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1. Introduction

The main objective of statistical inference is to draw conclusions about a certain population based on
a random sample of that population. Conclusions may be about the functional form of the distribution
for the population of interest, estimates of its characteristics, testing statistical hypotheses regarding
parameters or making predictions about future events based on current knowledge.

One of the essential elements of reliability analysis is testing the product failure times under normal
operating conditions. Products are frequently highly dependable, and extensive applied testing is
prohibitively costly. The use of complete samples is not a good choice in statistical analysis when the
product is highly reliable and applied testing is prohibitively expensive. In such situations, statisticians
have recommended many types of censoring to save time and money. Type II-right censorship is one of
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these censoring types and has been more popular over the past few decades. It is expected for this type
that a few lower-order statistics are observed and that subsequent inferences are then required, such
as determining the distribution from which the data is collected, estimating the distribution parameters
and making predictions about unobserved events. Here, the emphasis is on estimate for censored
samples as well as prediction problems.

There are many contributions to the estimation of complete and censored data. Excellent references
for this subject, among others, include Balakrishnan and Cramer [1], Casella and Berger [2], Lehmann
and Casella [3] and the references therein.

Prediction of future observations is a major concern in many real-world problems. The prediction
for ordered random variables (RVs) is frequently used in industrial applications and survival studies to
estimate the future prevalence of defective products. In lifetimes testing experiments, the interval and
point predictions are also helpful in determining the best censoring strategy. To put it more precisely,
we can place identical items in a given life-test experiment and wait until a manageable number of
failed items are obtained in relation to cost and time. We can therefore predict the failure times of
the survivor items using these observed failure times. This prediction enables the experimenter to
choose an appropriate censoring scheme. Such censoring schemes may be Type I or Type II censoring,
progressive Type II censoring, or hybrid censoring. The prediction has additional benefits that help
us decide whether or not the life test needs to be accelerated and when a future failed item should
cause the life test to end. Many authors have considered the prediction issue in statistical literature
from both a theoretical and an applied standpoint. Ahsanullah [4] studied the linear prediction of
record values of the two-parameter exponential distribution. Bayesian predictions of both ordinary
order statistics (OOSs) and generalized order statistics (GOSs) were studied in AL-Hussaini [5] and
AL-Hussaini and Ahmed [6], respectively. In Aly [7], two-point predictors of the fractional kth
upper record values from the exponential distribution are given. Some predictive and reconstructive
results of dual GOSs from the inverse Weibull distribution are obtained in Aly [8] via the pivotal
quantities approach. The problem of predicting future lifetimes from the Weibull probability model
for a simple step-stress plan under the Khamis-Higgins model is studied by Amleh and Raqab [9].
Barakat et al. [10] suggested a new method for predicting future order statistics based on some of
their distributional properties. Moreover, by applying the cumulative hazard transformation, Barakat et
al. [11] constructed nonparametric prediction intervals for GOSs, and their exact coverage probabilities
were determined. For all distributions that are attracted to the Weibull distribution, El-Adll et al. [12]
have constructed different asymptotic prediction intervals for future lower extreme order statistics.
The maximum likelihood predictor was first introduced by Kaminsky and Rhodin [13]. In life-testing
experiments with fixed sample sizes, Lawless [14] suggested a pivotal quantity for constructing a
prediction interval for an order statistic. Lingappaiah [15] suggested a different pivotal quantity for
the same purpose. Raqab [16] obtained an optimal prediction interval for m-GOSs based on a one-
parameter exponential distribution. Concise reviews that are related to this topic and include several
prominent prediction results may be found in the books by Aitcheson and Dunsmore [17], David and
Nagaraja [18], Geisser [19] and Kaminsky and Nelson [20].

The main contribution of the paper is presented in Section 3. More specifically, based on
Rényi representation and its extensions, a new least squares method for estimation and prediction is
introduced, relying on the cumulative hazard function. The proposed method is formulated in a general
manner so that it can be applied to any model of ordered random variables. Furthermore, the method is
used for complete or type II right-censored data and simplifies the computations significantly for those
distributions with an explicit form for the cumulative hazard function.
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The rest of this paper is organized as follows: In Section 2, some necessary preliminary results that
are related to the present work are presented. A new least-squares method for estimation and prediction
is presented in Section 3. The methodology presented in Section 3 is validated in Section 4 through
comprehensive simulation studies. In Section 5, two real data sets are analyzed for illustrative and
comparison purposes.

2. Preliminary results

As a unified model of various ascending models of ordered RVs, Kamps [22] established the GOSs,
based on any continuous distribution function (CDF) F, via their joint probability density function
(PDF)

f1,...,n(x1, ..., xn) = Cn

n∏
j=1

[
1 − F(x j)

]γ j−γ j+1−1
f (x j) (2.1)

on the cone F−1(0+) < x1 ≤ · · · ≤ xn < F−1(1), where Cr =
r∏

i=1
γi, r = 1, 2, ..., n, F−1 denotes

the quantile function of F. The model parameters are defined by the vector γ = (γ1, ..., γn), where

γr = k +
n−1∑
i=r

(mi + 1) > 0, i = 1, 2, ..., n, with γn = k > 0 and (m1, ...,mn−1) ∈ Rn−1. Particular models,

such as OOSs, sequential order statistics (SOSs), progressive type II censored order statistics, standard
kth record values and Pfeifer’s record, result from specific choices of the model parameters, γ1, ..., γn.
When mi = m for all i = 1, 2, ...n, extensive asymptotic results for bootstrapping m-GOSs are obtained
by Barakat et al. [21].

According to the restriction γi , γ j for i , j, a wide subclass of GOSs-model, excluding record
values, have discussed by Kamps and Cramer [23], where some important distributional properties
have been considered. In particular, the PDF of the rth GOS X∗r:n is given by

f ∗r:n(x) = Cr

r∑
i=1

ai(r) [1 − F(x)]γi−1 f (x), −∞ < x < ∞, (2.2)

and the CDF of X∗r:n is

F∗r:n(x) = 1 −Cr

r∑
i=1

ai(r)
γi

[1 − F(x)]γi , −∞ < x < ∞, (2.3)

where

ai(r) =

r∏
j=1, j,i

(γ j − γi)
−1, 1 ≤ i ≤ r ≤ n.

In view of the probability integral transform, the RVs, U∗r:n = F−1(X∗r:n), r = 1, 2, ..., n, are uniform
GOSs. Consequently, it can be shown that

E[U∗r:n] = 1 −Cr

r∑
i=1

ai(r)
γi + 1

, r = 1, 2, ..., n, (2.4)

and

Var(U∗r:n) = E[U∗r:n](2 − E[U∗r:n]) + Cr

r∑
i=1

ai(r)
γi + 2

− 1, r = 1, 2, ..., n. (2.5)
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For the uniform OOSs, Ur:n, r = 1, 2, ..., n, we have

E[Ur:n] =
r

n + 1
, r = 1, 2, ..., n, (2.6)

and
Var(Ur:n) =

r(n − r + 1)
(n + 2)(n + 1)2 , r = 1, 2, ..., n. (2.7)

The ordinary least squares method of estimation for complete samples was originally proposed by
Swain et al. [24]. The method is based on minimizing the function

LF (Θ|x̃n) :=
n∑

i=1

(F(xi; Θ) − E[Ui:n])2 , (2.8)

with respect to the unknown parameter vector Θ = (θ1, θ2, ..., θ`), where x̃n = (x1, x2, ..., xn) is an
observed ordered sample. The weighted least squares estimates can be accomplished by minimizing
the function

WLF (Θ|x̃n) :=
n∑

i=1

wi (F(xi; Θ) − E[Ui:n])2 , where wi =
1

Var(Ui:n)
, i = 1, 2, ..., n, (2.9)

with respect to Θ. Several authors used the least squares method and the weighted least squares method.
For estimating the parameters from different distributions; among them are Gupta and Kundu [25] and
Kundu and Raqab [26].

El-Adll and Aly [27] have extended the above results to type II censored samples. Namely, based
on the first r observed OOSs, x1, x2, ..., xr, approximate least square estimates of Θ can be obtained by
minimizing the least squares function

LF,r(Θ|x̃r) :=
r∑

i=1

(
F(xi; Θ) −

i
n + 1

)2

+ (n − r)
(
F(xr; Θ) −

r
n + 1

)2
. (2.10)

For the GOSs model, we can exptend the ordinary least squares and weighted least squares functions,
respectively, to take the formulas

L∗F,r(Θ|x̃r) :=
r∑

i=1

(
F(xi; Θ) − E[U∗i:n]

)2
+ (n − r)

(
F(xr; Θ) − E[U∗r:n]

)2 (2.11)

and

WL
∗
F,r(Θ|x̃r) :=

r∑
i=1

wi
(
F(xi; Θ) − E[U∗i:n]

)2
+ (n − r)wr

(
F(xr; Θ) − E[U∗r:n]

)2 , (2.12)

where
wi =

1
Var(U∗i:n)

, i = 1, 2, ..., n,

x̃r = (x1, x2, ..., xr) are observed values of the GOSs X∗1:n, X
∗
2:n, ..., X

∗
r:n, E[U∗i:n] and Var(U∗i:n) are given

by (2.4) and (2.5), respectively.
Kamps [22] extended Rényi’s representation [29], to GOSs model (see also Barakat et al. [28]).

This representation enables us to express the rth GOS based on the exponential distribution as a linear
combination of independent and identically distributed (iid) RVs from the EXP(1). Namely,

X∗r:n
d
=

r∑
i=1

Zi

γi
, r = 1, 2, ..., n, (2.13)

where Z1, ...,Zn are iid RVs from the EXP(1) and “U d
= V” means that the RVs U and V have the same

CDF.
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3. A new least squares method for estimation and prediction

Minimizing the least squares and weighted least squares functions in (2.11) and (2.12) is not always
a simple problem. In this section, a novel and efficient method for solving such problems is proposed.

3.1. Least squares estimation via the cumulative hazard function

The cumulative hazard function of any RV X with CDF F is defined by

H(x) = − log[1 − F(x)], −∞ < x < ∞.

Evidently, the function H(x) is a nonnegative and nondecreasing function on x. Suppose now that
X∗i:n := X(i, n, m̃, k) denotes the ith GOS from a continuous CDF F. Therefore, the RV’s

Z∗i:n := H(X∗i:n), i = 1, 2, ..., n, (3.1)

are GOSs from the standard exponential distribution (denoted by EXP(1). Clearly, if the CDF F
depends on an unknown vector of parameters Θ = (θ1, θ2, ..., θ`), with ` ≥ 1, then H depends on the
same vector of parameters. Hence, we can develop a least square method based on H. In view of
Kamps [22] and Barakat et al. [28], we have

E
[
H(X∗i:n)

]
= E

[
Z∗i:n

]
=

i∑
j=1

γ−1
j := µ∗i:n and Var

(
H(X∗i:n)

)
=

i∑
j=1

γ−2
j :=

1
w∗i
, i = 1, 2, ..., n. (3.2)

Consequently, the parameters can be estimated by minimizing the least squares function

L∗H(Θ|x̃n) :=
n∑

i=1

(
H(xi; Θ) − µ∗i:n

)2 , (3.3)

where −∞ < x1 < x2 < ... < xn < ∞ are observed values of the GOSs X∗1:n, X
∗
2:n, ..., X

∗
n:n. Moreover,

the weighted least squares estimates based on the cumulative hazard function can be obtained by
minimizing the weighted least squares function.

WL
∗
H(Θ|x̃n) :=

n∑
i=1

w∗i
(
H(xi; Θ) − µ∗i:n

)2 . (3.4)

According to the extended Rényi’s representation (2.13), we have

L∗H(Θ|x̃n) =

n∑
i=1

(
H(xi; Θ) − µ∗i:n

)2

=

r∑
i=1

(
H(xi; Θ) − µ∗i:n

)2
+

n∑
i=r+1

(
H(xi; Θ) − µ∗i:n

)2

=

r∑
i=1

(
H(xi; Θ) − µ∗i:n

)2
+

n∑
i=r+1

H(xr; Θ) − µ∗r:n +

i∑
j=r+1

z j − 1
γ j


2

, (3.5)

where z1, ..., zn is an observed random sample from the EXP(1). Clearly, E
[∑i

j=r+1
Z j−1
γ j

]
= 0. Therefore,

we can approximate the sum of the last term by its mean. Consequently, we can suggest the modified
least squares function.

L∗H,r(Θ|x̃r) :=
r∑

i=1

(
H(xi; Θ) − µ∗i:n

)2
+ (n − r)

(
H(xr; Θ) − µ∗r:n

)2 . (3.6)
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An approximate least squares estimate of Θ based on the first r observed GOSs, x̃r := (x1, x2, ..., xr) for
r ≤ n, can be obtained by minimizing L∗H,r(Θ|x̃r) with respect to Θ. Similarly, minimizing the function

WL
∗
H,rΘ|x̃r) :=

r∑
i=1

w∗i
(
H(xi; Θ) − µ∗i:n

)2
+ (n − r)w∗r

(
H(xr; Θ) − µ∗r:n

)2 (3.7)

produces a modified weighted least squares estimate of Θ based on x1, x2, ..., xr.

3.2. A least squares predictor relying on GOSs

The results of El-Adll and Aly [27] can be extended to GOSs through minimizing the predictive
least squares function

PL
∗
F,r,s(Θ, xs|x̃r) :=

r∑
i=1

(
F(xi; Θ) − E[U∗i:n]

)2
+ (s − r − 1)

(
F(xr; Θ) − E[U∗r:n]

)2

+ (n − s + 1)
(
F(xs; Θ) − E[U∗s:n]

)2 , (3.8)

with respect to Θ and xs. Similarly, a weighted least squares predictor can be derived by choosing the
weights wi defined by (2.12). As we proceeded in (3.5) and (3.6), an approximate point predictor of
the unobserved sth GOS can be obtained via the minimization of the proposed predictive least squares
function

PL
∗
H,r,s(Θ, xs|x̃r) :=

r∑
i=1

(
H(xi; Θ) − µ∗i:n

)2
+ (s− r− 1)

(
H(xr; Θ) − µ∗r:n

)2
+ (n− s + 1)

(
H(xs; Θ) − µ∗s:n

)2 .

(3.9)
By the same manner, approximate weighted least squares estimates of Θ and xs based on x1, x2, ..., xr

are derived via minimizing the predictive weighed least squares function

PWL
∗
H,r,s(Θ, xs|x̃r) :=

r∑
i=1

w∗i
(
H(xi; Θ) − µ∗i:n

)2
+ (s − r − 1)w∗r

(
H(xr; Θ) − µ∗r:n

)2

+ (n − s + 1)w∗s
(
H(xs; Θ) − µ∗s:n

)2 . (3.10)

Remark 3.1.
One advantage of choosing the cumulative hazard function transformation is that it always follows

the standard exponential distribution. In addition, its mean and variance can simply be computed for
any model of ordered random variables, and they do not depend on unknown parameters. Moreover,
as a quick comparison between the proposed method and one of the most well-known methods of
estimation, we find that the Maximum likelihood estimation (MLE) for the distribution parameters
may be difficult to obtain in certain cases. Particularly when the support of the distribution is
unknown. Also, the MLEs may not be robust enough to depart from the assumed distribution. These
considerations motivated the least-squares approach to be used.

4. Numerical simulation experiments

In this section, simulation experiments are carried out to compare the proposed method with
different estimation and prediction techniques. We are mainly interested in some important probability
distributions that can be widely applied in survival analysis, reliability theory and life-testing
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experiments. For brevity, we compare only three methods, namely the maximum likelihood, the
ordinary weighted least squares and the weighted least squares via the cumulative hazard function.
The following assumes that the first r (r ≤ n) elements of the GOSs based on a continuous distribution
F are observed and used to estimate the unknown distribution parameters and predict some future
observations. In this simulation, 10,000 independent random samples are generated from F and then
used in the proposed estimation and prediction methods.

4.1. Estimation

In view of Kamps [22], the likelihood function based on the first r elements of the GOSs, which is
the joint PDF of X∗1:n, X

∗
2:n, ..., X

∗
r:n, is given by

L∗(Θ|x̃r) = f1,...,r(x1, ..., xr; Θ)

= Cr

 r−1∏
j=1

[
1 − F(x j; Θ)

]γ j−γ j+1−1
f (x j; Θ)

 [1 − F(xr; Θ)]γr−1 f (xr; Θ). (4.1)

The maximum likelihood estimates (MLEs) of the unknown parameters Θ = (θ1, θ2, ..., θ`) can
be accomplished via maximizing L∗(Θ|x̃r) by solving the nonlinear equations ∂ log(L∗(Θ|x̃r))

∂θ j
= 0,

j = 1, 2, ..., `, numerically. The ordinary weighted least squares estimates (WLSEs) are obtained
by minimizing the function WL∗F,r(Θ|x̃r) given in (2.12), through solving the nonlinear equations
∂WL∗F,r(Θ|x̃r)

∂θ j
= 0, j = 1, 2, ..., `, numerically. Finally, the modified weighted least squares estimates

(MWLSEs) can be obtained by minimizing the functionWL∗H,r(Θ|x̃r) in (3.7), via solving the nonlinear

equations
∂WL∗H,r(Θ|x̃r)

∂θ j
= 0, j = 1, 2, ..., `, numerically. The OOSs model, where γi = n−i+1, is primarily

the focus of the next sections of the study.
We use the root mean square error to compare different estimators or predictors. As a result of

its sensitivity to extreme values, the root-mean-square error may not even exist. Pitman’s measure
of closeness (Pitman [30]) is also used for comparing estimators or predictors. According to Keating
et al. [31], who provided several inspiring instances and examples, Pitman’s measure of closeness is
an efficient criterion for selecting among estimators. Pitman’s measure of closeness is widely applied
to assess estimators and predictors by several authors. Pitman’s measure is used by Balakrishnan et
al. [32] for comparing different point predictors for type II censored data that follows an exponential
distribution in one sample and two sample cases. Nagaraja [33] used the mean square error and
Pitman’s measure of closeness to compare the best linear predictor with the best linear invariant
predictor for the record value and order statistic. Raqab et al. [34] compared different point predictors
of progressively censored units using Pitman’s measure of closeness.
Let θ̂1 and θ̂2 be two estimators of the same parameter θ. Then, θ̂1 is Pitman closer than θ̂2 if

PMC(θ̂1, θ̂2) := P
(
|θ̂1 − θ| < |θ̂2 − θ|

)
> 0.5,

for all values of θ, with strict inequality for at least one value of θ.
Pitman’s measure of closeness is applied to explore which of two estimators is the closest (in
probability) to the true value of a parameter.

4.1.1. Two parameter-exponential distribution

If the CDF of the RV X is given by

F(x; θ, σ) = 1 − e−(
x−θ
σ ), x ≥ θ, σ > 0,

AIMS Mathematics Volume 8, Issue 9, 21968–21992.
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it is said to have a two-parameter exponential distribution, with a location parameter θ and a scale
parameter σ. The MLEs of θ and σ based on the first r elements of GOSs are given in El-Adll [35] by

θ̂ = X∗1:n and σ̂ =
1
r

r∑
i=2

γi(X∗i:n − X∗i−1:n). (4.2)

The WLSEs, θ̃ and σ̃, are obtained by minimizing the function

WL
∗
F,r(θ, σ|x̃r) =

r∑
i=1

wi

[
1 − exp

[
−

( xi − θ

σ

)]
− E[U∗i:n]

]2

+ (n − r)wr

[
1 − exp

[
−

( xr − θ

σ

)]
− E[U∗r:n]

]2

,

subject to the constrains σ > 0 and θ − a > 0, for some real constant a. We get the MWLSEs, θ∗ and
σ∗ by minimizing the function,

WL
∗
H,r(θ, σ|x̃r) =

r∑
i=1

w∗i
( xi − θ

σ
− µ∗i:n

)2

+ (n − r)w∗r
( xr − θ

σ
− µ∗r:n

)2

,

subject to σ > 0 and θ − a > 0, where a is a suitable real number chosen, provided that it is less than
the minimum of the data. Minimization can be accomplished by equating the first partial derivatives
with respect to θ and σ with zero and then solving the resulting equations, numerically. The results are
presented in Tables 1 and 2.
Remark 4.1.

The main reason for choosing the two-parameter exponential distribution in the simulation study is
not only its theoretical importance but also because it has explicit forms for the maximum likelihood
estimator of its parameters, and consequently, it can be considered a reference in comparison with the
proposed method.
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Table 1. Different estimates of the parameters for the exponential distribution, EXP (2.5, 10),
along with their associated RMSEs.

n r θ̃(RMSE) θ∗(RMSE) θ̂(RMSE) σ̃(RMSE) σ∗(RMSE) σ̂(RMSE)

50 30 2.440(0.283) 2.450(0.276) 2.697(0.277) 10.325(1.972) 10.216(1.936) 9.687(1.835)

40 2.435(0.287) 2.442(0.283) 2.697(0.277) 10.306(1.681) 10.254(1.667) 9.766(1.571)

50 2.449(0.276) 2.434(0.283) 2.697(0.277) 10.196(1.553) 10.315(1.574) 9.813(1.404)

100 30 2.473(0.141) 2.476(0.139) 2.599(0.141) 10.180(1.943) 10.120(1.926) 9.670(1.839)

40 2.469(0.147) 2.472(0.145) 2.599(0.141) 10.184(1.673) 10.125(1.657) 9.761(1.591)

50 2.466(0.152) 2.470(0.149) 2.599(0.141) 10.174(1.494) 10.118(1.480) 9.804(1.429)

60 2.463(0.156) 2.467(0.153) 2.599(0.141) 10.175(1.361) 10.125(1.349) 9.839(1.305)

70 2.460(0.159) 2.465(0.156) 2.599(0.141) 10.172(1.257) 10.133(1.249) 9.862(1.207)

80 2.460(0.160) 2.463(0.158) 2.599(0.141) 10.159(1.170) 10.141(1.168) 9.876(1.125)

90 2.462(0.157) 2.461(0.158) 2.599(0.141) 10.135(1.110) 10.157(1.113) 9.890(1.057)

100 2.467(0.154) 2.460(0.157) 2.599(0.141) 10.097(1.089) 10.168(1.102) 9.896(1.004)

200 30 2.489(0.069) 2.490(0.069) 2.550(0.070) 10.112(1.892) 10.082(1.885) 9.665(1.819)

40 2.487(0.072) 2.488(0.072) 2.550(0.070) 10.098(1.620) 10.069(1.613) 9.742(1.567)

50 2.486(0.075) 2.487(0.074) 2.550(0.070) 10.089(1.435) 10.060(1.429) 9.787(1.394)

60 2.484(0.078) 2.485(0.077) 2.550(0.070) 10.096(1.316) 10.067(1.310) 9.829(1.278)

70 2.482(0.080) 2.484(0.079) 2.550(0.070) 10.096(1.211) 10.068(1.206) 9.854(1.178)

80 2.481(0.081) 2.483(0.080) 2.550(0.070) 10.090(1.141) 10.063(1.135) 9.868(1.111)

90 2.480(0.083) 2.482(0.082) 2.550(0.070) 10.086(1.073) 10.059(1.068) 9.879(1.047)

100 2.479(0.085) 2.481(0.084) 2.550(0.070) 10.087(1.021) 10.061(1.017) 9.892(0.997)

110 2.478(0.086) 2.480(0.085) 2.550(0.070) 10.087(0.974) 10.062(0.969) 9.902(0.951)

120 2.478(0.087) 2.479(0.086) 2.550(0.070) 10.082(0.930) 10.059(0.927) 9.905(0.911)

130 2.477(0.088) 2.478(0.087) 2.550(0.070) 10.085(0.894) 10.063(0.891) 9.915(0.876)

140 2.476(0.089) 2.477(0.088) 2.550(0.070) 10.089(0.861) 10.070(0.859) 9.925(0.843)

150 2.475(0.090) 2.477(0.089) 2.550(0.071) 10.099(0.838) 10.085(0.836) 9.940(0.818)

160 2.475(0.090) 2.476(0.089) 2.550(0.071) 10.097(0.811) 10.090(0.810) 9.946(0.790)

170 2.475(0.090) 2.476(0.090) 2.550(0.071) 10.092(0.788) 10.093(0.789) 9.949(0.765)

180 2.475(0.090) 2.475(0.090) 2.550(0.071) 10.085(0.770) 10.098(0.772) 9.954(0.741)

190 2.477(0.089) 2.475(0.090) 2.550(0.071) 10.075(0.762) 10.101(0.765) 9.957(0.722)

200 2.478(0.088) 2.475(0.089) 2.550(0.071) 10.065(0.761) 10.104(0.766) 9.961(0.703)
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Table 2. Comparing different estimates of the parameters for the exponential distribution,
EXP (2.5, 10), via PMC.

n r P(θ̃, θ∗) P(θ̃, θ̂) P(θ∗, θ̂) P(σ̃, σ∗) P(σ̃, σ̂) P(σ∗, σ̂)

50 30 0.2833 0.4639 0.4657 0.4689 0.5196 0.5303

40 0.3256 0.4461 0.4481 0.4782 0.5113 0.5181

50 0.4665 0.4531 0.4461 0.4930 0.4669 0.4764

100 30 0.2853 0.4593 0.4584 0.4942 0.5377 0.5443

40 0.2616 0.4314 0.4302 0.4847 0.5301 0.5364

50 0.2530 0.4108 0.4092 0.4816 0.5226 0.5302

60 0.2392 0.3983 0.3971 0.4821 0.5132 0.5235

70 0.2453 0.3916 0.3910 0.4892 0.5141 0.5190

80 0.2877 0.3790 0.3823 0.4888 0.5120 0.5169

90 0.3505 0.3790 0.3773 0.4914 0.4889 0.4997

100 0.4434 0.3849 0.3815 0.4956 0.4578 0.4623

200 30 0.2761 0.4561 0.4546 0.5019 0.5469 0.5502

40 0.2568 0.4297 0.4292 0.5022 0.5463 0.5500

50 0.2458 0.4089 0.4097 0.4981 0.5381 0.5421

60 0.2355 0.3903 0.3903 0.4947 0.5303 0.5350

70 0.2305 0.3824 0.3809 0.4877 0.5249 0.5296

80 0.2234 0.3702 0.3702 0.4874 0.5225 0.5278

90 0.2187 0.3614 0.3605 0.4887 0.5198 0.5237

100 0.2109 0.3519 0.3516 0.4817 0.5141 0.5197

110 0.2052 0.3454 0.3450 0.4824 0.5149 0.5192

120 0.1977 0.3387 0.3397 0.4922 0.5171 0.5216

130 0.2001 0.3332 0.3319 0.4926 0.5136 0.5179

140 0.2072 0.3267 0.3273 0.4952 0.5081 0.5128

150 0.2269 0.3249 0.3283 0.4914 0.5055 0.5069

160 0.2574 0.3329 0.3322 0.4911 0.4992 0.4992

170 0.2866 0.3305 0.3298 0.4971 0.4940 0.4962

180 0.3302 0.3293 0.3289 0.4975 0.4784 0.4827

190 0.3705 0.3318 0.3301 0.5060 0.4694 0.4733

200 0.4234 0.3332 0.3300 0.5017 0.4468 0.4467

4.1.2. Three-parameter Weibull distribution

We consider the three-parameter Weibull distribution with CDF

F(x;α, σ, θ) = 1 − exp
[
−

( x − θ
σ

)α]
, x ≥ θ, α, σ > 0,

where α, σ and θ are the shape, scale and location parameters, respectively. As in the exponential
distribution, the MLEs, WLSEs and MWLSEs of the parameters are obtained numerically and shown
in Tables 3 and 4.
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Table 4. Comparing different estimates of the parameters for the three-parameter Weibull
distribution, Weibull (5, 10, 0.65), via PMC.

n r P(θ̃, θ∗) P(θ̃, θ̂) P(θ∗, θ̂) P(σ̃, σ∗) P(σ̃, σ̂) P(σ∗, σ̂) P(α̃, α∗) P(α̃, α̂) P(α∗, α̂)

50 20 0.6262 0.4889 0.4815 0.5071 0.7159 0.7155 0.5012 0.7412 0.7347

30 0.6457 0.4907 0.4786 0.4925 0.6452 0.6323 0.4937 0.7770 0.7668

40 0.6352 0.4840 0.4725 0.4951 0.6121 0.6275 0.4941 0.7266 0.7180

50 0.4626 0.4811 0.5069 0.4882 0.6811 0.6908 0.4780 0.7231 0.7425

100 40 0.6338 0.4787 0.4740 0.5111 0.6481 0.6460 0.5044 0.7162 0.7133

50 0.6479 0.4741 0.4710 0.5019 0.6306 0.6227 0.5031 0.7326 0.7267

60 0.6515 0.4773 0.4722 0.4961 0.6267 0.6174 0.5023 0.7318 0.7268

70 0.6554 0.4821 0.4759 0.4931 0.6045 0.5979 0.5014 0.7303 0.7253

80 0.6450 0.4735 0.4673 0.4950 0.5768 0.5796 0.4973 0.7135 0.7083

90 0.5817 0.4758 0.4697 0.4908 0.5854 0.5934 0.4930 0.6783 0.6748

100 0.4357 0.4632 0.4887 0.4861 0.5624 0.5740 0.4743 0.6365 0.6390

200 60 0.6613 0.4647 0.4359 0.5324 0.6090 0.6095 0.5383 0.6460 0.6251

70 0.6504 0.4717 0.4681 0.5175 0.5943 0.5931 0.5074 0.6571 0.6553

80 0.6585 0.4689 0.4695 0.5181 0.5855 0.5828 0.5067 0.6608 0.6566

90 0.6611 0.4697 0.4679 0.5159 0.5686 0.5654 0.5067 0.6630 0.6601

100 0.6680 0.4687 0.4663 0.5102 0.5721 0.5674 0.5046 0.6652 0.6620

110 0.6677 0.4713 0.4689 0.5096 0.5818 0.5740 0.5086 0.6663 0.6621

120 0.6679 0.4687 0.4682 0.5065 0.5867 0.5787 0.4992 0.6624 0.6580

130 0.6665 0.4771 0.4742 0.5007 0.5770 0.5694 0.4965 0.6599 0.6563

140 0.6704 0.4784 0.4770 0.5017 0.5672 0.5701 0.4953 0.6671 0.6638

150 0.6603 0.4803 0.4792 0.5004 0.5268 0.5552 0.4925 0.6576 0.6550

200 0.4338 0.4634 0.4807 0.4999 0.5270 0.5323 0.4791 0.5486 0.5473

4.1.3. The two-parameter modified Kies exponential distribution

Al-Babtain et al. [36] introduced a new family of continuous probability distributions, which they
called the “new modified Kies family.” They discussed the two-parameter MKi-exponential (MKiExp)
distribution as a special case in detail. In the same paper, they demonstrated the practical importance
and flexibility of fitting several types of real data. The CDF of MKiExp distribution is given by

F(x;α, σ) = 1 − exp
[
−

(
e

x
σ − 1

)α]
, x ≥ 0, α, σ > 0,

where α and σ are the shape and scale parameters, respectively. Abd El-Raheem et al. [37] consider
the estimation problem of multiple constant-stress tests for progressive type-II censored MKiExp data
with binomial removals.

The problem of determining numerical estimates in this work is reduced to a suitable minimization
problem subject to the following constraints: α > 0 and σ > 0. The results are given in Tables 5 and 6.
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Table 5. Different estimates of parameters for the MKiEx (0.5, 10) distribution along with
their associated RMSEs.

n r α̃(RMSE) α∗(RMSE) α̂(RMSE) σ̃(RMSE) σ∗(RMSE) σ̂(RMSE)

50 30 0.508(0.091) 0.511(0.092) 0.529(0.095) 10.389(2.986) 10.156(2.893) 9.765(2.762)

40 0.504(0.079) 0.507(0.081) 0.520(0.080) 10.242(2.150) 10.094(2.115) 9.899(2.040)

50 0.505(0.076) 0.499(0.074) 0.514(0.074) 10.126(1.913) 10.202(1.882) 9.994(1.687)

100 30 0.508(0.095) 0.510(0.095) 0.530(0.097) 11.707(7.072) 11.484(6.849) 10.263(5.533)

40 0.506(0.079) 0.508(0.080) 0.522(0.080) 10.734(3.985) 10.565(3.877) 9.996(3.516)

50 0.505(0.068) 0.507(0.069) 0.517(0.069) 10.357(2.718) 10.220(2.661) 9.904(2.531)

60 0.503(0.060) 0.505(0.061) 0.514(0.060) 10.225(2.085) 10.112(2.052) 9.913(1.990)

70 0.503(0.056) 0.505(0.057) 0.511(0.056) 10.159(1.731) 10.067(1.711) 9.924(1.666)

80 0.503(0.054) 0.504(0.054) 0.510(0.053) 10.124(1.517) 10.054(1.506) 9.936(1.453)

90 0.502(0.052) 0.503(0.052) 0.508(0.051) 10.111(1.388) 10.076(1.381) 9.965(1.300)

100 0.504(0.051) 0.500(0.051) 0.507(0.049) 10.062(1.345) 10.116(1.332) 9.987(1.178)

200 30 0.509(0.100) 0.510(0.100) 0.532(0.103) 14.429(16.074) 14.245(15.791) 11.428(10.744)

40 0.506(0.084) 0.507(0.084) 0.522(0.085) 12.234(8.582) 12.097(8.433) 10.701(6.646)

50 0.504(0.072) 0.505(0.073) 0.517(0.072) 11.276(5.663) 11.163(5.569) 10.335(4.747)

60 0.503(0.064) 0.504(0.064) 0.514(0.064) 10.811(4.107) 10.712(4.041) 10.175(3.615)

70 0.503(0.058) 0.504(0.058) 0.512(0.057) 10.506(3.144) 10.418(3.097) 10.048(2.866)

80 0.503(0.053) 0.503(0.053) 0.510(0.053) 10.333(2.545) 10.254(2.511) 9.988(2.380)

90 0.502(0.049) 0.503(0.050) 0.509(0.049) 10.226(2.125) 10.154(2.099) 9.956(2.021)

100 0.502(0.047) 0.503(0.047) 0.508(0.046) 10.166(1.842) 10.099(1.823) 9.948(1.776)

110 0.502(0.044) 0.503(0.044) 0.507(0.044) 10.129(1.610) 10.068(1.595) 9.948(1.563)

120 0.502(0.042) 0.503(0.042) 0.507(0.042) 10.094(1.439) 10.038(1.428) 9.939(1.406)

130 0.502(0.041) 0.502(0.041) 0.506(0.040) 10.082(1.308) 10.031(1.299) 9.948(1.280)

140 0.501(0.039) 0.502(0.039) 0.505(0.038) 10.074(1.206) 10.028(1.199) 9.957(1.181)

150 0.501(0.038) 0.502(0.038) 0.505(0.037) 10.069(1.118) 10.028(1.113) 9.965(1.091)

160 0.501(0.037) 0.502(0.037) 0.504(0.036) 10.065(1.056) 10.030(1.052) 9.972(1.025)

170 0.501(0.036) 0.501(0.036) 0.504(0.035) 10.057(1.006) 10.029(1.002) 9.971(0.967)

180 0.501(0.036) 0.501(0.036) 0.504(0.035) 10.054(0.966) 10.037(0.963) 9.979(0.916)

190 0.501(0.035) 0.501(0.035) 0.503(0.034) 10.042(0.942) 10.044(0.937) 9.981(0.874)

200 0.502(0.035) 0.500(0.035) 0.503(0.034) 10.023(0.936) 10.055(0.929) 9.985(0.828)
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Table 6. Comparing different estimates of the parameters for MKiEx (0.5, 10) distribution
via PMC.

n r P(α̃, α∗) P(α̃, α̂) P(α∗, α̂) P(σ̃, σ∗) P(σ̃, σ̂) P(σ∗, σ̂)

50 30 0.4964 0.4921 0.4923 0.4951 0.5205 0.5323
40 0.4834 0.4791 0.4796 0.4878 0.4721 0.4692
50 0.5050 0.4587 0.4704 0.4634 0.4239 0.4295

100 30 0.4944 0.4890 0.4856 0.4960 0.4966 0.4971
40 0.4927 0.4861 0.4865 0.4981 0.5069 0.5083
50 0.4977 0.4861 0.4854 0.4997 0.5128 0.5163
60 0.4932 0.4744 0.4749 0.4895 0.5094 0.5108
70 0.4990 0.4791 0.4768 0.4918 0.4859 0.4831
80 0.4993 0.4723 0.4732 0.4973 0.4682 0.4676
90 0.4972 0.4721 0.4738 0.4949 0.4483 0.4518

100 0.5050 0.4638 0.4680 0.4732 0.4112 0.4120

200 30 0.4912 0.4895 0.4908 0.5011 0.4901 0.4899
40 0.4899 0.4780 0.4776 0.4934 0.4825 0.4831
50 0.4867 0.4744 0.4745 0.4999 0.4848 0.4833
60 0.4896 0.4751 0.4767 0.4901 0.4841 0.4832
70 0.4940 0.4772 0.4771 0.4953 0.4947 0.4944
80 0.4923 0.4779 0.4770 0.5013 0.4904 0.4901
90 0.4933 0.4745 0.4732 0.4997 0.4960 0.4967

110 0.4948 0.4760 0.4771 0.4950 0.4953 0.4991
120 0.4964 0.4744 0.4716 0.4992 0.5056 0.5007
130 0.4975 0.4718 0.4719 0.4952 0.4957 0.4928
140 0.4951 0.4744 0.4727 0.4921 0.4900 0.4918
150 0.4863 0.4646 0.4644 0.4927 0.4784 0.4736
160 0.4941 0.4658 0.4632 0.4872 0.4716 0.4719
170 0.4920 0.4653 0.4629 0.4833 0.4580 0.4584
180 0.4974 0.4673 0.4644 0.4861 0.4480 0.4482
190 0.5007 0.4611 0.4634 0.4800 0.4419 0.4442
200 0.5005 0.4569 0.4597 0.4877 0.4152 0.4186

4.2. Prediction

According to Kaminsky and Rhodin [13], the predictive likelihood function (PLF) based on the first
r observed order statistics is given by

L(Θ, xs; x̃r) ∝
r∏

i=1

f (xi; Θ) [F(xs; Θ) − F(xr; Θ)]s−r−1 [1 − F(xs; Θ)]n−s f (xs; Θ). (4.3)

The above PL function was extended to the GOSs model in Barakat et al. [28] for fixed and random
sample sizes.

AIMS Mathematics Volume 8, Issue 9, 21968–21992.



21982

4.2.1. Prediction of a future order statistic from the Weibull distribution

In view of (4.3), the log of the PLF for the three-parameter Weibull distribution, Weibull(θ, σ, α), is
as follows:

PL(θ, σ, α, xs) ∝ (r + 1) logα − (r + 1)α logσ −
r∑

i=1

( xi − θ

σ

)α
+ (α − 1)

r∑
i=1

log(xi − θ)

+ (s − r − 1) log
[
exp

[
−

( xr − θ

σ

)α]
− exp

[
−

( xs − θ

σ

)α]]
− (n − s + 1)

( xs − θ

σ

)α
+ (α − 1) log(xs − θ),

x1 < x2 < ... < xr < xs. The predictive WLS function takes the form

PLF,r,s(θ, σ, α, xs) =

r∑
i=1

wi

[
n − i + 1

n + 1
− exp

[
−

( xi − θ

σ

)α]]2

+ (s − r − 1)wr

[
n − r + 1

n + 1
− exp

[
−

( xr − θ

σ

)α]]2

+ (n − s + 1)ws

[
n − s + 1

n + 1
− exp

[
−

( xs − θ

σ

)α]]2

,

where wi =
r(n − i + 1)

(n + 2)(n + 1)2, i = 1, 2, ..., n. Similarly, the modified predictive WLS function based on

the cumulative hazard function is given by

PLH,r,s(θ, σ, α, xs) =

r∑
i=1

w∗i

[( xi − θ

σ

)α
− µ∗i:n

]2

+ (s − r − 1)w∗r

[( xr − θ

σ

)α
− µ∗r:n

]2

+ (n − s + 1)w∗s

[( xs − θ

σ

)α
− µ∗s:n

]2

.

For OOSs we have µ∗i:n =
∑i

j=1(n − j + 1)−1 and w∗i =
[∑i

j=1(n − j + 1)−2
]−1

, i = 1, 2, ..., n.
Remark 4.2.

By setting α = 1, the above results are specialized to the two-parameter exponential distribution.
The prediction problem of the two-parameter exponential distribution is discussed in details in Barakat
et al. [38]. Moreover, θ = 0 yields the two-parameter Weibull distribution.

4.2.2. Predicting future observations from the modified Kies exponential distribution

As in the Weibull distribution, the prediction of a future order statistic from the two-parameter
modified Kies exponential distribution can be accomplished by minimizing the following three
functions:

−L(α, σ, xs) = −(r + 1) log(α) + (r + 1) log(σ) +

r∑
i=1

(
exi/σ − 1

)α
− (α − 1)

r∑
i=1

log
[
exi/σ − 1

]
−

r∑
i=1

xi

σ
− (s − r − 1) log

[
exp

[
−

(
exr/σ − 1

)α]
+ exp

[
−

(
exs/σ − 1

)α]]
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+ (n − s + 1)
(
exs/σ − 1

)α
− (α − 1) log

[
exs/σ − 1

]
−

xs

σ
,

PL
∗
F,r,s(σ, α, xs) =

r∑
i=1

wi

[
n − i + 1

n + 1
− exp

[
−

(
exi/σ − 1

)α]]2

+ (s − r − 1)wr

[
n − r + 1

n + 1
− exp

[
−

(
exr/σ − 1

)α]]2

+ (n − s + 1)ws

[
n − s + 1

n + 1
− exp

[
−

(
exs/σ − 1

)α]]2

and

PL
∗
H,r,s(σ, α, xs) =

r∑
i=1

w∗i
[(

exi/σ − 1
)α
− µ∗i:n

]2
+ (s − r − 1)w∗r

[(
exr/σ − 1

)α
− µ∗r:n

]2

+ (n − s + 1)w∗s
[(

exs/σ − 1
)α
− µ∗s:n

]2
.

The minimization problem is subject to the constraints σ > 0, α > 0 and xs > xr.

Remark 4.3.
The RMSE and PMC are obtained numerically via a simulation, and all computations are performed

through Mathematica 13.1.

In view of the simulation studies given above, the following comments are extracted:

1. In all cases, for the scale and shape parameters as well as the point predictors, the RMSEs
decreased as r increased.

2. In most cases, the RMSE of the MLEs is smaller than the RMSEs of both the WLSEs and
MWLSEs of the parameters.

3. For the Exp(θ, σ), according to PMC shown in Table 2, the MLE is the best followed by the
MWLSE, which is followed by the WLSE for estimating the location parameter θ, while for
estimating the scale parameter σ, the MWLSE is the best followed by the WLSE, which is
followed by the MLE.

4. For the Weibull distribution, from Table 3, it is noted that

5. RMS E(θ̂) < RMS E(θ̃) < RMS E(θ∗), RMS E(σ∗) ≤ RMS E(σ̃) < RMS E(σ̂) and
RMS E(α∗) < RMS E(α̂) and RMS E(α̃) < RMS E(α̂).

6. In view of PMC, Table 4 reveals that the WLSE is the best for the location parameter, while the
MWLSEs of the scale and shape parameters are the best whenever n − r is small, but the WLSEs
are the best whenever n − r is large. Moreover, for complete samples (i.e., r = n), the MWLSEs
of the location, scale and shape parameters are the best.

7. According to the results presented in Tables 5 and 6, there is no preference for one method over
the others when estimating the MKiExp distribution parameters.

8. In most cases, it is noted that the MWLSP and WLSP are better than the MLP, according to both
the RMSE and PMC (see Tables 7–10).

AIMS Mathematics Volume 8, Issue 9, 21968–21992.



21984

Ta
bl

e
7.

T
hr

ee
po

in
t

pr
ed

ic
to

rs
of

fu
tu

re
un

ob
se

rv
ed

or
de

r
st

at
is

tic
s

fr
om

th
e

ex
po

ne
nt

ia
l

di
st

ri
bu

tio
n

w
ith

pa
ra

m
et

er
s
θ

=
2

an
d

σ
=

10
,a

s
w

el
la

s
th

ei
ra

ss
oc

ia
te

d
es

tim
at

es
an

d
R

M
SE

s.

n
r

s
θ̃(

R
M

SE
)

θ∗
(R

M
SE

)
θ̂(

R
M

SE
)

σ̃
(R

M
SE

)
σ
∗
(R

M
SE

)
σ̂

(R
M

SE
)

X̃
s:

n(
R

M
SE

)
X
∗ s:

n(
R

M
SE

)
X̂

s:
n(

R
M

SE
)

X
s:

n

10
0

34
35

1.
96

4(
0.

14
0)

1.
96

6(
0.

13
9)

2.
10

1(
0.

14
3)

10
.4

49
(1

.9
63

)
10

.4
08

(1
.9

52
)

9.
42

4(
1.

74
1)

6.
42

1(
0.

37
9)

6.
43

2(
0.

39
2)

6.
12

9(
0.

21
4)

6.
28

1

40
1.

97
3(

0.
13

6)
1.

97
5(

0.
13

5)
2.

10
1(

0.
14

3)
10

.2
59

(1
.8

77
)

10
.2

26
(1

.8
69

)
9.

42
4(

1.
74

1)
7.

14
6(

0.
54

2)
7.

16
4(

0.
54

9)
6.

87
2(

0.
44

7)
7.

07
2

45
1.

97
3(

0.
13

8)
1.

97
5(

0.
13

7)
2.

10
1(

0.
14

3)
10

.2
42

(1
.8

39
)

10
.2

04
(1

.8
30

)
9.

42
4(

1.
74

1)
8.

01
3(

0.
70

4)
8.

03
3(

0.
71

0)
7.

67
8(

0.
66

4)
7.

93
9

50
1.

97
3(

0.
13

9)
1.

97
5(

0.
13

8)
2.

10
1(

0.
14

3)
10

.2
28

(1
.8

22
)

10
.1

86
(1

.8
11

)
9.

42
4(

1.
74

1)
8.

96
2(

0.
88

9)
8.

98
4(

0.
89

5)
8.

55
9(

0.
87

5)
8.

88
7

55
1.

97
2(

0.
14

1)
1.

97
5(

0.
13

9)
2.

10
0(

0.
14

3)
10

.2
18

(1
.8

13
)

10
.1

72
(1

.8
01

)
9.

42
3(

1.
73

9)
10

.0
09

(1
.0

97
)

10
.0

35
(1

.1
04

)
9.

53
1(

1.
09

5)
9.

92
8

60
1.

97
2(

0.
14

2)
1.

97
5(

0.
14

0)
2.

10
1(

0.
14

3)
10

.2
09

(1
.8

08
)

10
.1

60
(1

.7
95

)
9.

42
3(

1.
73

9)
11

.1
76

(1
.3

37
)

11
.2

09
(1

.3
45

)
10

.6
15

(1
.3

46
)

11
.1

00

65
1.

97
2(

0.
14

2)
1.

97
5(

0.
14

1)
2.

10
1(

0.
14

3)
10

.2
02

(1
.8

05
)

10
.1

51
(1

.7
92

)
9.

42
4(

1.
74

1)
12

.4
97

(1
.6

02
)

12
.5

38
(1

.6
11

)
11

.8
42

(1
.6

13
)

12
.4

11

70
1.

97
2(

0.
14

3)
1.

97
5(

0.
14

1)
2.

10
1(

0.
14

3)
10

.1
96

(1
.8

04
)

10
.1

43
(1

.7
90

)
9.

42
4(

1.
74

0)
14

.0
15

(1
.9

23
)

14
.0

70
(1

.9
34

)
13

.2
51

(1
.9

36
)

13
.9

22

75
1.

97
2(

0.
14

3)
1.

97
5(

0.
14

2)
2.

10
0(

0.
14

3)
10

.1
91

(1
.8

03
)

10
.1

37
(1

.7
89

)
9.

41
0(

1.
72

8)
15

.8
02

(2
.3

04
)

15
.8

77
(2

.3
19

)
14

.8
93

(2
.3

15
)

15
.7

03

80
1.

97
2(

0.
14

4)
1.

97
5(

0.
14

2)
2.

10
1(

0.
14

3)
10

.1
87

(1
.8

03
)

10
.1

31
(1

.7
88

)
9.

42
4(

1.
74

0)
17

.9
71

(2
.7

78
)

18
.0

80
(2

.7
98

)
16

.9
21

(2
.8

03
)

17
.8

89

85
1.

97
2(

0.
14

4)
1.

97
5(

0.
14

2)
2.

10
1(

0.
14

3)
10

.1
83

(1
.8

03
)

10
.1

26
(1

.7
88

)
9.

42
4(

1.
74

1)
20

.7
35

(3
.3

91
)

20
.9

02
(3

.4
21

)
19

.4
84

(3
.4

29
)

20
.6

79

90
1.

97
2(

0.
14

4)
1.

97
5(

0.
14

3)
2.

10
1(

0.
14

3)
10

.1
80

(1
.8

03
)

10
.1

22
(1

.7
88

)
9.

42
4(

1.
74

1)
24

.5
43

(4
.2

77
)

24
.8

35
(4

.3
24

)
23

.0
15

(4
.3

43
)

24
.5

61

95
1.

97
2(

0.
14

5)
1.

97
5(

0.
14

3)
2.

07
9(

0.
17

6)
10

.1
77

(1
.8

03
)

10
.1

18
(1

.7
88

)
9.

31
3(

1.
88

3)
30

.7
83

(6
.8

92
)

31
.3

59
(6

.0
09

)
28

.2
51

(6
.7

72
)

30
.9

94

10
0

1.
97

2(
0.

14
5)

1.
97

5(
0.

14
3)

2.
10

1(
0.

14
3)

10
.1

74
(1

.8
04

)
10

.1
15

(1
.7

88
)

9.
42

4(
1.

74
0)

48
.9

42
(1

5.
56

3)
54

.4
36

(1
5.

29
1)

45
.6

12
(1

6.
57

9)
53

.7
48

10
0

64
65

1.
95

5(
0.

15
7)

1.
95

8(
0.

15
4)

2.
10

1(
0.

14
3)

10
.3

23
(1

.3
87

)
10

.2
89

(1
.3

82
)

9.
69

5(
1.

26
0)

12
.6

93
(0

.7
40

)
12

.7
40

(0
.7

93
)

12
.1

35
(0

.3
91

)
12

.4
11

70
1.

96
6(

0.
15

0)
1.

96
8(

0.
14

8)
2.

10
1(

0.
14

3)
10

.1
91

(1
.3

51
)

10
.1

70
(1

.3
48

)
9.

69
5(

1.
26

0)
14

.0
05

(1
.1

20
)

14
.0

95
(1

.1
42

)
13

.5
84

(0
.8

30
)

13
.9

22

75
1.

96
5(

0.
15

2)
1.

96
7(

0.
15

0)
2.

10
1(

0.
14

3)
10

.1
86

(1
.3

29
)

10
.1

61
(1

.3
24

)
9.

69
5(

1.
26

0)
15

.7
88

(1
.4

05
)

15
.9

02
(1

.4
28

)
15

.2
90

(1
.2

33
)

15
.7

03

80
1.

96
4(

0.
15

4)
1.

96
7(

0.
15

2)
2.

10
1(

0.
14

3)
10

.1
83

(1
.3

16
)

10
.1

53
(1

.3
10

)
9.

69
5(

1.
26

0)
17

.9
57

(1
.7

80
)

18
.1

07
(1

.8
06

)
17

.3
60

(1
.6

94
)

17
.8

89

85
1.

96
3(

0.
15

6)
1.

96
6(

0.
15

3)
2.

10
1(

0.
14

3)
10

.1
81

(1
.3

09
)

10
.1

46
(1

.3
02

)
9.

69
5(

1.
26

0)
20

.7
21

(2
.3

05
)

20
.9

31
(2

.3
37

)
19

.9
96

(2
.2

85
)

20
.6

79

90
1.

96
3(

0.
15

7)
1.

96
6(

0.
15

5)
2.

10
1(

0.
14

3)
10

.1
78

(1
.3

05
)

10
.1

40
(1

.2
97

)
9.

69
5(

1.
26

0)
24

.5
31

(3
.0

83
)

24
.8

66
(3

.1
25

)
23

.6
29

(3
.1

20
)

24
.5

61

95
1.

96
2(

0.
15

8)
1.

96
6(

0.
15

6)
2.

10
1(

0.
14

3)
10

.1
77

(1
.3

04
)

10
.1

34
(1

.2
94

)
9.

69
5(

1.
26

0)
30

.6
94

(4
.5

77
)

31
.3

96
(4

.6
37

)
29

.5
05

(4
.7

07
)

30
.9

94

10
0

1.
96

1(
0.

16
0)

1.
96

6(
0.

15
6)

2.
10

1(
0.

14
3)

10
.1

75
(1

.3
04

)
10

.1
29

(1
.2

93
)

9.
69

5(
1.

26
0)

48
.9

81
(1

4.
30

4)
54

.5
06

(1
3.

75
3)

46
.8

77
(1

5.
03

6)
53

.7
48

AIMS Mathematics Volume 8, Issue 9, 21968–21992.



21985

Table 8. Comparing different point predictors and their corresponding estimates of
parameters for the two-parameter exponential with location parameter θ = 2 and scale
parameter σ = 10, via PMC.

n r s P(θ̃, θ∗) P(θ̃, θ̂) P(θ∗, θ̂) P(σ̃, σ∗) P(σ̃, σ̂) P(σ∗, σ̂) P(X̃, X∗) P(X̃, X̂) P(X∗, X̂)

100 34 35 0.3089 0.4799 0.4860 0.4695 0.5370 0.5424 0.6455 0.3446 0.3447

40 0.3324 0.4850 0.4886 0.4897 0.5492 0.5538 0.5647 0.4249 0.4270

45 0.3031 0.4753 0.4740 0.4902 0.5609 0.5668 0.5565 0.4975 0.4958

50 0.2884 0.4654 0.4661 0.4893 0.5628 0.5687 0.5485 0.5385 0.5378

55 0.2842 0.4611 0.4617 0.4892 0.5640 0.5708 0.5435 0.5450 0.5404

60 0.2836 0.4576 0.4579 0.4870 0.5634 0.5698 0.5321 0.5564 0.5519

65 0.2821 0.4562 0.4554 0.4864 0.5635 0.5704 0.5310 0.5572 0.5514

70 0.2810 0.4535 0.4546 0.4864 0.5648 0.5720 0.5256 0.5566 0.5511

75 0.2829 0.4542 0.4571 0.4866 0.5667 0.5729 0.5255 0.5571 0.5519

80 0.2841 0.4549 0.4535 0.4878 0.5675 0.5735 0.5181 0.5654 0.5564

85 0.2843 0.4541 0.4513 0.4890 0.5682 0.5736 0.5132 0.5711 0.5614

90 0.2840 0.4529 0.4494 0.4905 0.5682 0.5747 0.5099 0.5729 0.5589

95 0.3042 0.4933 0.4719 0.4909 0.5716 0.5774 0.4997 0.6003 0.5792

100 0.3120 0.4767 0.4565 0.4912 0.5693 0.5753 0.4782 0.6520 0.5709

100 64 65 0.2699 0.4188 0.4168 0.4791 0.5148 0.5197 0.6645 0.3156 0.2903

70 0.3151 0.4230 0.4206 0.4864 0.5103 0.5122 0.5565 0.3671 0.3678

75 0.2995 0.4155 0.4155 0.4879 0.5261 0.5321 0.5521 0.4361 0.4355

80 0.2821 0.4109 0.4124 0.4876 0.5336 0.5407 0.5449 0.4786 0.4777

85 0.2640 0.4048 0.4047 0.4870 0.5380 0.5419 0.5408 0.5154 0.5137

90 0.2611 0.4084 0.4030 0.4844 0.5389 0.5441 0.5338 0.5364 0.5248

95 0.2990 0.4514 0.4001 0.4822 0.5389 0.5456 0.5202 0.5628 0.5334

100 0.2855 0.4336 0.4089 0.4809 0.5391 0.5470 0.4937 0.6330 0.5381
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Table 10. Comparing different point predictors and their corresponding estimates of
parameters for the Weibull distribution with σ = 20 and α = 1.5, via PMC.

n r s P(α̃, α∗) P(α̃, α̂) P(α∗, α̂) P(σ̃, σ∗) P(σ̃, σ̂) P(σ∗, σ̂) P(X̃s:n, X∗s:n) P(X̃s:n, X̂s:n) P(X∗s:n, X̂s:n)

50 24 25 0.4923 0.5474 0.5471 0.5096 0.5754 0.5794 0.4037 0.7423 0.7430

30 0.4779 0.5549 0.5550 0.4940 0.5724 0.5802 0.5002 0.5499 0.5499

35 0.4760 0.5608 0.5594 0.4951 0.5686 0.5802 0.5062 0.5579 0.5544

40 0.4767 0.5618 0.5628 0.4961 0.5694 0.5805 0.4965 0.5704 0.5680

45 0.4799 0.5685 0.5704 0.5021 0.5735 0.5834 0.4755 0.5863 0.5835

50 0.4809 0.5621 0.5653 0.4877 0.5610 0.5746 0.5004 0.5748 0.5722

50 29 30 0.4964 0.5364 0.5369 0.5151 0.5694 0.5779 0.3857 0.6982 0.7298

35 0.4838 0.5443 0.5436 0.4943 0.5605 0.5723 0.4730 0.5272 0.5297

40 0.4838 0.5488 0.5482 0.4978 0.5613 0.5743 0.4936 0.5636 0.5573

45 0.4868 0.5523 0.5524 0.5007 0.5617 0.5737 0.4780 0.5778 0.5719

50 0.5029 0.5642 0.5652 0.5074 0.5624 0.5756 0.4453 0.5873 0.5815

50 34 35 0.4949 0.5357 0.5365 0.5139 0.5580 0.5706 0.3127 0.4972 0.4579

40 0.4828 0.5406 0.5437 0.5003 0.5484 0.5625 0.4617 0.5189 0.5219

45 0.4863 0.5438 0.5427 0.5054 0.5481 0.5633 0.4721 0.5780 0.5654

50 0.4922 0.5541 0.5537 0.5064 0.5481 0.5643 0.4512 0.6039 0.5794

50 39 40 0.4856 0.5262 0.5249 0.5126 0.5411 0.5398 0.2868 0.4653 0.4245

45 0.4798 0.5302 0.5322 0.5013 0.5289 0.5440 0.4510 0.5314 0.5311

50 0.4855 0.5391 0.5400 0.5020 0.5327 0.5446 0.4538 0.6051 0.5602

50 44 45 0.4876 0.5219 0.5250 0.5085 0.5114 0.5005 0.2712 0.4670 0.4296

44 50 0.4850 0.5325 0.5333 0.4998 0.5158 0.5235 0.4439 0.5816 0.5441

5. Applications

5.1. The aircraft windscreen failure times

The windscreen on a large aircraft is a complex piece of equipment comprised of several
layers. Failures of these items typically involve damage to or delamination of the heating system’s
nonstructural outer ply. These failures do not result in damage to the aircraft but do require
replacement. Data of this type is incomplete in that all failure times have not yet been observed
and may include failures to date of a particular model or combination of models. Murthy et al. [39]
reported failure and service times for a specific model windscreen in Table 16.11 on page 297. The
data represents 84 observed failure times for a specific windscreen device. Al-Babtain et al. [36] have
shown that the MKiExp is an appropriate model for fitting this data.

We assume that the first r failure times have been observed, and we apply our prediction methods
to predict the remaining failure times in two different scenarios. Three-point predictors, along with
their related estimates and their relative errors, are obtained in the first scenario. Alternatively, to avoid
complications in computations, in the second scenario, we first estimate the parameters based on the
first r observed failure times and then compute three different point predictors for the future sth failure.
In order to assess the prediction results, we compute the relative error (RE) for each point predictor.
Recall that the RE is defined by RE = 100× |X̃s:n−Xs:n |

Xs:n
, where X̃s:n denotes the point predictor and Xs:n is

the exact value of the quantity to be predicted. The results are presented in Table 11.
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5.2. Application to reticulum cell sarcoma

The second data set is reported and analyzed by Hoel [40] and Abu El Azm [41] among others.
According to these data, male mice received a radiation dose of 300 roentgen at an age of 5–6 weeks.
Each mouse’s cause of death was identified by autopsy as either thymic lymphoma, reticulum cell
sarcoma or other causes. Reticulum cell sarcoma is designated as cause 1 in this instance, and the
other two causes of death are merged to make cause 2. There were 77 observations in this set of data,
39 of which are attributable to the second cause of death, while 38 are attributed to the first. For
analysis purposes, we consider the following observations that are due to the first cause of death: 317,
318, 399, 495, 525, 536, 549, 552, 554, 557, 558, 571, 586, 594, 596, 605, 612, 621, 628, 631, 636,
643, 647, 648, 649, 661, 663, 666, 670, 695, 697, 700, 705, 712, 713, 738, 748, 753.
It has been shown that the Makeham-Gompertz distribution is quite adequate for fitting reticulum cell
sarcomas (e.g., Hoel [40]). Arguing as in the first data set, the prediction results are shown in Table 12.

The real data analysis given the the two preceding applications revealed that the maximum RE
appears for the WLS method, followed by the MWLS method, followed by the ML method.

Table 12. Three different point predictors, the corresponding estimates and the relative errors
of future OOSs xs:n, s = r + 1, ..., n based on the first r ∈ {22, 26, 30} OOS for Example 2.

r s Ỹs:n (RE) Y∗s:n (RE) Ŷs:n (RE) Ys Ỹs:n (RE) Y∗s:n (RE) Ŷs:n (RE)
22 23 648.37(0.2) 648.14(0.2) 653.07(0.9) 647 648.44(0.2) 648.38(0.2) 643.00(0.6)

24 653.79(0.9) 653.61(0.9) 648.39(0.1) 648 653.85(0.9) 653.78(0.9) 649.06(0.2)
25 659.20(1.6) 659.02(1.5) 653.57(0.7) 649 659.24(1.6) 659.18(1.6) 655.01(0.9)
26 664.51(0.5) 664.45(0.5) 658.55(0.4) 661 664.65(0.6) 664.59(0.5) 660.91(0.0)
27 670.06(1.1) 669.87(1.0) 669.06(0.9) 663 670.09(1.1) 670.05(1.1) 666.79(0.6)
28 675.58(1.4) 675.50(1.4) 675.46(1.4) 666 675.61(1.4) 675.60(1.4) 672.70(1.0)
29 681.20(1.7) 681.18(1.7) 673.07(0.5) 670 681.23(1.7) 681.26(1.7) 678.68(1.3)
30 686.95(1.2) 686.88(1.2) 677.46(2.5) 695 687.00(1.2) 687.10(1.1) 684.79(1.5)
31 692.96(0.6) 693.10(0.6) 691.58(0.8) 697 692.98(0.6) 693.18(0.5) 691.10(0.8)
32 701.95(0.3) 699.53(0.1) 687.02(1.9) 700 699.24(0.1) 699.58(0.1) 697.68(0.3)
33 705.83(0.1) 706.38(0.2) 692.17(1.8) 705 705.90(0.1) 706.43(0.2) 704.67(0.0)
34 823.31(15.6) 713.87(0.3) 700.56(1.6) 712 713.09(0.2) 713.91(0.3) 712.22(0.0)
35 846.87(18.8) 722.31(1.3) 724.49(1.6) 713 721.07(1.1) 722.34(1.3) 720.61(1.1)
36 730.28(1.0) 732.09(0.8) 712.51(3.5) 738 730.28(1.0) 732.30(0.8) 730.36(1.0)
37 791.65(5.8) 745.14(0.4) 776.74(3.8) 748 741.64(0.8) 745.16(0.4) 742.55(0.7)
38 757.88(0.6) 765.77(1.7) 745.23(1.0) 753 757.88(0.6) 765.78(1.7) 760.69(1.0)

26 27 666.63(0.5) 666.69(0.6) 661.00(0.3) 663 666.36(0.5) 666.41(0.5) 661.00(0.3)
28 671.89(0.9) 672.04(0.9) 664.50(0.2) 666 671.66(0.9) 671.75(0.9) 666.98(0.1)
29 677.26(1.1) 677.45(1.1) 677.29(1.1) 670 677.07(1.1) 677.21(1.1) 672.99(0.4)
30 682.78(1.8) 683.04(1.7) 677.04(2.6) 695 682.62(1.8) 682.84(1.8) 679.11(2.3)
31 688.51(1.2) 688.73(1.2) 682.39(2.1) 697 688.38(1.2) 688.69(1.2) 685.38(1.7)
32 786.67(12.4) 694.85(0.7) 687.95(1.7) 700 694.40(0.8) 694.86(0.7) 691.91(1.2)
33 700.90(0.6) 701.57(0.5) 694.85(1.4) 705 700.81(0.6) 701.45(0.5) 698.81(0.9)
34 707.80(0.6) 708.75(0.5) 700.24(1.7) 712 707.73(0.6) 708.66(0.5) 706.25(0.8)
35 715.33(0.3) 716.85(0.5) 721.92(1.3) 713 715.41(0.3) 716.78(0.5) 714.49(0.2)
36 881.63(19.5) 726.43(1.6) 725.07(1.8) 738 724.27(1.9) 726.37(1.6) 724.04(1.9)
37 735.23(1.7) 738.80(1.2) 792.61(6.0) 748 735.20(1.7) 738.76(1.2) 735.95(1.6)
38 778.12(3.3) 758.65(0.7) 788.50(4.7) 753 750.82(0.3) 758.63(0.7) 753.63(0.1)

30 31 793.87(13.9) 695.00(0.3) 695.00(0.3) 697 697.79(0.1) 697.15(0.0) 695.00(0.3)
32 696.37(0.5) 698.25(0.2) 698.69(0.2) 700 704.56(0.7) 703.87(0.6) 701.89(0.3)
33 704.53(0.1) 706.72(0.2) 718.16(1.9) 705 711.75(1.0) 711.07(0.9) 709.17(0.6)
34 753.55(5.8) 715.61(0.5) 719.47(1.0) 712 719.53(1.1) 718.93(1.0) 717.00(0.7)
35 722.31(1.3) 725.27(1.7) 722.35(1.3) 713 728.16(2.1) 727.79(2.1) 725.68(1.8)
36 732.73(0.7) 736.39(0.2) 746.07(1.1) 738 738.11(0.0) 738.25(0.0) 735.73(0.3)
37 745.33(0.4) 750.56(0.3) 747.77(0.0) 748 750.39(0.3) 751.77(0.5) 748.28(0.0)
38 778.76(3.4) 772.77(2.6) 779.69(3.5) 753 767.94(2.0) 773.44(2.7) 766.92(1.8)
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6. Conclusions

In this article, by using the cumulative hazard function, a new least squares method for estimation
and prediction has been proposed. The method is presented in a general setup so that it can be applied
to any model of GOSs. A simulation study and numerical comparisons based on the RMSEs and PMCs
have been performed through three important probability distributions. For applicability, two examples
of real data sets are provided to illustrate the prescribed method. The comparisons reveal that the
method is comparable with the ML and WLS methods, in the sense that there is no obvious preference
for one method over the others for all estimation and prediction situations. Moreover, analyzing the real
data revealed that the second scenario, in which we first estimate the unknown distribution parameters
using Type II right censoring and then predict future unobserved failures, performs better than the first
scenario for the three methods.
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