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Abstract

At present, robots constitute a central component of contemporary factories. The
application of traditional ground-based systems, however, may lead to congested floors
with minimal space left for new robots or human workers. Overhead manipulators,
on the other hand, aim to occupy the unutilized ceiling space, in order to manipulate
the workspace located below them. The SwarmRail system is an example of such an
overhead manipulator. This concept deploys mobile units driving across a passive rail-
structure above the ground. Additionally, equipping the mobile units with robotic arms
at their bottom side enables this design to provide continuous overhead manipulation
while in motion. Although a first demonstrator confirmed the functional capability
of said system, the current hardware suffers from complications while traversing rail
crossings. Due to uneven rails consecutive rails, said crossing points cause the robot’s
wheels to collide with the new rail segment it is driving towards. Additionally, the robot
experiences an undesired sudden altitude change.

In this thesis, we aim to implement a hierarchical whole-body impedance tracking con-
troller for the robots employed within the SwarmRail system. Our controller combines
a kinematically controlled mobile unit with the impedance-based control of a robotic
arm through an admittance interface. The focus of this thesis is set on the controller’s
robustness against the previously mentioned external disturbances. The performance
of this controller is validated inside a simulation that incorporates the aforementioned
complications. Our findings suggest, that the control strategy presented in this thesis
provides a foundation for the development of a controller applicable to the physical
demonstrator.

Key Words: Overhead manipulator, impedance control, admittance control, whole-
body control, hierarchical control
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1. Introduction

In recent decades, automation has been on the rise in manufacturing and logistics.
Hereby, the use of robotic systems has played a significant role in increasing productivity
and efficiency in these industrial applications [1, 2]. However, relying solely on ground-
based systems limits the possible use of the available workspace. Moreover, applying
multiple robots may lead to densely used workshop floors. This in turn implies the
impediment of human motion whilst working alongside the respective machines. This
is particularly problematic for the cooperative work between humans and robots, which
is envisioned for the factories of the future [3]. To address these challenges recent
research has proposed to partially uplift robotic systems to the ceiling of workshops
hence allowing accessibility from both, the top and bottom.

One representative of this approach is the SwarmRail system [4]. The proposed
solution utilizes a rail-network mounted at the ceiling of a workshop, subsequently
enabling the mobile robotic systems to operate without any further impediments.
Equipping the mobile units with robotic arms, allows for a continuous manipulation
of the workspace located below the rails. Moreover, the mobile units are capable of
moving without the assistance of active elements inside the rails, allowing the usage of
cost-effective and simple grid structures. Additionally, the implementation of multiple
robots moving independently from one another inside a single rail-network is thus
possible. Consequently, flexible production processes, characterized by a swarm of
robots acting simultaneously, are thus enabled.

Although a first demonstrator of the SwarmRail has been constructed at the German
Aerospace Center (DLR), the current hardware available serves the sole purpose of
demonstrating the mobility of bespoken mobile robots on top of the rails. Therefore,
the task of manipulating its environment through the usage of a robotic arm has not
been investigated yet. Consequently, the concept lacks a controller for the entire system,
which enables it to pursue manipulation tasks on the workspace below.

Motivated by this shortcoming, this semester thesis aims to implement a hierarchical
whole-body impedance tracking controller for the SwarmRail system based on the
DLR’s previous research findings in whole-body control [5–7]. This control strategy
allows the robot to complete a multitude of lower-level tasks simultaneously. The
controller is then validated inside a physical simulation in which it is subjected to strong
and sudden external disturbances. These perturbations are modeled to resemble the
issues encountered during the operation of the real-world demonstrator. To the best
of our knowledge, this is the first time a whole-body controller is implemented for an
omni-mobile overhead manipulator.

The remainder of this thesis is hence divided into seven chapters. Chapter 2 gives
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Figure 1.1.: Roadmap for this thesis

a short introduction to hierarchical multi-objective control and provides a selection
of existing solutions for overhead manipulators. For the latter, an emphasis is set on
the SwarmRail system. Thereafter, the presented controllers and robotic systems are
evaluated and compared to each other. In the following Chapter 3 covers the theoretical
fundamentals of robot kinematics, dynamics and compliant control theory. Moreover,
the fundamental theoretical knowledge needed to comprehend the simulated model
and the implemented controller, respectively, is provided.

Beginning with Chapter 4, the work and research conducted during the development
of this thesis is covered. Moreover, special attention is given to the introduction of
the underlying physical model. Furthermore, an overview of the applied assumptions
and simplifications as well as the scenarios, which are investigated to validate the
controller’s performance, is provided. These basic concepts serve as a foundation for the
introduction of the actual controller design, as in Chapter 5. Subsequently, the controller
is validated in Chapter 6, providing the results of simulated tracking tasks. A special
emphasis is set on the precision of the controller. The simulation results are discussed
in Chapter 7. Finally, Chapter 8 gives an overview over future research topics building
upon the results of this thesis.

2



2. State of the Art

In this chapter, an overview of the research progress relevant to this thesis is given. First,
the existing solutions for the implementation of hierarchical multi-objective control are
briefly presented. Following that, this chapter introduces several concepts for overhead
manipulators. Among the overhead manipulators, the SwarmRail system receives a
more detailed description, as it represents the robotic system which is being treated in
this thesis. Finally, the presented controllers and robotic systems are critically evaluated.

2.1. Hierarchical Multi-Objective Control

For robotic manipulators which possess more Degree(s) of Freedom (DOF) than nec-
essary to pursue a given task, the surplus of DOF can be used in order to incorporate
multiple tasks simultaneously [8]. As these tasks might interfere with each other, a task
hierarchy is implemented. Therefore, it is meant to guarantee the unhindered execution
of the objectives deemed as most important, such as safety-critical tasks [6, 9]. One
possibility implies the usage of weight-based "soft" prioritization approaches [10–15].
Given that the priority levels are assigned through the application of weights, these
approaches are characterized by the potential of applying flexible prioritization. That is,
by a change of the weight parameters, it is thus possible to smoothly modify the task
hierarchy order [12, 13].

The usage of null space projectors [16–18] provides an alternative for the multi-
objective control. Contrasting the aforementioned method, these strict hierarchies do
not assign weights regulating the tasks’ influence on in the control actions. Instead, they
enforce that lower prioritized control actions do not disrupt tasks of higher priorities.
That is, lower prioritized tasks do not cause any control actions unless these actions do
not affect the execution of higher prioritized tasks. Therefore, this approach results in a
"strict" prioritization [5, 19].

One example of how such a strict hierarchy can be achieved, is given by the Opera-
tional Space Formulation (OSF) [20]. This controller utilizes feedback linearization on
all hierarchy levels in order to produce linear Equations of Motion (EOM). For these
linearized dynamics, OSF has shown to provide exponential stability for trajectory
tracking. Moreover, employing "dynamically consistent" null space projectors [21] at-
tains inertial decoupling across all hierarchy levels [6, 19]. Examples for such feedback
linearization-based controllers can be found in [22–24].

Alternatively, it can be resorted to the concept of compliance control [25]. This method
is to be understood as a variation of the impedance controller developed by Hogan

3



2. State of the Art

[26–28], with the difference that the system’s natural nonlinear inertia is preserved.
Dietrich et al. [6] proposed such a controller for a strict prioritized task hierarchy. For
the case of no external torques acting on the system, they were able to prove asymptotic
stability of the equilibrium. The latter is defined as the state in which the operational
space tracking errors for all hierarchy levels are equal to zero. By including a term
compensating for external forces/torques, the asymptotic stability is also valid at the
presence of constant external forces. This controller is covered in extensive detail in
Section 5.2.

2.2. Overhead Manipulators

The concept of utilizing the ceiling in order to incorporate robotic manipulators acting
on a workspace below, has already been subject of previously conducted research.
One example of such an implementation, can be found in gantry systems, such as the
ceiling-mounted home robot by the Toyota Research Institute [29]. Actuated by two
motors, the robot arm moves along two linear axes to reach a desired position in the
room and interacts with the workspace beneath it. This system aims to aid humans
on everyday tasks, such as cleaning or transporting objects. Being mounted above the
ground, the robotic system is supposed to avoid navigating through floor clutter and
cramped spaces. Moreover, when not in use, the overhead design allows the robot to
tuck itself up, not disturbing the homeowners.

Another example of a gantry-based robotic overhead manipulator is the Multifunc-
tional Cell (MFZ), developed by the DLR’s Center of Lightweight Production Technology
in cooperation with KUKA Systems GmbH, Augsburg [30]. The proposed solution im-
plements five robots moving on linear tracks mounted at the ceiling of a workshop. The
robots moving across the ceiling are set up in such a way, that their respective individual
workspaces overlap thus enabling cooperative work between the system-bound robots.
The available workspace is separated into different cells with each cell being assigned to
a particular configuration of robots.

As an alternative to gantry systems, the autostore system [31] can be named. A swarm
of robots, each equipped with eight wheels, moves across a rectangular grid structure,
located at the top of stacked store bins. The robots are capable of autonomously
performing translations in two orthogonal directions, only using four of their eight
wheels for each direction. Thereby, at the crossing points, the robot elevates four wheels
which it does not use and descends the four wheels it uses for the designated translation
direction. After moving to their intended position at a desired column, they interrupt
their motion to reach downwards to store or retrieve a new bin to their column.

2.3. The SwarmRail System

The SwarmRail system, proposed by Görner et al. [4], is another example of a robotic
overhead manipulator. Hereby, a swarm of mobile robots is supposed to be placed on a

4



2.3. The SwarmRail System

rail grid, mounted at the ceiling of the workshop. The robots are capable of traversing
the grid tracks and change their direction of motion at intersections, without the need for
active elements on the rails, such as track switches. The SwarmRail system complements
or replaces ground-based systems and yields the following benefits:

• Continuous overhead manipulation, even whilst traversing rail crossings.

• Flexible application possibilities due to the ability to deploy multiple mobile units,
acting independently inside a single rail-network.

dw

dw

dw

dg dr

Figure 2.1.: Top view of the SwarmRail system located at a crossing point. Figure
adapted based on Görner et al.[4].

The following subsections introduce the rail-network and the mobile unit, respectively.

2.3.1. Rail-Network

The rail-network developed as part of the SwarmRail system, is characterized by a
collection of straight rail sections, further denoted as "straight segments", which merge
into each other in the form of intersecting gaps at the crossing points. The mentioned
straight segments are constructed as two L-profiles facing each other. These profiles are
separated by a through-going central gap of length dg, which guides the motion of the
mobile unit. Furthermore, the vertical elevation of the L-profiles provides a physical
border for the robots. Herewith, the robots’ range of motion inside the straight segment
is limited to translation in two directions. The crossing points provide the system
with additional mobility possibilities, enabling the robots to change their direction of
translation or perform rotations.

The SwarmRail system allows for a multitude of different potential grid shapes, such
as hexagonal, rectangular or quadratic [32], as long as two conditions are met. First,
the rail width dr must be large enough in order to allow the robot’s movement through
the rails. Expressed differently: the distance dr between the vertical elevations of facing
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2. State of the Art

(a) Top View [4]

(b) Side View [4].

Figure 2.2.: Visualization of a potential rectangular grid system with multiple SwarmRail
units operating and cooperating together, using robotic arms and transporta-
tion boxes fixated at the bottom of the respective mobile unit. Figures
adopted from Görner et al. [4].

L-profiles needs to be wider than the edge sizes of the robot. Secondly, the gap size
dg needs to be smaller than the distance between two adjacent wheels dw (refer to
Figure 2.1). This serves the purpose, to ensure the contact of at least two driving wheels
with the rail, allowing the robot to remain mobile at all times.

However, this thesis only considers the simplest structure, which also corresponds
to the network demonstrator built at the DLR: a rectangular grid structure (refer to
Figure 2.2).

2.3.2. Mobile Unit

The mobile unit consists of two elements connected through the ongoing gap, which
extends throughout the entire rail-network (refer to Figure 2.3b). All in all, the top
and the counterpart at the bottom of the rail, have the same kinematic setup: both
systems possess eight omni-wheels. These wheels are actuated by four brushed Direct-
Current (DC) gearmotors for the top part. The counterpart on the bottom remains
completely passive. Hereby, each motor is responsible for the wheel pair of one edge.
This configuration allows for omnidirectional mobility, while keeping the number of
actuators to a minimum. Figure 2.4 demonstrates the unit’s movement based on the

6



2.3. The SwarmRail System

(a) The first demonstrator of the SwarmRail
system, with a LWR attached at the bottom
of it [36].

(b) Closeup of SwarmRails mobile unit, con-
sisting of two parts located at opposite
sides of the rail [36].

Figure 2.3.: Different perspectives on the robotic demonstrator built and located at DLR

rotation direction of each omni-wheel pair.
Despite its lack of actuating elements, the lower part is essential for the avoidance

of tilting while the robot is exposed to high external torques. Additionally, the bottom
part provides the possibility of incorporating an attachment at the mobile unit, allowing
the robot to perform tasks at the workspace below it. Depending on the task to be
performed, various attachments are imaginable to complement the robot, such as boxes
and robot arms (refer to Figure 2.2). However, for the remainder of this thesis, only the
case of the attachment being a robotic arm is considered.

While the mobile unit is responsible for the robot’s movement inside the rail-network,
the robotic arm attached at the bottom of the mobile unit allows the SwarmRail robot
to manipulate its environment and to perform operations such as pick and place tasks.
It is important to note, that the current SwarmRail demonstrator built at the DLR,
portrayed in Figure 2.3a, already consists of a mobile unit which allows a robotic arm
to be mounted. However, the arm is not functional yet and the entire construction has
not yet been tested on real tasks. The available hardware solely serves the purpose,
of demonstrating the mobility of said subsystem in a rectangular rail-network. The
robotic arm which is expected to be mounted on the mobile units, is a variation of the
Lightweight Robot (LWR) [33–35] developed by DLR. This subsection however focuses
on the novel mobile unit developed by Görner et al. [4].

As already covered in Subsection 2.3.1, the special shape of the rail profiles provides a
physical barrier for the robot, limiting its motion to a translation along the rail. However,
beyond these physical borders, the mobile unit is able to center itself with regard to
the gap extending throughout the rails. Hence, the physical contact between the rail’s
vertical elevation and the unit is avoided. Therefore, the robot is equipped with four
sensors based on Infrared (IR), each sensor being located at the center of each of the
four sides of the robot. These sensors are further denoted as the "gap detection sensors".

The gap detection sensors emit IR radiation towards the surface located below them,
i.e. on the grid section the mobile unit is currently located at. The lights is reflected back
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2. State of the Art

Figure 2.4.: Based on the chosen rotation direction of the wheels, the mobile unit is
capable of performing translations in arbitrary directions or rotating about
the vertical axis. The double headed vectors express the rotation of the
omni-wheels, the orange vectors represent the overall motion of the mobile
unit.

to the sensors and allows the determination of the mobile unit’s position relative to the
gap. For the case of the mobile unit being perfectly centered, the emitted light passes
through the gap. Consequently, only a small portion of the light is reflected back to the
sensors. Should the robot not be centered, the IR radiation becomes partially directed
at the metal rails beneath the sensor. Therefore, the metallic surface reflects a larger
portion of the emitted light back to the sensors. Based on the direction from which
the reflected light reaches the sensors, the readings provide information regarding the
direction to which the position should be corrected, namely in the direction opposing
the source of the reflected light. Therefore, a translational motion does not solely make
use of the driving omni-wheels, whose rotation axes are orthogonal to the direction
of the movement. Additionally, the wheels whose rotation axes are parallel to the
translation are also actuated according to their respective gap detection sensors. By
that, the robot is centered about the gap. The centering inside the rails is achieved via a
Proportional–Integral–Derivative (PID) controller [37], implemented by Grimmel [38].

The centering along the straight segments only made use of two sensors, both at
opposing sides of the robot but located above one single ongoing gap. However, when
the robot approaches a crossing point, the problem increases in its complexity. At the
crossing points of a rectangular grid structure, four different straight segments with four
different gaps meet (refer to Figure 2.2a). Therefore, the centering now takes place based
on all four gap-detecting IR-sensors. The transition from these two centering-methods
is initiated through the classification of the robot’s current position as either inside a
straight segment or a crossing point. This is performed using eight additional IR-sensors.
These sensors attached at the four corners of the robot, detect whether the robot’s edges
are surrounded by rails or not. These sensors shall be named "edge detection sensors".
For a robot inside a straight segment, these edge detection sensors detect the reflection
caused by the two opposing vertical elevations of the L-profiles making up the segment.
Should none of the sensors detect reflection of IR-light from their respective sources, the

8



2.4. Discussion of the State of the Art

robot is assumed to be inside a crossing.
The aforementioned interpretation of the own position is not only necessary for the

centering, it also allows the robot to detect which motion possibilities are limited. Inside
the straight sections of the network, the robot is only able to perform translation in one
of two directions. However, when located inside a crossing, the robot can drive in one of
four directions or rotate by setting all eight wheels to rotate in the same direction (clock-
or counterclockwise).

Additionally, the mobile unit possesses an Inertial Measurement Unit (IMU). A
summary of essential technical data can be found in Table 2.1.

Table 2.1.: Summarized technical properties of the mobile unit. Table is partially adopted
from Görner et al. [4].

System specifications
Size in mm 362⇥362⇥263 (length × width × height)
Mass in kg 17.5

Motors 4 × brushed DC gearmotor
Maximal Speed in m/s 0.5

Wheels 8 × driven omni-wheels
8 × passive omni-wheels on lower part

Sensors 4 × IR gap detection
8 × IR edge detection

1 × IMU

2.4. Discussion of the State of the Art

The implementation of weight-based soft prioritization introduces couplings between
the tasks of different hierarchy levels. Although the impact of each task can be adjusted,
superposing the tasks leads them to compete, to some extent, against one another [6].
The control approaches based on feedback linearization, on the other hand, allow for
a clear separation between tasks. Thereby, it enables the best achievable performance
on the tasks of highest priority. Moreover, exponential stability for trajectory tracking
can be proven. However, if a desired impedance is to be implemented in this approach,
a precise knowledge of external forces/torques and dynamical parameters underlying
the analyzed system is required [6, 19]. Apart from the difficulty of obtaining reliable
and accurate sensor readings of external forces/torques, these approaches are sensitive
against modeling uncertainties and parameter variations [19].

On the other hand, compliance control as implemented by Dietrich et al. [6], mainly
benefits from the fact of neither requiring feedback of external forces nor a precise
model of the inertia matrix. This in turn has proven to be advantageous in terms of
stability and control performance [25, 39]. However, the controller developed in [6] only
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2. State of the Art

provides local asymptotic instead of exponential stability. Furthermore, the application
of dynamic external torques is shown to introduce cross-couplings between tasks of
higher with tasks of lower priorities, respectively. The latter is addressed by Wu et al.
[19]. The details concerning [6, 19] are provided and thoroughly explained in Chapter 5.

Regarding the overhead manipulators, it can be said that gantry-based systems, such
as the ceiling-mounted home robot by the Toyota Research Institute [29] are limited in
their applicability. The linear positioning actuators do not allow the implementation of
numerous robots moving independently across the ceiling. Although propositions, such
as the MFZ, are able to combine multiple gantry-based manipulators, the respective
robots are limited in their motion capabilities. These systems enable translations along
a linear track only. Consequently, the robots are unable to cover the ceiling space as a
whole by themselves. Instead, they rely on the partition of the available workspace in
cells. By doing so each cell is then individually covered by a particular configuration of
robots. Be that as it may, the construction of such actuated ceiling constructions remains
to be costly and complex for both gantry-based systems.

The autostore system [31] on the other hand, does not make use of any active elements
inside the rail-network it moves across. Therefore, the system is capable of operating a
swarm of robots simultaneously. However, these robots are not capable of moving while
lifting goods or manipulating their environment.

Similarly to autostore, the robots of the SwarmRail system [4] move autonomously
without the need of actuators integrated inside the rail-network. Therefore, this system is
also capable of operating a swarm of independent mobile units at the same time. Further-
more, the mobile units provide continuous overhead manipulation at all times. However,
while the autostore system is already in use for industrial applications, the SwarmRail
system is currently still in the beginning of its developing phase. Consequently, the
system still possesses flaws, for which solutions are still to be discovered.

For instance, the currently built SwarmRail demonstrator does not provide consistent
grip between its wheels at the rails, which is particularly apparent while the mobile units
enter crossing points. Consequently, the robot has to reduce its speed while entering
crossing points from the maximal speed of 0.5 m

s to 0.3 m
s [4, 38]. The source for this

can be mainly attributed to two factors. Firstly, rails are too smooth for the wheels to
have enough traction to reliably drive the robot forwards. Our experience has shown,
that regularly roughening the rails is able to counteract this problem. Secondly, the
undesired behavior can also be caused by manufacturing or construction inaccuracies of
the rails. These conditions cause the rail segments to differ from each other regarding
their altitude. Consequently, for different wheels having contact to rails at different
altitudes, the contact forces are no longer equally distributed between them. Should the
driving wheels have particularly small contact forces, the robot is unable to generate
the necessary force to move. Moreover, differing driving forces for the wheels are also
able to cause undesired rotations of the mobile unit, despite applying the same motor
torques on both sides. This has as a consequence, that constant intervention by the PID
controller is necessary to prevent the undesired rotation and center the robot.

10
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An additional implication of the differing rail altitudes, becomes visible while the
robot is traversing a crossing point. During our experiments with the system, we were
able to observe that the robot experiences collisions while crossing the intersection.
These collisions occur when the wheels hit the edge of the rail gap orthogonal to the
direction of motion. The exposition to these problems has motivated us to further reduce
the mobile unit’s speed, in order to guarantee its stability inside crossing points. For
our investigations, the mobile unit has shown to be reliable at speeds ranging from 0.1 m

s
up to 0.25 m

s .
Current experiments with the SwarmRail have also shown a new problem, regarding

its centering capabilities. Being reliant on the reflective properties of the rails, the gap
detection sensors are sensitive to lighting conditions. Bright lights or impurities on
the rails affect the perceived light reflection and disturb the system, preventing it from
centering itself. This problem is particularly troublesome for the crossing points, in
which the centering occasionally fails.

Lastly it should also be noted, that despite the SwarmRail being envisioned as an
overhead manipulator, the only controller currently developed is the PID controller
responsible for the centering of the mobile unit inside the rails. The realization of
overhead manipulation has been left unexplored until now.

Summarizing it can be said, that in a limited set of applications, overhead manipulators
have shown to be possible alternatives to ground-based systems. Making use of the
commonly unused space above, overhead manipulators are able to exploit the workspace
more efficiently, enabling the access to the workspace from two directions. Moreover,
transferring robots to the ceiling allows for less cluttered floors and consequently more
space for humans to move unhindered. Therefore, overhead manipulators also possess
the potential to be particularly beneficial for the cooperative work with humans.

11





3. Theoretical Fundamentals

This chapter aims to explore the fundamental concepts which underlie the hierarchical
whole-body impedance control, the implementation of which is the subject of this
thesis. By establishing the very basic definitions and mathematical formulations of both,
robot kinematics and dynamics, the fundamental knowledge behind robot motion is
set at the beginning of this chapter. Building upon this, the reader is introduced to
the basic principles behind compliant control. In doing so, the concepts of impedance-
and admittance-based control methods are presented. This chapter is finalized with
an introduction to the concept of tasks hierarchies for redundant systems, which is an
essential component for the control method implemented in this thesis.

3.1. Rigid Body Kinematics

The field of kinematics concerns itself with the description and analysis of time-
dependent properties of motion. However, the underlying causes find no further
analysis. This section is mainly inspired by the works of Craig [40], Murray et al. [41]
and Siciliano et al. [8]. It aims to introduce the concepts which are essential for the
comprehension of the controller, as implemented in this thesis. For a more detailed
study, the reader is thus advised to reference the aforementioned authors’ extensive
work.

Starting off by its definition, a rigid body is a system in which the distances between
any two of its particles remains constant. These distances are thus independent of
both the motion performed and the forces being exerted on the body. Therefore, the
kinematics of a rigid body can be described entirely by its position and orientation as
well as their respective time derivatives [8, 41].

In order to examine a motion, a so-called "reference frame" is established. This
reference frame, for the Cartesian space, is defined by a point of origin and a set of w
straight lines, the axes, which intersect at the point of origin [42]. Moreover, the axes are
selected to be orthogonal to each other. Through these axes, the position of a point is
defined by the distance between the origin and the point’s projections onto each of the
w axes. Therefore, a combination of w real numbers, expressing the point’s distances in
the direction of the axes, is able to fully define its position. For the description of bodies
inside a system with w mutually orthogonal axes, customarily, a set of w orthonormal
vectors is used. The term orthonormal states that these vectors are not only orthogonal
to each other (refer to Section A.1), but also have a magnitude of 1. Thus, for the purpose
of describing movements inside the three-dimensional space, a set of three axes is able
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Figure 3.1.: The coordinate frame O-xyz can be transferred to the second coordinate
frame Ô-x̂ŷẑ by a translation of the origin by o and rotation of the respective
axes. Performing said transfer also provides knowledge on how to express
points in different frames. This figure is based on Siciliano et al. [8].

to fully describe the behavior of physical bodies.
For the three-dimensional example of Figure 3.1, the frame O-xyz is defined by the

origin O and the axes x, y and z, respectively. These axes, in turn, are represented by
the unit vectors x, y, z 2 R3. A point in space, such as the illustrated point Ô (refer to
Figure 3.1), can be described with respect to the frame O-xyz, by the vector from the
frame’s point of origin O to Ô. This vector shall be denoted as o. The description of
said vector is achieved by making use of the unit vectors. Hence, the projections onto
the three axes are multiplied with the corresponding representative unit vector and
summed up, taking the form

o = oxx + oyy + ozz . (3.1)

Typically, this combination of projection values and axes is expressed inside a single
vector. For the case of o, this would yield

o =

2

4
ox
oy
oz

3

5 2 R3 . (3.2)

Expanding these concepts from a single point to a body is straightforward for the case
of rigid bodies. As all points making up the body preserve their respective distances
to each other, under the knowledge of the body’s spatial dimensions, being able to
describe one point of the body gives access to the positions of all the other points as
well. Therefore, the description occurs through the definition of a new frame with three
orthogonal axes represented by three orthonormal vectors, respectively. This frame,
however, is fixed on a point of a body and is hence referred to as the "body-frame". In
the case of Figure 3.1 this very frame is given by Ô-x̂ŷẑ [8]. The position of any particle
inside the described body can be derived from the particle’s position with respect to
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3.1. Rigid Body Kinematics

the body-frame. If the position of the body-frame’s point of origin with respect to a
reference frame is also known, the motion of all points making up the body can, hence,
be fully described inside said reference frame [41].

Furthermore, by introducing a second coordinate frame it is possible to expand the
description of the body beyond its position: by comparing the respective individual axes
of both frames, the orientation of the body-frame can be discovered. Consequently, the
body on which the body-frame is attached, can also be defined solely by its position and
orientation. The combination of both, position and orientation, is from now on denoted
as the "pose" of the body. Similarly to the relation described in (3.1), determining
the orientation also occurs via a projection onto the axes of the reference coordinate
frame. However, for the orientation, three projections of the body-frame’s axes onto the
respective three axes of the reference frame are examined. These projections are defined
as

x̂ = x̂xx + x̂yy + x̂zz

ŷ = ŷxx + ŷyy + ŷzz

ẑ = ẑxx + ẑyy + ẑzz , (3.3)

and represent the orientation of the body-frame relative to the reference frame. The
aforementioned results can be expressed through the usage of the rotation matrix

R =
⇥
x̂ ŷ ẑ

⇤
=

2

4
x̂x ŷx ẑx
x̂y ŷy ẑy
x̂z ŷz ẑz

3

5 2 R3⇥3 , (3.4)

which stacks these projections horizontally inside a single matrix.
An alternative variant of defining orientations, is achieved through the usage of Euler

angles. On this matter, an arbitrary rotation required to align two frames is decomposed
into a set of three elementary rotations about three axes. It must however be guaranteed
that two consecutive rotations are not performed about parallel axes. By making use of
this representation, a minimal description of the orientation change is achieved. The
number of parameters needed to describe an orientation in a three-dimensional space is
consequently reduced from nine to three [8]. Moreover, Day [43] describes a method
of extracting the rotation angles with respect to the three different axes of a stationary
reference frame.

Combining the translation vector o, expressed in O-xyz, with the rotation matrix R,
allows the description of the transition between the corresponding coordinate frames.
Furthermore, any point whose position relative to one frame is known can, as a result,
be described with respect to the other frame as well. For instance, let’s take an arbitrary
point P, described as p̂ by frame Ô-x̂ŷẑ. This very point can be expressed with respect
to the frame O-xyz, resulting in the expression

p = o+ Rp̂ . (3.5)
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Figure 3.2.: Illustration of an open kinematic chain.

Figure 3.3.: Illustration demonstrating revolute and prismatic joints as well as the motion
they enable for connected links [8].

This very transition between descriptions, with respect to different coordinate frames,
is commonly used in the field of robotics. As a matter of fact, a robotic manipulator
is typically comprised of a sequence of interconnected bodies or links which are held
together by joints (please refer to Figure 3.2). These joints do not solely serve as physical
connections between the bodies, but also as pivotal points that enable the robot to
perform movements.

Most manipulators make use of two categories of one-dimensional joints: revolute and
prismatic joints [41]. While revolute joints allow relative rotations between connected
links, a translational sliding motion is achieved through the usage of prismatic joints
(please refer to Figure 3.3). Although joints with multiple DOF exist, any joint with k
{k 2 N|1  i  6} DOF can be modeled through a combination of k revolute or prismatic
joints [40]. Therefore, this thesis only considers these two types of joints. Moreover,
since it corresponds to the structure of the robotic system treated in this work, this thesis
is restricted to one particular type of robot construction. In this setting, there is only one
sequence of links connecting the first link to the last without the presence of loops. This
structure is referred to as an "open kinematic chain" [8].

Consider the robotic manipulator illustrated in Figure 3.2. Here, the robot consists of
n + 1 links, connected by n one-dimensional joints. Each joint connects two consecutive
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3.1. Rigid Body Kinematics

links, therefore defining the kinematic relationship between both, consecutively. Starting
from link 0, which is conventionally immobile and fixed to the ground, the index of the
first moving link is 1, the second link has the index 2 and so on, until the free end at link
n + 1 is reached [40]. Iterating recursively between all links of the operator enables the
overall description of the manipulator’s kinematics [8]. Therefore, defining a coordinate
frame attached to each link from 0 to n + 1 allows to determine the pose of each link
with respect to an arbitrary link’s frame, as proposed by (3.4) and (3.5). Above all, a
description of the nth frame’s orientation and position with respect to frame 0 is, thus,
obtained [8].

This represents a particularly important scenario since the environment and tasks
to be performed in it are commonly described in the frame fixed to the environment,
namely frame 0. However, the last frame is of special relevance, since it describes the
very end of a robotic manipulator. The latter usually incorporates tools such as grippers
in order to interact with its surroundings [40]. The tool is represented by a point, which
is referred to as the "Tool Center Point (TCP)".

Given that the spatial dimensions of the robot are known, the robot links’ pose can be
fully described by the angles and translations of the n respective joints. These angles
and translations are summarized inside a single vector

q =

2

6664

q1
q2
...

qn

3

7775
2 Rn , (3.6)

which is referred to as the "joint vector" q [40].
Depending on which type of joint is being represented each element qi, with {i 2

N|1  i  n}, enables either a relative rotation or translation between two consecutive
links. The values assumed by the joints are henceforth referred to as "joint values". The
space of all possible values for these joint variables is consequently referred to as the
"joint space" [41].

Although the values for the joints are sufficient for a full description of the robot’s
motion, they are usually not used in order to define a task to be fulfilled by the robot.
Instead, the task is formulated inside the task-oriented or operational space [40]. This
minimal mathematical description of the desired behavior, sets the focus solely on
the very essential elements guaranteeing the success of bespoken task. For instance,
the objective treated in this section, namely, reaching a point in space or following a
defined trajectory would commonly be expressed inside the Cartesian space. Finding the
mapping from the joint space to the operation space is task of the forward kinematics.
Analogously, the mapping from the operation space to the joint space is treated by the
field of inverse kinematics. In this setting, however, no description of how the task shall
be completed are set [8, 44, 45].

For a variable x specified inside the operational space, such as the position of the TCP,
the relationship between the operational and joint space can be expressed as
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x = f (q) 2 Rm (3.7)

ẋ =
d f (q)

dq
q̇ = J(q)q̇ (3.8)

ẍ = J(q)q̈ + J̇(q)q̇ . (3.9)

Let J(q) 2 Rm⇥n denote the Jacobian matrix (please refer to Section A.2). This matrix is
of great relevance throughout the remainder of this thesis.

3.2. Rigid Body Dynamics

The previous section outlined a simplified workflow for a robotic manipulator. Beginning
with the description of a task inside the operational space it is thus required to compute
the respective joint values needed to fulfill a given task. It is hence implicitly assumed
that once the necessary joint configuration is determined, the robot’s joints would
faithfully be set according to the desired configuration [41]. This explanation, however,
omits how the motion of joints is caused in the first place.

The process of configuring joints in a desired manner is achieved through the ap-
plication of wrenches (torques and forces) [41] on the joints, via the usage of electric,
hydraulic or pneumatic actuators. What is more, the field of dynamics has its objective
in describing how a robots motion is affected by the application of wrenches [41].

The dynamic equations of a rigid robot with n DOF, are expressed by the EOM. Inside
the joint space they are given by

M(q)q̈ + C(q, q̇)q̇ + g(q) = text + t , (3.10)

with q̇ and q̈ being the first and second derivatives with respect to time, respectively.
The matrix M(q) 2 Rn⇥n is hence the positive definite and symmetric inertia matrix. All
of the aforementioned properties can thus, according to Petersen et al. [46], be expressed
mathematically as

x
T

M(q)x > 0, 8x 6= 0 (3.11)

and

M(q) = M(q)T , respectively. (3.12)

The vector g(q) 2 Rn contains all the gravitational wrenches acting on the joints, and
can be calculated via the gravity potential Vg(q) as: g(q) =

�
dVg(q)/dq

�T.
External wrenches acting on the joints are expressed as text 2 Rn. The actuator’s

outputs, and therefore the capabilities of enforcing a desired behavior of the robot, are
contained inside t 2 Rn. The vector t contains both, forces and torques acting on the
joints. While the former affect revolute joints, the latter are applied on their prismatic
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3.3. Compliant Control

counterparts. Nevertheless, the vector t is referred to as the "joint torque vector" for the
remainder of this thesis.

Coriolis and centrifugal effects are contained in the product C(q, q̇)q̇. The definition
of the Coriolis matrix C(q, q̇) is generally not unique. For the scope of this thesis, the
matrix is chosen according to Murray et al. [41]. Accordingly to this definition, the
element of the ith row and jth column of the Coriolis matrix is defined as

Ci,j(q, q̇) =
1
2

n

Â
k=1

✓
dMi,j

dqk
+

dMi,k
dqj

�
dMk,j

dqi

◆
q̇k . (3.13)

This particular choice has two equivalent properties: the skew symmetry of Ṁ(q)�
2C(q, q̇) (please refer to Section A.3) and

Ṁ = C(q, q̇) + C(q, q̇)T . (3.14)

The interested reader is hence advised to refer to Section B.1 for further insights
regarding the proof of equivalence for both properties. What is more, the consequent
mathematical proof which confirms these properties can be found in Section B.2.

The EOM are formulated inside the joint space, therefore considering the application of
joint torques on the robot. The transfer from joint torques to wrenches in the operational
space can be achieved through the Jacobian matrix J 2 Rm⇥n with

t = J(q)T
F , (3.15)

where F 2 Rm represents the wrenches inside the operational space.

3.3. Compliant Control

The preceding section introduced the concept of using motors to provide torques, whilst
consequently setting the robot in motion. However, it did not provide an answer to
the question of how to choose the joint torques in order to fulfill a desired task. This
problem is addressed by the implementation of a controller for the robotic system [41]
which is the subject of this section.

More precisely, this section sets its focus on control methods which realize compliant
behavior of the robotic manipulator. These methods are of special relevance in appli-
cations in which the robot interacts with unknown environments or in proximity to
humans. Throughout this section, impedance- and admittance-based controllers are
introduced. Apart from solely reaching desired positions and joint configurations these
approaches also ensure a desired response to disturbances caused by external forces [44].
It shall be mentioned, that the focus of this section lies in giving a broad overview of the
underlying idea inspiring both methods: the actual implementation and combination of
both methods is covered in Chapter 5.
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K D

x

xd

Figure 3.4.: For the example of TCP position control, the tip of the robot is set to behave
as a Cartesian spring-damper system, with xd serving as the force-free point
of equilibrium. Figure adapted from Haddadin [48].

3.3.1. Impedance Control

Impedance control, originally developed by Hogan [26–28], has as its objective in realiz-
ing a dynamical relationship between the manipulator’s motion variables (displacements,
velocities or accelerations) and external wrenches [27, 44]. In this thesis, motivated by
the benefits presented in Section 2.4, the focus is set on special variation of impedance
control, namely compliance control [25]. That is, a variation of the classical impedance
controller with natural inertia preservation.

The basic concept of impedance-based control can be explained by the application of
a virtual spring-damper directing a task variable to its equilibrium [47]. For the case
of the impedance-based Cartesian position control of the TCP, the approach can be
comprehended via the visualization in Figure 3.4.

A virtual spring-damper system is implemented between the TCP, located at a position
x 2 Rm and a desired position xd 2 Rm. The equilibrium of the spring, i.e. the point at
which the spring does not exert any force on the TCP, is reached at the desired position
xd. Therefore, the magnitude of the Cartesian error x̃ influences the force acting on the
TCP directly. The error is hence defined as

x̃ = x(q)� xd 2 Rm . (3.16)

The potential of the virtual spring is given by

Vk,imp(x̃) =
1
2

x̃
T

Kx̃ . (3.17)

Consequently, the force exerted by the virtual spring on the TCP can be expressed as
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Fk,imp = �
✓

dVk,imp(x̃)

dx

◆T

. (3.18)

Put differently, once the TCP’s position deviates from the desired location, it applies a
force to its attachment. The larger the error, the stronger the force.

On the other hand, the damping element of the impedance results in the force

Fd,imp = �Dẋ . (3.19)

The corresponding joint torque vector caused by the virtual spring-damper can be
obtained through the application of (3.15), which yields in

timp = J(q)T �
Fk,imp + Fd,imp

�
. (3.20)

Analogously, using the same principle of applying a virtual spring-damper on the
robot, a wide variation of objectives beyond position control can be achieved, such as
reaching a desired orientation for the robot. Alternatively, the spring-damper can also
be applied in the joint space, specifying desired joint configurations to be reached.

3.3.2. Admittance Control

While the impedance controller measured motion variables and derived corresponding
torques acting on the robot, the admittance controller operates contrarily: based on
the measurement of external wrenches achieved by force-torque sensors, the controller
generates motion variables [8, 44]. One way of achieving this in a robotic system, is by
defining a dynamic model which reflects the desired dynamics, as seen in (3.21). This
very technique is also applied in the controller implemented in this thesis. The desired
dynamic model is given by

Madm ẍdes + Dadm ẋdes = F
ext , (3.21)

with xdes, F
ext 2 Rm and Madm, Dadm 2 Rm⇥m. It is thus important to note, that the

virtual inertia and damping matrices, Madm and Dadm respectively, do not represent a
real physical system. However, they are hyperparameters reflecting the desired behavior
of the system. The motion variables ẋdes and ẍdes consequently express the motion of
the system which possesses the desired damping and inertial properties, while being
affected by the measured external wrenches. In order to transfer the desired motion to
the real system, the resulting desired velocities are subsequently forwarded to a velocity
controller. The latter, on the other hand, produces the required joint torques for the
actuating motors. These, in turn, enable the real system to behave as the desired model.

3.4. Task Hierarchy

The concepts of task hierarchies and null space projectors [16–18] have already been
introduced in Section 2.1. Given the complexity and importance of these concepts for
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the remainder of this thesis, they are briefly recapitulated and covered in more detail
throughout this section. This section is mainly inspired by the explanations provided by
Dietrich et al. [9].

Task hierarchies are applicable for robots which possess more DOF than the number
of variables needed to fulfill a particular task. These robots are said to be kinemati-
cally redundant. The surplus of DOF can hence be used to pursue additional tasks
simultaneously. Expressed differently, a robot with a joint vector q 2 Rn is said to be
kinematically redundant with respect to a task x 2 Rm if n > m. In this case, the robot
is said to possess a kinematic redundancy of n-m [8, 9].

However, simply super-positioning multiple joint torques responsible for a range of
tasks would cause the different tasks to compete against each other [9]. In order to
avoid this, a task hierarchy is defined. For the purpose of establishing aforementioned
hierarchy, null space projectors are introduced to instill priority levels for the individual
tasks. In the following, the concepts of null space projectors and task hierarchies are
presented for the example of two tasks with different priority levels. Afterwards, the
observations are generalized for the case of an arbitrary number of simultaneous tasks.

Assume a robot with the joint vector q 2 Rn. Two tasks defined by the operational
coordinate positions x1 2 Rm1 and x2 2 Rm2 are defined. Their derivatives with respect
to time are given by

ẋ1 = J1(q)q̇ ẋ2 = J2(q)q̇ . (3.22)

The two joint torque vectors t1 2 Rn and t2 2 Rn were computed separately in order
to fulfill their respective tasks. What is more, one must define a prioritization where the
highest priority is attributed to the first and the lower priority to the second task. Using
the aforementioned null space projectors enables the projection of the second task the
null space of the first task. Thus, the task of highest priority should be pursued with
the robot’s entire capabilities and not be hindered by conflicts that may arise with the
second task. Put differently, a task of a lower priority should only be pursued if it is not
disturbing any tasks of higher priority [5].

The projection tP
2 of joint torque t2 into the null space of the first task is calculated as

tP
2 = N

suc
2 (q)t2 2 Rn , (3.23)

with the "dynamically consistent" [21] null space projector of the second task N
suc
2 (q) 2

Rn⇥n. The term "dynamically consistent" refers to the joint torques linked to the null
space projector not causing accelerations for the higher prioritized tasks inside the
operational space [21]. It should thus be noted, that the inverse is not fulfilled. That is, a
higher prioritized task can cause accelerations on a task of lower priority. According to
the definition provided by Khatib [20], the null space projector is hence defined as

N
suc
2 (q) = I � J1(q)

T(J1(q)
M+)T . (3.24)

Let I 2 Rn⇥n denote the identity matrix and J1(q)
M+ the generalized inverse weighted

by the inertia matrix M(q). What is more, let the latter be defined as
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J1(q)
M+ = M(q)�1

J1(q)
T(J1(q)M(q)�1

J1(q)
T)�1 . (3.25)

With the projected torque of the second task, the combined torque command applied
on the robot is given by

t = t1 + tP
2 . (3.26)

The proof of consistency for the defined null space projector can thus be found in
Section B.3.

In the following, the presented case of two tasks is extended to an arbitrary number
of tasks r. Hence, this can be expressed by the vectors

xi 2 Rmi , (3.27)

for 1  i  r with mi being the dimension of the ith task’s coordinates. The lower the
index of the task, the higher the priority. Therefore, i = 1 represents the task with the
highest and i = r the task with the lowest priority. The velocity in the task space is then
calculated using the Jacobian Ji(q) 2 Rmi⇥n. For the ith task, the velocity is calculated
by

ẋi = Ji(q)q̇ . (3.28)

The multitude of tasks provides a new requirement for the projection: a lower
prioritized task ti is not only projected into the null space of the next highest prioritized
task ti�1. Instead, it is projected into the null space of all higher prioritized tasks.
This can be accomplished with the use of augmented variables [49]. In this sense, it
is proceeded analogously to the previously covered case differing only by the use of
the augmented Jacobian instead of the Jacobian matrix. This matrix stacks all of the
equally or higher prioritized task related Jacobian matrices in to one single matrix. This
augmented Jacobian is defined as

J
aug
i�1(q) =

2

6664

J1(q)
J2(q)

...
Ji�1(q)

3

7775
. (3.29)

The ith augmented null space projector is then calculated by

N
aug
i (q) = I � J

aug
i�1(q)

T(J
aug
i�1(q)

M+)T . (3.30)

In order to reduce the computational effort, the augmented null space projector can
alternatively be calculated recursively [22, 49, 50]. The recursive calculation is given by

N
aug
1 = I (3.31)

Ĵi(q) = Ji(q)N
aug
i (q)T (3.32)
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N
aug
i = N

aug
i�1(I � Ĵi�1(q)

T( Ĵi�1(q)
M+)T) . (3.33)

It should be noted, that the first null space projector N
aug
1 is formulated for the sake

of consistency only. As the primary task should be undisturbed, there is no null space
for it to be projected into. Thus, the null space projector is equal to the identity matrix.

The projected ith joint torque vector is computed analogously to (3.23), namely as

tP
i = N

aug
i (q)ti . (3.34)

The resulting total joint torque is given by

t = t1 +
r

Â
i=2

tP
i (3.35)

and is to be applied on the joints.
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4. The Physical Model

As mentioned in Subsection 2.3.2, the currently existing prototype of the SwarmRail
system serves the purpose of demonstrating the mobility of the mobile unit only. What
is more, it is not capable of integrating an additional fully functional robotic arm.
Therefore, the foreseen whole-body controller is implemented and validated entirely in
a physical simulation of the real-world system. Hence, this chapter evolves around the
modeled system with all its underlying simplifications and assumptions.

At first, general assumptions regarding the joints, motors and physical effects are
introduced. Secondly, the model of the mobile unit is introduced, placing the focus
on its DOF. In a following step, the modeled rail-network is presented, with a special
emphasis on the ability to center the system through the peculiar shape of the rail
profiles. Building upon this, a simplification of the model is proposed, using the singular
perturbation approach with a consequent proof of its applicability. In a final step, the
two scenarios which summarize the robot’s entire area of application treated throughout
this thesis are presented.

4.1. General Assumptions

This section summarizes the essential assumptions underlying the physical simulation
in which the whole-body control is implemented and tested. Hence, this section contains
the main elements by which the simulated and real environments differ from one
another.

Assumption 1: All dynamic and kinematic parameters of the robot can be identified
correctly.

Throughout the simulation, we assume all physical parameters to be exactly known.
Oppositely to real-world applications, unavoidable measurement errors are hence not
considered. Accordingly, this thesis assumes flawless and noise-free sensor readings of
positions, velocities, accelerations, forces and torques, respectively.

Assumption 2: Electrical dynamics are sufficiently fast to be neglected.

As mentioned in Section 3.2, joints are operated by the application of torques through
the usage of motors. The underlying motors for both, the mobile unit and the robotic
arm attached to it, are electric. Consequently, the input of these motors are voltages,
hence generating currents which are proportional to the individual joint torques. What
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4. The Physical Model

is more, we assume the dynamics of the electrical relationship between voltages and
currents to be considerably faster compared to the dynamics of the mechanical system.
As a consequence, motors are considered as ideal torque sources [44, 51].

Assumption 3: Time delays are not considered.

It is assumed, that commanded torques on the motors are immediately transferred to
the mechanical joints. Further, the availability of measurements, such as joint positions
and velocities, are assumed to be immediate. Put differently, communication delays
impose no further challenge.

Assumption 4: The underlying joint dynamics are not considered.

The justification underlying this assumption is adopted from the explanation given
by Dietrich [5]. The apparent link inertia is hereby down-scaled using a fast time-scale
inner torque controller inside a slow time-scale rigid body [52, 53]. Assuming large joint
stiffness, the singular perturbation approach can be applied to justify the omission of
the underlying dynamics between motors and links [44, 51, 54].

Assumption 5: Friction is neglected.

Once the newly-implemented controller is applied to a real system, the vector contain-
ing external wrenches applied on the joints would also include the effects of friction on
the robot. However, for the scope of this thesis, friction is not explicitly modeled.

Assumption 6: All links and joints of the robot are rigid bodies.

Deformations of the bodies are assumed to be non-existent. Therefore, the motion
of the robot is entirely described by the positions of the joints as well as the examined
sudden vertical translation occurring at crossing points. The latter is further analyzed in
Subsection 4.4.2.

Having established the general assumptions regarding the modeled physical effects,
an explanation regarding the modeled mobile unit is provided in the following.

4.2. Mobile Unit

As addressed in Subsection 2.3.2, the robots implemented inside the SwarmRail system
are a combination of two subsystems: the mobile unit and the LWR attached at its
bottom. Although the set of eight omni-wheels would allow the robotic system to
perform horizontal translations in arbitrary directions and a rotation about the vertical
axis, in practice the underlying rail-network sets physical limits upon these possibilities.
At crossing points, the mobile unit is capable of translations in two orthogonal directions
or rotations about the vertical axis.
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Figure 4.1.: Visualization of the world- and body-frame, along with the three kinematic
values xu, yu and ju which are able to describe the mobile unit’s whole
range of motion.

An alternative description can be obtained through the comparison of coordinate
frames. Therefore, a stationary reference frame O-xyz is defined, which is henceforth
referred to as the "world-frame". The frame is oriented in such a way, that the x- and
y-axes are parallel to the two possible translation directions inside the rail-network.
The z-axis is vertical, having its direction oppose gravity. This frame definition is used
for the remainder of this thesis in order to describe wrenches, positions, orientations,
velocities and accelerations. The mobile unit is described by a body-frame frame Ô-x̂ŷẑ,
located at the mobile unit’s Center of Mass (COM) with the ẑ-axis being parallel to z. x̂
and ŷ are chosen as orthogonal to the edges of the mobile unit (refer to Figure 4.1).

At the crossing points, the robot is capable of performing translations in x and y,
as well as rotations about the vertical axis z. Once the robot’s mobile unit enters a
straight segment, the set of possible motions is reduced to either a translation in x or in
y, depending on the direction of the rails. All motions are hence expressed through the
values xu, yu and ju, representing the translation along the x and y axes, as well as the
rotation about z, respectively (refer to Figure 4.1).

Despite possessing four actuating elements, the mobile unit’s movement is limited
to the previously introduced three independent movements only. Hence, another
assumption is made:

Assumption 7: The motions in the Cartesian directions are assumed to be the DOF of
the mobile unit.

Henceforth, it is assumed that the implemented controller operates with torques and
velocities acting on all of the three Cartesian directions. Consequently, we extend the
assumption by adding an underlying kinematic controller. This is hence capable of
translating the desired motions from the Cartesian space to commands for the individual
motors connected to the omni-wheels, respectively.

These new DOF of the mobile unit can then be summarized by the vector r̂, which is
defined as
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r̂ =

2

4
yu
ju
xu

3

5 2 R3 . (4.1)

The peculiar order of the motion variables serves the purpose of separating constrained
DOF from unconstrained DOF. This property becomes useful at the end of this section.

The respective translations and rotations are modeled as independent from one
another. Implicitly, this introduces an additional assumption:

Assumption 8: The contact and driving forces of opposing wheels are assumed to be
interminably symmetrical.

Experience has shown, that the mobile unit is sensitive to manufacturing and con-
struction inaccuracies of the two L-shaped profiles, which together make up the straight
segments the robot moves on (refer to Section 2.4). If both profiles are not perfectly
aligned in one plane, the contact forces between opposing wheels become asymmet-
ric. Therefore, the mobile unit is affected by varying driving forces at opposing sides.
Consequently, the robot shows an undesired minor rotation once it is meant to drive
in a straight line. While the physical borders of the rails prevent significant orientation
changes inside the straight segments, they become evident once the robot enters a
crossing point. In these positions, the robot is not cornered by any of the aforementioned
borders. Put differently, the robot is free to rotate even further. Nevertheless, these
complications do not receive any further consideration in this thesis. Therefore, all of
the mobile unit’s DOF can be assumed to be independent from one another

The mobile unit’s symmetric and positive definite inertia matrix Mr 2 R3⇥3 is calcu-
lated using the mass defined in Table 2.1. The mass of the mobile unit shall further be
denoted by munit = 17.5kg.

The LWR attached to the robot is assumed to be a LWR IV, and possesses seven
rotational DOF. Hence, each element qi corresponds to the angle of the respective arm’s
ith joint. These DOF can hence be expressed by the vector q, which is defined as

q =

2

6664

q1
q2
...

q7

3

7775
2 R7 . (4.2)

The LWR has a mass of mLWR = 11.8kg, with the respective symmetric and positive
definite inertia matrix being defined as MA 2 R7⇥7.

Combining both systems leads to a system with ten DOF in total, which can be
described by the vector

ŷ =


r̂

q

�
2 R10 . (4.3)
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The total mass of the system is given by

mTot = munit + mLWR = 29.3kg . (4.4)

The resulting inertia matrix for the coupled system is defined by the foregoing matrices
of the individual subsystems Mr and MA, as well as the inertia coupling matrix Mr,A 2
R3⇥7. Using the property of symmetry for inertia matrices, the resulting total inertia
matrix MTot(ŷ) 2 R10⇥10 gained through the combination of both systems, can be
expressed as

MTot(ŷ) =


Mr Mr,A

M
T
r,A MA

�
. (4.5)

4.3. Rail-Network

As expressed in Subsection 2.3.1, the rail-network examined throughout this thesis
corresponds to a rectangular structure. The shape defined for the network sets kinematic
constraints which guide the robot in its movement by twofold means: firstly, for the
straight sections of the rails, the mobile unit is unable to perform neither rotations about
the z-axis nor translations orthogonal to the direction set by the straight segments. Sec-
ondly, the robot is prevented from falling from the ceiling. These kinematic constraints
are modeled by forces exerted through three spring-dampers acting on the robot’s COM.
These spring-dampers’ forces prevent the deviation of the robot’s motion from the path
set by the rails. It is important to note that the spring-damper acts solely on the mobile
unit. The robotic arm is not directly affected by the exerted force. In the remainder of
this section, the focus is set on the spring-dampers which "block" DOF.

Given the rail’s high material strength, the spring constants used are chosen accord-
ingly in order to assume values which exceed the ones of the virtual springs, used for
the impedance-control, by far. The latter is introduced in Chapter 5. Choosing high
values for bespoken gains leads to high wrenches directing the robot to the center of
the rail. Potential deviations caused by the motors or external influences acting on the
robot are immediately counteracted, pushing the robot to the center anew. Therefore,
inside the straight segments the rails impose a constant "block" on two of the mobile
unit’s DOF despite the robot theoretically possessing ten DOF. Hence, in reality, at
straight segments of the rail-network, the controller has unrestricted access to only
eight DOF. Accordingly, this work proposes to reduce the vector of the DOF given by
(4.3) to a vector with only eight, instead of ten DOF. This reduction is accomplished by
eliminating both of the DOF in the restricted directions. This is hence justified, should
the velocity and change of position of these DOF be negligible. Via the incorporation of
the singular perturbation approach we are thus able to prove the feasibility of bespoken
simplification.

Kokotovic and Sannuti [55–57] belonged to the first group of scientist to explore the
application of singular perturbation theory for purpose of control. This approach is
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Figure 4.2.: Visualization of the two spring-damper systems which are used to model
the kinematic constraint in the direction of the "blocked" DOF caused by the
borders of the rails. This illustration thus replicates the case of the robot
moving freely along the x-axis.

thus used for applications which can be described by twofold processes: hereby, one
of these processes possesses considerably faster dynamics than the other, respectively.
This circumstance motivates the separation of the entire system into two different time
domains, reflecting the underlying individual dynamics. Although the number of
examined systems increases, the complexity of each problem is reduced once compared
to the original problem [58].

Motivated by this, the singular perturbation approach is implemented in order to
investigate the kinematic constraints set by the rails. In the remainder of this section,
the case of the robot moving in x-direction is covered as an example. Consequently,
the restricted directions are the translation in y-direction as well as the rotation about
the z-axis (refer to Figure 4.2). However, the results obtained with this example can
be analogously transferred for the case of the mobile unit driving along the y-axis or
rotating about the z-axis, whereas both remaining DOF remain "blocked".

In order to simulate the kinematic constraints set by the rail border, we choose the
stiffness matrix for the "blocked" direction to be

KB =


kB,1 0

0 kB,2

�
=

1
e2


k1 0
0 k2

�
=

1
e2 K0 , (4.6)

for values satisfying e, k1, k2 > 0. With the condition e ! 0, the values for the stiffness
matrix KB are chosen to be very high, inducing dynamics that are much faster than
the ones caused by the motors acting on the robotic system. The use of the singular
perturbation approach and the associated introduction of two different time domains is
therefore justified.
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The associated damping values are chosen to be dependent on the stiffness affecting
the corresponding joint value. The definition of the aforementioned damping values
is inspired by the damping value for the damped harmonic one-dimensional oscillator
[59]. They are thus defined as

dB,i = D · 2
q

mikB,i = D · 2
p

miki| {z }
di

1
e

(4.7)

for i = 1, 2. Let mi represent the mass or inertia of the mobile unit with respect to the
ẑ-axis, depending on whether the mobile unit’s ith DOF causes either a translation or a
rotation. Further, D represents the damping ratio of the system. Setting D = 1 creates a
critically damped system. This choice enables the system to return to its equilibrium as
fast as possible after an initial deviation, without causing oscillations [59].

Based on this information, the diagonal damping matrix DB can be introduced, which
is defined as

DB =


dB,1 0

0 dB,2

�
=

1
e


d1 0
0 d2

�
=

1
e

D0 , (4.8)

for d1, d2 > 0. In the case of unrestricted translation in the x-direction, the effect of the
spring-damper on the entire mobile unit can be expressed by the joint torque vector

tR = �1
e

D ˙̂y � 1
e2 KDŷ , (4.9)

with Dŷ being a variation of the ten dimensional joint vector. It differs from the original
vector (4.3) solely for both "blocked" DOF. These elements are replaced by the respective
deviations from their equilibrium for the implemented spring. Thus, the vector is
expressed as

Dŷ =

2

666666664

Dyu
Dju
xu
q1
...

q7

3

777777775

. (4.10)

Let D denote the deviation from the equilibrium pose, which is defined by the constant
values yu,0 and ju,0. Therefore, the first two elements of the vector Dŷ are given by


Dyu
Dju

�
=


yu � yu,0
ju � ju,0

�
. (4.11)

The value yu,0 denotes a robot located at the center of the rail while ju,0 corresponds to
an orientation aligning x̂ with the x-direction set by the world-frame (refer to Figure 4.2).
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What is more, D, K 2 R10⇥10 are chosen to be the symmetric matrices

D =


D0 0
0 0

�
, K =


K0 0
0 0

�
. (4.12)

Due to their sparsity, these matrices only cause wrenches on the two restricted DOF.
This property becomes relevant later in this section.

4.3.1. Time Domains

As previously explained, the high stiffness of the railing border introduces dynamics to
the system which exceed the motions caused by external and motor torques, in terms of
velocity, by far. Hence, this serves as a justification to distinct between two different time
domains, typically implied in the field of singular perturbation approach [44]. The time
variable t represent the slow time-scale of the system, which corresponds to the motions
caused by motor torques or external disturbances. The time variable v represents the
fast time-scale. This is hence influenced by the spring-damper systems representing the
physical rail boundaries.

The derivatives referencing the slow time-scale variable t are denoted by dots ( ˙ ).
Meanwhile the derivatives referencing the fast time-scale variable v are denoted by
prime ( 0 ).

The transition from the derivatives of the different time-scales can be expressed by
the parameter e as

e
d f
dt

=
d f
dv

= f 0 (4.13)

and

e2 d2 f
dt2 =

d2 f
dv2 = f 00 . (4.14)

Based on this idea, the joint variables of the robot can also be split into two separate
parts: the first part, characterized by a bar, symbolizes the slow time-scale. The second
part, denoted by the index v, represents the fast time-scale. This separation influences
all DOF, which are thus expressed as

• yu = yu + yu,v

• ju = ju + xu,v

• xu = xu + xu,v

• qi = qi + qi,v

for i 2 [1, 7].
Due to the fact of the domain v having considerably faster dynamics, the slow variables

are assumed to remain constant when viewed from the fast time domain’s perspective.
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Therefore, when derivatives with respect to v are observed, only the parts of the joints
representing the fast time-scale are considered. For the example of qi this yields

q0i = q0i,v . (4.15)

In the following subsections the robotic system in investigated with respect to both:
the slow and fast time domains.

4.3.2. Slow Dynamics

Before the implementation of the chosen control method, the EOM for the mobile unit
can be expressed as

MTot(ŷ) ¨̂y + CTot(ŷ, ˙̂y) ˙̂y + ĝ(ŷ) = t̂ext + tR (4.16)

MTot(ŷ) ¨̂y + CTot(ŷ, ˙̂y) ˙̂y + ĝ(ŷ) +
1
e

D ˙̂y +
1
e2 KDŷ = t̂ext . (4.17)

Let ĝ(ŷ) denote the effects on the joints caused by gravity and CTot(ŷ, ˙̂y) denote the
Coriolis matrix, both defined for the entire robotic system, i.e. the mobile unit with the
attached LWR. Multiplying (4.17) with e2 results in

e2
MTot(ŷ) ¨̂y + e2

CTot(ŷ, ˙̂y) ˙̂y + e2
ĝ(ŷ) + eD ˙̂y + KDŷ = e2t̂ext . (4.18)

By setting e ! 0, this equation is thus reduced to

KDŷ = 0 . (4.19)

The validity of this equation holds only, iff the joint values representing the "blocked"
motions are equal to their respective equilibrium. Therefore, inside the slow time
domain the mobile unit can be assumed to be located at the center of the rail, with x
and x̂ being parallel to each other (refer to Figure 4.2).

4.3.3. Fast Dynamics

Throughout this subsection the system described inside the fast time domain is examined.
Therefore, the change of coordinates from t to v, as expressed by (4.13) and (4.14), is
performed. Therefore, (4.18) can be reformulated as

MTot(ŷ)ŷ
00
+ CTot(ŷ, ŷ

0
)ŷ

0
+ Dŷ

0
+ KDŷ = 0 , (4.20)

with respect to the fast time-scale.
Based on (4.20), the energy-based storage function for the fast domain S(ŷ, ŷ

0
) can be

defined as

S(ŷ, ŷ
0
) =

1
2

ŷ
0T

MTot(ŷ)ŷ
0
+

1
2

Dŷ
T

KDŷ . (4.21)
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Or expressed in matrix notation

S(ŷ, ŷ
0
) =


Dŷ

ŷ
0

�T 
K 0
0 MTot(ŷ)

� 
Dŷ

ŷ
0

�
. (4.22)

Due to the matrix K being positive semidefinite only (refer to Section A.4), the entire
storage function is also positive semidefinite [60]. Analyzing the derivative of the storage
function with respect to v results in

S(ŷ, ŷ
0
)
0
=

1
2

ŷ
00T

MTot(ŷ)ŷ
0
+

1
2

ŷ
0T

MTot(ŷ)ŷ
00
+

1
2

ŷ
0T

MTot(ŷ)
0
ŷ

0
+

1
2

ŷ
0T

KDŷ+
1
2

Dŷ
T

Kŷ
0

.
(4.23)

Due to the symmetry of the matrices MTot(ŷ) and K this set of equations can be
reduced to

S(ŷ, ŷ
0
)
0
= ŷ

0T
MTot(ŷ)ŷ

00
+

1
2

ŷ
0T

MTot(ŷ)
0
ŷ

0
+ ŷ

0T
KDŷ . (4.24)

Using the relation (4.20) for MTot(ŷ)ŷ
00 yields

S(ŷ, ŷ
0
)
0
= ŷ

0T
[�CTot(ŷ, ŷ

0
)ŷ

0 � Dŷ
0 � KDŷ] +

1
2

ŷ
0T

MTot(ŷ)
0
ŷ

0
+ ŷ

0T
KDŷ . (4.25)

Using the properties (3.14) and (4.13), the latter equation can be formulated as

S(ŷ, ŷ
0
)
0
= �ŷ

0T
Dŷ

0
+

1
2

ŷ
0T ⇣

CTot(ŷ, ŷ
0
)T � CTot(ŷ, ŷ

0
)
⌘

ŷ
0

. (4.26)

Given the skew symmetry of CTot(ŷ, ŷ
0
)T � CTot(ŷ, ŷ

0
), the equation can be further

simplified to

S(ŷ, ŷ
0
)
0
= �ŷ

0T
Dŷ

0
. (4.27)

Due to the sparsity of the damping matrix D, an additional simplification results in

S(ŷ, ŷ
0
)
0
= �


y0u
j0

u

�T

D0


y0u
j0

u

�
= �

�
d1(y0u)

2 + d2(j0
u)

2�  0 . (4.28)

The storage function is positive semidefinite while its derivative with respect to v is
negative semidefinite. As a consequence, no proof regarding the stability of the system in
the fast time can be expected whilst using the energy-based storage function. However,
another relevant information can be obtained from the resulting equations. Since
S(ŷ, ŷ

0
)
0 is negative semidefinite, the systems’ energy decreases or remains stationary.

Therefore, the initial state sets an upper boundary for the total energy of the system
inside the fast time-scale. This however consequently implies, that the initial state
also sets an upper boundary for the velocities of the robot. Further, assuming a robot
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starting from a resting position, the initial values for the velocities in the v-domain can
be assumed to be small at all times.

The aforementioned small and bounded values for the velocities also effect the EOM
(see (4.20)). Hence, the definition of the Coriolis matrix (3.13), reveals that the Coriolis
and centrifugal forces expressed by CTot(ŷ, ŷ

0
)ŷ

0 possess a quadratic dependency with
respect to the velocity. The approximation CTot(ŷ, ŷ

0
)ŷ

0 ⇡ 0 can thus be justified by the
assumption of small magnitudes of said initial velocities.

Hence, this measure modifies the EOM expressed by (4.20) to

MTot(ŷ)ŷ
00
+ Dŷ

0
+ KDŷ = 0 . (4.29)

This equation has an important property: except for MTot(ŷ)ŷ
00 , all the remaining

terms are solely affected by the motion in the direction of the two "blocked" DOF (refer
to (4.12)). In order to reduce (4.29) to an expression of the two "blocked" DOF, the joint
vector ŷ is separated into

yB =


Dyu
Dju

�
and y =

2

666664

xu
q1
q2
...

q7

3

777775
, respectively. (4.30)

Due to the chosen order for the mobile unit’s motion variables combined in r̂, the vector
ŷ can be viewed as the vertical stacking of the two restricted and the eight unrestricted
DOF. Based on this, the symmetric inertia matrix can be decomposed into four block
matrices, therefore being expressed by


MB(yB) MB,y(yB, y)

MB,y(yB, y)T
My(y)

�
ŷ

00
+


D0 0
0 0

�
ŷ

0
+


K0 0
0 0

�
Dŷ = 0 . (4.31)

Let MB(yB) 2 R2⇥2, My(y) 2 R8⇥8 and MB,y(yB, y) 2 R2⇥8. Therefore (4.31) can be
separated into

MB(yB)y
00
B + MB,y(yB, y)y

00
+ D0y

0
B + K0yB = 0 (4.32)

and
MB,y(yB, y)T

y
00
B + My(y)y

00
= 0 . (4.33)

Imposing (4.33), y
00 can be expressed in dependence of y

00
B by

y
00
= �My(y)

�1
MB,y(yB, y)T

y
00
B . (4.34)

Using (4.32) leads to

Mred(ŷ)y
00
B + D0y

0
B + K0yB = 0 , (4.35)

with:

35



4. The Physical Model

Mred(ŷ) = (MB(yB)� MB,y(yB, y)My(y)
�1

MB,y(yB, y)T) . (4.36)

The new reduced inertia matrix Mred is positive definite. This is verifiable by the Schur
complement conditions [61] (refer to Section A.6), which are fulfilled since MTot(ŷ) and
My(y) are positive definite.

The new reduced EOM can now be examined with respect to the stability, by adopting
the "modified Lyapunov", as proposed by Whitcomb et al. [62]. With g ! 0, the storage
function is defined as

SB(yB, y
0
B) =

1
2

y
0T
B Mred(ŷ)y

0
B +

1
2

y
T
BK0yB + g · y

0T
B Mred(ŷ)yB , (4.37)

or alternatively expressed as a matrix product

SB(yB, y
0
B) =

1
2


yB
y

0
B

�T 
K0 gMred(ŷ)

gMred(ŷ)T
Mred(ŷ)

� 
yB
y

0
B

�
. (4.38)

Deriving this modified storage function by v leads to:

SB(yB, y
0
B)

0
= �


yB
y

0
B

�T 
gK0

g
2 D0

g
2 D

T
0 D0 � gMred(ŷ)

� 
yB
y

0
B

�
. (4.39)

Whitcomb et al. [62] prove, that the defined storage function SB(yB, y
0
B) is positive

definite and its derivative, with respect to v, namely SB(yB, y
0
B)

0 , is negative definite, for
a sufficiently small value for g. This requirement is fulfilled, since g ! 0 is assumed.

Further, referencing to the work of Murray et al. [41], we are able to conclude
exponential stability towards the point of equilibrium inside the fast time-scale. The
displacements and velocities in the "blocked" directions are not only bounded to be small
inside the fast time domain, they additionally decay exponentially to their equilibrium.
Expressed differently: the system converges exponentially to the central position inside
the rails.

This allows a further assumption for the mobile unit:

Assumption 9: The mobile unit is assumed to be centered with respect to the rails at
all times.

Further, the EOM can be simplified to a system with only eight DOF, omitting the
two "blocked" directions. Expressed differently: modeling the rail-network as a stiff
spring-damper system allows to reduce the EOM to being dependant of the unrestricted
DOF contained in y only.

This also has a consequence for the unrestricted DOF. Assuming the restricted DOF
to be at their respective equilibrium, the corresponding spring-dampers modeling the
rail borders do not impart any kind of wrenches on the system. As the high valued
spring-dampers were the source of the fast dynamics to begin with, we can further
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assume the dynamics of the system to be fully described by the slow dynamics. Put
differently, a fast time-scale component can not be established in the unrestricted DOF.

As stated at the very beginning of this section, although the derivations were per-
formed for a mobile unit moving along the x-axis, the results’ applicability is not limited
to solely this case. This can be easily verified, by modifying the order of the mobile
unit’s joint values in r̂ (refer to (4.1)). Therefore, the new variable r 2 R is introduced,
which contains the mobile unit’s unrestricted DOF. This value can correspond to the
translation in x or y, as well as the rotation about the vertical axis, depending on the
current location of the robot. Therefore, we can generalize y as a combination between r
and the unmodified DOF of the LWR. This results in

y =


r
q

�
2 R8 . (4.40)

Consequently, the inertia matrix My can thus also be expressed with respect to the
mobile unit’s generalized unrestricted DOF. This representation is given by

My =


mr(r) mr,A(y)

mr,A(y)T
MA(q)

�
, (4.41)

with mr 2 R being either the mass or the moment of inertia of the mobile unit with
respect to the ẑ-axis, depending on whether a translation or rotation is allowed. Never-
theless, mr,A(y) 2 R1⇥7 represents the inertia coupling term between the mobile unit
and the LWR. Analogously, the Coriolis matrix is divided in the same manner, resulting
in the EOM


mr(r) mr,A(y)

mr,A(y)T
MA(q)

�
ÿ +


cr(r, ṙ) cr,A(y, ẏ)

cr,A(y, ẏ)T
CA(q, q̇)

�
ẏ +

"
gr(y)
g

q
(y)

#
= text . (4.42)

4.4. Modeled Scenarios

In accordance with our choice of a rectangular grid structure, the motion of the mobile
unit can be divided into two different scenarios, namely:

• Rotational Scenario (RS): The mobile unit is located at a crossing point and is able
to either rotate or remain stationary.

• Translational Scenario (TS): The mobile unit drives along the rail-network unidi-
rectionally.

Any motion performed inside the rail-network can be expressed as a combination
sequence of these scenarios. However, this thesis treats both cases separately. Further-
more, the TS is limited to solely cover one translation direction at once. The non-trivial
fluent transition between differing translational directions is disregarded for the scope
of this thesis. Notwithstanding the previous limitations, the remaining two scenarios
are described in the following subsections.
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4.4.1. Rotational Scenario

Inside the RS, the mobile unit is restricted to either rotating or remaining stationary.
Although the crossing point would theoretically enable the mobile unit to perform
translations in four directions, the simulation of the RS does not take these translations
into consideration. This can be traced back to the fact that performing a translation
would cause a transition to the previously mentioned TS and therefore not add new
insights to the controller’s performance. Furthermore, the transition between two
different scenarios would also imply a change in the "blocked" DOF (refer to Section
4.3). This procedure is not trivial and is thus not investigated throughout this thesis.

During the RS, the robot is assumed to be restrained by two spring-damper systems,
acting in the x and y-axes of the mobile unit. Therefore, pushing the robot’s COM to the
center of the crossing at all times and only allowing a rotation about the z-axis. This
measure prevents the mobile unit from performing translation, therefore transitioning
to the TS.

4.4.2. Translational Scenario

As mentioned previously, the TS covers the one-directional translation of the mobile
unit through the rail-network. During this scenario, the forces exerted on the robot by
the railing border are assumed to act on the mobile unit at all times. Since this topic
has already been discussed in extensive detail (please refer to Section 4.3) it is not given
more attention in this subsection. However, this subsection aims to describe the manner
of how the passage through a crossing point is modeled inside the simulation. These
characteristic points represent a challenge for the controller implemented in the system,
as it is demonstrated in Chapter 6.

Recapitulating the definition provided by Subsection 2.3.1, a crossing point is defined
as the intersection of straight rail segments. When the mobile unit passes such a
point, it transitions from one straight segment to the next. As outlined in Section 2.4,
manufacturing and construction inaccuracies impose one problem for such crossing
points: the two mentioned segments might differ in their respective altitude. The
consequences of this circumstance are twofold: firstly, the entire robot experiences a
sudden undesirable change in altitude. Secondly, the transition between consecutive
segments is not smooth, but rather causes a collision between the unit’s wheels and the
subsequent rail segment.

The crossing points are modeled as locations at which forces appear or disappear,
depending on the distance between the mobile unit and said crossing points. Following
the rectangular rail dimensions, the crossing points are placed in a grid-structure
separated by a distance of 1m along x and y. In order to model the altitude change, the
vertical spring-damper is removed for a small time tFall. The described spring-damper
removal takes place whenever the mobile unit’s COM passes a natural multiple of the
crossing point distance of 1m. Due to the vertical force being absent, the robot falls in
the direction gravity acts upon. After falling for the predefined time tFall, the vertical
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3dw
2

dw
2

Figure 4.3.: Side view of the SwarmRail. The red crosses at the wheel’s center points
highlight the individual distances of the collision points, with respect to the
center of the robot.

spring-damper is applied again. Thereby, a sudden upward force is introduced once
more, pushing the robot back to its original position.

Additionally to the sudden position change, the varying altitude between consecu-
tive rail segments has another consequence. When transitioning between consecutive
straight segments, the wheels also present frontal collisions with the consequent straight
segment. Therefore, each passing of a crossing point is accompanied by four separate
collisions, one for each set of opposing wheel pairs. In experiments performed with the
demonstrator at DLR, it could be shown, that the impact forces are able to considerably
slow down the robot in its translational motion through a crossing point.

As illustrated in Figure 4.3, these collisions occur whenever the robot’s center has
a distance of either dw

2 or 3dw
2 from the respective crossing points. Therefore, the full

sequence for traversing a crossing point is given by two collisions at the distances 3dw
2

and dw
2 between the center of mass and this particular crossing point. When the COM

is located exactly at the crossing point, the mobile unit falls for a predetermined time
tFall. The fall is followed by two more collisions at the distances � dw

2 and � 3dw
2 between

COM and crossing point. As illustrated in Figure 4.3, the distance dw represents a third
of the mobile unit’s total length/width, i.e. dw=120.7mm.

The impact forces depend on the unit’s translation velocity, which is defined by vr 2 R,
the total mass of the robot mTot and the simulation’s sample time Dt=1ms. Consequently,
the horizontal impact force Fimpact 2 R acting on the COM in the direction of translation
is calculated as

Fimpact = �mTot

Dt
vr . (4.43)

Put differently: the force is selected sufficiently high such that a rigid body, presenting
the mass and horizontal velocity of the mobile unit, can be brought to a stand still in the
minimal amount of time defined by the simulation environment. That is, for a system
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without friction, centrifugal forces or damping terms and with no further acting forces.
Thus, the impact forces have been set particularly high, therefore reflecting the worst
case possible. Although in reality smaller forces are to be expected, this model allows to
test the controller’s capability of reacting to intense and abrupt disturbances.

The simplified model of the collision impact is legitimized by the previously made
assumption, stating that the robot is assumed to have equal symmetric driving forces
(Assumption 8) and be centered when entering the crossing point (Assumption 9). Thus,
the wheels at opposing sides collide simultaneously with the consequent rail segment at
the same velocity. Therefore, the resulting sequence of impact forces can be assumed to
act on the mobile unit’s COM, i.e. no torques are caused.

This is a discrepancy between the simulation and the environment which can be
expected to appear under real-world conditions. Should the mobile unit enter the
crossing point in a skewed manner, the time of impact and magnitude of the collision
force between wheels and the next straight segment differ for the opposing sides.
Consequently, the mobile unit is exposed to an additional torque. This is, however, not
investigated in this thesis.

It should also be thus stated, that under real-world conditions the entire process
of crossing point passing occurs as one fluent phenomenon. The division into two
independent events, namely a change in altitude of the COM and frontal collisions, is
not fulfilled. Additionally, the altitude change does not take place as a sudden change
in the vertical direction. Rather, the robot experiences a sequence of tilts about the
horizontal axis, orthogonal to the direction of translation. These tilts are a byproduct for
each time a set of wheels loses or gains contact to the rails, which occurs eight times per
passed crossing point. For the purpose of this thesis, namely examining the performance
of the whole-body impedance controller for sudden abrupt positional changes, however,
the reduced complexity model suffices.
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5. Control Method

This chapter introduces the structure of the SwarmRails’ hierarchical whole-body
impedance tracking controller, whose implementation is the central subject of this
thesis. This controller represents a combination of the whole-body controllers developed
at the DLR [5–7], applied inside the robotic systems Rollin’ Justin [63] and KUKA LWR
IV+. Combining the aforementioned whole-body controller concepts allows handling the
nonholonomy of the mobile unit while enabling the execution of multiple tasks inside a
strict hierarchy. By adopting a strict hierarchy, we are able to avoid tasks competing and
consequently interfering with each other. Additionally, the natural inertia preserving
approach [6] has proven to be robust against external forces, even without being able to
measure them. This makes this controller a particularly promising potential controller
for SwarmRail, which is heavily influenced by collisions.

These inspirational papers establish the division of this chapter into two sections. The
first section follows the work of Dietrich [5, 7], being concerned with the connection
between the kinematically-controlled mobile unit and the attached torque-controlled
LWR. The second section builds upon these findings, expanding the controller to
hierarchical impedance-based tracking control, as developed by Dietrich et al. [6].

5.1. Admittance Interface

A whole-body impedance controller operates based on force and torque control algo-
rithms [64]. The mobile unit, however, introduces an additional complexity to the system.
Due to the kinematic rolling constraints at the contact points between the mobile unit’s
wheels and the rails, the system becomes nonholonomic [65]. In order to, nevertheless,
ensure consistent locomotion of the mobile unit, it must be resorted to kinematic control
laws for this part of the robot. The implementation of such a controller, prevents the
controller’s access to the mobile unit via the typical force or torque interface [5].

The admittance-based control, which has already been introduced in Subsection 3.3.2,
is an example for such a kinematic controller. However, since it is aimed to incorporate
the mobile unit in a whole-body impedance controller the existence of a force-torque
interface is indispensable [5]. This interface serves as the connection point between the
mobile unit’s admittance-based and the LWRs torque-based controller.

Considering the mobile unit’s reduced physical model, i.e. assuming only one DOF
(refer to Section 4.3), the EOM for the kinematically controlled mobile unit can be
expressed as
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mr,admr̈des + dr,admṙdes = tr + text
r . (5.1)

For the purpose of our controller we chose the virtual damping value to be equal
to zero. This choice enables the derivation of the system’s asymptotic stability for the
applied hierarchical controller. The latter is further explained at the end of this section.
All in all, the virtual mobile unit of our controller can be described by

mr,admr̈des = tr + text
r . (5.2)

Analogously to the vector expressed by (4.40), the mobile unit is analysed with respect
to a generalized joint variable. Depending on the scenario treated, r̈des 2 R is able to
express a simulated translation or rotation. Consequently, the constant scalar mr,adm 2 R

may represent the perceived mass or the moment of inertia of the mobile unit with
respect to the vertical axis.

Likewise, text
r 2 R and tr 2 R may refer to forces or torques acting on the mobile unit.

Accordingly, text
r represents external joint torques, while tr expresses the aforementioned

force-torque interface. Hence, it represents the connection between the mobile unit and
the attached LWR.

Incorporating the admittance representing the basis in the overall EOM of the entire
robotic system (refer to (4.42)), yields


mr,adm 0

mr,A(y)T
MA(q)

� 
r̈des

q̈

�
+


0 0

cr,A(y, ẏ)T
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+
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0
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q
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#

| {z }
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=


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text

q

�

| {z }
text

+


tr
tq

�

| {z }
t

.

(5.3)
Let t represent the control input torques applied on both: the mobile unit and the LWR.

As [5] points out, the inertia and centrifugal coupling terms, mr,A(y)T 2 R7⇥1 and
cr,A(y, ẏ)T 2 R7⇥1 can cause instability. Furthermore, the inertia coupling causes the
system’s inertia matrix to not be positive definite anymore. This motivates the intro-
duction of a torque tcomp, which serves the purpose of eliminating the aforementioned
coupling terms. Thus, the inertia matrix is guaranteed to be positive definite for the
joint torque

t =


thier

r
thier

q

�

| {z }
thier

+


0

mr,A(y)Tr̈des + cr,A(y, ẏ)Tṙdes

�

| {z }
tcomp

2 R8 . (5.4)

The other element making up the torque, namely thier, represents the joint torques
resulting from the hierarchical impedance-based tracking control, which is defined in
the next section.

Given the importance of this fact, the explanation given in Subsection 3.3.2 is recalled:
the dynamics expressed by (5.2) do not represent a real system. The value chosen for
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mr,adm represents the desired mass/inertia to be perceived by the system. Likewise, the
desired acceleration r̈des is also only the product of a simulated system. In order to
transmit the desired kinematic value to the real system, an additional velocity controller
has to be implemented for the mobile unit. This velocity controller outputs the required
joint torques for the actuating motors, which, in turn, enable the real system to behave
according to the desired model.

Adopting the assumption of a high-gain velocity controller expressed in [7], the
desired acceleration can be assumed to be realized immediately in the real physical
system. Therefore, the assumption r̈ ⇡ r̈des is made.

Consequently, the EOM are reduced to

M(y)ÿ + C(y, ẏ)ẏ + g(y) = text + thier , (5.5)

with

M(y) =


mr,adm 0

0 MA(y)

�
2 R8⇥8 and (5.6)

C(y, ẏ) =


0 0
0 CA(y, ẏ)

�
2 R8⇥8 . (5.7)

Since the inertia’s block entry MA(y) is positive definite, the entire inertia matrix
M(y) is guaranteed to be positive definite for positive value for mr,adm [60].

It shall also be noted, that the only block entry of the inertia matrix M(y) to be
configuration dependent, is the lower right element MA(y), representing the LWR’s
inertia. Further, the Coriolis matrix’s C(y, ẏ) only non-zero element, is likewise the
lower right term CA(y, ẏ) representing the LWR. Therefore, despite the presence of a
virtual mass mr,adm building the inertia matrix’s M(y) derivative with respect to time,
still fulfills the property expressed by (3.14). This, however, could only be the case for
an admittance damping value of zero. This property’s relevance becomes evident in the
following section.

5.2. Hierarchical Impedance-Based Tracking Control

Throughout this section the strict hierarchical impedance-based tracking control imple-
mented in the SwarmRail system is treated. On that note, it is resorted to the theoretical
fundamentals provided in Subsection 3.3.1 and Section 3.4. Further, these concepts are
extended by the steps laid down by Dietrich et al. [6].

What is more, the name of this controller is composed of three parts, as pointed out
in the following. The hierarchical aspect of this controller has already been discussed in
Section 3.4. Moreover, the term impedance refers to the fundamentals of the compliance
controller discussed in Subsection 3.3.1. That is implying the implementation of a
virtual spring-damper on the system while preserving the natural inertia [39]. The
term "tracking" extends the concept introduced with the example in Subsection 3.3.1.
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The aforementioned section aimed to achieve a desired configuration of the robot, by
the means of impedance-based control. A tracking-based controller on the other hand,
enables the robot to follow a desired trajectory [8]. In the following, the combination of
these three ideas is treated.

5.2.1. Fundamentals

Given is a set of r tasks to be accomplished. The corresponding operational space
velocities are given by

ẋi = Ji(y)ẏ 2 Rmi , (5.8)

for 1  i  r. The values mi denote the dimension of the corresponding ith task.
As laid out in Section 3.4, the augmented Jacobian matrix

J
aug
i (y) =

2

6664

J1(y)
J2(y)

...
Ji(y)

3

7775
is used. (5.9)

At this stage we make two assumptions about the system:

Assumption 10: It is possible for the robotic system to execute all r tasks simultaneously.
Hence,

r

Â
i=1

mi = n holds. (5.10)

Assumption 11: The workspace does not contain any singularities.

This assumption is valid, given that trajectories can be planned to not contain any
singularity. Consequently, singularity avoidance measures inside the controller are not
required [6].

The augmented Jacobian J
aug
r (y) 2 Rn⇥n incorporating all defined tasks, possesses

a particularly relevant property: due to Assumption 10, J
aug
r (y) is square. Addition-

ally, the matrix is not singular, based on Assumption 11. Therefore, combining both
aforementioned properties, it can thus be derived that J

aug
r (y) is invertible.

The dynamically consistent null space projectors, which induce the aforementioned
hierarchy, are defined as

N
aug
i (y) =

(
I for i = 1
I � J

aug
i�1(y)

T(J
aug
i�1(y)

M+)T for i = 2 . . . r
. (5.11)

For this section a set of new augmented variables is introduced, such as the augmented
task space velocities and accelerations, which are defined as
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ẋ
aug
i =

2

6664

ẋ1
ẋ2
...

ẋi

3

7775
, ẍ

aug
i =

2

6664

ẍ1
ẍ2
...
ẍi

3

7775
. (5.12)

What is more, (3.8) is hence generalized for the augmented operational space variables
by

ẋ
aug
i = J

aug
i (y)ẏ . (5.13)

Analogously, the mapping of wrenches expressed in the operational space to joint
torques (refer to (3.15)) can be modified for augmented variables. For F

ext
ẋi

denoting the
external wrenches acting on the operational space coordinate xi, the modified mapping
is given by

text = J
aug
r (y)T

2

6664

F
ext
ẋ1

F
ext
ẋ2
...

F
ext
ẋr

3

7775
. (5.14)

Since this thesis aims to implement a tracking controller, all operational space co-
ordinates xi possess a time dependent desired value xi,des(t). Consequently, the error
between the current and desired configuration for a task i at time t is given by

x̃i = xi(y)� xi,des(t) 2 Rmi . (5.15)

Analogously to (5.12), our desired velocities and accelerations can also be expressed
in an augmented manner as

ẋ
aug
i,des =

2

6664

ẋ1,des
ẋ2,des

...
ẋi,des

3

7775
, ẍ

aug
i =

2

6664

ẍ1,des
ẍ2,des

...
ẍi,des

3

7775
. (5.16)

The equivalent holds for the errors for each task. Hence,

˙̃xaug
i =

2

6664

˙̃x1
˙̃x2
...
˙̃xi

3

7775
, ¨̃xaug

i =

2

6664

¨̃x1
¨̃x2
...
¨̃xi

3

7775
also holds. (5.17)
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5.2.2. Hierarchically Decoupled Equations of Motion

The hierarchical controller treated in Section 3.4 acknowledges that the velocities in the
operational space are coupled in a top-down manner. Expressed differently: a joint
torque applied for a particular task might cause a disturbing motion in a task of lower
priority. The system is, consequently, said to be coupled. A coordinate transformation
can thus be used in order to investigate the tasks of different priority levels independently
from one another. The resulting coordinates vi are less intuitive as they do not reflect
real measurable velocities of the physical system. However, their benefit lies in their
ability of simplifying the investigation of the respective priority levels. For this, the
hierarchically decoupled Jacobian matrices

Ĵi(y) = Ji(y)N
aug
i (y)T are introduced. (5.18)

Using this allows us to perform the coordinate transformation

v =

2

6664

v1
v2
...

vr

3

7775
=

2

6664

Ĵ1(y)
Ĵ2(y)

...
Ĵr(y)

3

7775

| {z }
Ĵ(y)

ẏ , (5.19)

with Ĵ(y) 2 Rn⇥n being the stacked hierarchically decoupled and invertible Jacobian
matrix.

The application of this coordinate transformation on the robotic system affected by
the admittance (refer to (5.5)), is given in full detail in Section B.4. The achieved results
are the new hierarchically decoupled EOM

L(y)v̇ + µ(y, ẏ)v = Ĵ(y)�T
⇣

text + thier � g(y)
⌘

. (5.20)

What is more, the decoupled inertia matrix is defined as

L(y) = Ĵ(y)�T
M(y) Ĵ(y)�1 2 Rn⇥n

= diag(L1(y), L2(y), . . . , Lr(y)) . (5.21)

Each element Li(y) 2 Rmi⇥mi of the block-diagonal matrix L(y) represents the
positive definite and symmetric inertia matrix for the ith task.

The new transformed Coriolis matrix is then given by

µ(y, ẏ) = Ĵ(y)�T
⇣

C(y, ẏ)� M(y) Ĵ(y)�1 ˙̂
J(y, ẏ)

⌘
Ĵ(y)�1 2 Rn⇥n . (5.22)

This matrix is fully occupied in general [6]. Therefore, it still presents a coupling
between the individual dynamics of tasks in different priority levels. These are addressed
by the control law, presented in the following sections.
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5.2.3. From Hierarchically Decoupled to Operational Space Coordinates

The decoupled velocities vi being unintuitive marks a major drawback such that a
transformation of the EOM into the operational space is applied. Therefore, using
the relations given by (5.19) and (5.13), the decoupled velocities can be expressed in
dependence of the task space velocities as

v =

2

6664

v1
v2
...

vr

3

7775
= Ĵ(y)J

aug
r (y)�1

| {z }
B(y)

ẋ
aug
r . (5.23)

In this setting, the matrix B(y) 2 Rn⇥n is a block matrix, composed of the block
elements Bi,j(y) 2 Rmi⇥mj , respectively. Further, this matrix has a lower triangular shape.
Moreover, another special property can be found in this matrix, namely, that its main
diagonal is comprised of identity matrices. Therefore, the matrix B(y) represents the
aforementioned top-down hierarchy.

It is important to note, that the identity matrices used, however, do not possess the
same dimension. The identity matrix at the ith row and jth column, with i = j, is given
by I 2 Rmi⇥mi . The shape of this inertia matrix allows two conclusions to be drawn:

1. Each velocity expressed by the hierarchically decoupled coordinates vi contains its
unweighted counterpart ẋi expressed in the operational space.

2. Decoupled velocities of lower priority contain weighted terms of operational
velocities of higher prioritized tasks.

Combining these two insights also yields, that for the highest prioritized task, the
velocities using operational or hierarchically decoupled coordinates are equal. Or
expressed differently

vi = ẋi +
i�1

Â
j=1

Bi,j(y)ẋj . (5.24)

Deriving this equation with respect to time t yields

v̇i = ẍi +
i�1

Â
j=1

�
Bi,j(y)ẍj + Ḃi,j(y, ẏ)ẋj

�
. (5.25)

Analogously, a transition from the external joint torques Ĵ(y)�Ttextprovided by (5.20),
to the decoupled coordinates can be performed. Utilizing (5.14),
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can be derived, with

E(y) = B(y)�T . (5.27)

Consequently, the matrix E(y) possesses an upper triangular structure, with the diagonal
submatrices consisting of identity matrices. Therefore, the cross couplings are reversed.
The ith wrench in decoupled coordinates can be expresses similarly to (5.24), namely as

F
ext
vi

= F
ext
ẋi

+
r

Â
j=i+1

Ei,j(y)F
ext
ẋj

. (5.28)

5.2.4. Control Law

The control law as proposed by Dietrich et al. [6] is comprised of three different elements

thier = g(y) + tµ +
r

Â
i=1

N
aug
i J

T
i F

ctrl
i . (5.29)

The first term, namely g(y) 2 Rn, serves as a compensation for all effects attributed
to gravity. The second term, addresses the information provided in Subsection 5.2.2:
the Coriolis matrix µ(y, ẏ) still presents a coupling between the dynamics of tasks
in different priority levels. In order to prevent these couplings, the term tµ 2 Rn is
introduced. It is defined as

tµ =
r

Â
i=1

 
Ĵi(y)

T

 
i�1

Â
j=1

µi,jvj +
r

Â
j=i+1

µi,jvj

!!
. (5.30)

The last term of the control law incorporates the wrenches in the operational space
which are needed for the execution of all r tasks. Implementing (5.29) inside (5.20) yields

Li(y)v̇i + µi,i(y, ẏ)vi = F
ctrl
i + F

ext
vi

, (5.31)

for i = 1 . . . r. Alternatively, the EOM can be expressed inside the operational space as

Li(y)ẍi + µi,i(y, ẏ)ẋi + gi(y, ẏ)


ẋ

aug
i�1

ẍ
aug
i�1

�
= F

ctrl
i + F

ext
vi

, (5.32)

with

gi(y, ẏ) = (Gi,1, . . . , Gi,i�1, Yi,1, . . . , Yi,i�1) (5.33)

Gi,j(y, ẏ) = µi,iBi,j + LiḂi,j (5.34)

Yi,j(y) = LiBi,j . (5.35)
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The derivation of the new EOM inside the operational space is provided in Section
B.5.

The individual control forces are chosen accordingly to [6] to be

F
ctrl
i = Li ẍi,des + µi,i ẋi,des � Di ˙̃xi � Ki x̃i + gi(y, ẏ)

"
ẋ

aug
i�1,des

ẍ
aug
i�1,des

#
� F

ctrl
i,ext . (5.36)

With the stiffness matrix Ki 2 Rmi⇥mi and the damping matrix Di 2 Rmi⇥mi for the
impedance-based control being chosen symmetric and positive definite.

The last term, F
ctrl
i,ext, is the optional annihilation of external wrench couplings, as

described in (5.28). Therefore, the last term can be calculated in twofold forms, namely

F
ctrl
i,ext =

(
0 for case 1

Âr
j=i+1 Ei,j(y)F

ext
ẋj

for case 2
, (5.37)

depending on whether or not it is chosen to either not compensate (case 1) or compensate
the external wrench couplings (case 2).

Applying F
ctrl
i on the EOM expressed by (5.32) yields
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⇣
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 ˙̃xaug
i�1

¨̃xaug
i�1

�
+ F

ext
vi
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for case 1 and
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⇣
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ẋi
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for case 2. For the scope of this thesis, both cases are covered and compared with regards
to their performance.

For case 1, this system has been proven to be asymptotically stable with regard to
its equilibrium, i.e. for the case of all errors inside the operational space being zero.
For case 2 the asymptotic stability of the equilibrium can also be proven for the case of
constant external forces. The interested reader is advised to refer to [6] for the respective
proofs of the aforementioned theorems. What is more, a special focus is set on the matter
of fact, that the property (3.14) serves as a key requirement for the aforementioned proof.
Hence, the latter is only applicable due to the omission of the admittance damping value
dr,adm (refer to the explanation provided in Section 5.1).

Despite this benefit, case 2 suffers from the requirement of precise knowledge of the
external wrenches. Therefore, additional sensitive force-torque sensors are required.
One proposal of deriving the external wrenches based on the sensor readings, is given
by the estimation according to Iskandar et al. [66].

It shall also be noted that, despite the external force coupling being introduced for
case 2, top down disturbances are still possible. This can be explained by the factor
gi(y, ẏ) in (5.39) which introduces the tracking errors of higher prioritized tasks into
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Figure 5.1.: Structure of the implemented controller used in the scope of the physical
simulation.

the EOM of a lower prioritized task. Consequently, any non-constant external force F
ext
ẋk

which induces an acceleration ẍk can introduce disturbances to all tasks of lower priority
[6, 19]. This issue is addressed by Wu et al. [19], but was not considered in the scope of
this thesis.

The overall structure of the implemented controller can be seen in Figure 5.1. Note
that for the application of the controller inside the real physical system the admittance
would only produce simulated desired velocities. These velocities in turn would be fed
to a velocity controller, which would provide torques for the real mobile unit. However,
given that we assumed the desired velocities to be equal to ones inside the real system,
this part can be omitted. Additionally, the torques provided by the hierarchical tracking
controller would be fed into a torque controller, which would apply the desired torques
on the physical system.
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Having established the theoretical fundamentals of the chosen controller design, this
chapter proceeds to test the implementation on tracking tasks simulated using MATLAB
and Simulink [67, 68]. This chapter is divided into three sections: the first section covers
the parameter selection underlying the modeling of the kinematic constraints, which
were mentioned in Section 4.3. The section following that covers the tasks implemented
in our simulations, also presenting our parameter choices for both, the RS and TS. The
last section covers the TS in extensive detail, analyzing the controller’s performance
under the presence of disturbances. During this analysis, the effects of adding a term
compensating external force couplings into the introduced control law are examined.

The attentive reader might have noticed the absence of a detailed coverage of the RS
in the last part of this chapter. However as explained earlier, the main challenge for the
SwarmRail system is encountered whenever the mobile unit traverses a crossing point
and is exposed to both, sudden position changes and impact forces. As these conditions
are not present for the RS, covering this scenario in detail would not provide significant
new insights to the papers [5–7] that served as reference for the development of the
controller. Moreover, as all sides possess equal lengths and sensor equipment, a change
of orientation for the rectangular grid is irrelevant inside a rectangular rail-network.
Since the SwarmRail system proposes an omni-directional mobile unit, the robot can
progress in any direction without the need of rotation. For completion sake, however,
the simulation results for the RS can be found in the Appendix (refer to Sections C.1
and C.2).

6.1. Parameters Kinematic Constraints

In this section the parameter choices for the model representing the kinematic constraints
(refer to Section 4.3) are presented. Regarding the singular perturbation approach, the
parameter e = 0.001 is chosen. The stiffness parameters ki, for i = 1, 2 (refer to (4.6)),
are dependent on which type of motion is being "blocked". For restricted translational
motions, ki is chosen to be equal to 100 N

m . For "blocked" rotational motions, however, the
stiffness is chosen to be equal to 1 Nm

rad . The damping parameter is chosen accordingly to
(4.7).

The vertical spring-damper is implemented with a stiffness of 5000000 N
m and a damp-

ing parameter, which is also chosen according to (4.7), for a damping ratio of 1. With
these choices of a large stiffness and a damping ratio resulting in a critically damped
system, we aim to enforce the robotic system to be kept at a constant altitude. Addi-
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tionally, after being subjected to a disturbance, the spring-damper enforces the robot to
return to the equilibrium as fast as possible without oscillations (refer to the explanation
given in Section 4.3). As explained in Subsection 4.4.2, the altitude drop is modeled as a
temporary removal of the vertical spring-damper for the length of a falling time tFall.
For our experiments, this time is set to 0.03s. This equates to an altitude drop of 0.5cm
in total, occurring for each passing of a crossing point.

6.2. Analysed Tasks

The controller validation is performed for a set of four hierarchically ordered tasks. For
both, the RS and TS, the two highest prioritized tasks cover the TCP’s translational
and rotational motion control, respectively. For both scenarios, the third level task is
concerned with the mobile unit’s motion. Due to the mobile unit’s differing motion
capabilities, however, a distinction has to be made for each individual scenario. For
the RS, the third task covers the mobile unit’s rotation about the vertical z-axis. The
TS, on the other hand, handles the translation of the mobile unit. For the scope of this
thesis, analogously to the explanation of the kinematic constraints provided in Section
4.3, the only translation observed is along the x-direction of the world-frame (refer to
Figure 4.1). Lastly, controlling the first joint’s position of the attached LWR is set to be
the lowest prioritized task. The task hierarchy, along with the corresponding dimension
and selected gains for both tasks, are summarized in Table 6.1.

Table 6.1.: Task descriptions and gains used for the simulation. The lower the level, the
higher the prioritization of the task.

Lvl1 Dim2 Task Description Stiffness Damping Ratio
1 3 TCP translational motion diag(4500, 4500, 4500) N

m 0.9
2 3 TCP rotational motion diag(800, 800, 800) Nm

rad 0.9
3 1 Mobile unit motion 4500 Nm

rad / N
m 0.9

4 1 First joint LWR position 300 Nm
rad 0.7

The damping matrices of the impedance controller are obtained by making use of
the Double Diagonalization approach, as proposed by Albu-Schäffer [69], using the
damping ratios provided in Table 6.1. At this stage it should be emphasized, that the
operational space dimensions for all tasks combined is equal to eight. Therefore, the
summed up dimensions of all tasks are equal to the number of DOF of the robotic
system. Therefore, this task selection fulfills Assumption 10.

Additionally, the admittance is chosen to model the mobile unit as a cube with a
virtual mass of mvir = 15kg, a length of l = 0.362m and a width of w = 0.362m. For the
RS, the moment of inertia about the vertical z-axis, is equal to

1Level
2Dimension
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mr,adm =
mvir

12
�
l2 + w2� = 0.328kg · m2 . (6.1)

For the TS the admittance mass is simply equal to the modeled virtual mass, namely
mr,adm = 15kg.

6.3. Simulations for the Translational Scenario

In this section the tracking capabilities of the SwarmRail robot, under the presence of
sudden positional changes and high impact forces, are discussed. This is achieved by
specifying the desired trajectory of Task 3 to be a translation of the mobile unit with
a constant desired velocity in x-direction. Therefore, the robot moves across the rail-
network passing the crossing points. We choose our velocity to be equal to the highest
value possible, at which the demonstrator is still capable of reliably centering itself. By
this choice, the resulting external impact forces acting on the system are modeled as
high as possible for a correctly operating robot. Through this, the worst possible case is
simulated, which in turn gives insights about the controllers performance under extreme
conditions.

The original SwarmRail paper proposed a maximal translation speed of 0.5 m
s inside

the straight segments and 0.3 m
s for the traversal of the crossing points, respectively [4, 38].

However, further experiments conducted by our group recommend even lower speeds
for reliable performance. Having employed the mobile unit to different rail-networks
under various conditions has shown, that the optical sensors used for the centering
process are sensitive to varying lighting conditions. In order to compensate for this
issue, the optimal translation speed at the crossing points was deemed most reliable for
a maximal speed of 0.25 m

s . Therefore, the simulations set the mobile unit to drive along
the rails in a straight line with the aforementioned constant speed of 0.25 m

s .
For our rail-network, characterized by a distance of 1m between consecutive crossing

points, this velocity leads to the traversal of two crossing points for each simulation run
lasting 10s. Based on the parameters introduced at the beginning of this chapter, the
spring-dampers’ impact on the system can be observed in Figure 6.1.

For most of the simulated time the mobile unit’s altitude measured along the z-axis
is kept at a range of [-0.069; -0.047]mm. The two exceptions, occurring at the four and
eight second mark, can be attributed to the drop in altitude of 5mm, caused by the
removal of the vertical spring-damper (refer to Figure 6.1a). The reapplication of said
spring-damper is visualized by the black force peak at the center of the orange area
in Figure 6.1b. This force acts along the vertical z-axis, therefore against the gravity.
Consequently the mobile unit is pushed back to the original altitude. Note that after
acting in the positive direction with a magnitude of 30kN, the mobile unit overshoots
its equilibrium position. Therefore, the force in z transitions to a negative value with
a magnitude of 3.8kN to adjust the robot’s position. At the peak of the mentioned
overshoot, the robot reaches a maximal altitude of -0.008mm, therefore it is still in close
proximity to the equilibrium.
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(a) Altitude changes resulting from the traver-
sal of crossing points.

(b) Forces acting on the mobile unit resulting
from the impact of the system with the con-
sequent rails and the modeled vertical kine-
matic constraint.

Figure 6.1.: Influences on the mobile unit when traversing a crossing point.

The remaining four peaks surrounding the vertical force, denote the horizontal
collision forces acting oppositely to the mobile unit’s driving direction. For our example,
this would be in negative x-direction. This force is incorporated in the vector of external
forces acting on the mobile unit. The time frame in which the entire crossing point
traversal takes place, is highlighted by an orange area. It spans the time from the first to
the last frontal collision. In order to set the focus on the influence the passage of the
crossing point has on the tracking performance, this shaded area is also used for the
plots to follow.

At this point it should be highlighted, that the vertical force models a kinematic
constraint keeping the robot from falling. It does not reflect a physical collision between
the mobile unit with the rails, as this is covered by the forces in x. The peaks of the
force in z should hence be interpreted as a possibility of achieving sudden position
changes, instead of a physically originated external force occurring on the system.
We assume the robot to be equipped with an IMU, as described by Görner et al. [4].
Therefore, the vertical acceleration can be assumed to be known. This enables for the
derivation of the change in altitude of the mobile unit, allowing the robot to react to
the sudden disturbance by an adjustment of its joint positions to counteract the effects
of the altitude drop inside the performed tasks. Therefore, when this thesis refers to
"external force compensation", only the coupling terms of the collision forces applied
in x are compensated. Consequently, the modeled external force is directly applied at
the task Level 3 and presents cross coupling with all tasks of higher priorities (refer to
(5.37)).

The effects of the spring-damper systems constraining the mobile unit’s transla-
tion in y-direction and rotation about the vertical axis z, are depicted in Figure 6.2.
During the entire duration of the simulation, the mobile unit’s deviation from the
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6.3. Simulations for the Translational Scenario

Figure 6.2.: The mobile unit’s deviations in the directions of the constrained DOF.

equilibrium (yu,0, ju,0) = (0, 0) is kept small. For most of the simulation the deviations
from said equilibrium remain inside a range of [-67; +81]nm for translation in y and
[-0.0066; +0.0095]rad for the rotation angle about the z-axis. Exceptions are encountered
within the time intervals in which crossing points are passed. During the latter, the
maximal deviation in y is achieved at a magnitude of 0.021mm, while the maximal
deviation of the rotation angle is given by a magnitude of 2.67 · 10�4rad. Despite
representing relative peaks in their respective own courses, they remain at least two
orders of magnitude below the average tracking errors which are presented later in this
section. Therefore, their influence on the observed errors is negligible. The assumption
of neglecting these DOF as derived in Section 4.3 is therefore indeed justifiable.

Having treated the preliminary conditions and assumptions, this section progresses
with the presentation of the desired trajectories. For the scope of this section, only the
trajectories depicted in Figure 6.3 are examined. These trajectory are tracked twice: once
by the controller without and once by the version with external force compensation
being applied. The figures include the simulated as well as the desired trajectories for all
four tasks. It is important to mention, that the trajectory of Level 2 is expressed by the
three Euler angles representing elementary rotations about the three axes of the world
frame. These are extracted from the rotation matrix representing the TCP’s orientation,
based on the work of Day [43].

It should be noted, that Figure 6.3 demonstrates the tracking performed by the
controller without external force compensation only. Naturally, the compensating
counterpart (described by case 2 in (5.37)) which serves as comparison is evaluated using
the same desired trajectory. However, these plots did not reveal additional information
for the scope of this thesis. Hence they were omitted in this section. The interested reader
is advised to refer to the Appendix, namely Section C.3, for illustrative comprehension
of bespoken case.
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Figure 6.3 shows, that the controller is overall able to track the desired trajectories well,
even without external force compensation. In order to obtain further more meaningful
results, the underlying tracking errors are analyzed thoroughly. Firstly, we provide a
description of the errors for the control variant without external force compensation.
Building upon this, the tracking errors for the controller that uses external force com-
pensation are introduced. For the latter, an evaluation as well as a comparative analysis
with the uncompensated controller is performed.
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6.3. Simulations for the Translational Scenario

Simulated trajectory achieved with the controller
Desired trajectory

Figure 6.3.: Tracked trajectories for the controller without force compensation.

6.3.1. Case 1: Controller without Compensation

When analyzing the errors over time, the influence of the forces and altitude changes
inside the crossing points become evident. For this analysis, the focus is initially set
on the tasks of tracking the TCP-position in x (refer to Figure 6.4a). For the position
in x, each crossing passage is accompanied by four negative peaks, representing large
position changes. The effect of the mobile unit’s altitude change in z is noticeable for
the TCP in x, but does not severely affect the error. Instead, it is through the collision
forces acting in the x-direction that the controller is disturbed the most. For the TCP
position in the z-direction, however, the opposite holds: the peaks of greatest magnitude
occur simultaneously to the drop of the mobile unit (refer to Figure 6.4e).

The aforementioned relationships are obvious: once the mobile unit is disturbed in a
direction, this disturbance also acts in the same direction for the attached LWRs TCP
located on top of the robot. Comparing the magnitude of these two correlated errors,
however, provides important insights: while the collisions cause the mobile unit to
retract by distances up to 10mm along the x-axis (refer to Figure 6.4i) the TCP, however,
is only pushed back by a maximum of 4mm in x-direction. This equates to a reduction
of 40% between the deviation peaks occurring at the mobile unit and the TCP. These
observations can be transferred analogously to the deviation in z. Although the mobile
unit experiences a sudden altitude change of 5mm in the negative z-direction, the TCP is
only affected by a drop of 2.8mm with respect to the same axis. Therefore, the deviation
is reduced to 56% of the mobile unit’s deviation.

The aforementioned disturbances are also visible for the error in the TCP’s orientation,
as depicted in Figure 6.4g. During the passage of the crossing points, the orientation
errors experience sudden and abrupt deviation peaks, aligned with the disturbances
on the mobile unit. Most noticeably, among the three different axes, the rotation angle
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about the y-axis experiences the greatest disturbances, reaching peaks of about 0.0084rad
for the times in which the collision forces act on the mobile unit.

6.3.2. Case 2: Controller with External Force Coupling Compensation

By introducing the external force compensation term inside the control law, the overall
behavior observed during the entire translation at the straight segments does not present
significant changes. That is to be expected, given that inside the straight segment
no disturbing external forces act on the system. The absolute errors averaged over
time for each level, depicted by Figure 6.5a for the translations and Figure 6.5b for the
rotations, confirm this notion. The average absolute errors over the entire duration of
the simulation barely change once external force compensation is added. For Level 1
the error is reduced by only 0.1mm in total for each direction. Level 2 only experiences
an error reduction of 0.1rad for the angle representing the rotation about y, the other
values remain unchanged. Likewise, the error in Level 3 remains the same and Level 4
possesses an average absolute error, which is higher by 0.2rad.

Inside the crossing points, however, these modifications show their effect. Therefore,
the focus is once more directed back to the peaks caused by the mobile unit’s passage
of the crossing points. Particularly the errors depicted in both, Figure 6.4b and Figure
6.4h are to be highlighted. Before applying the compensation term, the collisions in
x caused a change in position of up to 4mm at the TCP along the same x-axis. After
applying the compensation, the maximal error peak is reduced to a magnitude of 2mm,
equating for a reduction by the factor of 2. Compared to the deviation in the x-direction
observable for the mobile unit, the TCP error only represents 20% of the mobile unit’s
error along the same axis. For the TCP’s error regarding the rotation about the y-axis,
the original striking peaks were reduced by 50%, compared with the first control variant
analyzed. The errors for the TCP position in y and z (refer to Figure 6.4d and Figure 6.4f)
also follow a smoother path, with the peak magnitudes caused by the collisions being
reduced. Since these deviation were small even before compensation, this change is not
as striking. Furthermore, the peaks at the center of the highlighted areas, representing
the effects of the altitude change, have remained unchanged by the compensation term.
This is most noticeable for the peak in the TCP’s deviation in z, which still possesses a
magnitude of 2.8mm (refer to Figure 6.4f).

When inspecting the maximal absolute errors reached at each task, it is noticeable,
that for the two highest prioritized tasks the errors were always able to be reduced with
exception of the TCP’s deviation in z (compare Figure 6.6a and Figure 6.6b). Meanwhile
the error for Level 3 experiences a slight rise of 0.1mm and Level 4’s error increases by
0.39 · 10�2rad.
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(a) (b)

(c) (d)

(e) (f)
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(g) (h)

(i) (j)

(k) (l)

Figure 6.4.: Operational space errors for the hierarchical control without and with exter-
nal force compensation.
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(a) Average absolute errors for the tasks addressing translations of the robot.

(b) Average absolute errors for the tasks addressing rotations of the robot.

Controller without external force compensation
Controller with external force compensation

Figure 6.5.: The average absolute errors for every task pursued during the simulations.

(a) Maximal absolute errors for the tasks addressing translations of the robot.
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(b) Maximal absolute errors for the tasks addressing rotations of the robot.

Controller without external force compensation
Controller with external force compensation

Figure 6.6.: The maximal absolute errors for every task pursued during the simulations.
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7. Discussion

The implemented controller is capable of achieving good tracking behavior for all simu-
lated scenarios. Moreover, the controller has shown to be able to react to disturbances,
typically encountered in the setting of the SwarmRail system. These involve sudden
position changes and high valued forces acting on the mobile unit. Both phenomena
generally occur during the passing of a crossing point. Even without external force
coupling compensation, our controller is able to adjust its joints quickly in order to
reduce the error for the two highest prioritized tasks only. This is most notably visible
for the TCPs deviation in x- and z-direction, for which the controller is able to reduce
the error by 60% and 44%, respectively, compared to the corresponding deviation of the
mobile unit. By additionally implementing the external force coupling compensation,
we were able to reduce the deviation peaks caused by the collision forces even further
for the two highest prioritized task levels. Achieving reductions up to a factor of 2 for
the TCP position in x and rotation angle about z, compared to the controller without
compensation. The sudden deviations caused by the mobile unit falling, however, were
not further reduced by the compensation.

These observations were to be expected, given the nature of the external force. The
external force acting on the mobile unit result from the impact in the x-direction. It is
therefore applied on the task Level 3 of our defined hierarchy. All the other tasks do not
present any external forces directly applied on them. That is

F
ext
ẋi

=

(
0 for i 6= 3
Fimpact for i = 3

, (7.1)

for i = 1 . . . 4, with Fimpact being defined according to (4.43).
The implemented compensation of external force couplings, eliminates the cross

coupling between the external forces applied on a hierarchy Level i and all tasks of
higher prioritization (refer to (5.37)). Applied to our case, the addition of a force
compensation eliminates the coupling between the force applied on Level 3 and the
tasks of Level 1 and 2. Consequently, the force compensation only adds terms influencing
the upper two priority levels. Expressed differently, the lower priority levels do not
benefit from adding a compensation term.

Furthermore, as only the collision forces were measured and compensated, the external
force compensation was unable to reduce the error peak caused by the altitude drop. The
controller only takes notice of the fall, by the altitude deviation caused by it. Therefore
the tracking behavior for this disturbance is solely influenced by the same terms, which
are also present for the uncompensated controller.
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The discoveries provided by the simulated trajectories verify the controller’s theoret-
ical prospect of being applicable to the SwarmRail system. The main benefits of the
SwarmRail concept compared to other overhead manipulators are given by the flexible
and independent motion of the robots as well as the possibility of continuous overhead
manipulation. In order to be able to make use of these advantages, the underlying
whole-body controller must work reliably under all external conditions and disruptions
which are expected during the movement inside the rail-network.

Nevertheless, it is important to classify this thesis’ main objective appropriately. Our
objective is to establish a possible guiding direction for the development of a whole-body
controller for a physical demonstrator. Consequently, this thesis’ theoretical benefit lies
in giving an analysis regarding the controller’s performance under extreme conditions,
not yet implemented in the controller’s original testing scope [6]. To which extend
the results of this thesis are applicable to the real system remains to be investigated.
For instance, let’s take the effect achieved through external force compensation as
an example: the effectiveness of said compensation term is owed to the fact, that
we assumed exact measurement values of the external forces. Thus, this implies the
existence of appropriate force torque sensors. However, high requirements regarding the
accuracy of their respective measurements are being set. This imposes, hence, a major
impediment for a possible real-world application [6].

Furthermore, the necessity of a force compensation term is also questionable for the
physical demonstrator. As previously explained, the collision forces were deliberately
chosen to be much higher than the forces expected for the demonstrator. Despite this,
our uncompensated controller is already able to handle these large forces well. It also
remains to be investigated, whether the force-torque cross coupling effects present
at the demonstrator really justify the implementation of an external force coupling
compensation. As it is pointed out in [6], the external force-torque cross couplings are
usually small in practice, even during highly dynamic tasks.

On the other side, although subjected to high forces, the crossing point traversal
of our model has been significantly simplified. Different to our model, the crossing
points under real-world conditions allow the robot to additionally rotate and change
the direction of translation. This introduces an additional degree of complexity to the
problem, as the number of DOF increases from eight to ten. This is especially relevant
should the centering by the PID controller be faulty. This would result in the robot
entering the crossing point in a skewed manner. Thus, the mobile unit would use its full
range of motion to reestablish the centered position inside the rail-network. Apart from
the increased DOF, the collisions can also be expected to have a more severe impact on
additional task levels.

Another factor to be considered when implementing this controller on the existing
demonstrator is the choice of the admittance damping parameter. In this thesis, we
chose the damping parameter to be equal to zero. This particular choice is made, in
order to guarantee the applicability of the asymptotic stability proof by [6]. For the
demonstrator, however, it is advised to include a damping parameter for the sake of
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ensuring stability and robustness against phenomena not included in the model and
uncertainties. Additionally, undesired oscillations of the robotic system can be avoided
[70, 71].
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8. Summary and Outlook

In this thesis, we adapted a hierarchical whole-body impedance tracking controller for
the robots making up the SwarmRail system. Hence, our simulation model of the robots
and the rail-network used for the evaluation of the controller, is built upon simplifying
assumptions. Most notably we modeled the kinematic constraints set by the rails as
a collection of high valued spring-dampers acting on the body. Using the singular
perturbation approach, we justified the reduction from ten to eight DOF, respectively.
By that, we ensured the omission of the mobile unit’s two restricted motion directions
for our controller.

Inspired by [7] our controller combines the kinematically-controlled mobile unit
with a torque-controlled LWR, via the usage of an admittance interface. Based on this
combined system, we implemented the hierarchical impedance-based tracking controller
developed in [6]. By omitting the damping value for the admittance, we were thus able
to adopt the derivations provided in [6]. By doing so, we concluded the asymptotic
stability towards the equilibrium for said hierarchical tracking controller.

Having identified the passage of crossing points to be the most troublesome sections
of the rail-network, we proceeded to simulate the robot’s behavior while driving across
bespoken sections. The traversing of these crossing points was modeled by four sudden
and high valued collision forces, acting oppositely to the direction of translation. Addi-
tionally, the crossing point caused an altitude change of 5mm for the mobile unit. For
the scope of this thesis, however, the passage of said characteristic points was observed
with regards to a single translation direction for the mobile unit. Direction changes were
not considered.

In a final step, the controller was validated inside a simulation. Throughout this
simulation, a robot drove across the rails with the maximal velocity for which the
reliable centering of the mobile unit could be guaranteed. What is more, for the sake
of performance evaluation we distinguished between the controller with and without
compensation of external force couplings. During our simulations we noticed, that both
controllers were able to counteract the external disturbances. This was expressed by
twofold means: the sudden error peaks were quickly reduced and position deviations
at the TCP’s position were only half as large as the corresponding deviations on the
mobile unit.

However, we discovered that by including the external force coupling compensation
an additional reduction of the maximal errors caused by the sudden disturbances was
achieved. At the same time, the good overall tracking performance was maintained.
Despite the theoretical performance benefits, we have acknowledged that the external
force coupling compensation sets demanding conditions for our robotic system: at first,
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we must guarantee the presence of the required force-torque sensors for the mobile unit.
Secondly, all measurements provided by these sensors must fulfill high demands in
their precision. This yields from the fact that the force compensation worked solely on
the assumption of exactly knowing which forces acted on the robot. Hence, this is a
requirement with strong limitations for real-world implementation [6].

The future work concerned with the SwarmRail system will be directed towards the
practical implementation of the hierarchical whole-body impedance tracking controller
presented in this thesis. However, before the actual control strategy can be considered,
well known issues with the current demonstrator have to be addressed first. This
includes guaranteeing reliable centering inside the rails under both, varying lighting
conditions and rail surface properties. Additionally, the encountered issues regarding
the wheels’ loss of traction are yet to be solved. However, our group is currently
working on the construction of a second demonstrator which intents to addresses all of
the aforementioned shortcomings. Moreover, the second demonstrator has to enable the
integration of a fully functional robotic arm at the bottom of the mobile unit.

Based on this new even more capable demonstrator, we are thus able to implement
the control law depicted in this thesis. Just as it was the case for this thesis, the focus
shall be set on the practical validation of the controller for the passage of crossing points.
Performing tests on this demonstrator shall yield insights regarding the applicability
of the controller for the system as a whole. Moreover, it shall provide information
regarding additionally needed hardware components to be incorporated for the robot,
such as force-torque sensors should the external force coupling compensation be deemed
necessary. Should the tests conclude strong couplings between the different hierarchy
levels, an adaptation of the controller as suggested by Wu et al. [19] could also be taken
into consideration.

As a final note, a future challenge lies in defining a strategy for the crossing points,
which takes all ten DOF into consideration. Throughout this thesis we assumed eight
DOF to be available at all times, that is inside crossing points and straight segments. In
reality, however, entering a crossing point allows the robot to make use of all its motion
capabilities, having thus access to ten DOF. Concomitantly, performing a translation
while inside the crossing point would return the mobile unit to a straight segment,
consequently reducing the amount of DOF to eight once more. The fluent transition
between control strategies for the straight segments and crossing points is not trivial
and requires further investigation.
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A. Mathematical Properties

A.1. Vector Orthogonality

Two vectors x and y are orthogonal to each other if

hxyi = 0 (A.1)

holds. Hereby, hi denotes the inner product [60].

A.2. Jacobian Matrix

Taken from [60]: for a vector x(q) 2 Rm, the corresponding Jacobian matrix is defined as

J(x) =

2

664

dx1
dq1

(q) . . . dx1
dqn

(q)
... . . . ...

dxm
dq1

(q) . . . dxm
dqn

(q)

3

775 2 Rm⇥n , (A.2)

with xi and qi representing the ith element of vectors x and q respectively.

A.3. Skew Symmetry

Based on Petersen et. al [46]: a matrix A is said to be symmetric, if it is equal to its
negative transpose:

A
T = �A (A.3)

A.4. Positive Semidefiniteness

Based on Petersen et. al [46]: a matrix A 2 Rn⇥n is said to be positive semidefinite, if
for a all non-zero vector x 2 Rn the following property holds:

xAx
T � 0 .

69



A. Mathematical Properties

A.5. Transpose of Multiplied Matrices

Taken from Karpfinger [60]: the transpose of the multiplication of two matrices A and B

is given by:

(AB)T = B
T

A
T (A.4)

A.6. Schur Complement

According to Boyd et al. [61], for a positive definite matrix


A B

B
T

C

�
, (A.5)

a positive definite blockmatrix C implies that:

A � BC
�1

B
T (A.6)

is also positive definite.
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B.1. Proof of Equivalence

Following the derivation of section B.2, we can write

Ṁ(q)� 2C(q, q̇) = �(Ṁ(q)� 2C(q, q̇))T (B.1)

= �Ṁ(q)T + 2C(q, q̇)T , (B.2)

(Ṁ + Ṁ
T
) = 2(C(q, q̇) + C(q, q̇)T) . (B.3)

Due to the symmetry of the inertia matrix, the equation can be rewritten as

2Ṁ = 2(C(q, q̇) + C(q, q̇)T) , (B.4)

Ṁ = C(q, q̇) + C(q, q̇)T . (B.5)

B.2. Proof of Skew Symmetry

The proof for the skew symmetry (refer to (A.3)) of Ṁ(q)� 2C(q, q̇), follows the steps
laid out by Murray et al. [41].

(Ṁ � 2C(q, q̇))i,j = Ṁ i,j(q)� 2Ci,j(q, q̇) (B.6)

=
n

Â
k=1

dM i,j

dqk
q̇k �

dM i,j

dqk
q̇k �

dM i,k
dqj

q̇k +
dMk,j

dqi
q̇k (B.7)

=
n

Â
k=1

dMk,j

dqi
q̇k �

dM i,k
dqj

q̇k (B.8)

By switching the indices i and j, and considering the symmetry of the inertia matrix,
the following properties

(Ṁ � 2C(q, q̇))j,i =
n

Â
k=1

dMk,i
dqj

q̇k �
dM j,k

dqi
q̇k (B.9)
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= �
 

n

Â
k=1

dMk,j

dqi
q̇k �

dM i,k
dqj

q̇k

!
(B.10)

�(Ṁ � 2C(q, q̇))i,j (B.11)

become evident.

B.3. Proof of Null Space Projector Consistency

Using the properties given by (3.9) for a operational space coordinate x1 2 Rm yields

ẍ1 = J1(q)q̈ + J̇1(q)q̇ . (B.12)

Rearranging this equation leads to

J1(q)q̈ = ẍ1 � J̇1(q)q̇ . (B.13)

This will be of importance in the derivations to come. Given the EOM

M(q)q̈ + C(q, q̇)q̇ + g(q) = text +
⇣

t1 + tP
2

⌘
, (B.14)

multiplying these EOM with the inverse of the inertia matrix, namely M(q)�1, from the
left side yields:

q̈ + M(q)�1
C(q, q̇)q̇ + M(q)�1

g(q) = M(q)�1text + M(q)�1
⇣

t1 + tP
2

⌘
. (B.15)

Multiplication from the left side by J1(q) and using the property expressed by (B.13)
leads to

ẍ1 � J̇1(q, q̇)q̇ + J1(q)M(q)�1
C(q, q̇)q̇ + J1(q)M(q)�1

g(q) =

J1(q)M(q)�1text + J1(q)M(q)�1
⇣

t1 + tP
2

⌘
. (B.16)

Introducing the function p, which summarizes all terms which do not contain the
acceleration expressed in the operational space or the projected torques of the second
priority level, yields

ẍ1 = p(q, q̇, t1, text) + J1(q)M(q)�1tP
2 . (B.17)

Using the definition of the projected torque provided by (3.23) leads to

ẍ1 = p(q, q̇, t1, text) + J1(q)M(q)�1
N

suc
2 (q)t2 . (B.18)

Recapitulating the definition of dynamic consistency provided in section 3.4: joint
torques linked to the null space projector do not cause accelerations for the higher
priority task inside the operational space [21]. This equates to the requirement
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J1(q)M(q)�1
N

suc
2 (q)t2

!
= 0 . (B.19)

For the following derivations, we omit the arguments of the dynamic parameters for
the sake of clarity. That is: M(q) = M, J1(q) = J1 and N

suc
2 (q) = N

suc
2 .

Using the definition of the null space projector (refer to (3.24)) and the generalized
inverse (refer to (3.25)), results in the equations

J1M
�1

N
suc
2 t2 = J1M

�1
⇣

I � J
T
1 (J

M+
1 )T

⌘
t2

= J1M
�1
✓

I � J
T
1

⇣
M

�1
J

T
1 (J1M

�1
J

T
1 )

�1
⌘T
◆

t2 . (B.20)

Using the symmetry of the inertia matrix and the rule expressed in section A.5 for the
transpose of a matrix multiplication, the equation

J1M
�1

N
suc
2 t2 = J1M

�1
⇣

I � J
T
1 (J1M

�1
J

T
1 )

�1
J1M

�1
⌘

t2

=

0

@J1M
�1 � (J1M

�1
J

T
1 )(J1M

�1
J

T
1 )

�1
| {z }

I

J1M
�1

1

A t2= (J1M
�1 � J1M

�1)t2 = 0

(B.21)

can be derived.
Therefore, the torques of the lower prioritized task 2 do not affect the accelerations of

the higher prioritizes task. The used null space projector is dynamically consistent.

B.4. Hierarchical Decoupling of Equations of Motion

Given are the EOM, derived in section 5.1. Those are

M(y)ÿ + C(y, ẏ)ẏ + g(y) = text + thier . (B.22)

In subsection 5.2.2, we already provided the relation relation between v and q̇. Since
the stacked decoupled Jacobian is invertible, we can rewrite (5.19) as

ẏ = Ĵ(y)�1
v . (B.23)

Deriving this equation with respect to time, using the definition for the derivative of
an inverse matrix given by Barned et al. [72], yields

ÿ = Ĵ(y)�1
v̇ � Ĵ(y)�1 ˙̂

J(y, ẏ) Ĵ(y)�1
v . (B.24)

Using these relations on the EOM leads to
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M(y)( Ĵ(y)�1
v̇ � Ĵ(y)�1 ˙̂

J(y, ẏ) Ĵ(y)�1
v) + C(y, ẏ) Ĵ(y)�1

v + g(y) = text + thier (B.25)

M(y) Ĵ(y)�1
v̇ +

⇣
C(y, ẏ)� M(y) Ĵ(y)�1 ˙̂

J(y, ẏ)
⌘

Ĵ(y)�1
v + g(y) = text + thier .

(B.26)
Multiplying by Ĵ(y)�T from the left side leads to

Ĵ(y)�T
M(y) Ĵ(y)�1

| {z }
L(y)

v̇+ Ĵ(y)�T
⇣

C(y, ẏ)� M(y) Ĵ(y)�1 ˙̂
J(y, ẏ)

⌘
Ĵ(y)�1

| {z }
µ(y,ẏ)

v+ Ĵ(y)�T
g(y)

= Ĵ(y)�T(text + thier). (B.27)

Rearranging this equation yields the EOM:

L(y)v̇ + µ(y, ẏ)v = Ĵ(y)�T
⇣

text + thier � g(y)
⌘

, (B.28)

which corresponds to (5.20) in subsection 5.2.2.

B.5. Equations of Motion in the Operational Space

For the following derivations, we omit the arguments of the dynamic parameters for the
sake of clarity.

Using the relationship expressed in equations 5.24 and 5.25 for the hierarchically
decoupled EOM (refer to (5.31)) yields

Li

 
ẍi +

i�1

Â
j=1

�
Bi,j ẍj + Ḃi,j ẋj

�
!
+ µi,i

 
ẋi +

i�1

Â
j=1

Bi,j ẋj

!
= F

hier
i + F

ext
vi

. (B.29)

Rearranging this equation leads to:

Li ẍi +

 
µi,i ẋi +

i�1

Â
j=1

⇣
LiBi,j ẍj + LiḂi,j ẋj + µi,iBi,j ẋj

⌘!
= F

hier
i + F

ext
vi

, (B.30)

or expressed in matrix-vector notation:

Li ẍi + µi,i ẋi +
h
µi,iBi,1 + LiḂi,1 µi,iBi,2 + LiḂi,2 . . . µi,iBi,i�1 + LiḂi,i�1

i
ẋ

aug
i�1+

⇥
LiBi,1 LiBi,2 . . . LiBi,i�1

⇤
ẍ

aug
i�1 = F

hier
i + F

ext
vi

(B.31)
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Li ẍi + µi,i ẋi+
h
µi,iBi,1 + LiḂi,1 . . . µi,iBi,i�1 + LiḂi,i�1 LiBi,1 . . . LiBi,i�1

i

| {z }
gi


ẋ

aug
i�1

ẍ
aug
i�1

�
= F

hier
i + F

ext
vi

.
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C. Simulations

This chapter provides additional simulation results which did not provide relevant
insights regarding the robustness of our controller when exposed to strong disturbances.
Nevertheless, these simulations are kept in the Appendix for the interested reader.

C.1. Linear Trajectories for the Rotational Scenario

Our controller is able to follow the desired trajectory well. After an initial overshoot, the
error converges to zero and the robot maintains it’s configuration.
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Simulated trajectory achieved with the controller
Desired trajectory

Figure C.1.: Trajectories for each level for the RS tracking linear trajectories.
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C.2. Sinusoidal Trajectories for the Rotational Scenario

Figure C.2.: Tracking errors for each level for the RS tracking linear trajectories.

C.2. Sinusoidal Trajectories for the Rotational Scenario

Our controller is able to follow the desired trajectory well, with the errors commuting
into small ranges.

79



C. Simulations

Simulated trajectory achieved with the controller
Desired trajectory

Figure C.3.: Trajectories for each level for the RS tracking sinusoidal trajectories.
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C.3. Sinusoidal Trajectories for the Translational Scenario with Compensation

Figure C.4.: Tracking errors for each level for the RS tracking sinusoidal trajectories.

C.3. Sinusoidal Trajectories for the Translational Scenario with
Compensation

Our controller with implemented external force coupling compensation is able to follow
the desired trajectory well. The effects of the crossing point traversion are barely visible.
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C.3. Sinusoidal Trajectories for the Translational Scenario with Compensation

Simulated trajectory achieved with the controller
Desired trajectory

Figure C.5.: Tracked trajectories for the controller using external coupling force compen-
sation.
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