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Abstract: In this work, we show some results concerning the orbital stability of dnoidal wave
solutions to some Benjamin-Bona-Mahony equations (BBM equations henceforth). First, by the
standard argument, we prove the existence of a smooth curve of positive traveling wave solutions
of dnoidal type. Then, we show that this type of solutions are orbitally stable by perturbations with
the same period L. The major tools to obtain these results are the Grillaks, Shatah and Strauss’ general
theory in the periodic case. The results in the present paper extend some previous stability results for
the BBM equations.

Keywords: coupled BBM equations; periodic traveling waves; orbital stability
Mathematics Subject Classification: 74J35, 76B25, 35C08, 37K40

1. Introduction

The study of existence and stability or instability of periodic traveling waves of dispersive type
partial differential equations has increased significantly in the last decade. Additionally, many
researchers are interested in solving a rich variety of new mathematical problems due to physical
importance related to them. Because properties of traveling waves are of fundamental importance in
the development of a broad range of disturbances, the study of orbital stability for periodic traveling
waves is of interest for many researchers in a nonlinear analysis. We recall that the first work about
the existence and orbital stability of periodic traveling waves was determined by Benjamin [1], who
studied the periodic waves of cnoidal type for the KdV equation. A complete study was carried out by
Pava et al. [2] in 2006. The main idea is the classical theory form Grillaks, Shatah and Strauss [3] to the
periodic context. Particularly, the spectral information about the related linear operator is fundamental
for the study of the stability and is one of the main difficulties in applying the classical theory. By
using the Fourier techniques associated to positive linear operators, Angulo and Natali [4] introduced
a new approach for analysing the spectral properties for the general linear operator. This approach can
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be possibly used to some non-local linear operators. In addition, based on tools from ODES and Evans
function methods, and under some restriction on the manifold of initial data of perturbations, some
other criterium for obtaining the required spectral information was given by Johnson [5]. There have
been many research works on periodic traveling wave solutions [6—15], since study of the existent
nonlinear stability/instability for periodic traveling waves is valuable. On the other hand, some
numerical solutions of the solitary wave are also investigated by many authors [16—18]. With respect
to soliton resolution conjecture, some interesting work in deriving the solutions of Wadati-Konno-
Ichikawa equation and complex short pulse equation has been done, and the long-time asymptotic
behavior of the solutions of these equations has been solved. The soliton resolution conjecture and the
asymptotic stability of solutions of these equations have been proved in [19-21].
In the present paper, we are interested in a special case of the following coupled BBM equations
{ ot uxyt+ (UPHUP)x — Nxxt = 0, (1.1)
U + 1, + (MPTIPH)X — Uy =0, ’

where p is a positive integer and 7, u are real-valued functions. It is well known that the BBM equation
has been derived as a model to describe water waves in the long-wave regime. The modified BBM
equation describes wave propagation in a one-dimensional nonlinear lattice. Thus, the generalization
considered here is not only of mathematical interest. Among (1.1), sech type solitary waves have been
studied by Cui [22]. Furthermore, the orbital stability/instability of the waves are obtained. Now we
focus on periodic waves for p = 1 in (1.1). Namely, the equations are

{ e+ Uy + (MZZ)X = Mxxt = 0, (1.2)

U+ 1, + (W7 )x — U = 0.

The solutions considered here are the general form (n(x, 1) = ¢(x—ct), u(x, t) = Yy(x—ct)). ¢, : R > R
are smooth periodic functions with the same arbitrary fundamental period L > 0 and the wave speed
¢ > 1. Substituting this form of solutions in (1.2) and integrating with respect to £&(¢ = x — ct) once,
and assuming the integration constant equals to zero, we obtain that ¢, i have to satisfy the following
ordinary differential system
{—cgo+t//+gm,b2+c¢":0, (1.3)
—cy+ o+ Y +cy =0. '

We consider the solutions (¢, ¥) as the critical points for the functional E(id) + cQ(if), where E(if) and
Q(il) represent conserved quantities with respect to (1.2), namely

&(il) = &0, w) = - [ (un + hrP)dx,

1.4
Q@) = Q. u) = 5 fOL(n2 +u? + 2+ ud)dx, (14
where il = (1, u).
For (1.3), the author in [22] obtained the solitary waves
@ (x —ct) =y (x—ct) = £V2(c — 1)sech 1/%()c —ct), or (1.5)

—@(x —ct) =y (x —ct) = £ V=2(c + 1)sech %(x —ct),
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and proved the stability for ¢ > 1 and ¢ < —1, respectively. In this work, we establish the existence
of a smooth curve of dnoidal type solutions of (1.3) with minimal periodic L > V27 and ¢ > sz—;ﬂ,
which enrich and extend the results obtained in [22]. As far as we know, most of the results on
orbital stability of periodic waves for the BBM equations are about single equations. For more general
physical situations, such as the waves not assumed to be uni-directional, we extend the results for
single equation to systems of equations. The main motivation of the present work is to extend the
existence/stability results from sech type solitary waves to periodic dnoidal type solutions.

This paper is organized as follows. In Section 2, we study the existence of a smooth curve of
dnoidal wave solutions for system (1.2). Section 3 is devoted to the spectral analysis of some certain
self-adjoint operators necessary to obtain our stability result. In Section 4, we show stability result of
the dnoidal waves solutions for (1.2).

2. Existence of dnoidal wave solutions for Eq (1.2)

In this section, we first show the existence of positive and periodic solutions with a fixed period
L > 0 for some parameter interval /. Motivated by [22], we suppose ¢ = ¥, hence (1.3) reduces to the
following equation

cp +¢>—(c—Dp=0. (2.1)

Multiplying (2.1) by ¢ and integrating once, we get that ¢ must satisfy
' 1
() = 5-[=¢" +2(c = D¢’ +44,], 2.2)
c

where A, is a needed nonzero integration constant. Let F(¢) = - +2(c—- D + 4A,. Assume that
¢ > 1, and for A, <0, we have

F(t)=—-[f = (c- DI +(c— 1)’ + 44,

= {/(c— 1) +4A, - [ = (c - DIN Je=12+ 4A, +[* = (c = D]}

Therefore, F() has the real and symmetric roots +n; and +7,. Without loss of generality, we can
suppose that 7; > 1, > 0. Thus we have

’ 1
@) = 52" =m0 — ). (2.3)
Therefore, we should have 7, > ¢ > 1, 71 € (Ve — 1, ¥2(c — 1)) and roots n;s(i = 1,2) must satisfy

2 2
np+n; =2(c—1),
{ 7]% . 7]% = —4A, > 0. (24)

The positive and periodic solution for (2.3) can be obtained by the standard direct integration

method in [4], namely,
m

V2¢
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Since dn has fundamental period 2K, where K = K(k) represents the complete elliptic integral of first
kind (see [24]), we obtain that ¢ has fundamental period

_2V2¢

T, K(k). (2.6)
M

Fix ¢ > 1 and from (2.4), for k € (0, 1) we have

O0<m< Ve—1<n<+420c-1)

and the fundamental period T, can be seen as a function of variable r; only, that is

2V2¢ . 2(c- 1)
To(m) = TK(k(nl)), with K(1,¢) =2 - ———. 2.7
1 1
From the asymptotic properties of K, it follows that 7, > Cz_—clﬂ.
Now we obtain a family of dnoidal waves solutions with period L > V2. Consider ¢y > ﬁ

fixed, there is a unique 77,9 € (Ve — 1, V2(co — 1)) such that T(7 ) = L.

Remark 2.1. If
m— V2(c—1), k() — 1.
On the basis of limitation dn(&, 1) = sech(¢), we obtain that

o€ 2(c = 1),0) > 2(c — Dsech %g.

These solitary wave solutions are the same as those obtained by Cui [22].
2

Theorem 2.1. Let L > V2r fixed. Consider co > ﬁ and the unique 77,9 = 1,(co) such that
T‘Pco (771’0) = L, then

(1) there exist intervals I(c() and J(77; o) around ¢y and 17, o respectively, and a unique smooth function
I1: I(co) — J(11,) such that I1(cy) = 1, and

2V2¢
m

K(k) =1L,

where ¢ € I(cy), 71 € II(c) and k = k(c) is given by k> = 2 — % € (0, 1);

(i) the dnoidal wave solution in (2.5), ¢.(-;n1,12), deterlmined by n; = nic),(i = 1,2), has
fundamental period L and satisfies (2.1). Moreover, the mapping ¢ € I(cy) = ¢, € H},,, is smooth
for any integer n > 1. .

(ii1) I(co) can be chosen as I = (3575, ).

Proof. The proof is just an application of the Implicit Function Theorem and the arguments are
standard, so we sketch the outline of the proof. Consider the open set Q = {(5,¢) € R* : ¢ > sz—;ﬂz, ne

(Ve —1, v2(c — 1))} € R?, and define A : Q — R by

A, c) = 2T\/ZK(k) - L,
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where k2 =2 — 2D From the hypotheses, we get A(n10,co) = 0. Using the relation 4§ = E"‘ZK , and
7 yp g g dk Kk
6n 2(0 D > 0, we obtain
oA  2V2c
— = ———[(1 +kHE - 2k*K] > 0, 2.8
5 = Tl K ] 2.8)

since f(k') = (1 + kK’*)E — 2k">K > 0 for k' € (0,1). Here E = E(k) is the complete elliptic integral of
the second type and k> = 1 — k? is the complementary modulus. Therefore, by the Implicit Function
Theorem we can obtain (i) of Theorem 2.1. Since ¢y is chosen arbitrarily in the interval I = (755 zﬂz ,
from the uniqueness of the function A, it follows that we can extend /(cp) to 7. Finally, using the
smoothness of the function involved, we can immediately obtain part (ii).

©0),

Corollary 2.1. The map II : I(co) — J(171) is a strictly increasing function. Moreover, the modulus
function ¢ — k(c) strictly increases with respect to c, that is @ > 0.

Proof. Note that A(H(c) ¢) = 0 for all ¢ € I(cy) in Theorem 3.1, for ‘m(c) > 0, we have to prove A <0

in I(cy). Since % Bc kn <0Oandn? = Zz(ik;), we have
OA 2
— = V2 (2¢c[2k*K — (1 + K'*)E] - 2k*k"*K} < 0. (2.9)
oc \/5(2 — k2)k2k’2f]3

Hence, from the relation 52 dgic) + E = (0, we obtain dgic) > (. Next, differentiating the modulus

2(c-1)

function k(c)> = 2 — o

with respect to ¢, we have

dk 1 ,

% = k_773[2(c_ Dn" —nl.
Note that,

IA
ane _ % __n_ .,

dc gg 20c-1) 7

where
kK*k"?K

> 0.

= 2 =il + KDE — 2k7K]
Thus 2(c — 1)’ —n = 2(c — 1)A, > 0, which 1mp11es > 0.

3. Spectral analysis

In this section we will present the spectral analysis to the linear operator H, = 8’/($)+CQ"($) where

¢ (¢c, @) and @, is the dnoidal wave solution (2.5) with the fundamental period L and ¢ € (5= L2 573> ©9).
So we have the matrix operator
—cl — ¢? -1 - 2¢?
Ho=| Cow-%re 1T 3.1)
=1 -2¢7 —Ciz ¢t

We shall prove that the spectrum of (3.1) is discrete and has its first two eigenvalues simple, with
the eigenvalue zero is the second one with eigenfunction (¢, ¢.). Initially, we consider the operator
L = —cﬁ —3¢? + ¢ — 1. In fact, we have the following result.
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Theorem 3.1. Let the dnoidal wave solution ¢, given by Theorem 2.1. Then, the operator Ly,
defined on Hﬁer([O, L]) with domain Lfm([O, L]) has exactly its first three simple eigenvalues where
zero eigenvalue is the second one with associated eigenfunction ¢/. Moreover, the remainder of the
spectrum is constituted by a discrete set of eigenvalues which are double.

Theorem 3.1 is a consequence of the Floquet theory in [23] together with some particular facts
about the Lam ¢ equation. By convenience of the readers we quickly outline the basic results that are
needed in the proof of Theorem 3.1. Firstly, it follows from the Wely’s essential spectral theorem that

O ossLin = O'ess(—caa—;2 + ¢ — 1). The spectral problem in question is

‘Edﬂg = /14’
{ £0) = 2(D),£'(0) = '(L). (3.2)

Introduce the so called semi-periodic eigenvalue problem considered on [0, L]

Liné = pé,
{ £(0) = —£(L),€(0) = =¢£'(L). (3.3)

From the spectral theory of compact symmetric operators, (3.2) and (3.3) determine a countable infinite

set of eigenvalue respectively, g < A} < A < A3 < Ag---,and o < py < pp < pz < py---, that
accumulate only at +co. Here double eigenvalue is counted twice. Let ¢, and &, be the eigenfunctions
associated to the eigenvalue A, and u,, respectively, n = 0,1,2,---. By the boundary conditions

in (3.2), ¢, can be extended to the whole of (—co, +c0) as a continuously differentiable function with
period L. Similarly, the boundary conditions on &, in (3.3) allow it to be extended as a periodic solution
of periodic 2L of

Ling =08, (3.4

with o = p, (define &,(L + x) = &,(L — x) for 0 < x < L). Indeed, (3.4) has a solution of period
L if and only if o = A,,n = 0,1,2---. As well as, it has a solution of period 2L if and only if
o = u,n=0,1,2---. For a given value o, if all solutions of (3.4) are bounded, then o is called a
stable value; otherwise o is called unstable. Sturm’s oscillation theory implies that

A <pug S <4 S <pupSuz<A3<Ag---. 3.5

The open intervals (Ao, o), (U1, A1), (A2, 12), (3, A3), - -, are called intervals of stability. At the
endpoints of these intervals the solutions of (3.4) are generally unstable. This is always so for o = 4,
as Ay is always simple. The intervals, (—co, Ay), (o, 1), (A1, A2), (2, 13), - - - , are called intervals of
instability. However, at a double eigenvalue, the intervals is empty and omitted from the discussion.
The interval of instability (—oo, 1y) will always be present. Absence of an instability interval means
there is a value of o for which all solution of (3.4) are either periodic of period L or periodic with basic
period 2L.
We remind the reader that the number of zeros of ¢, and &, is determined in the following form:

(a) o has no zeros in [0, L].
(b) &Hons1 and &4 have exactly 2n + 2 zeros in [0, L). 3.6)
(¢c) & and &;,41 have exactly 2n + 1 zeros in [0, L).

AIMS Mathematics Volume 8, Issue 9, 22225-22236.
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Proof of Theorem 3.1. From (3.5), we need to show that 0 = A; < A,. Firstly, differentiating Eq (2.1)

with respect to &, we have L;,¢.. = 0. Also, ¢/ has two zeros in [0, L), then the eigenvalue 0 is either 4,

or A,. We claim that 0 = A;. Let ¥(x) = £(nx) with > = %, we have that (3.2) turn to the eigenvalue
1

problem
’” — 6,2 512( =
{ P + [p — 6k*sn*(x; k)Y = 0, (3.7

Y(0) = Y(2K), ¥ (0) = ¥'(2K),

’71

which is called the Jacobian form of Lamé’s equation. Here, p = % (/1 + e l) By Floquet theory,

(3.7) has exactly three intervals of instability which are (—co, po) (g :“1) (p1,p2) (Where u’,i > 0
are the eigenvalues associated to the semi-periodic problem determined by Lamé’s equation (3.7)).
Therefore, the first three eigenvalues pg,p1, 0, associated to (3.7) are simple and the rest of the
eigenvalues for (3.7) are double, so, p3 = p4, 05 = Pg, " * -, €tC.

We note that p; = 4 + k? is an eigenvalue to (3.7) with eigenfunction ¥ (x) = sn(x)cn(x), so 1 =0

is a simple eigenvalue to (3.2). From Ince [25] we have that the Lam é polynomials,
Yo =1-(1+k - VI =k + k¥ sn*(x)

and

W, =1-(1+k+ V1 -k + k)sn*(x),

with periodic 2K, are the eigenfunctions associated to the others two eigenvalues py, p, given by
p0 =21+ =2V —k2+ k%), pr =2(1 + k> +2V1 — k2 + k*).

Since ¥, has no zeros in [0, 2K) and ¥, has exactly two zeros in [0, 2K), and py < p; < p, for every
k* € (0, 1), then p, is the first eigenvalue, p; is the second eigenvalue and p; is the third eigenvalue. By
the relation ) )
——(p—ﬁ c—l):ﬂ(p_@_'_c—l
2c

we can see that A is an increasing function with respect to p, then 4y < A4; < A,. Combining k* =
2 — % with 4y < 4; < A, we conclude that A(p;) =0 = 4; and 4 < 0.

Ne)ét, by using the Lamé’s equation in (3.7) with the conditions ¥(0) = -¥Y(2K), ¥'(0) = =¥’ (2K).
We can see that the eigenvalues u’ associated to semi-periodic problem are related to the y; via the
relation

’71 c c
It is straightforward to ascertain that the first two eigenvalues of Lamé’s equation in the semi-periodic
case are u, = 1 + k* and My =1+ 4k>. The associated eigenfunctions are Wy, (x) = cn(x)dn(x)
2
and ¥ ;,(x) = sn(x)dn(x), respectively. It is concluded from the relation y; = it 2w, —6) + % and
Y(x) = {(nx), that the first two eigenvalues are yy = —(2_—3](2) . % and u; = 3((21 kkz)) el
and p, are simple and the rest of the eigenvalues are double. This concludes the proof

Theorem 3.2. L > V2r, ¢ >
0 > 0, such that

. Hence, py, o1

L2 5. For any y satisfying <y, ¥o( \me) >=<y,¢ >= 0, there exists

< Lay,y >= 6llyll, (3.8)
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where ¥ is the eigenfunction associated to eigenvalue 1y < 0 of £, given in Theorem 3.1.

Proof. To(v%nlx) = 1-(01+kK- VI —k2+k4)sn2(%27771x). Combining (2.5), we have <
¢, ‘Po(v%mx) >= 0, which implies

Ly = ay + Ap, + 0¥,

By
4 /7 4 1
< Lpy, ¢ >=<y,¢ >=< ¢, Yo(—=mni1x) >=0,
c

V2¢
we immediately have 4 = 0. Then by Ld,,‘llo(%mx) = /10‘1’0(\%2?171)6) and <y, ‘Po(\%cmx) >= 0, we
have 6 < ¥y,¥, >= 0, which implies § = 0. Finally, < L, y,y >= @ < y,y > and @« > 0. This
completes the proof.
Choosing

_ 1 1
¥ =(‘I‘o(—2 mx, Wo( >
V2c V2c

le)),
then

<HY ,¥Y >=21y <¥,,¥, ><0.
Denoting 7/(0)® = (¢, ¢’). Let

P ={p € XIF = (p1,p2). < pis Po(g=mX) >=< pi,pex >=0,i = 1,2},
Z = {k70)®k €R), N ={k¥ |k <R}

By (3.1), we have
L, 1 1 ~
<H.p,p>= 3 < La(p1 + p2), (p1 + p2) > +§ < L(p1 — p2),(p1 — p2) >,

where L = —c% +¢* + ¢ + 1, which is a positive operator. By (3.8), we have

> > 1 1 N
< H.p, >z Zolp) + pall* + 01llp1 - pall* = Sl1AI1%,

where 0, = min(%é, %61).
Thus X can be decomposed into the direct sum N @ Z & P. This implies that the spectral structure
required for H..

Theorem 3.3. Let ¢ > sz—;ﬂ and ¢, given by Theorem 2.1. Then the linear operator H, in (3.1) and
defined on lem([O, L]) x ngr([O, L]) has exactly its first two eigenvalues simple. The eigenvalue zero
is the second one with associated eigenfunction (¢, ¢.). Moreover, the remainder of the spectrum is

constituted by a discrete set of eigenvalues.
4. Stability of dnoidal waves

We start establishing the definition of stability we are considering. Let 7,f(x) = f(x + s) for x € R.
For (Z = (¢, ¥.) we define $—orbit, as Qz = $(~ + 5) : s € R. For € > 0 the neighbourhood U, around

of Qzin X = H!,,([0, L]) X H},,([0, L]) is defined as U, = {ii € X : infcgllil — T,fllx} < €.

AIMS Mathematics Volume 8, Issue 9, 22225-22236.
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Definition 4.1. Let ¢ € X be a periodic traveling wave solution of (1.3) with period L. We say that the
orbit QrZ is orbitally stable in X by the flow of Eq (1.2) if for each € > 0 there is a 6 = d(€) > 0 such
that if iy € X and infegllii — 7,lly < & then the solution #(¢) of (1.2) with #(0) = i exists globally
and satisfies
supierin frerllid(t) = 7,flx < €.

Otherwise, we say that Q 3 is X-unstable.

Because the stability refers to perturbations of the periodic-wave profile itself, we first introduce the
initial-value problem for Eq (1.2). In fact, by applying the classical theory of semigroups, we have the
following general lemma.

Lemma 4.1. For any fixed initial data (19, ug) € X, there exists 7 > 0 and a unique solution (1, u) €

C([0,T); X).
Proof. Rewriting the Eq (1.2) as
ny _ n n
(0] = (0)el2)

where -
[ (A =0)7 0, 0
M ‘( 01— )
MY _ 4 421 u’n
oz)-0-oro( 22}

We have that M € L£(H?,.([0,L]) x H?, ([0, L]), X). Moreover, M generates a bounded Cy-group S ()

per per
on X. On the other hand, since (1 — 3)" is a bounded linear operator from L2, ([0, L]) to H},.([0, L]),

and H),,([0, L]) < L*(R), thus we have

2 2
(1 -0 ( EZiZé;x ) -(1-8)" ( EZiZi;X )”H%”xHIZW < cll(r, ur) — (72, u2)llx
17X 27x

implies that G is locally Lipschitz from X to H;,. X H,,. By classical semigroup theory, we can show
that a local mild L-periodic solution (1, u) € X exists with initial data (r, up) € X.

Stability theorem. Let L > V2x. Consider ¢ > sz—;z and ¢. given by Theorem 2.1. Then for
é = (¢, ¢.) the orbit Q ¢ 1s orbitally stable in X by the periodic flow of the Eq (1.2).

Proof. First, by (2.5) we have

L

8
f Q2d¢ = “=KE. 4.1)

0 L

On the other hand, multiplying (2.1) by ¢, and integrating from O to L we get,
L L L
[ etas=c [ wrde - [ ae 42)
0 0 0
Integrating (2.2) from O to L yields,
L 1 [t -1 (* 2
f (@l)2dé = —— f G+ S~ f Q2dé + “A, L. 4.3)
0 2c 0 Cc 0 c

AIMS Mathematics Volume 8, Issue 9, 22225-22236.
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Combining (4.2) and (4.3), it is easy to see that,

L
f (o) =
0

From the last identity, (2.4) and (4.1)

L
fo @ + (@) dé =

c-1 (F, 4
dé+ —A, L.
3C fovgoc é‘: 3C ‘Pc

8 64 16
—(4¢c — DKE + —cK* — —(c - DK>.
st DRE+ 35eki =37~ D

2
From (2.7), we have ¢ — 1 = Z(2 — k). Thus

8L (3KE + i1(3[(2 —KHE - 2(1 = kKHK]) := Jo(k).

L
2 732 —
L o+ (‘)Dc) df - 3[L2 — 42 - kZ)KQ] L?

By detailed calculation, we have

dILtk) _ 6ALK[Q-K)E-2(1-k*)K] 3KE + %K3[(2 —I)E - 2(1 - K)K])

dk 3kk,2[L2_4(2§£2)K2]2 A
2 12 2 31,2172
t e (B2 = K?K?) + KK (K — E)

+5[(2 - K)E - 2(1 - K)K)(E - kK?K)K?}.
It follows from K > E, (2 — k*)E > 2(1 — k)K, E > k’*K, E? > k’>K?, we conclude

dJ (k) dk S
dk dc

d L
- f ¢+ (¢0)dé =
¢ Jo
This finishes the proof.
5. Conclusions

In this article, we are interested in studying the stability of periodic traveling wave solutions for the
coupled BBM equations (1.2). First, we obtain a family of dnoidal waves solutions by the standard
direct integration method. Second, by Floquet theory and detailed spectral analysis, we prove the
spectral properties to some matrix operator required for stability result. Finally, we prove the theorem
on orbital stability of periodic traveling wave solutions for the system (1.2). Our results on existence
and stability extend the results obtained in [22]. Furthermore, for the other cases p = 2,3, ..., in (1.1),
we believe that there are chances of getting periodic waves and we will discuss these problems in the
future study.
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