting linear system for the coefficients {a](fn)}z;é as well as the

maximum distance 7,, between 1 and any eigenvalue of P, }(I — G). For simplicity, we

shall introduce R,, = r,s~"™ and rewrite the equation above as

n—1
(Z afﬁc;k) I-G)+ R, (G —al)" =L
k=0
Balancing the I = G° and G™ terms first, we obtain

ag") +(—a)"R, =1,

—a", + R, =0.

I'We recognise that the matrix T — Pﬁl(I — G) is the iteration matrix corresponding to a precondi-

tioned Richardson iteration with preconditioner P, L
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Balancing the remaining G’ terms for 1 < j < n — 1, we obtain

a

(n) _
J

a§-'i>1 +

_ (—a)" R, = 0.
J

We arrive at a system of n+ 1 linear equations in n 4+ 1 unknowns, which can be written

in the following form:

This system can be solved straightforwardly using Gaussian elimination.

n n
(—a)
0
n
: (_a)n—l aén) 1
al™ 0
1
n
(_a)n—2 agn) 0
agi)l 0
n
-1 1 (7@)1 Rn 0
n—1
n
-1 (—a)°
n

forward substitution on this system yields

The last equation gives us

Ry

= Tn

0 n n—
Zj:o (—a)"™?
n
Z}:O (_a)n—] a(()n) 1
. agn) 1
2 n— n
Zj:o ) (—a)"™ aé ) 1
J . =
agi)l 1
n—1 | T n—j
1 Zj:o (—a) R, 1
n n n—
Zj:o ) (—a)"™!
J
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Completing the back-substitution gives us the remaining values of {aén)}z;é:

k
n .
=1-R,Y | | (~a)"
7=0 .7
" [(n - o (n o
T (a7 =3 ") ()
=0 \J j=0 \J
"
= — —a
(l_a) j=k+1 \J

To show that any eigenvalue of I — P,,1(I — G) lies in D(0,r,), it suffices to select

any eigenpair (\;,v;) of G and substitute into the balance equation:

I-P,'I-G))v; = f,(G)v;

" (n
= T—Z (—a)" " *GFv;
=0 \k
" (n
—n (—a)"FAby,
=0 \k
()
=Tn s Vi
= fn(Xi)Vvi.

Observe that A\; € D(a,s) and f, maps D(a,s) into D(0,r,). Finally, assuming that
G is diagonalisable as G = VDV ™!, we immediately get that P, (I — G) is also

diagonalisable since

Pl(I-G)=1-f(G)=V(I-f,(D) V"
Moreover, if s < 1 — a, we have that r, < 1 and so

maxy;eq(q) |1 = fu(Ai)]
miny, e (G) Il - fn()‘1)|
maXyep(a,s) |1 — fn(N)]
minAeD(a,s) |1 frb(/\)|
maxfeD(o,rn) |1 — f|

mingtep(o,r,) |1 — f
1+ (%)
1= (%)

ra (P (1= G)) < ka(V)*

< Ra(V)?-

= ra(V)?-

= K/Q(V)Q :

O

Theorem [5.3.6] gives a method of selecting a family of preconditioners for the matrix
I— G as a polynomial in G given a priori spectral information about G. The proof also

establishes a method to implement the action of the preconditioned matrix P, (I — G)
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on a vector v without the explicit construction of P}, !:
(G — aI) "
V-, v
s
s \"'[(G—al\"
=v— v
1—-a s

() e

P, 'I-G)v

—a

In particular, the coefficients {al(n)}z;é are only required to compute the action of
P, ! on a vector. When implemented within a GMRES method, this computation is
only performed once - either before the start of the Arnoldi iteration (in the case of
left-preconditioning) or after the Arnoldi iteration has terminated (in the case of right-
preconditioning).

The choice of the preconditioner seeks to cluster the eigenvalues of the preconditioned
matrix about 1 and only requires an estimate of the centre a of the spectral disc D(a, s) 2
o(G), which may be difficult to estimate if no other information about G is known. If
the corresponding stationary iterative method with iteration matrix G is convergent,
then we must have p(G) < 1 and so an immediate choice of the spectral disc is given by
D(0,1) 2 0(G). This yields the family of preconditioners based on the Neumann series
for I-G) L

n—1 00
Pl=>G'~) G'=1-G)".
k=0 k=0

Moreover, if one can find a bounding disc D(a,s) O o(G) with %= < 1, then it is

1—a

expected that the preconditioner P, 1 improves as n — oo, in the sense that iterative
methods for the linear system (I—G)x = b employing P,,! as a preconditioner converge
more rapidly for large n.

Since Theorem [5.3.3] gives us a bounding disc on the spectrum of G, the modified

source iteration matrix defined in (5.27)), the following corollary holds.

Corollary 5.3.6.1. The selection of the preconditioner Pt in Theorem for the
case G = G, (assuming that G, is diagonalisable) given by

G, = (T —wM) (S — wM)

yields the following spectrum and condition number bounds of the preconditioned matrix

(independent of the parameter w):

a(I—Pnl(I—Gw))gD@,( ‘ )n :

Ra(P (1= Gy)) < ma(V)? E)

Proof. From Theorem we have that

(1 —2w) ¢ .
o(G.) D (2(1 )’ 2(1 - cw)) =: D(a,s),
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from which Theorem [5.3.6| can be applied, noting that

__c
s 21l-w) _ C

l—a 1_ci=2w) 2 ¢
2(1—cw)

<1

O

Corollary [5.3.6.1] suggests that the family of preconditioners P, ! based on the it-

eration matrix of the modified source iteration method is able to cluster eigenvalues of

n
the preconditioned matrix P, 1(I — G,,) into a disc centred at 1 of radius (2£c> . Itis

possible that using a different polynomial mapping function f,, in the proof of Theorem
is able to more tightly cluster eigenvalues about 1; however, analytically describ-
ing the image of the original bounding disc under such a mapping is difficult. Tighter
clustering, and thus better preconditioners, may be achievable if sharper bounding discs
can be found; this will be addressed shortly.

Since the choice of w does not make a significant difference in the statement of
Corollary we shall take the case w = 0, where P! are preconditioners based on
standard transport/source-iteration sweeps. The system of equations we actually want
to precondition is

(T—S)u=Tf.

The left-preconditioners for T — S we shall consider are given by
n—1 i
Pl =Y "a” (T7'S) T, (5.36)
k=0

and the right-preconditioners are given by

n—1
P, =T 'Y ol (sTY)". (5.37)
k=0

In each case, the coefficients {agcn)}z;é are given in the statement of Theorem m
for a given (estimate of the) spectral disc centre a. One estimate for a is given in
the proof of Corollary |5.3.6.1| - specifically, by the choice a = 5, where ¢ denotes the
global scattering ratio and the spectral radius estimate for the classical source-iteration

operator.

Heuristic refinement of the source-iteration spectral disc centre

A more accurate estimate of the spectral disc centre for the classical source-iteration
operator is given by a = <, where ¢; denotes the following parameter:

1— e—)\L

N (5.38)

cg=1-—

Here, L denotes a characteristic length-scale (for example, the size of the spatial domain

or the mesh size parameter h) and A = mingcq(a(x) + S(x)) denotes the least value
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of the macroscopic total cross-section. We will provide a motivation for the use of this
parameter using probabilistic arguments.

Consider a particle at position x € € travelling in direction g € S has just undergone
a scattering event. In order for the particle to remain in the system, two conditions must

hold:

e The particle must travel a distance s along p such that x + spu € Q; that is,
the next (potential) interaction with the medium must occur inside the spatial

domain;
e The particle must not be absorbed as a result of interacting with the medium.

The scattering ratio ¢ addresses the probability of the second event occuring. We shall
attempt to address the first event.

Let © be contained within a d-dimensional box B¢ with side length h, understood
as the characteristic length-scale of €. Without loss of generality, we shall consider
QCB= [—%, %} ¢ We will define three independent random variables for a particle’s

initial position, initial trajectory and track length between scattering events by

X ~U(BY,
O~ U(®),

S ~Exp(A).

Here, A = a + 3 denotes the macroscopic total cross-section of the medium - for sim-
plicity, we have assumed that the medium is homogeneous so that A is constant. Since
X and O are independent uniform random variables, we have that their joint density
function is given by fx o(x, ) = fx(x)fo(p) = h%‘s‘ for x € B and p € S.

Suppose a particle travels in a direction pu = (u;)%_, € S (with ||p||]2 = 1) from an
initial position x € B?; see Figure The maximum distance s that the particle can
travel along this trajectory before it hits the boundary of B? is given by min{s;}¢_,

where s; is the largest track length satisfying

h
|z + sipi] < 3
It can be shown that
h €T;
S; = - —,
2l

so the maximum track length s a particle with initial position x can travel in a direction

p and still remain inside B? is given by

Smaz = Min - — .
2|p’1‘ 1223 i=1

Next, we shall consider the probability that the track length does not exceed $pqx

for a given (x, p) pair. Since S ~ Exp (\), we know that the probability density function
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Figure 5.2: Schematic diagram showing the physical interpretation of s,,4, for a given
choice of initial position x, direction g and bounding box side length h in the two-

dimensional case (d = 2).

for the random track length variable is given by

Fs(s) = Aexp (=As).

To determine the probability that the track length does not exceed s,,4,, One integrates

fs over all s satisfying s < $,,4,. This probability is given by
P(S < $imaz) :/ fs(s) ds
0

= / o dexp (—As) ds
0
=1—exp(—ASmaz) -

For each d € N, we define the probability cl(d) = P (X — SO € B%). That is, cl(d)
denotes the probability that a particle with a random initial position in B¢ and a random
trajectory in S will not leave B? before its next interaction with the medium. By

conditioning on the initial position and trajectory, we have:

c§d>:// P(X -850 €BYX =x,0=p)fxolx,p) dxdu
S JBd

1
= P(x — d
hd\S|/S/5d (X SNEB) dxdp

1 h z; ¢
= —— P ngin{ —Z} dx dp
hd‘S| /S/Bd ( 2|N1" i 1‘_1)
d
1 // . { h mi}
=1-—— exp | —Amin - — dx dpy.
heS| Js Jpa ( 2pil  pi )iy

The right-hand-side of this expression above is very cumbersome to integrate for

d > 1, so we shall instead treat the special case d = 1. The probability cl(l) may be
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obtained in closed form by

=t [ e (A (g ) e
Lo (0]

h/2
=1- —exp <—> / cosh (Ax) dz
pe(-5) [ om0
_ 1 AR . h/2
=1- 7 &P (—2) [sinh(Az)] ',
-1 (5.39)

The leakage ratio cl(d)

attempts to approximate the proportion of particles which
do not escape the bounding box between two consecutive iterations with the medium.
The dimensionless quantity Ah, which we will refer to as the cell aspect ratio or optical
thickness, denotes the number of mean-track-lengths required to traverse the width
of the bounding box. The assumptions of uniformly-distributed initial positions and
trajectories are made for the idealised case of a constant fluence.

Figure shows the dependence of cl(l) on Ah. The system is leaky when cl(l) is
small (compared to the size of the domain) - this occurs when A is also small. This

matches our intuition of what we mean by a “leaky” system - particles in a leaky system

undergo very few interactions with the medium to escape the spatial domain.

1 T T 11T T T T T TT1T] T T T TT1TT] 1

0.8 |-

0.6 |

(1)

1] Lol Lol I
107! 10° 10
Ah

(1)

Figure 5.3: Plot of leakage ratio ¢;”” against the dimensionless quantity Ah.

We now relate this result to the problem of finding a refined upper bound ¢ for the
spectral radius p of the standard source iteration operator, for which we have previously
only obtained an upper bound of ¢. As discussed earlier, a particle can only remain
in the system after a transport sweep if it does not escape through the domain or be
removed via an absorption process inside the domain. The quantity Cz ) describes the

probability of the former process occurring and ¢ describes the probability of the latter
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process happening. The product
¢ =cqpc (5.40)

therefore represents a heuristic refinement of ¢ that attempts to cater for the possibility
of fluence leakage out of the spatial domain, where we have defined ¢; by
<1 L —exp (—(ax) + 5(X))h)>

(a(x) + B(x))h

as a generalisation to mono-energetic problems with non-constant-coefficient data.

(5.41)

] = max
xEQ

By replacing ¢ with ¢ in any of the a posteriori error estimates outlined in Chapter [5]
we can obtain new (and potentially sharper) a posteriori error indicators. For example,
by making such a replacement in the result of Theorem [5.2.7 we get the following error

indicator for the DGFEM-energy norm error incurred by the modified source iteration:

n c 1 n n—1
g = unlllpe S rlw)y/ 71182 (" =" ™)lzz(o). (5.42)

We will conclude by briefly considering the evaluation of cgd) for d > 1, which we

earlier remarked requires the evaluation of a cumbersome integral. We may alternatively
take a stochastic approach to approximating cl(d) for any A, h and d by sampling the
random variable Y = X + S0 and checking whether it lies within the box B%. Algorithm
can be used to estimate cl(d).

Algorithm 7 Estimation of the leakage parameter cl(d).

1: Fix number of samples N

2: cl(d) <0
3: forn=1,...,N do
> Sample from uniform distribution on (—%, %)d - here, U ((—%, %)) denotes the
. . . . h h
uniform distribution on (—5, 5)
4 Sample {z;}{, from U ((—%,%)) and construct x = (z;)%,

> Sample from uniform distribution on S - here, N(0,1) denotes the normal distri-

bution with mean 0 and variance 1 p

i
NI
j=1"3 i=1

> Sample from exponential distribution with rate parameter A - here, U((0,1)) de-

5: Sample {p;}¢_, from N(0,1) and construct p = (

notes the uniform distribution on (0,1)

6: Sample ¢ from U(0, 1) and construct s = floft

7 y<—xXx+su

i

if |ly|loc < % then

9: cl(d) — cl(d) +1

10: end if
11: end for

S, ?
12: Cl < N
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5.4 Mono-Energetic Numerical Experiments

5.4.1 Rayleigh Scattering

This test problem seeks to compare the source iteration, modified source iteration
and right-preconditioned GMRES methods applied to the linear system resulting from
a DGFEM discretisation of the two-dimensional constant-coefficient mono-energetic

LBTE on a space-angle domain D = (0, L)? x S:

b Viu(x, 1) + Au(x, 1) = A / 0 - 1 yulx, i) dpp' + f(x,p) i D,
S
u(x,p) = g(x,pn) ondD,

for some A, ¢, L > 0. Here, the forcing data is chosen to be f = g = 1 and the differential

scattering cross-section is selected to be the following function of the deflection cosine

cos = - p': ,
1+ cos
O(cosp) = T"D
Notice that the integral of 6(cos ) over the angular domain S = S is equal to 1.

The scattering ratio ¢, the macroscopic total cross-section A and the length-scale L of
the spatial domain are parameters which we will vary. The triplet of parameters (¢, A, L)
will affect the rate of convergence of each iterative method, as well as the effectivities of
the a posteriori error estimates presented in Theorems and Henceforth, we
shall take ¢ € {15, 55, 15, %, 2}, A€ {55,1,10} and L € {},2,20}.

A coarse discretisation of the space-angle domain is implemented. Rather than opting
to discretise the angular domain as in Chapter we instead discretise the angular
domain into 16 equally-spaced discrete ordinate directions, which we remark is equivalent
to a piecewise-constant discretisation on a uniform mesh of the unit circle. The spatial
discretisation is performed by first constructing a triangular mesh the reference domain
(0,1)? using 312 triangular elements, and then scaling the vertices of the resulting mesh
by the factor L. The resulting meshes are equipped with a discontinuous piecewise-linear
spatial finite element space.

We stress that the coarseness of the spatial and angular discretisations, as well as
the specification of a different angular mesh, do not invalidate the convergence results
proven earlier since no assumptions on the space-angle mesh were made. Indeed, all of
the results presented in this chapter are independent of discretisation parameters - this
is reflected in numerical tests not reported here.

For each (¢, A, L)-triplet, we will find the exact solution u, to the discrete equations

by directly computing the coefficient vector u = (T — S)~*f, as well as sequences of

approximations {ugn)}nzo generated by the following linear solvers:

e Source iteration (SI): starting from the initial guess ugo) = 0, the iteration lb

is used to construct the sequence of approximations {usl)}nzo. Furthermore, we
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will also compute the DG-energy norm errors |||up — ’U/](_Ln)IHDG as well as the a

posteriori error estimates given in Theorem with parameter w = 0.

e Modified source iteration (MSI(w)): starting from the initial guess uﬁlo) =0,

the iteration |) is used to construct the sequence of approximations {ué")}n>0

with the choice of relaxation parameter w € {1—0, 167 15—0, 1—0, E} Furthermore, we

will also compute the DG-energy norm errors |||up — uh |||DG as well as the a

posteriori error estimates given in Theorem

¢ Right-preconditioned GMRES (RPGMRES-T(n)): starting from the ini-
tial guess uéo)
{ué")}nzo, with right-preconditioners P! defined in 1) for n € {1,2, 3}. The

right-preconditioned GMRES method will be executed as in Theorem [5 Fur-

= 0, GMRES is used to construct the sequence of approximations

thermore, we will also compute the DG-energy norm errors |||up — uh )H| DG as
well as the a posteriori error estimates given in Theorem [5.2.8]- the latter is a by-
product of the GMRES implementation. While it is expected that left-, right- and
split-preconditioning strategies all share similar convergence properties [83], only
the right-preconditioning strategy ensures that the correct norm of the residual

vector is computed for the purposes of a posteriori error estimation.

The number of iterations will be taken as a surrogate for the total CPU time taken
for all algorithms to converge to the specified tolerance. It has been observed that a
single iteration of SI and MSI(w) takes approximately the same amount of CPU time,
owing to the similarity of the actions of the transport operators T~! and (T —wM)~!
and the scattering operations S and S — wM. A single iteration of RPGMRES-T(1) is

slightly more expensive than a single iteration of SI due to:
e the additional actions of the Cholesky factors L and L' on vectors, and
e an orthogonalisation step at each iteration of RPGMRES-T(1).

However, it has been observed that the total CPU time taken to perform these actions
is comparable to the total time taken to perform the action of T~! and significantly less
than the CPU time to perform the action of S for moderately-size problems. Finally,
a single iteration of RPGMRES-T(n) requires n evaluations of the actions of T—! and
S, and so we have that the CPU time taken for a single iteration of RPGMRES-T(n) is
approximately n times the CPU time taken for a single iteration of RPGMRES-T(1).
Finally, we will define the effectivity of an a posteriori error estimator as follows. Let
up, be the exact solution of the discrete problem and 4 an approximation to u; obtained
by premature termination of any of the above solvers. Assume that an a posteriori error
estimate £(@yp) of the DG-energy norm solver error |||up — @p]||pe can be computed.
The effectivity of the error estimate £(ay,) is defined to be the ratio £(an)/|||un —tnl||pa

and can be interpreted as a measure of how much the a posteriori error estimate over- or
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under-estimates the true solver error. The closer the effectivity of the a posteriori error
estimate is to 1, the better the estimate is; since we have provided guaranteed upper
bounds on the DG-energy norm error, the effectivity of the a posteriori error estimates

presented below should all have effectivities greater than or equal to 1.

Test A: SI vs MSI(w) Figures and display the convergence behaviours of

source iteration and modified source iteration applied to the benchmark problem with

(A, L) = (10,20) and (A, L) = (1, 2) respectively. Each plot is divided into the cases de-
1 3 5 7 9

pending on the scattering ratio c € {1—0, 167 167 167 1—0}. Both figures show that modified

source iteration converges faster than standard source iteration for any choice of the

1

5, and that the fastest convergence of modified source

relaxation parameter 0 < w <
iteration for w varying over this range is consistently attained when w = % A similar
result was predicted in the previous discussion of Theorem - we recall that the
choice w = % minimises the contraction factor appearing in that theorem.

However, Figures [5.4] and [5.6] also show that the behaviour of modified source itera-
tion for w > % is highly dependent on the parameter triplet (¢, A, L). Specifically, Figure
shows that MSI() diverges for ¢ € {&, &} and MSI(75) diverges for ¢ = % for
the parameter choice (A, L) = (10, 20); however, Figure shows that both MSI({)
and MSI(;) converge for all tested values of ¢ for the parameter choice (A, L) = (1,2).
While the precise dependence of the convergence of modified source iteration on the
parameters A and L will not be discussed here, it should be noted that Theorem [5.2.6)
does not guarantee that MSI(w) will converge for any 0 < ¢ < 1 when w > 1.

Figures and demonstrate that MSI(w) can converge faster with w > % than
w = % for some choice of ¢, A and L, but that the latter choice of w yields the fastest
convergence rate for which MSI(w) is guaranteed to converge consistently for all choices
of ¢, A and L. While we have not investigated why this behaviour occurs, we believe
that a further study of the eigenvalues of the modified source iteration operator G, =
(T —wM)~1(S — wM) may prove insightful. From Theorem we deduced that the
spectral radius of G, is bounded above by a function of w and ¢, which can be used to
predict when MSI(w) will converge. A finer analysis may show that (an upper bound
for) the spectral radius of G, may also depend on A and L, which may allow us to relax
the conditions on w, ¢, A and L for which MSI(w) is guaranteed to converge.

Figures[5.5] and [5.7]show the effectivities of the a posteriori error estimates employed
by source iteration and modified source iteration. We remark that the a posteriori error
estimates for the solver error induced by modified source iteration in Theorem [5.2.
have effectivities close to 1 for the range of test problems studied and for 0 < w < 1.
However, the effectivity of the error estimate in Theorem deteriorates for w > %

It is important to note that, in some cases, the effectivity drops suddenly after a certain

number of iterations - this is an artifact of the true solver error dropping to machine
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precision.

The effectivities of the a posteriori error estimates studied here are also sensitive
to the triplet of parameters (¢, A, L). Qualitatively, the effectivity of the error estimate
in Theorem becomes larger both as ¢ — 1 (as can be seen in Figure and as
A, L — 0 - the latter case will be studied in Test C.

Test B: SI vs RPGMRES Figure and display the convergence behaviours
of source iteration and right-preconditioned GMRES applied to the benchmark problem
with (A, L) = (10,20) and (A, L) = (1,2) respectively. The preconditioners P! for n €
{1,2, 3} employed for the right-preconditioned GMRES are based on multiple transport
sweeps and are defined as in Theorem [5.3.6|with the choice of spectral centre a = 0. Each
plot is divided into the cases depending on the scattering ratio ¢ € {%0, %, 1%, %, 1% .
Both figures show that GMRES converges faster than standard source iteration, and
that the convergence rate of multiple-transport-preconditioned GMRES improves as the
number of transport sweeps n increases. This result was predicted in the discussion
of Theorem We also observe more rapid convergence of both source iteration and
right-preconditioned GMRES upon reducing the magnitudes of A and L - this will be
investigated shortly.

It is worth discussing the storage requirements of source iteration, modified source
iteration and GMRES. At the k' step of source iteration or modified source iteration,
a constant number of vectors of storage (independent of k) are required to generate
the iterate ugﬂ). In contrast, GMRES requires the storage of k Krylov vectors in or-
der to generate the iterate ugf). Therefore, while each step of RPGMRES-T(n) takes
approximately the same amount of CPU time to perform, it requires the storage of an
extra vector. For very large problems with highly-resolved spatial and angular grids, the
number of GMRES steps that can be taken may be significantly limited by the amount
of available storage.

With this in mind, one might choose the number of transport sweeps n per GM-
RES iteration to be large, as this results in a large reduction in the a posteriori solver
error estimate (and the DG-energy norm solver error) per additional vector of storage.
However, the total number of transport sweeps required to reduce the a posteriori error
estimate below a given user-defined tolerance actually increases with n. This is shown
in Figure 5.9 which is a rescaled version of Figure [5.8 in which the z-axis is scaled by
the number of transport sweeps applied at each iteration.

Another approach to mitigate the demanding memory constraints is to perform
RPGMRES-T(n) with restarting [83]. Given a restart length of k, the storage for k
Krylov vectors is pre-allocated and RPGMRES-T(n) is ran until all Krylov vectors have

been specified. One then constructs the approximate solution after k (inner) iterations

and uses it as an initial guess for another k iterations of RPGMRES-T(n). In practice,
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Figure 5.4: Convergence histories of source iteration and modified source iteration for a

number of choices of relaxation parameters applied to the Rayleigh scattering problem

for a range of scattering ratios. The macroscopic total cross-section and spatial domain

length-scale are chosen to be A = 10 and L = 20 respectively. Solid line: DG-energy
1

norm error. Dashed line: a posteriori solver error estimate. Top-left: ¢ = 1. Top-right:

= %. Middle-left: ¢ = 1%. Middle-right: ¢ = %_ Bottom-left: ¢ = 1%_

good choices of k depend on the size of the linear system as well as the amount of
memory available. Specifically, one should attempt to maximise the number of stored

Krylov vectors as it is known that restarted GMRES is prone to stagnation [83], a phe-
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Figure 5.5: Effectivities of the a posteriori error estimates for source iteration and

modified source iteration for a number of choices of relaxation parameters applied to

the Rayleigh scattering problem for a range of scattering ratios. The macroscopic total

cross-section and spatial domain length-scale are chosen to be A = 10 and L = 20
5

respectively. Top-left: ¢ = %. Top-right: ¢ = %. Middle-left: ¢ = 7. Middle-right:

¢ = 1. Bottom-left: ¢ = .
nomenon describing the apparent slow initial convergence of GMRES after each restart.
Stagnation can be alleviated with selecting a good preconditioner. While we have not

investigated RPGMRES-T(n) with restarting, it is expected that stagnation is likely to

be problematic only for small n.
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Figure 5.6: Convergence histories of source iteration and modified source iteration for a

number of choices of relaxation parameters applied to the Rayleigh scattering problem

for a range of scattering ratios. The macroscopic total cross-section and spatial domain

length-scale are chosen to be A = 1 and L = 2 respectively. Solid line: DG-energy norm
1

error. Dashed line: a posteriori solver error estimate. Top-left: ¢ = 15. Top-right:

= %. Middle-left: ¢ = 1%. Middle-right: ¢ = %_ Bottom-left: ¢ = 1%_

Figures [5.10] and [5.12] show the effectivities of the a posteriori error estimates em-
ployed by source iteration and right-preconditioned GMRES. The effectivities of the

source iteration a posterior: error estimates are the same as those displayed in Figures
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Figure 5.7: Effectivities of the a posteriori error estimates for source iteration and
modified source iteration for a number of choices of relaxation parameters applied to the
Rayleigh scattering problem for a range of scattering ratios. The macroscopic total cross-
section and spatial domain length-scale are chosen to be A = 1 and L = 2 respectively.
7

Top-left: ¢ = 1—10. Top-right: ¢ = %. Middle-left: ¢ = 1—50. Middle-right: ¢ = 5.

Bottom-left: ¢ = 2.

b.5land 5.7 It is clear that the effectivities of the a posteriori error estimates employed
by the right-preconditioned GMRES method are slightly worse than those for both
source iteration and modified source iteration, but are still reasonably close to 1 for the

range of test problems studied. It is worth noting that the a posteriori error estimate in
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Theorem [5.2.8|applies to more general settings than the error estimate in Theorem [5.2.7]
We also expect that the a posterior: error estimate employed by the GMRES method
is not sharp, as remarked after the proof of Theorem [5.2.8] The non-sharpness of the

GMRES a posteriori error estimate worsens as both ¢ — 1 and A, L — 0 as before.

Test C: Effect of A and L Figure shows the behaviour of source iteration, modi-

fied source iteration using the optimal parameter choice w = %, and right-preconditioned
GMRES with a single-sweep preconditioner for the model problem for each pair of pa-
rameters (A, L) with A € {{5,1,10} and L € {},2,20}. The choice of scattering ratio
is not relevant for the subsequent study, but is kept constant at ¢ = 1—70 for the results
presented below.

The convergence of all three methods is fastest when both A = and L = % and

1
10
slowest when both A = 10 and L = 20. We also notice that the convergence of all three

methods are similar for the following sets of parameter configurations:

e When (), L) = (3

+5,2) and (A\,L) = (1,%), the DG-energy norm solver error of

source iteration approaches machine precision after around 15 iterations. More-
over, the solver error of modified source iteration approaches machine precision
after around 12 iterations, and the solver error of right-preconditioned GMRES is

approximately the same order of magnitude after 6 iterations.

e When (A, L) = (%,20)7 (A L) =(1,2) and (A, L) = (10, %), the DG-energy norm
solver error of source iteration has roughly decreased by the same factor over 20
iterations, as has the solver error of modified source iteration, and the solver error
of right-preconditioned GMRES is approximately the same order of magnitude

after 10 iterations.

e When (A, L) = (1,20) and (A, L) = (10,2), the DG-energy norm solver error of
source iteration has roughly decreased by the same factor over 20 iterations, as have

the solver error of modified source iteration and right-preconditioned GMRES.

In other words, the convergence rate of source iteration (for a fixed value of the
scattering ratio) appears to be dependent on the dimensionless quantity AL; this is
also true for modified source iteration and right-preconditioned GMRES. The quantity
AL may be interpreted as the number of scattering events that a radiative particle is
expected to undergo as it travels a distance L through the domain, assuming that the
mean free path length (the average distance travelled by a particle between scattering
interatctions) is A™t. When AL is small, all three methods converge rapidly, and when
AL is large, all three methods converge slowly. The convergence plots for fixed values of
AL in Figure |5.13] are all qualitatively similar to each other.

For all pairs of parameters (\, L) tested, RPGMRES-T(1) converges faster than

MSI(%), which converges faster than SI. While the results are not presented here, it

166



== ST (error) == RPGMRES-T(1) (error)
== RPGMRES-T(2) (error) [—J1 RPGMRES-T(3) (error)
1

E®-] SI (a post.) RPGMRES-T(1) (a post.)
EE=1 RPGMRES-T(2) (a post.) —1RPGMRES-T(3) (a post.)
102 102
8 8
g2 1077 £ 1077
H €3
10716 10716
10! 10!
— —
£ 106 -
5 10 5 10
10713 10713
Iteration
10!
S
& 107

Iteration

Figure 5.8: Convergence histories of source iteration and right-preconditioned GMRES
for a number of choices of transport-based preconditioners applied to the Rayleigh scat-
tering problem for a range of scattering ratios. The macroscopic total cross-section and
spatial domain length-scale are chosen to be A = 10 and L = 20 respectively. Solid
line: DG-energy norm error. Dashed line: a posteriori solver error estimate. Top-left:
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6270

—

is expected that the behaviours of RPGMRES-T(n) for n > 2, as well as MSI(w) for
w # %, are consistent with Tests A and B. In the case of right-preconditioned GMRES,
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Figure 5.9: Figure rescaled by the number of applications of the transport operator.

Solid line: DG-energy norm error. Dashed line: a posteriori solver error estimate. Top-

left: ¢ = % Top-right: ¢ = 1—30. Middle-left: ¢ = 15—0. Middle-right: ¢ = %. Bottom-left:
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C:E.

we expect that RPGMRES-T(n) converges faster than RPGMRES-T(1) for n > 2 and all

pairs (A, L). In the case of modified source iteration, we expect that, for all pairs (A, L),

the fastest rate of convergence of MSI(w) is attained at w = w* for some % <w*<1.

However, it was observed in Test B that this optimal relaxation parameter is likely to

be highly dependent on A and L.
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Figure 5.10: Effectivities of the a posteriori error estimates for source iteration and
right-preconditioned GMRES for a number of choices of transport-based precondition-
ers applied to the Rayleigh scattering problem for a range of scattering ratios. The
macroscopic total cross-section and spatial domain length-scale are chosen to be A = 10
and L = 20 respectively. Top-left: ¢ = 1—10. Top-right: ¢ = 1%. Middle-left: ¢ = 1—50.
Middle-right: ¢ = 1—70. Bottom-left: ¢ = 19—0.

Figure shows the effectivities of the a posteriori solver error estimates employed
by the source iteration, modified source iteration and right-preconditioned GMRES
methods. As was seen in Figure the effectivity plots corresponding to model
problems with similar values of AL display similar behaviours. In particular, we see that

effectivites of all tested a posteriori error estimates are close to 1 whenever AL is large,
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Figure 5.11: Convergence histories of source iteration and right-preconditioned GMRES
for a number of choices of transport-based preconditioners applied to the Rayleigh scat-
tering problem for a range of scattering ratios. The macroscopic total cross-section and
spatial domain length-scale are chosen to be A = 1 and L = 2 respectively. Solid line:
DG-energy norm error. Dashed line: a posteriori solver error estimate. Top-left: ¢ = %0.
Top-right: ¢ = 13—0 Middle-left: ¢ = % Middle-right: ¢ = %. Bottom-left: ¢ = %.
and that these effectivities deteriorate when AL — 0.

Since the meshes employed in these experiments are essentially scaled versions of

each other, the spatial mesh-size parameter h scales with L. Therefore, we can instead
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Figure 5.12: Effectivities of the a posteriori error estimates for source iteration and
right-preconditioned GMRES for a number of choices of transport-based precondition-
ers applied to the Rayleigh scattering problem for a range of scattering ratios. The
macroscopic total cross-section and spatial domain length-scale are chosen to be A =1
and L = 2 respectively. Top-left: ¢ = %. Top-right: ¢ = 13—0. Middle-left: ¢ = 1—50.

Middle-right: ¢ = 1—70. Bottom-left: ¢ = 19—0.

consider the dependence of the qualitative behaviour of the tested iterative solvers on
Ah rather than AL. By (5.1), we recognise that the behaviours of the tested iterative

solvers is dependent on the optical thickness (or cell aspect ratio) of the medium, defined

in .

One may ask whether the rate of convergence of source iteration, modified source
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iteration and right-preconditioned GMRES can be predicted using a priori knowledge
of ¢, A and L. A partial answer to this question for both source iteration and modified
source iteration was given in the statements of Theorems [5.5.1] and [5.2.6] namely in
the contraction factor ¢. For source iteration, this contraction factor was found to be

1

q = ¢, and for modified source iteration with w = 5 was found to be ¢ =

c
2—c’

However,
this fails to address the apparent dependence of the contraction factor on AL. A useful
heuristic is developed in Chapter in which the scattering ratio may be multiplied
by the leakage ratio ¢; appearing in to improve the predictions of the convergence

rates of these methods.

Test D: Effect of spectral centre approximation for RPGMRES-T(n) Figure
shows the behaviour of right-preconditioned GMRES using a number of n-sweep
preconditioners for the model probem with scattering ratio ¢ = % for each of the
parameters (A, L) with A € {%,1,10} and L € {%,2,20}. As before, the choice of
scattering ratio is not relevant for the subsequent study. The n-sweep preconditioners

employed are based on 1' with the coefficients {a,(cn)}z;é chosen as in Theoremm

for the following choices of the spectral centre a:

e a = 0 - this corresponds to the first two terms of the Neumann expansion of the

matrix (T —S)~t =T (I - ST_I)—l;

e a = 5 - this corresponds to the preconditioner in Theorem using the
theoretically-predicted optimal selection of a (as in Corollary [5.3.6.1));

e a = “I° - this corresponds to a correction to the theoretically-predicted optimal se-
lection of a that attempts to take into consideration the effect of the dimensionless

quantity AL through the leakage ratio (5.38]).

Since the choice n = 1 essentially yields a preconditioner P! that is a constant
rescaling of T~!, the choice of the spectral centre approximation a has no tangible
effect on the convergence of RPGMRES-T(1); in fact, RPGMRES-T(1) generates the
same sequence of approximate solutions (for a given initial guess) regardless of the choice
of a. We therefore must take n > 2 to observe changes in the behaviour of RPGMRES-
T(n) for different values of a. In view of minimising the CPU time taken per iteration
of RPGMRES-T(n), we select n = 2, although similar qualitative behaviour is expected
for larger values of n. In practice, one may want to take large values of n if only a small
number of Krylov vectors can be stored; these considerations are discussed in Test B.

As was seen earlier, the convergence of all three methods is dependent on the dimen-
sionless quantity AL, with the fastest convergence achieved when AL is large and the
slowest convergence achieveds when AL is small. This can be seen in Figure [5.15] More-

over, for large values of AL, the GMRES methods employing two-sweep preconditioners

c cc

based on the spectral centre estimates a € {§, %

} converge slightly faster than those
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Figure 5.13: Convergence histories of SI, MSI(3) and RPGMRES-T(1) applied to the
Rayleigh scattering problem for ¢ = 1—70, A€ {3,1,10} and L € {£,2,20}. Solid line:
DG-energy norm error. Dashed line: a posteriori solver error estimate. Top row: A = %0.
Middle row: A = 1. Bottom row: A = 10. Left column: L = % Middle column: L = 2.

Right column: L = 20.

employing preconditioners based on the estimate a = 0. It is important to remark that
the computational cost of RPGMRES-T(2) at each iteration is roughly identical for all
values of @ = 0 under the assumption that transport sweeps are much more expensive
than forming linear combinations of small numbers of vectors.

As AL becomes small, the convergence of RPGMRES-T(2) with spectral centre es-
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Figure 5.14: Effectivities of the a posteriori error estimates for SI, MSI(%) and

. . . . 7
RPGMRES-T(1) applied to the Rayleigh scattering problem for ¢ = {5, A € {%, 1,10}
and L € {%,2,20}. Top row: \ = %. Middle row: A = 1. Bottom row: A\ = 10. Left
column: L = % Middle column: L = 2. Right column: L = 20.

timate a = § becomes slower than the same method with estimate a = 0. This is be-
cause the eigenvalues of the matrix ST ! (which shares the same eigenvalues as T~1S)
are much closer to 0 than to §. The RPGMRES-T(2) method with spectral estimate
a = < displays similar rates of convergence as the same method with a = 0. It is
therefore recommended that the preconditioners based on Theorem to be used in
RPGMRES-T(2) should be based on the spectral centre estimates a = 0 or a = %7,

with the latter being the optimal choice when AL is large.
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Figure shows the effectivities of the a posteriori solver error estimates employed
by RPGMRES-T(2) for each tested value of a € {0,%,%¢}, X € {{,1,10} and L €
{ %, 2,20}. As before, the effectivities of the a posteriori error estimates are close to 1

for large values of AL and deteriorate as AL — 0.
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Figure 5.15: Convergence histories of RPGMRES-T(2) applied to the Rayleigh scat-

tering problem for ¢ = %, PS {%0, 1,10} and L € {%,2,20} using different estimates
of the spectral centre a. Solid line: DG-energy norm error. Dashed line: a posteriori
solver error estimate. Top row: \ = 1—10. Middle row: A = 1. Bottom row: A = 10. Left

column: L = % Middle column: L = 2. Right column: L = 20.
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Figure 5.16: Effectivities of the a posteriori error estimates for SI, MSI(%) and
. . . 7 1

RPGMRES-T(1) applied to the Rayleigh scattering problem for ¢ = {5, A € {5,1,10}

and L € {1,2,20}. Top row: A = 5. Middle row: A = 1. Bottom row: A = 10. Left

column: L = % Middle column: L = 2. Right column: L = 20.

5.5 Further Extensions

5.5.1 Error analysis for poly-energetic source iteration

While this chapter has largely focussed on the convergence of iterative methods applied
to the mono-energetic LBTE, some of our prevoius results can be extended to the poly-
energetic setting. Since the scattering bilinear form S(-,-) is no longer symmetric, we

do not consider prescribing a poly-energetic analogue of the modified source iteration
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method of Chapter [5.2] However, we shall prove the convergence of the classical source
iteration method applied to the discrete poly-energetic problem; this will be achieved
through the introduction of a poly-energetic notion of the scattering ratio which char-
acterises the rate of convergence of source iteration [IJ.

For simplicity of presentation, we shall restate the poly-energetic DGFEM problem:

find uy, € Vas,y such that
T(uh, Uh) = S(uh, Uh) + é(vh) (5.43)

Rather than proving convergence in the DG-energy norm ([3.38)) defined in Chapter
we will instead prove convergence in a norm ||| - ||| : Vasy X Vas,y — R defined

by

lollF = [V a + Bol|22p)
// Z o = 07113 raunon + 110 Beq man) dpdE.

ka€Ta
This is the natural norm in which to measure coercivity of the bilinear form 7": Vg s v x

Vas,y = R; indeed, for all v, € Vo sy, we have

oIz = T (v, vn).

In fact, the definition of ||| - ||| can be extended to include the broken space G(Tq.s,v)
(defined in ) in its domain, though we shall not need this fact for the forthcoming
analysis.

For the proof of the following theorem, we shall restate from Chapter a

coeflicient derived from the differential scattering cross-section defined by

v(x, p, E) ://Q(X, W — w,E — E) dy/ dE
Y Js

and assert that, under the assumption that the medium is angularly isotropic, we have

v(x, 1, B) = y(x, E).

Theorem 5.5.1 (Poly-energetic source iteration). The map F : Vosy — Vas,y defined

for any wy, € Vo sy as the solution to the variational problem
T(F(wn),vn) = S(wn,vp) + £(vn)

for all vy, € Vo s,y admits a unique fized point up, € Vo s,y provided that ¢ = /qaq, < 1,

where

B
qg = esssup
g xeQ,EeY (Oé(X, E
7y
¢, = esssup
v x€Q,EEY (a(x, E

Moreover, the sequence {uh >0 C Vags,y defined by u,, (nt1) _ F(uzn)) forn >0

(0)

converges to uy for any choice of u,, We also have the following error reduction
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estimate, a priori error estimate and a posteriori error estimate for the ||| - |||7-norm

solver error:

+1
™ = wnlllz < g lljuf® = unl]
+1 q" 1 0
i, = wnlllr < 7 Mg = I
—4q
+1 q +1
g™ = wnlllr < T2l = e

Proof. We first remark that the mapping F' is well-posed. Let wy,ws € Vo5 y. We have
|IF (w1) = F(w2)[[|7 = T(F(wy) = F(ws), F(wi) — F(w2))
= S(w1 — wg,F(wl) — F(wg))
< 118% (wi —w2)ll 2y 7 * (Fw1) = F(w2))l 120y,

where we have used Lemma from Chapter to bound the bilinear form S(-,-)
from above. Noting that

B(x,E) < esssup
zeQ,E'eY

( B(z, E)
oz, E') + B(z, E')

=:4qp

s (2, E')
108) < ey, (s ) 000 B+ 2B,

=iq

)(M&E%+MxED,

we have

|1E(wi) — Fws)[[|3 < [18% (w1 — wa)|| 2 |72 (F(wi) — F(w2))|| 22y
< V@ o+ B)2 (wy — ws)|| 2y
(e + B)% (F(w:) — F(w2))||12(p)

< Vs |l[wr = wall|7[[[F(wi) = F(ws2))[||7-

Dividing both sides by |||F(w1) — F(wz))|||7 and defining ¢ = |/g3¢,, we get
1F(w1) = F(wa)ll|r < q [[[wr — wel[[7.

Therefore, we have a contraction mapping on Vqgsy provided that ¢ < 1. Since
(Vasy, ||l - ||l7) is a non-empty and complete metric space, Banach’s fixed point the-
orem implies that F' admits a unique fixed point u; € Vqgs vy, and that the sequence
{ugln)}nzo C Vqs,v defined by uElnH) = F(uzn)) for n > 0 converges to uy, for any choice
of ug)) € Vas,y-

The proofs of the three error bounds are straightforward. The error reduction in-

equality is proven by the definition of the fixed point u; and the relationship between

consecutive terms in the sequence {ugln)}nzoz

+1 m
™™ —uplllr = [[[Ff™) — Fun)|llr < g [[Juf — unl||r-
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Applying the triangle inequality after one application of the error reduction inequality
yields

g W g

—upl|lr < q|||u —up|||r

n n+1 n+1
< q (Il = uf™ Pl + e = unlliz)

The a posteriori estimate follows on rearrangment. The a priori estimate follows from
applying the error reduction estimate n times, followed by one application of the a

posteriori error estimate:

1 1
el — wplle < g [[Jul? = unl||z

q" 1 0
< 1 M =il

O

Theorem [5.5.1] states that the poly-energetic LBTE method discretised using dis-
continuous Galerkin finite element methods in the space-angle-energy setting is con-
vergent provided ¢ = ,/qsq, < 1, where g and ¢, are constants that depend only on
the total absorption cross-section «(x, F) and the differential scattering cross-section
O(x,u' - p, B’ — E). Therefore, ¢ plays an analogous role to the so-called (global)
scattering ratio ¢ found in the analysis of the (non-discretised and infinite-medium)
mono-energetic LBTE [I], and can be thought of as an extension of the scattering ratio
to the poly-energetic setting. By considering the DGFEM-discretised mono-energetic
LBTE as a DGFEM-discretised poly-energetic problem with the energetic dependence
of u, @ and 6 dropped, one can show that the contraction factor ¢ in the analysis above
simplifies to

q = esssup (ﬁ(x)) ,
xen  \a(x)+ B(x)
which agrees with the classical result in the infinite-medium setting [I].

We shall now turn our attention to the derivation of a posteriori error estimates for

DG-energy norm solver errors. Recall that the definition of |||vp]||% in includes

a weighted norm of the form ||O7%Uh||2L2(D)7 where
1
6(x E) = a(x, E) + 3 (3(x, E) ~ 1(x, E)) (5.44)

As such, we have ||d%yh||%2(m < ||Jvnl||%¢ for all v, € Vogsy. The following theorem
provides an a posteriori error estimate for the DG-energy norm error rather than the
[l| - |||r-norm error.

Theorem 5.5.2. Let {ugn)}nzo C Vags,v be constructed as in Theorem . At the
(n)

nt" source iteration, the DG-energy norm of the solver error up, . — up, satisfies
1 1 _
g™ = wnlllpe < 1187 (uf = ui™)lz2(o),
where

T, = esssup ( 7(z, ) )
7 scamev \a(z, E') + 3(B(z, E') — y(z, E'))
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Proof. Letting el(ln) = uén) — up, we have

el llBe < T(E™, ef™) — S(el™, &™)
n—1 n n n
= S(e ™ e”) = S(ef ef”)

n—1 n n
= S(up " —uy ef)

1 n—1 n 1 (n
<1187 ("™ = w2 oy IV ™| 12y -

Writing @ as in (5.44)) and noting that

Y(x,E) < esssup (W) a(x, B),

72€Q,E/ €Y z,E')
:ZT"Y

we have

1 0l -1 _1

e e < 731182 (g™ = w2y llaz ey ||z
i1 -1
< P2 118% ("™ = uilzz ey Nl e

The a posteriori error bound is proved on rearrangement. O

From the perspective of designing linear solvers for the discretised poly-energetic
LBTE, it is useful to have a computable a posteriori error estimator to bound the
error up — Uy between the exact solution uy of the discrete equations and a computed
approximation wy of uy. However, the a posteriori error estimate presented in Theorem

is insufficient in two ways:

e The evaluation of the error estimate requires knowledge of ¢ which may be expen-
sive to compute, since it requires the solution of two maximisation problems over

the space-energy domain;

e The error estimate in the theorem above is only valid for sequences of approximate

solutions generated by source iteration.

To this end, we shall present a computable DG-energy norm a posteriori error bound,
based on the residual of the linear system of equations, that is valid for any approxima-

tion of the solution of the discrete problem.

Theorem 5.5.3 (DG-energy norm a posteriori error bound, poly-energetic version).

Let & be as in and define an inner product (-,-)r2 (py : Vasy X Vasy — R and

associated norm || - ||Lgu(p) :Vasy — R for all v, wn, € Vasy by
(wnen)izo = [ [ [ alx Byunte . Byon(x, o, B) dxdudk
vy JsJa

L2 (D) = 4/ (Uh7Uh)L§,(D)~

Let up, € Vo s,y be the exact solution to the variational problem

[0

T(uh,vh) = S(uh,vh) + é(vh)
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for all vy, € Vo sy, and 4y, € Vo sy denote an approximation of up. Then we have

[|lun = anlllpe < lIrallLz (D),

where T, = rp(tn) € Vagsy denotes the unique solution to the following variational

problem for all vy, € Vo sv:
(rn(@n), vn) L2 (D) = €(vn) — (T (tn, v) — S(tn,vr)) -

The proof of Theorem follows identical steps as in the proof of Theorem
with the exception of the slightly different definition of the inner product (-,-) L2,(D)-
This inner product differs from the one employed in the mono-energetic version in two

ways:
e the inner product accepts arguments from Vq gy rather than Vg s;

e the inner product is defined using the weight function @ = « + (53 — ) rather

than a.

The a posteriori error estimate in Theorem [5.5.3| may also be implemented in a similar
manner as the estimate in Theorem by using a linear algebra representation of the
residual vector. The result is similar to (5.26):

[[lun —anlllpe < VETM™1E,

where & = f — (T — S)u denotes the residual vector induced by the approximate solution
4 expanded in a basis of Vg sy and M denotes a weighted mass matrix associated with

the inner product (-,-)r2 (p)-

Remark. As was seen in the mono-energetic setting, one may compute the a posteriori

|||uh - ahmDG S Z f'IMnf‘fm
KETQ,s,Y

where T, and My denote, respectively, the local residual vector and local space-angle-

error estimate above as

energy mass matriz on each space-angle-energy element k € Tosy.

5.5.2 Iterative methods for DOG implementations

In this chapter, we have primarily discussed iterative solvers for systems of equations
arising from DGFEM discretisations of the mono-energetic linear Boltzmann transport
equations. In Chapter [5.1] we indicated a preference to derive linear solvers for the
original discrete problems of Chapter [3.2] rather than the discrete ordinates Galerkin
(DOG) implementations of Chapter It was remarked in this chapter that the DOG

implementations generally resulted in a sparser matrix representation of the discretised
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transport operator as a result of a judicious choice of angular basis functions. Specifi-
cally, we decomposed the solution u;, € Vo s and test function v, € Vo 5 as

(Q»i§+1)d71

un(p) = > D up ()¢, (k) (5.45)

ks€Ts 1=1
(qNS+1)d71

wp) =Y Y v (e (k) (5.46)

re€Ts =1
where each <pr§ eVsforks € Tsand 1 < i < (qu. + 1)?=! are the angular basis functions
outlined in Chapter [3.4:2] Henceforth, we shall always associate any space-angle finite
element function vy, € Vo g with the set of functions {vZ, : ks € Ts,1 < i < (g, +1)471}
in . We shall highlight some minor modifications to the analysis of linear solvers
that suggest that the convergence results presented in Chapter can be extended to
mono-energetic DOG schemes. For simplicity of presentation, we shall only study the

development of source iteration methods for mono-energetic DOG schemes.

Discretisation

In Chapter [3.4.2] it was remarked that the DOG implementation for mono-energetic
problems resulted in a linear system with a block structure; we shall recast this system of
equations in a variational setting here. Recall that the DOG scheme for mono-energetic

) ) ) o1 d—1
problems introduces quadrature schemes {(u;,., w;S)}gier )

for each angular element
ks € Ts. These quadrature schemes are used to introduce a basis {gaf% t kg € Ts, 1 <
i < (qus +1)471} of the angular finite element space Vs, as well as the family of bilinear
forms T,f;g,gj’i

7
Kg)Rs

: Vo X Vo — R and linear functionals E;S : Vo — R defined for all

wp, vy € Vo by

T (wh,vp) = Z (/ (—wppl. - Vvn + (a(x, pl,) + B(x, pl ))wpvy) dx
Ko

ko€Ta

i +,+
+/ _ |ty - D |wy v, ds
Oy ra(py)

i — .+
S N TR ds)
0_ra(ui,)\00
Sj’i

o) = [ B2 (wn(e)onx) dx

=% (f o dx

ro€Ta
+ / _ |y - e |9 (6, v d8>,
8_xg(pgs)n{m
where Bigﬁg(x) is defined for all kg, k§ € Ts, 1 < i < (q,{S—i-l)d*1 and1 <j < (q,ié—i—l)d*l
by
Bl () = /S /S 0(x, - 1)k (W)l (1) du' dps.
For any wp,v, € Vo, we recognise that Tég(wh,vh) and ZZS(U}L) denote approxima-
tions of T(wp k., vnpl,) and L(vpel. ) (with T(-,-) and £(-) defined in and
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respectively) in which the angular integrals are replaced with the previously-defined
quadrature scheme. On the other hand, we have that Sizﬁ (wp,vp) = S(whgoié, vhgofgg)
for all wy, vy € Vq.

The mono-energetic DOG implementation reads as follows: for each ks € Ts and

i <1< (gue +1)%71, find ul € Vo such that

(q,ngl)d_1

wnngig f{g7 ng Z Z Si;ﬁs(u /a /v) +wﬁg€f{g( ZC ) (547)
k4€Ts Jj=1

for all v, € Vo. We note that the matrix form outlined in Chapter is recovered

upon selection of an appropriate basis of Vg.
The mono-energetic DOG scheme can be more compactly written in the following
manner. Associating each vj, € Vo g with the set {vi_ : kg € Ts, 1 < i < (gu, + 1)1} C
Vo and introducing the following bilinear forms T,S‘ : Vas X Vas — R and linear

functional 7 : Vaos — R:

(qrg+1)271

% i i
wha Uh E E wnSTng( Ks? vK,g)’

Ks€Ts i=1

(apy+1)* " (@rg+1)41

3y | i
Swew) =Y XYY 8wk

K5E€Ts j=1 ks€Ts i=1

(qrg+1)?

= Z wigsfis(vi;g),

ks€Ts i=1

the mono-energetic DOG scheme reads as follows: find uj € Vg 5 such that
T(un,vn) = S(un,v) + £(vp) (5.48)

for all v, € Vo s. Notice that we may replace S(up,vp) with S(up,vy) since

(gt (@rg+1)% "

S(un,vn) = Y Z >y Sgg,ns(u{;é,v;§)

K5ETs Jj=1 Ks€Ts =1

(gt (@rg+1)4"

Z Z Z Z S( /wié’vfiswf@&)

KLETs j=1 ks€Ts i=1

= S(up,vp).

It is straightforward to derive a source iteration method for (5.48)): for a given

(0) € Vo, find {up}n>0 C Vas such that
T(ugwrl),vh) = S’(ugln)mh) + Z(vh) (5.49)

for all vy, € Vo5 and n > 0.
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Analysis
For the analysis of (5.49)), it shall be useful to introduce two norms |||-|||7 : Vaos = R

and ||| - |||7 : Vas = R:

I[oll7 = [Iv/e + Bvl[72p)

1 _
+§/s ZT <||U+ —v ||?9,m(u)\aﬂ+ ||U+H%m(u)maﬂ) dp,
rkao€Ta

(grg+1)*71

loalllz= > > Wf;s<|lva+ﬁvig|liz<m

Kks€Ts i=1
1 , . A
+ ) Z ||(’UZS)Jr ) ||%,m(ugg)\ag + |(Ufcg)+||gm(ugs)maﬂ)~
Ko €T
Note that ||| ||| is the natural norm in which to measure coercivity of the bilinear form

T'; moreover, we have the following identity for all v, € Vqs:

Ilonlll3 = T(vn, on)-

The norm |||-|||7 may be interpreted as an approximation of the norm |||-|||7 using the
previously-defined angular quadrature scheme. As such, we have that |||vp |||+ = |||vn]||7
for all v, € Vo s. Denoting by uj the exact solution to the DOG scheme and
{ugln)}nzo C Vq,s the sequence of approximate solutions generated by the iteration

(5.49), we have that

"™ = unl|2 = T = g, ug™™ — )

- S(ugln) — uh,uénﬂ) —up)
- S(uﬁl") — uh,ugnﬂ) — up)
< [Jul = unll|z/Jul — un]||r
~ e [lfuf = unll 7l = w7

We point out that, since we were able to introduce the bilinear form S(-,-), Lemmas

were invoked (with the choice of relaxation parameter w = 0) in order to
(n+1)

obtain the first bound on the solver error |||u,, — upl||7. The result above may be
rearranged to yield
™" = unlll S e Ny — a7 (5.50)

Note that (5.50) is insufficient to prove that the iteration (5.49)) is convergent since we

have not bounded the error incurred by replacing the norm ||| - |||z with ||| - ||| 7.

5.6 Summary

As we have seen in Chapter the mono- and poly-energetic forms of the time-
independent linear Boltzmann transport equation can be discretised using discontin-

uous Galerkin finite elements in the spatial, angular and energetic domains, and that
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the resulting scheme (when solved exactly) is convergent with optimal order in the
DG-energy norm error. However, the linear systems arising from such discretisations
are typically large and sparse, so iterative solution methods are more suitable than
direct methods. The most common iterative method employed in radiation transport
codes, called source iteration, has been shown to be convergent when applied to model
(continuum) mono-energetic problems.

In this chapter, we started by verifying two important properties of source itera-
tion. Firstly, we showed (under relatively general assumptions) that the convergence
properties of source iteration in the continuum case are maintained when the iterative
method is applied to the discrete equations arising from a fully-discontinuous Galerkin
finite element discretisation of the LBTE. Secondly, we extended the convergence result
to poly-energetic problems by proving a contractive property about source iteration in
the poly-energetic case. The resulting contraction factor is analogous to the scattering
ratio for mono-energetic problems. While not presented here, we have observed that
the mesh size parameter h, as well as the polynomial degree of approximation p, have
little influence on the convergence rate of source iteration for poly- or mono-energetic
problems.

We also derived computable a posteriori error estimates for the DG-energy norm
solver error |||up — Gr||| pa, where up, denotes the exact solution to the DGFEM approx-
imation of the LBTE and uj, ~ uj; denotes an approximation formed by terminating
a linear solver for the discrete equations prematurely. One of these a posteriori error
estimates is applicable only for approximate solutions generated by source iteration; the
other estimate applies to approximate solutions generated by more general linear solvers
and is based on the residual vector corresponding to the linear system. While the ef-
fect of finite element discretisation parameters have not been presented here, we have
observed in previous experiments that they only slightly change the computed values of
the a posteriori error estimates.

We looked at a modification of source iteration in the mono-energetic case and again
proved a convergence result and a posteriori DG-energy norm solver error estimate. We
found that the modified source iteration method converges slightly faster than standard
source iteration, and drew comparisons between the so-called modified source iteration
with successively over-relaxed treatments of source iteration. These comparisons in-
cluded a study on the spectral properties of the discrete iteration operators. We also
showed how the generalised minimal residual (GMRES) method can be applied to the
DGFEM-discretised LBTE. By a slight modification of the linear system, we saw that
GMRES could compute a residual-based a posteriori DG-energy norm solver error es-
timate at each iteration as a byproduct. Moreover, the implementation is compatible
with any (right-)preconditioner; we focussed on families of preconditioners based on

employing standard transport sweeps.
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We numerically studied a range of iterative methods applied to a model mono-
energetic test problem in two spatial dimensions. We validated that, under certain condi-
tions, the modified source iteration method and right-preconditioned GMRES methods
(using transport-based preconditioners) are both more rapidly convergent than source
iteration. More specifically, we identified two parameters that control the rate of conver-
gence of each method, namely the scattering ratio ¢ and the number of mean free paths
required to travel across the spatial domain AL. We remark that the latter parameter
was used as a surrogate for the cell aspect ratio € defined in and appeared as an
important quantity of interest in the analysis of Chapter We also saw how these
parameters affect the effectivities of the a posteriori solver error estimates employed by
each method.

From the numerical results presented above, it is clear that right-preconditioned
GMRES using transport-sweep-based preconditioners offers consistently-faster conver-
gence rates than either of the stationary iterative methods. In particular, the solver
RPGMRES-T(1) is only slightly more computationally expensive per step than stan-
dard source iteration. To see this, note that a single step of source iteration requires the
computations of the actions of T~! and S on a vector, while a single step of RPGMRES-
T(1) additionally requires the computations of the actions of L and L~! on a vector,
as well as an orthogonalisation step. However, the actions of L and L™! are relatively
cheap due to their block-diagonal structure. In practice, the computation of the action
of S on a vector is the dominating cost (in terms of CPU time) in a single step of both
methods, and so each iteration of RPGMRES-T(1) takes only slightly more CPU time
than that of source iteration. The rapid convergence of RPGMRES-T(1) compared to
source iteration means that RPGMRES-T(1) generally takes less CPU time overall to
achieve a given solver tolerance.

For n > 1, each step of RPGMRES-T(n) requires the repeated actions of T~! and S
on a vector n times. Moreover, we have demonstrated that the solver error after n steps
of RPGMRES-T(1) is generally smaller than one step of RPGMRES-T(1). Therefore,
RPGMRES-T(1) is always preferred over RPGMRES-T(n) if one is able to store a large
Krylov basis. However, RPGMRES-T(n) offers a reasonable compromise between rapid
convergence rates and reasonable storage requirements when only a few Krylov vectors
can be stored.

If memory constraints are severe enough to rule out RPGMRES-T(n), then the
modified source iteration method MSI(w) is preferred over standard source iteration. It
was found that a single iteration of both methods took approximately the same amount
of CPU time, and MSI(w) can be incorporated into existing source iteration codes in

1

a relatively straightforward manner. We recommend the parameter choice w = 5 since

this guarantees the convergence of MSI(w) in every example provided. While choices of

1

w greater than 3

can offer faster convergence rates of MSI(w), their convergence is no
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longer guaranteed, particularly if either the scattering ratio ¢ or the optical thickness
is large.

We also generalised the transport-sweep preconditioner employed in RPGMRES-
T(n) to additionally incorporate information about the spectral centre of the source-
iteration operator T~!S; i.e. the centre of the complex disc which we proved bounded
the eigenvalues of the source-iteration operator. Our numerical experiments suggest
that such preconditioners can yield improved convergence rates of RPGMRES-T(n)
over preconditioners employing standard transport sweeps provided that the spectral
centre is sufficiently well-approximated. However, our experiments also suggest that
this improvement is relatively small. Given the sensitivity of the convergence behaviour
of RPGMRES-T(n) on the quality of the approximation of the spectral centre, it may be

advisable to employ standard sweep-based (i.e. truncated Neumann) preconditioners.
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Chapter 6

Conclusions

In this thesis we have developed high-order discontinuous Galerkin finite element
methods (DGFEMs) for the numerical approximation of the mono- and poly-energetic
forms of the linear Boltzmann transport equation (LBTE). Our development employed
DGFEMs in each of the spatial, angular and energetic domains. It was shown that the
resulting scheme can be efficiently implemented into many multigroup discrete-ordinates
codes for radiation transport. The remaining work focussed on the fast assembly and
solution of the resulting equations.

In Chapter |3] we introduced families of discretisations for each of the spatial, angu-
lar and energetic domains, and specified spaces of discontinuous piecewise-polynomial
functions in each case. These function spaces were necessary to develop a full space-
angle-energy discretisation of the poly-energetic linear Boltzmann transport equation
using the discontinuous Galerkin finite element method. In particular, the angular
and energetic function spaces introduced permitted an implementation of the resulting
method in a multigroup discrete-ordinates-like fashion. We have demonstrated that the
order of accuracy of the resulting DGFEM is optimal with respect to the space-angle-
energy mesh-size parameter h and the global polynomial degree of approximation p;
i.e. that the DG-energy norm error in the computed DGFEM approximation scales like
O(hP*1/2) and that the L?(D) norm error scales like O(hP*1).

In Chapter [l we investigated the assembly of the linear system arising from a
DGFEM discretisation of the constant-coefficient first-order linear transport equation
on arbitrary polytopic meshes. In particular, we studied the assembly of the system ma-
trix using both standard quadrature-based procedures and novel quadrature-free-based
procedures based on the fast numerical integration of homogeneous functions on poly-
topes. A quadrature-free assembly method was developed that assembles local matrix
contributions using a single loop over mesh faces, as opposed to two separate loops over
elements and faces. An analysis of the floating-point operation count of the resulting

method was performed and compared to a corresponding quadrature-based method, un-
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der relatively general assumptions on the volume quadrature scheme employed on each
element. The analysis revealed that the quadrature-free-based assembly algorithm could
outcompete the quadrature-based algorithm; in particular, a mesh-dependent parameter
was identified that partially characterised the performance improvement in switching to
a quadrature-free-based approach. This was verified through numerical examples.

In Chapter [5} we studied the classical source iteration method for the solution of the
linear Boltzmann transport equation. Our reason for this was to verify that the con-
vergence properties of source iteration applied to the continuum problem are retained
when a full DGFEM discretisation in the space-angle-energy domain is performed. We
also obtained a more general convergence result for poly-energetic source iteration. We
paid particular attention to the derivation of a posteriori solver error estimates which
exploited the variational framework of the DGFEM problem. We then focussed on
mono-energetic problems and introduced a new basic iterative solver, coined the “modi-
fied source iteration” method, which generalises standard source iteration via the intro-
duction of a tailorable parameter. We also discussed the application of the generalised
minimal residual (GMRES) method to problems in radiation transport. We described
a framework in which standard implementations of GMRES may be exploited to in-
corporate a posteriori solver error estimation. The convergence properties of source
iteration, modified source iteration and transport-preconditioned GMRES were demon-
strated with numerical examples. It was observed that transport-sweep-preconditioned
GMRES almost always outperformed standard source iteration in terms of the total
CPU time taken to achieve a given user-specified solver tolerance, provided that one
has sufficient storage for the Krylov vectors. Moreover, it was found that employing
multiple transport sweeps per GMRES step offered a good compromise between mem-
ory and total CPU time. In cases where even a small number of Krylov vectors cannot
be stored, we have shown that the modified source iteration (for specific choices of the

tailorable parameter) often converges faster than standard source iteration.

6.1 Further work

The work considered in this thesis suggests several topics of further research interest

which we shall briefly discuss.

6.1.1 Improved linear solvers

A number of extensions to the linear solvers presented in Chapter [5] can be made.
Most notably, a comparison of the aforementioned methods against the widely-employed
diffusion-synthetic acceleration (DSA) method would be highly valuable. For mono-
energetic problems, it is known that DSA converges more rapidly than source iteration,

provided that the scattering kernel is not too highly-peaked and that the DSA equations
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are discretised “consistently” with the LBTE [89, [T03]. A proof of convergence of DSA
employing functional-analytic methods (as was performed in Chapter for source
iteration) would be highly valuable, particularly if it could be extended to poly-energetic
problems. It would also be useful to employ DSA-based (or approximate DSA-based)
preconditioners for the right-preconditioned GMRES method. Such preconditioners
may accelerate the convergence of GMRES (and thus minimise the size of the stored
Krylov basis) for test problems where standard transport-based preconditioners converge
most slowly. Finally, the variational framework employed in the DGFEM discretisation
naturally lends itself to the development of multigrid-based preconditioners. This may
be especially useful for problems with highly-peaked scattering kernels, where it has
been observed (for discrete ordinate calculations) that “angular multigrid” methods can

outperform DSA in terms of convergence rates [1].

6.1.2 Further applications of quadrature-free methods

The primary application of quadrature-free methods employed in this work was for the
assembly of the matrix arising from the discontinuous Galerkin discretisation of the
constant-coefficient first-order linear transport equation. While quadrature-free meth-
ods have also been applied to second-order elliptic problems [6], the approach outlined
earlier can also be used for discontinuous Galerkin discretisations of more general prob-
lems [28]. We have also not addressed the problem of assembling integral terms involving
more general non-polynomial functions. Outside of a few special cases [69], integrands
involving products and compositions of homogeneous and non-homogeneous functions
cannot be integrated using quadrature-free techniques, and one typically resorts to stan-
dard quadrature schemes to integrate such functions. An alternative approach might
be to approximate such integrands with a linear combination of homogeneous functions
and then invoke quadrature-free arguments to exactly integrate the resulting (approxi-
mate) integral. It is also of practical interest to investigate code-optimisation strategies
that may speed up the general quadrature-free assembly outlined earlier. While our
approach allows for the assembly of the system matrix by looping over mesh faces with
little regard to the order of faces visited, it is likely that looping over the boundary faces
of each element may offer improvements in assembly time. This is because one may
then assemble volume-like contributions once per element rather than once per face,

and meshes typically have fewer elements than faces.

6.1.3 Functional error control

We have cast the numerical approximation of the linear Boltzmann transport equation
within a fully variational framework, which allows for both greater flexibility in the fi-

nite element spaces/meshes used to discretise the equation and functional error control.
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Provided that one can define an appropriate “goal” functional J(-), one may use dual-
weighted residual techniques to formulate and solve a dual problem. The approximate
primal and dual solutions may then be used to quantify the difference between J(u), the
goal functional evaluated at the exact solution (which we typically have no access to),
and J(up), the goal functional evaluated at the approximate DGFEM solution (which
we can solve for). Moreover, such techniques often provide error indicators - additional
information about the element-wise contributions to the functional error. This infor-
mation can be exploited within a “goal-oriented” adaptive mesh refinement algorithm
[49,[52]. The variational framework of finite element methods can also accommodate the
approximation of contributions to functional error estimates arising from sources other
than discretisation. For example, one could incorporate error indicators associated with
both the “discrete ordinates Galerkin” implementation of Chapter and any of the

approximate linear solvers described in Chapter

6.1.4 Medical physics applications

The work presented in this thesis is geared towards the analysis of discontinuous Galerkin
discretisations of the linear Boltzmann transport equation and its numerical solution.
However, the motivation for this work was the application of such techniques to prob-
lems in radiotherapy treatment planning. In the most complex problem considered in
this work, we studied the convergence of our DGFEM approximation applied to a model
problem consisting of Compton-scattering photons travelling through a 2D slab of wa-
ter - there are many more realistic and complex problems we have yet to consider. For
example, we have not yet applied our methods to problems with strong spatial het-
erogeneities in the material coefficients and have also not incorporated other scattering
and absorption processes into our physics model. In order to show that our determin-
istic approach can compete with current “gold-standard” Monte Carlo methods, it is
necessary to benchmark our method against more demanding problems of interest to
the medical physics community; cf. [61] [7T), T01]. We have also focussed primarily on
photon scattering/absorption physics, although our analysis also applies to more general
radiative particle physics. One extension to our model is to additionally couple photon
and electron fluences via a coupled system of linear Boltzmann transport equations -
this requires further study of the scattering/absorption physics of electrons. In view of
obtaining accurate radiative dose estimates, we have also yet to implement “dose deliv-
ery” functionals within a dual-weighted residual framework - although photon sources
are often used in radiotherapy, it is the electrons liberated from Compton scattering

that actually deliver a radiative dose to the medium [II].
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