
http://www.aimspress.com/journal/Math

AIMS Mathematics, 8(9): 22225–22236.
DOI: 10.3934/math.20231133
Received: 18 April 2023
Revised: 02 July 2023
Accepted: 05 July 2023
Published: 13 July 2023

Research article

Orbital stability of periodic traveling waves to some coupled BBM equations

Ye Zhao1 and Chunfeng Xing2,*

1 Zhiyuan college, Beijing Institute of Petrochemical Technology, Beijing 102617, China
2 Institute of Mathematics and Physics, Beijing Union University, Beijing 100101, China

* Correspondence: Email: ldchunfeng@126.com.

Abstract: In this work, we show some results concerning the orbital stability of dnoidal wave
solutions to some Benjamin-Bona-Mahony equations (BBM equations henceforth). First, by the
standard argument, we prove the existence of a smooth curve of positive traveling wave solutions
of dnoidal type. Then, we show that this type of solutions are orbitally stable by perturbations with
the same period L. The major tools to obtain these results are the Grillaks, Shatah and Strauss’ general
theory in the periodic case. The results in the present paper extend some previous stability results for
the BBM equations.
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1. Introduction

The study of existence and stability or instability of periodic traveling waves of dispersive type
partial differential equations has increased significantly in the last decade. Additionally, many
researchers are interested in solving a rich variety of new mathematical problems due to physical
importance related to them. Because properties of traveling waves are of fundamental importance in
the development of a broad range of disturbances, the study of orbital stability for periodic traveling
waves is of interest for many researchers in a nonlinear analysis. We recall that the first work about
the existence and orbital stability of periodic traveling waves was determined by Benjamin [1], who
studied the periodic waves of cnoidal type for the KdV equation. A complete study was carried out by
Pava et al. [2] in 2006. The main idea is the classical theory form Grillaks, Shatah and Strauss [3] to the
periodic context. Particularly, the spectral information about the related linear operator is fundamental
for the study of the stability and is one of the main difficulties in applying the classical theory. By
using the Fourier techniques associated to positive linear operators, Angulo and Natali [4] introduced
a new approach for analysing the spectral properties for the general linear operator. This approach can
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be possibly used to some non-local linear operators. In addition, based on tools from ODES and Evans
function methods, and under some restriction on the manifold of initial data of perturbations, some
other criterium for obtaining the required spectral information was given by Johnson [5]. There have
been many research works on periodic traveling wave solutions [6–15], since study of the existent
nonlinear stability/instability for periodic traveling waves is valuable. On the other hand, some
numerical solutions of the solitary wave are also investigated by many authors [16–18]. With respect
to soliton resolution conjecture, some interesting work in deriving the solutions of Wadati-Konno-
Ichikawa equation and complex short pulse equation has been done, and the long-time asymptotic
behavior of the solutions of these equations has been solved. The soliton resolution conjecture and the
asymptotic stability of solutions of these equations have been proved in [19–21].

In the present paper, we are interested in a special case of the following coupled BBM equations{
ηt + ux + (up+1ηp)x − ηxxt = 0,
ut + ηx + (upηp+1)x − uxxt = 0,

(1.1)

where p is a positive integer and η, u are real-valued functions. It is well known that the BBM equation
has been derived as a model to describe water waves in the long-wave regime. The modified BBM
equation describes wave propagation in a one-dimensional nonlinear lattice. Thus, the generalization
considered here is not only of mathematical interest. Among (1.1), sech type solitary waves have been
studied by Cui [22]. Furthermore, the orbital stability/instability of the waves are obtained. Now we
focus on periodic waves for p = 1 in (1.1). Namely, the equations are{

ηt + ux + (u2η)x − ηxxt = 0,
ut + ηx + (uη2)x − uxxt = 0.

(1.2)

The solutions considered here are the general form (η(x, t) = ϕ(x−ct), u(x, t) = ψ(x−ct)). ϕ, ψ : R→ R
are smooth periodic functions with the same arbitrary fundamental period L > 0 and the wave speed
c > 1. Substituting this form of solutions in (1.2) and integrating with respect to ξ(ξ = x − ct) once,
and assuming the integration constant equals to zero, we obtain that ϕ, ψ have to satisfy the following
ordinary differential system {

−cϕ + ψ + ϕψ2 + cϕ
′′

= 0,
−cψ + ϕ + ϕ2ψ + cψ

′′

= 0.
(1.3)

We consider the solutions (ϕ, ψ) as the critical points for the functional E(~u) + cQ(~u), where E(~u) and
Q(~u) represent conserved quantities with respect to (1.2), namely

E(~u) = E(η, u) = −
∫ L

0
(uη + 1

2u2η2)dx,
Q(~u) = Q(η, u) = 1

2

∫ L

0
(η2 + u2 + η2

x + u2
x)dx,

(1.4)

where ~u = (η, u).
For (1.3), the author in [22] obtained the solitary waves

ϕc(x − ct) = ψc(x − ct) = ±
√

2(c − 1)sech
√

c−1
c (x − ct), or

−ϕc(x − ct) = ψc(x − ct) = ±
√
−2(c + 1)sech

√
c+1

c (x − ct),
(1.5)
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and proved the stability for c > 1 and c < −1, respectively. In this work, we establish the existence
of a smooth curve of dnoidal type solutions of (1.3) with minimal periodic L >

√
2π and c > L2

L2−2π2 ,
which enrich and extend the results obtained in [22]. As far as we know, most of the results on
orbital stability of periodic waves for the BBM equations are about single equations. For more general
physical situations, such as the waves not assumed to be uni-directional, we extend the results for
single equation to systems of equations. The main motivation of the present work is to extend the
existence/stability results from sech type solitary waves to periodic dnoidal type solutions.

This paper is organized as follows. In Section 2, we study the existence of a smooth curve of
dnoidal wave solutions for system (1.2). Section 3 is devoted to the spectral analysis of some certain
self-adjoint operators necessary to obtain our stability result. In Section 4, we show stability result of
the dnoidal waves solutions for (1.2).

2. Existence of dnoidal wave solutions for Eq (1.2)

In this section, we first show the existence of positive and periodic solutions with a fixed period
L > 0 for some parameter interval I. Motivated by [22], we suppose ϕ = ψ, hence (1.3) reduces to the
following equation

cϕ
′′

+ ϕ3 − (c − 1)ϕ = 0. (2.1)

Multiplying (2.1) by ϕ
′

and integrating once, we get that ϕ must satisfy

(ϕ
′

)2 =
1
2c

[−ϕ4 + 2(c − 1)ϕ2 + 4Aϕ], (2.2)

where Aϕ is a needed nonzero integration constant. Let F(t) = −t4 + 2(c − 1)t2 + 4Aϕ. Assume that
c > 1, and for Aϕ < 0, we have

F(t) = −[t2 − (c − 1)]2 + (c − 1)2 + 4Aϕ

= {

√
(c − 1)2 + 4Aϕ − [t2 − (c − 1)]}{

√
(c − 1)2 + 4Aϕ + [t2 − (c − 1)]}.

Therefore, F(t) has the real and symmetric roots ±η1 and ±η2. Without loss of generality, we can
suppose that η1 > η2 > 0. Thus we have

(ϕ
′

)2 =
1
2c

(ϕ2 − η2
2)(η2

1 − ϕ
2). (2.3)

Therefore, we should have η1 ≥ ϕ ≥ η2, η1 ∈ (
√

c − 1,
√

2(c − 1)) and roots η
′

i s(i = 1, 2) must satisfy{
η2

1 + η2
2 = 2(c − 1),

η2
1 · η

2
2 = −4Aϕ > 0.

(2.4)

The positive and periodic solution for (2.3) can be obtained by the standard direct integration
method in [4], namely,

ϕ(ξ) = η1dn(
η1
√

2c
ξ; k). (2.5)
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Since dn has fundamental period 2K, where K = K(k) represents the complete elliptic integral of first
kind (see [24]), we obtain that ϕ has fundamental period

Tϕ =
2
√

2c
η1

K(k). (2.6)

Fix c > 1 and from (2.4), for k ∈ (0, 1) we have

0 < η2 <
√

c − 1 < η1 <
√

2(c − 1)

and the fundamental period Tϕ can be seen as a function of variable η1 only, that is

Tϕ(η1) =
2
√

2c
η1

K(k(η1)), with k2(η1, c) = 2 −
2(c − 1)
η2

1

. (2.7)

From the asymptotic properties of K, it follows that Tϕ >
√

2c
c−1π.

Now we obtain a family of dnoidal waves solutions with period L >
√

2π. Consider c0 >
L2

L2−2π2

fixed, there is a unique η1,0 ∈ (
√

c0 − 1,
√

2(c0 − 1)) such that Tϕ(η1,0) = L.

Remark 2.1. If
η1 →

√
2(c − 1), k(η1)→ 1−.

On the basis of limitation dn(ξ, 1) = sech(ξ), we obtain that

ϕ(ξ;
√

2(c − 1), 0)→
√

2(c − 1)sech

√
c − 1

c
ξ.

These solitary wave solutions are the same as those obtained by Cui [22].

Theorem 2.1. Let L >
√

2π fixed. Consider c0 > L2

L2−2π2 and the unique η1,0 = η1(c0) such that
Tϕc0

(η1,0) = L, then
(i) there exist intervals I(c0) and J(η1,0) around c0 and η1,0 respectively, and a unique smooth function

Π : I(c0)→ J(η1,0) such that Π(c0) = η1,0 and

2
√

2c
η1

K(k) = L,

where c ∈ I(c0), η1 ∈ Π(c) and k = k(c) is given by k2 = 2 − 2(c−1)
η2

1
∈ (0, 1);

(ii) the dnoidal wave solution in (2.5), ϕc(·; η1, η2), determined by ηi = ηi(c), (i = 1, 2), has
fundamental period L and satisfies (2.1). Moreover, the mapping c ∈ I(c0) 7→ ϕc ∈ Hn

per is smooth
for any integer n ≥ 1.

(iii) I(c0) can be chosen as I = ( L2

L2−2π2 ,∞).

Proof. The proof is just an application of the Implicit Function Theorem and the arguments are
standard, so we sketch the outline of the proof. Consider the open set Ω = {(η, c) ∈ R2 : c > L2

L2−2π2 , η ∈

(
√

c − 1,
√

2(c − 1))} ⊆ R2, and define Λ : Ω→ R by

Λ(η, c) =
2
√

2c
η

K(k) − L,
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where k2 = 2 − 2(c−1)
η2 . From the hypotheses, we get Λ(η1,0, c0) = 0. Using the relation dK

dk = E−k′2K
kk′2 , and

∂k
∂η

=
2(c−1)

kη3 > 0, we obtain

∂Λ

∂η
=

2
√

2c
k2k′2η2 [(1 + k′2)E − 2k′2K] > 0, (2.8)

since f (k′) ≡ (1 + k′2)E − 2k′2K > 0 for k′ ∈ (0, 1). Here E = E(k) is the complete elliptic integral of
the second type and k′2 = 1 − k2 is the complementary modulus. Therefore, by the Implicit Function
Theorem we can obtain (i) of Theorem 2.1. Since c0 is chosen arbitrarily in the interval I = ( L2

L2−2π2 ,∞),
from the uniqueness of the function Λ, it follows that we can extend I(c0) to I. Finally, using the
smoothness of the function involved, we can immediately obtain part (ii).

Corollary 2.1. The map Π : I(c0) → J(η1,0) is a strictly increasing function. Moreover, the modulus
function c 7→ k(c) strictly increases with respect to c, that is dk

dc > 0.

Proof. Note that Λ(Π(c), c) = 0 for all c ∈ I(c0) in Theorem 3.1, for dΠ(c)
dc > 0, we have to prove ∂Λ

∂c < 0
in I(c0). Since ∂k

∂c = − 1
kη2 < 0 and η2 =

2(c−1)
2−k2 , we have

∂Λ

∂c
=

√
2

√
c(2 − k2)k2k′2η3

{2c[2k′2K − (1 + k′2)E] − 2k2k′2K} < 0. (2.9)

Hence, from the relation ∂Λ
∂η

dΠ(c)
dc + ∂Λ

∂c = 0, we obtain dΠ(c)
dc > 0. Next, differentiating the modulus

function k(c)2 = 2 − 2(c−1)
η(c)2 with respect to c, we have

dk
dc

=
1

kη3 [2(c − 1)η′ − η].

Note that,
dΠ(c)

dc
= −

∂Λ
∂c
∂Λ
∂η

=
η

2(c − 1)
+ ∆+,

where

∆+ =
k2k′2K

c(2 − k2)η[(1 + k′2)E − 2k′2K]
> 0.

Thus 2(c − 1)η′ − η = 2(c − 1)∆+ > 0, which implies dk
dc > 0.

3. Spectral analysis

In this section we will present the spectral analysis to the linear operator Hc = E′′(~φ)+cQ′′(~φ), where
~φ = (ϕc, ϕc) and ϕc is the dnoidal wave solution (2.5) with the fundamental period L and c ∈ ( L2

L2−2π2 ,∞).
So we have the matrix operator

Hc =

 −c ∂2

∂x2 − ϕ
2
c + c −1 − 2ϕ2

c

−1 − 2ϕ2
c −c ∂2

∂x2 − ϕ
2
c + c

 . (3.1)

We shall prove that the spectrum of (3.1) is discrete and has its first two eigenvalues simple, with
the eigenvalue zero is the second one with eigenfunction (ϕ′c, ϕ

′
c). Initially, we consider the operator

Ldn = −c ∂2

∂x2 − 3ϕ2
c + c − 1. In fact, we have the following result.
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Theorem 3.1. Let the dnoidal wave solution ϕc given by Theorem 2.1. Then, the operator Ldn

defined on H2
per([0, L]) with domain L2

per([0, L]) has exactly its first three simple eigenvalues where
zero eigenvalue is the second one with associated eigenfunction ϕ′c. Moreover, the remainder of the
spectrum is constituted by a discrete set of eigenvalues which are double.

Theorem 3.1 is a consequence of the Floquet theory in [23] together with some particular facts
about the Lam é equation. By convenience of the readers we quickly outline the basic results that are
needed in the proof of Theorem 3.1. Firstly, it follows from the Wely’s essential spectral theorem that
σessLdn = σess(−c ∂2

∂x2 + c − 1). The spectral problem in question is{
Ldnζ = λζ,

ζ(0) = ζ(L), ζ′(0) = ζ′(L).
(3.2)

Introduce the so called semi-periodic eigenvalue problem considered on [0, L]{
Ldnξ = µξ,

ξ(0) = −ξ(L), ξ′(0) = −ξ′(L).
(3.3)

From the spectral theory of compact symmetric operators, (3.2) and (3.3) determine a countable infinite
set of eigenvalue respectively, λ0 ≤ λ1 ≤ λ2 ≤ λ3 ≤ λ4 · · · , and µ0 ≤ µ1 ≤ µ2 ≤ µ3 ≤ µ4 · · · , that
accumulate only at +∞. Here double eigenvalue is counted twice. Let ζn and ξn be the eigenfunctions
associated to the eigenvalue λn and µn, respectively, n = 0, 1, 2, · · · . By the boundary conditions
in (3.2), ζn can be extended to the whole of (−∞,+∞) as a continuously differentiable function with
period L. Similarly, the boundary conditions on ξn in (3.3) allow it to be extended as a periodic solution
of periodic 2L of

Ldng = σg, (3.4)

with σ = µn (define ξn(L + x) = ξn(L − x) for 0 ≤ x ≤ L). Indeed, (3.4) has a solution of period
L if and only if σ = λn, n = 0, 1, 2 · · · . As well as, it has a solution of period 2L if and only if
σ = µn, n = 0, 1, 2 · · · . For a given value σ, if all solutions of (3.4) are bounded, then σ is called a
stable value; otherwise σ is called unstable. Sturm’s oscillation theory implies that

λ0 < µ0 ≤ µ1 < λ1 ≤ λ2 < µ2 ≤ µ3 < λ3 ≤ λ4 · · · . (3.5)

The open intervals (λ0, µ0), (µ1, λ1), (λ2, µ2), (µ3, λ3), · · · , are called intervals of stability. At the
endpoints of these intervals the solutions of (3.4) are generally unstable. This is always so for σ = λ0

as λ0 is always simple. The intervals, (−∞, λ0), (µ0, µ1), (λ1, λ2), (µ2, µ3), · · · , are called intervals of
instability. However, at a double eigenvalue, the intervals is empty and omitted from the discussion.
The interval of instability (−∞, λ0) will always be present. Absence of an instability interval means
there is a value of σ for which all solution of (3.4) are either periodic of period L or periodic with basic
period 2L.

We remind the reader that the number of zeros of ζn and ξn is determined in the following form:

(a) ζ0 has no zeros in [0,L].
(b) ζ2n+1 and ζ2n+2 have exactly 2n + 2 zeros in [0,L).
(c) ξ2n and ξ2n+1 have exactly 2n + 1 zeros in [0,L).

(3.6)
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Proof of Theorem 3.1. From (3.5), we need to show that 0 = λ1 < λ2. Firstly, differentiating Eq (2.1)
with respect to ξ, we have Ldnϕ

′
c = 0. Also, ϕ′c has two zeros in [0, L), then the eigenvalue 0 is either λ1

or λ2. We claim that 0 = λ1. Let Ψ(x) = ζ(ηx) with η2 = 2c
η2

1
, we have that (3.2) turn to the eigenvalue

problem {
Ψ′′ + [ρ − 6k2sn2(x; k)]Ψ = 0,
Ψ(0) = Ψ(2K),Ψ′(0) = Ψ′(2K),

(3.7)

which is called the Jacobian form of Lamé’s equation. Here, ρ = 2c
η2

1
(λ +

3η2
1

c −
c−1

c ). By Floquet theory,
(3.7) has exactly three intervals of instability which are (−∞, ρ0), (µ′0, µ

′
1), (ρ1, ρ2) (where µ′i , i ≥ 0

are the eigenvalues associated to the semi-periodic problem determined by Lamé’s equation (3.7)).
Therefore, the first three eigenvalues ρ0, ρ1, ρ2 associated to (3.7) are simple and the rest of the
eigenvalues for (3.7) are double, so, ρ3 = ρ4, ρ5 = ρ6, · · · , etc.

We note that ρ1 = 4 + k2 is an eigenvalue to (3.7) with eigenfunction Ψ1(x) = sn(x)cn(x), so λ = 0
is a simple eigenvalue to (3.2). From Ince [25] we have that the Lam é polynomials,

Ψ0 = 1 − (1 + k2 −
√

1 − k2 + k4)sn2(x)

and
Ψ2 = 1 − (1 + k2 +

√
1 − k2 + k4)sn2(x),

with periodic 2K, are the eigenfunctions associated to the others two eigenvalues ρ0, ρ2 given by

ρ0 = 2(1 + k2 − 2
√

1 − k2 + k4), ρ2 = 2(1 + k2 + 2
√

1 − k2 + k4).

Since Ψ0 has no zeros in [0, 2K) and Ψ2 has exactly two zeros in [0, 2K), and ρ0 < ρ1 < ρ2 for every
k2 ∈ (0, 1), then ρ0 is the first eigenvalue, ρ1 is the second eigenvalue and ρ2 is the third eigenvalue. By
the relation

λ =
η2

1

2c
(ρ −

3η2
1

c
+

c − 1
c

) =
η2

1

2c
(ρ − 6) +

c − 1
c

,

we can see that λ is an increasing function with respect to ρ, then λ0 < λ1 < λ2. Combining k2 =

2 − 2(c−1)
η2

1
with λ0 < λ1 < λ2, we conclude that λ(ρ1) = 0 = λ1 and λ0 < 0.

Next, by using the Lamé’s equation in (3.7) with the conditions Ψ(0) = −Ψ(2K), Ψ′(0) = −Ψ′(2K).
We can see that the eigenvalues µ′i associated to semi-periodic problem are related to the µi via the
relation

µ′i =
2c
η2

1

(µ +
3η2

1

c
−

c − 1
c

).

It is straightforward to ascertain that the first two eigenvalues of Lamé’s equation in the semi-periodic
case are µ′0 = 1 + k2 and µ′1 = 1 + 4k2. The associated eigenfunctions are Ψ0,sm(x) = cn(x)dn(x)

and Ψ1,sm(x) = sn(x)dn(x), respectively. It is concluded from the relation µi =
η2

1
2c (µ′i − 6) + c−1

c and
Ψ(x) = ζ(ηx), that the first two eigenvalues are µ0 = − 3

(2−k2) ·
c−1

c and µ1 = −
3(1−k2)
(2−k2) ·

c−1
c . Hence, ρ0, ρ1

and ρ2 are simple and the rest of the eigenvalues are double. This concludes the proof.

Theorem 3.2. L >
√

2π, c > L2

L2−2π2 . For any y satisfying < y,Ψ0( 1
√

2c
η1x) >=< y, ϕ′ >= 0, there exists

δ > 0, such that
< Ldny, y >≥ δ‖y‖2, (3.8)
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where Ψ0 is the eigenfunction associated to eigenvalue λ0 < 0 of Ldn given in Theorem 3.1.

Proof. Ψ0( 1
√

2c
η1x) = 1 − (1 + k2 −

√
1 − k2 + k4)sn2( 1

√
2c
η1x). Combining (2.5), we have <

ϕ′,Ψ0( 1
√

2c
η1x) >= 0, which implies

Ldny = αy + λϕx + θΨ0.

By

< Ldny, ϕ′ >=< y, ϕ′ >=< ϕ′,Ψ0(
1
√

2c
η1x) >= 0,

we immediately have λ = 0. Then by LdnΨ0( 1
√

2c
η1x) = λ0Ψ0( 1

√
2c
η1x) and < y,Ψ0( 1

√
2c
η1x) >= 0, we

have θ < Ψ0,Ψ0 >= 0, which implies θ = 0. Finally, < Ldny, y >= α < y, y > and α > 0. This
completes the proof.

Choosing

Ψ− = (Ψ0(
1
√

2c
η1x,Ψ0(

1
√

2c
η1x)),

then
< HcΨ

−,Ψ− >= 2λ0 < Ψ0,Ψ0 >< 0.

Denoting τ′(0)Φ = (ϕ′, ϕ′). Let

P = {~p ∈ X|~p = (p1, p2), < pi,Ψ0( 1
√

2c
η1x) >=< pi, ϕcx >= 0, i = 1, 2},

Z = {k1τ
′(0)Φ|k1 ∈ R}, N = {k2Ψ

−|k2 ∈ R}.

By (3.1), we have

< Hc~p, ~p >=
1
2
< Ldn(p1 + p2), (p1 + p2) > +

1
2
< L̃(p1 − p2), (p1 − p2) >,

where L̃ = −c ∂2

∂x2 + ϕ2
c + c + 1, which is a positive operator. By (3.8), we have

< Hc~p, ~p >≥
1
2
δ‖p1 + p2‖

2 +
1
2
δ1‖p1 − p2‖

2 ≥ δ2‖~p‖2,

where δ2 = min( 1
2δ,

1
2δ1).

Thus X can be decomposed into the direct sum N ⊕ Z ⊕ P. This implies that the spectral structure
required for Hc.

Theorem 3.3. Let c > L2

L2−2π2 and ϕc given by Theorem 2.1. Then the linear operator Hc in (3.1) and
defined on H2

per([0, L]) × H2
per([0, L]) has exactly its first two eigenvalues simple. The eigenvalue zero

is the second one with associated eigenfunction (ϕ′c, ϕ
′
c). Moreover, the remainder of the spectrum is

constituted by a discrete set of eigenvalues.

4. Stability of dnoidal waves

We start establishing the definition of stability we are considering. Let τs f (x) = f (x + s) for x ∈ R.
For ~φ = (ϕc, ψc) we define ~φ−orbit, as Ω~φ = ~φ(· + s) : s ∈ R. For ε > 0 the neighbourhood Uε around
of Ω~φ in X = H1

per([0, L]) × H1
per([0, L]) is defined as Uε = {~u ∈ X : in fs∈R‖~u − τs~φ‖X} ≤ ε.
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Definition 4.1. Let ~φ ∈ X be a periodic traveling wave solution of (1.3) with period L. We say that the
orbit Ω~φ is orbitally stable in X by the flow of Eq (1.2) if for each ε > 0 there is a δ = δ(ε) > 0 such
that if ~u0 ∈ X and in fr∈R‖~u0 − τr~φ‖X < δ then the solution ~u(t) of (1.2) with ~u(0) = ~u0 exists globally
and satisfies

supt∈Rin fr∈R‖~u(t) − τr~φ‖X < ε.

Otherwise, we say that Ω~φ is X-unstable.
Because the stability refers to perturbations of the periodic-wave profile itself, we first introduce the

initial-value problem for Eq (1.2). In fact, by applying the classical theory of semigroups, we have the
following general lemma.

Lemma 4.1. For any fixed initial data (η0, u0) ∈ X, there exists T ≥ 0 and a unique solution (η, u) ∈
C([0,T ); X).

Proof. Rewriting the Eq (1.2) as (
η

u

)
t

= M
(
η

u

)
+ G

(
η

u

)
,

where

M =

(
(1 − ∂2

x)
−1∂x 0

0 (1 − ∂2
x)
−1∂x

)
,

G

(
η

u

)
= (1 − ∂2

x)
−1∂x

(
u2η

uη2

)
.

We have that M ∈ L(H2
per([0, L]) × H2

per([0, L]), X). Moreover, M generates a bounded C0-group S (t)
on X. On the other hand, since (1 − ∂2

x)
−1 is a bounded linear operator from L2

per([0, L]) to H2
per([0, L]),

and H1
per([0, L]) ↪→ L∞(R), thus we have

‖(1 − ∂2
x)
−1

(
(u2

1η1)x

(u1η
2
1)x

)
− (1 − ∂2

x)
−1

(
(u2

2η2)x

(u2η
2
2)x

)
‖H2

per×H2
per
≤ c‖(η1, u1) − (η2, u2)‖X

implies that G is locally Lipschitz from X to H2
per × H2

per. By classical semigroup theory, we can show
that a local mild L-periodic solution (η, u) ∈ X exists with initial data (η0, u0) ∈ X.

Stability theorem. Let L >
√

2π. Consider c > L2

L2−2π2 and ϕc given by Theorem 2.1. Then for
~φ = (ϕc, ϕc) the orbit Ω~φ is orbitally stable in X by the periodic flow of the Eq (1.2).

Proof. First, by (2.5) we have ∫ L

0
ϕ2

cdξ =
8c
L

KE. (4.1)

On the other hand, multiplying (2.1) by ϕc and integrating from 0 to L we get,∫ L

0
ϕ4

cdξ = c
∫ L

0
(ϕ′c)

2dξ + (c − 1)
∫ L

0
ϕ2

cdξ. (4.2)

Integrating (2.2) from 0 to L yields,∫ L

0
(ϕ′c)

2dξ = −
1
2c

∫ L

0
ϕ4

cdξ +
c − 1

c

∫ L

0
ϕ2

cdξ +
2
c

Aϕc L. (4.3)
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Combining (4.2) and (4.3), it is easy to see that,∫ L

0
(ϕ′c)

2dξ =
c − 1

3c

∫ L

0
ϕ2

cdξ +
4
3c

Aϕc L.

From the last identity, (2.4) and (4.1)∫ L

0
ϕ2

c + (ϕ′c)
2dξ =

8
3L

(4c − 1)KE +
64
3L3 cK4 −

16
3L

(c − 1)K2.

From (2.7), we have c − 1 =
η2

1
2 (2 − k2). Thus∫ L

0
ϕ2

c + (ϕ′c)
2dξ =

8L
3[L2 − 4(2 − k2)K2]

{3KE +
4
L2 K3[(2 − k2)E − 2(1 − k2)K]} := JL(k).

By detailed calculation, we have

dJL(k)
dk =

64LK[(2−k2)E−2(1−k2)K]
3kk′2[L2−4(2−k2)K2]2 {3KE + 4

L2 K3[(2 − k2)E − 2(1 − k2)K]}
+ 8L

kk′2[L2−4(2−k2)K2] {(E
2 − k′2K2) + 4

L2 K3k2k′2(K − E)
+ 4

L2 [(2 − k2)E − 2(1 − k2)K](E − k′2K)K2}.

It follows from K > E, (2 − k2)E > 2(1 − k2)K, E > k′2K, E2 > k′2K2, we conclude

d
dc

∫ L

0
ϕ2

c + (ϕ′c)
2dξ =

dJL(k)
dk

dk
dc

> 0.

This finishes the proof.

5. Conclusions

In this article, we are interested in studying the stability of periodic traveling wave solutions for the
coupled BBM equations (1.2). First, we obtain a family of dnoidal waves solutions by the standard
direct integration method. Second, by Floquet theory and detailed spectral analysis, we prove the
spectral properties to some matrix operator required for stability result. Finally, we prove the theorem
on orbital stability of periodic traveling wave solutions for the system (1.2). Our results on existence
and stability extend the results obtained in [22]. Furthermore, for the other cases p = 2, 3, ..., in (1.1),
we believe that there are chances of getting periodic waves and we will discuss these problems in the
future study.
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