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WITH NONLOCAL BOUNDARY CONDITIONS AND
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Abstract. For the problem of optimal control of a parabolic-hyperbolic process with
nonlocal point boundary conditions, an explicit form of the solution is obtained in the
form of formal series according to the system of eigenfunctions, which are generated by the
spatial differential operator and boundary conditions. At the same time, the unequivocal
solvability of the intermediate problems is established for each iteration. In addition,
sufficient conditions for the convergence of the series are established, which determine the
obtained formal solution of the optimal control problem, which justifies its correctness
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1. Introduction

It is known [1] that problems of optimal globally bounded distributed control
for linear stationary parabolic or hyperbolic equations with local boundary con-
ditions and a linear quality criterion have unique solutions in the form convergent
series in a complete system of eigenfunctions generated by a spatial differential
operator and boundary conditions. Problems of construction of approximate con-
trols for of nonlinear parabolic equations were considered in |2, 3| and for wave
equations were studied in [4]

In this paper, we substantiate the possibility of generalizing the above ap-
proach to non-self-adjoint optimal control problems related to parabolic-hyperbolic
equations with non-local boundary conditions and a linear quality criterion. A
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formal solution of the problem is constructed. The unique solvability of inter-
mediate problems at each iteration is established. Sufficient conditions for the
convergence of the series defining found a formal solution.

Some types of optimal control problems for such systems were considered
in [5]. The properties of solutions such problems that had no analogues in the
self-adjoint case were set there.

When implementing this generalization, a number of features should be borne
in mind. First, under a fixed control, we consider the classical solution of the
corresponding boundary value problem with absolutely continuous control. Se-
condly, as a control norm, which is globally bounded, we consider a special equiv-
alent norm generated by some positive definite operator. Thirdly, at intermediate
iterations, the Fourier coefficients of controls are determined at different time
intervals.

2. Statement of the problem and its preliminary analysis

Let the controlled process be described by function y(z,t), which satisfies the
equation

Ly(x,t) = u(z,t), (z,t) € D, (2.1)
initial condition
y(@, —a) = p(z) (2.2)
and boundary conditions
y(0,t) =0, y'(0,t)=y'(1,1), —a<t<T, (2.3)

where D = {(z,t): 0<z <1, —a<t<T, a,T >0}, control u and function
o will be assumed to be given, and their smoothness properties will be refined

Yt — Yazy t > 0,
L =
Y { Yit — Yoz, t < 0.

below,

The formal solution of the problem (2.1) — (2.3) can be represented [6] as

y(@, 1) = Xo(@)yo(t) + > (Xop—1()yar—1(t) + Xor(@)yar(t),  (24)
k=

—_

where the functions y;(t) are defined as solutions to the Cauchy problems

dyo(t)
dt —u(](t)a t>0a
d?yo(t)
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-
dyan(t) Apyar-1(t) = uge-1 (1), £>0

dt
dde’ftl() + Xyop_1(t) = ugr_1(t), t <0, (2.6)
Yok—1(—) = pap—1, Ap = 2km;
dyiik( ) + Nyor(t) = —2Xkyar—1(t) + uok(t), t >0,
(2.7)

dyor (1)
a2 Noyor (1) = =2 py2k—1(t) + ugk(t), t <0,

kaI(_a) = P2k, k= 1727”')

and here y;(t) = (y(),Yi(-))1,00) € CH(=a. 1), i) = (u(-,1),Yi() 50,1

i > 0; functions X;(x) and Y;(z) belong to the Riesz bases
Wo ={Xo(z) =z, Xop_1(x) = zxcos(2rkx), Xop(x)=sin(2nkz), k=1,...},

Ry = {Yo(x) =2, Yor_1(z) = 4cos(2mkz),
Yor(z) = 4(1 — z) sin(27kx), k=1,...};

Lo =7
(X3, Y5)a0,0) :5”:{ 0, @ # j,i,j = 0,1,..;
the sequence of numbers {py} is taken from the representation functions ¢(z) in

the Riesz basis W.
For any function ¢(x) € Ly(0,1) fair assessment 7]

7"H¢||?;2 (0,1) = Z¢k < RHQbHLQ 0,1) (2.8)

rie 7 =3/4, R =16, ¢r = (¢, Y&)L,(0,1)-
Moreover, in [8] it is proved that in the space L2(0,1) we can introduce an

equivalent norm according to the rule

16llH = (Do, ¢) = Zqﬁk, (2.9)

where D : Ly(0,1) — L2(0,1) — some positive definite operator.
In [6] the problem (2.1) — (2.3) was studied for u(z,t) = 0 and in [9] for

u(z,t) # 0 it is proved that series (2.4) is the unique solution to the problem
(2.1) - (2.3) and y(z,t) € CY(D)NC?*(D_)NC?*Y(D,) if a is a rational number,

v € (C(0,1), ue C(D) and the conditions

o
Z/\%<‘902k—1| + \wzk\) <0

k=1

(2.10)
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> )\k(HUQk—lHC(—a,T) + ||U2k”C(—a,T)) < 00, (2.11)
=1

where D_ = {(z,t): 0 <z <1, —a<t<0}, Dy ={(zt): 0<zx<]l,
0<t<T}.

In the paper [9] for a fixed continuous control an integral representation for
solution of problems (2.5) — (2.7) is obtained

0
yo(t) = Q. ()0 + Vol (t, T)uo()dr

t
+U8,+(t)u0(0)+/ Uy (t,m)uo(r)dr, t > 0,
0
0

yo(t) = 5 _ (o + [ Vo_(t,7)uo(7)dr

t
+US_(uo(0) + [ VO_(t, T)ug(r)dr, t < 0, (2.12)
where
(I)g,—&—(t) = 17 ‘/E)?—i—(tﬂ—) = —(Od + T)7 Ug,—l—(t) = Q, u(()),+(t77—) = 17

(I)g,—(t) =1, VYO?— (ta 7-) = —(Oé + t)v U(()),—(t) =+t V(()),—(t7 T) =t—-r;

0
yor—1(t) = B3 "1, (D)1 +/ Vo (6, T)vg (7)dr

—Q

t
+URTL L (Dugr—1(0) + / Usp ! (6, T)ugk—1(7)dr, >0
0

0
e (6) =037} _(hemor + [ VB (6 m)usea(r)dr
—Q

t
+ UZ L (H)ugr—1(0) + / Vit _(t, T)ugk-a(T)dr, <0, (2.13)

—Q

here the following notations are used

—Ajt) exp(—A7t)
p2k—1 _ eXP(ik 2k—1 _ _SxXPITAY
2h—1,+(t) Se(@) Vor 1.4 (t,7) 5 (o) sin A (a4 7),
_ exp(—A2t) sin( Az B
U22/§*11,+(t) = ( (5:(62))\]6( )’ u22115711,+(t7 T) = eXp(—A%(t - 7)),
_ 3 (]t]) _ sin g (t + @)
‘I>2k 1 _ % 2k—1 _ >R T
21@*1,*(25) Sp(a)’ ‘/21@71,7(@7) o0k () Sr(I7),
sin At + )

1
2k—1 _ 2k—1 1 _
U2k7177(t) R WAT) VQkil’i(t,T) = sin A\g(t — 7),
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yor(t) = D35 | ()par—1 + B3y (£)p2m
0
[ (VB e () + VR (6 7)) d

+ USE 1 4 (H)ugr—1(0) + Usf: , (t)ugi(0)
+/ (Uzk 1 +(t,7')u2k_1(7) +Z/{22,]§7+(t,7')u2k(7')) dr, t>0,
0
yor(t) = D31 _()pan—1 + B3y _(t)pon
0
+ / <V2k 1t T)ugg—1(7) + Vzgklff(tﬁ)u%(ﬂ) dr
+ USE 1 (H)ugr—1(0) + Usf: _(t)ugi(0)

t
+ / (V%,’:_L_(t,f)u%_l(ﬂ+V§,’;_(t,7)u%(7))d7, t<0; (2.14)

where
exp(—M\2t .
<I>§£717+(t) = I(;g(a)k) ((a — 1) sin A\ga — ad cos Agar — 2)\kt(5k(a)>,

Y
o2 (1) = TP ,
2k,+( ) 5]6(@)

— T1cos A\g(a + 1)

Vo g 4 (6,7) = exp(—Ait) <COS Apasin AT

pYRACY) N

or(|T|) sin 2\« ) sin A\pav
5@ (a— N )+2s1n)\k(a+7)( 5 +)\kt) ,

exp(—A\2t) |
VQk +(t 7') —)\kék(ak)sln)\k(T‘Fa),

2 .
Uzt 14(t) = (W(—Qsm2)\ka+a—w—2t)\ksin)\ka5k(a)>,
exp(—A7t) sin A\
U+ (t) = 5 (@) N
Uk 1+( 7) = = 2X\(t — 7) exp(=A{(t — 7)),

Usi 1 (t,7) = exp(=AR(t — 7)),

) =
o 1-(t) = 21 ( —28in A\, (t + a) + 9x(Jt]) (sin Agaw — Agav cos Agav)
0j:()

+ 0k (o) (sin Mgt — Agt cos Agt) + adg([t]) sin Ay — t0; () sin )\kt) ,
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T )
in A (t+ ) [ (1 —7)sin \g7 2sin A\ (a0 + 7)
Voo - (67) = = — —rcos A\ — — 7
ke (57) Or () Ak F A0k ()
cos \ga Ok (|7]) [ Ok([t]) /sin g 1 /sin A\t
- A
* Ak 5,3(04)( Ak ¢ CO8 kOé) +6,%(a)( N
sin Acady (|r]) | |
—tcoshpt) | = —RCORTV (s, (1) sin Aper — £6 A\t
08 Ak )) Ae02 () (a k([t]) sin Aga — 26y () sin A, >,
in A (¢ + a)dg(|7])
vk (¢, _sin)y |
2 ( ) )\kdk(a)
2k () = — 2sin Ag(t + o) sin \p« B cos Aga [ Or(]t]) (sin)\ka
2k—1,— - )\kég(a) A 5]%(04) A
1 /sinAgt
_aCOSAka)-i-m( " —tcos)\kt>>
sin Ay« ) ‘
+ W <a5k(|t|) sin Ay — t0g () sin /\kt>7
in A (t+a)
o) = T
Vi1 (t,7) = ! (t—T)cos)\k(t—T)_w 7
V2t (7 = SRAEZT)
9 Ak

The above integral representation of the solution to the problem (2.5) — (2.7)
contains a function

Ok (a) = cos A\ga + A sin Adga (2.15)

in the denominator. For sufficiently large k£ and rational positive «, it satisfies

the estimates
sin(Apa + Wk:)’ <y /1+ X2,

[0k ()] = /1 + A%
_ ./ 2 | g / 2 ain
|0x(c)| = /1 + AL ‘sm()\ka + 'yk)‘ > 4/1+4 A;sin 2% (2.16)

here v, = arcsin (\ /14 )\i) 1, a=p/q, 2kp = sq+r, p,q are positive integers,
r is a non-negative integer not exceeding ¢ — 1, s is a non-negative integer.

Consider the following optimal control problem: we need to find the function
u(x,t), which returns an extreme value to the quality criterion

T ,l
J(u):/ /0 q(z, t)y(z, t)dxdt, (2.17)
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when restrictions are met

OOO <ﬂ§(—a) +/ vf(t)dt> < (2.18)

y(@,T) = ¢(x), (2.19)

where g(x,t) € La(D), (x) € L2(0,1) are fixed functions whose properties will
be specified below.

u;i(t) = ti(—a) + /t vi(T)dr, t>—a, 1=0,1,.... (2.20)

—

If the condition (2.19) is satisfied, then the solution to the problem (2.17) —
(2.20) exists and is reached on boundary of the domain (2.18): the linear func-
tional reaches extreme values in control when the last is located on the boundary
of a closed convex region.

3. Formal solution of an extremal problem

The functions g(x,t), ¥ (x) have series expansions

[e.9]

a(@,) = Yo@ao(t) + Y (Yor-1(@)aze-1 (1) + Yor(@an(®)),  (3.1)
k=1

U(z) = Xo(@)to+ ) (sz—l(ﬂﬁ)wzk—l + sz(x)wzk), (3.2)
k=1

where qz(t) - (q(7 t): Xi('))L2(0’1)7 i = (w()v Y;;('))LQ(O,I)’ 1=0,1,....
Then the problem (2.17) — (2.19) becomes

J(u) = f; ( /_ z qi(t)yi(t)dt) = eatr, (3.3)

if

>/ T
; <U12(—Oz) + /_a vf(t)dt) =% (3.4)

yi(T) = i(z), i=0,1,.... (3.5)
The Lagrange functional for the problem (3.3) — (3.5) will have the form

o T 00
L= ‘ (/ Qi<t)yi(t)dt> - ;m (4i(T) — i(x))

o <yz B :0 (@g(_a) 4 / Z vf(t)dt)) , (3.6)
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where m, p;, ¢ =0,1,... are Lagrange multipliers.
The Lagrange functional (3.6) can be represented as

o0
m
L=1Ly+ ZLQ}C_L% + 5 v
k=1

where

T T
Lo= [ Ot +onl@) i) - 5 (da)+ [ o). 69

—Q

2k

T
L= 3 ( | 600+ () - b5)

j=2k—1 N T

- 5 (@?(—O&)—F/_z vf-(t)dt)). (3.9)

Let us obtain optimality conditions for the above problems, taking into account
integral representations (2.12) — (2.14), (2.20). For the problem (3.8) we get

oLy 0 . B
Bin(—a) ag + poby — mig(—a) =0,
0Ly ad _(t) + puob _(t) — muvo (), t€ (—a,0),
0=—-—1()= ’ ’ ’ 3.10
] 0= .4 (0) + ol 4 (1) — muo (1), 1 € (0,7, S
where

agz/_(;(qo(t)(_i%? (t,7)dr + US_( >+/t0q0 Vi — Tt)d7‘>dt
+/0T(q0(t)(/_i‘/0+(trd7+Uo+ ) /tho L{0+(Tt)d7>dt

b) = v0+( T)dr + Ug , ( )+/ Uy (T, 7)dr
0

—Q

af_(t) = /t 0 ( / 0 w0 (EVE_(E, r)d&) ar+ | 0 W)U (€)de

_I_/t 0 () (/E V(()J’_(g’f)dq-) d¢ + /O </0T QO(E)‘/()?+(§,T)d€> dr

/Oqu@Uo+ €)de + / / Qo (UL, (&, 7)dgdr,

_|_
bo, _ [ VO (T, €)de + U, Tuo T, 7)d
— - ] 0+ E §+ 0+( )+ 0 0,+( 7T) T,
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T 13 T
ad  (t) = /t q0(€) ( /t U8,+(£,T)d7> g, by (t) = /t us (T, 7)dr,

0 Ly
81}0
The parameter po in the equations (3.10) is determined from the moment

equality (3.5) for ¢ = 0 and has the form

(t) is the Frechet derivative of the functional Ly.

m(% - ‘1’8,+(T)<Po> — 70

— 3.11
Ho RO ) ( )
where
0 T
mo= [ d @ (0de+ [ ob (088 (00,
— 0
0

Ry = (b9)? —I—/

—

T
8 (Pd+ [ (28 (0.
0
In (3.11) Rp > 0. Indeed, let Ry = 0. Then
bp=0, by _(t)=0, te[-a,0, b}, (t)=0,te(0,T] (3.12)
From the last equation of the system (3.12) it follows
Uy (T, t)=0, te(0,T].

Since bgﬁ (—a) = b3, then subtracting from the first equation of the system (3.12)
second one, we get

Vo (T,t) =0, te[—a,0]

Taking into account the two equalities obtained above, it follows from the first
equation of the system (3.12) that U& +(T) = 0. The resulting equalities contradict
the definition of the functions U87+(t, T), VOO’Jr (t,7), U87+(t), ie. Ry > 0.

Then from (3.10) — (3.11) we find

. 1 1
do(—a) = E'Ag + By, vo+(t) = %Ag}(t) + B+ (1), (3.13)
where
0
A0 — g0 bgro 80— by <¢0 - ‘I’O,+(T)<Po>
0 RO ’ 0 RO ’
0 o oo Ban L B=0(v - 204(T))
Ag JF(t) = ao?(t) Ry ) BQ;( ) = Ry .
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For the problem (3.9) we get

OLoj 1.2k .
A = ah T+ Z 1057 = miigp_1 (—a) = 0,

Ditzg—1(—a) j=2k—1
OLok—1 2k ok 2h ok
T2%k—12k B2k mdion(—a) = 0
aan(_a) 2k+ ._Z Hj J mqu( Oé) )
Jj=2k—1
0= Lar—rom| ayy ()+ZJ ob_1 105" () — mugg 1 (1), £ <0,
Ovap—1 agy” %+( )+Z] o1 M jb?li Y(t) — muo_1,4(t), t >0,
0= ook o _ agi ()+ZJ Dot HUF () = muvag,—(¢), t <0,
ok asy; +( )+ Z] 2k— 1#]5% (t) — m a4 (1), >0,
(3.14)
where

0 0
t= [ (o [ v i vt o)
0
+ / ok (T)Var_t (7, t)dr | dt
t
T 0
+/0 Q2k1(t)</ V22kk—_11,+(t77')d7'+Uzzlf—_ll,+(t))

T
+ / ok (MU~} (7, t)dr) dt
t

o (w(t)(/av% (6T + U (1)

—Q

0
+ / qgk(T)Vglf_l’_ (7, t)d7'> dt
t

+ /OT (q%(ﬂ(/_oa V22kk717+(t77)d7 + U221571,+(t))

T
+ / q2k;( )u2]§71:+<7_’ t)dT) dt,

0 T
21 2h—1 21 2h—1
bop—1 = / Vor1 4 (T, m)dr + Uy ( +/0 U~y (T, 7)dr,
o
0 T
byt = / Vi 1+ (T,7)dr + U. Sh 14( +/0 o 1+(T,7)dr,
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0 0 0
= [ <q2k<t>( | vt i g @)+ [ q%(T)v%,f,_(m)dT)dt

T 0 T
- (qgkw( | vt enir+ gt o) + [ q2k<f>u§;f,+<r,t>d7)dt

—Q

2k
ka 1=

aglg:i,_(t) _ /to (/Oa Qor—1(E) Vi~ 1 (&, )d§> dr+/0a Q2k—1(§)U22,]:__117_(§)d§
+/t0 @r—-1(§) </t5 Vi % (& 7)d ) dg§ + /0 </T qok— 1(5)‘/22;€k_117+(f,7')d§> dr

T

[ e €)de + / / Gk (UL (€, 7)dedr
0 0

/ ( / eV L (€, )d&) dr o+ /_ (U, (€)de

/ aon(€ < / Vi, )d£+ / O ( /0 quk(f>vgik_1+<£,r>ds> dr

+ /0 Qo ©UZE |, (€)de + / / Gon(EUZE (€, 7)dédr,

0 T
o, = [ VEL@oar VB + [ W

T
B0 = [V o i+ [ @

T
bSZ OE /t Vak (T, 8)de +Usg_y ((T) +/0 Uy, (T, 7)dr,

T
a§£:17+(1§) :/t qok-1(§) </ U= 11+(£,7')d7'> d¢

T
G ( / U§§_1,+(§,T)d7) de.

T
k— k— k
bgk i+ _/t u22k711,+(T7 T)dr, bgk +1 / Z/[ — 1+ (T, 7)dr,

asg _(t) = / : < / : qzk(ovzk’f(&m)dg) dr + / ok (E)Uspy _ (€)d¢

—Q

/ gon (€ ( / Vik >d£+ /t 0 < /O Tq%(@vgi‘;(sw)ds) dr

T T
4 /0 QoR(OUZE, (6)de + /0 / aor(OUEE (€, 7)dédr,
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0 T
b (1) =0, @ﬁxwzlfwﬁgT@ms+aﬁ+uv+A Uk (T, 7)dr,
2k r ¢ 2k
a3t () = / 4o (€) / U3E (6, 7)drde,
t t
T
b%AAw:o,@ﬁngzmwﬁﬁﬂfwr

The parameters pop_1, o, k = 1,2,... for each k are determined from the mo-
ment equalities (3.5) (i = 2k — 1, 2k) that generate the system

Ry Vuok—1 + Ry o, =m (¢2k—1 - ¢§£:%,+(T)902k—1) — o,
REE_ypioge—1 + R o, (3.15)
=m (1/’% - ¢g£—1,+(T)§02k—1 - (I)%g,-y (T)S%k) - T%]’:,
where
0 T
%—1 _  2k—1;2k—1 %1 2%—1 %1 %1
Top—1 = Qo103 +/ a2k—1,_(t)b2k_1,_(t)dt —l—/o a2k—1,+(t)b2kz—l,+(t)dt’
—Q
2%—1 2k—1)2 O (ok—1 2 T ok 2
Ry = (b2k71> "’/ (b2k71,—(t)) dt+/() (b2k71,+(t)> dt,
—Q
0 T
2%—1 _ p2k—172k—1 %1 2%—1 %1 2%—1
Ry = by 10y Jr/ D31, ()3 — (t)dtﬂL/0 bor—1 4 ()3, - ()dt,
—Q
0 T
k _ 2k—172k—1 %1 %1 2%—1 %1
o = a5y 1b3; +/ age_y ()b (t)dt+/0 ag_y (Db (t)dt
—Q
2% 2k O o 2% T o 2%k
+a2kbzk+/ a2k,(t)b2k,(t)dt+/0 asg 4 ()3 4 (t)dt,

0 T
mi - [ onons [ s on
2 0 2 T 2

o _ (p2k—1 %1 %1

Ry, = (ka ) +/a (b%,— (ﬂ) d“’/o (bgk,+ (75)) dt

2 T 2
(83 0) dt + / GROXD
0

0
Consider the solvability of the system (3.15). Its determinant has the form

+ (b%’,;f +/_

07

2
Agi—12c = Ry R3f — (Ri’;‘l) ; (3.16)

2k—1 _ p2k
because R3,~ = R3j_;.
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Let us show that for all £ : Ag_; 95 > 0. To do this, we use the Hilbert space
H = R x Ly(—a,0) x Ly(0,T) with scalar product

0 T
a_(D)b_(t)dt + / ar (b (B)dt, abeH.  (3.17)
0

(a.5),, = ab+/

—

Then the determinant (3.16) in terms of the characteristics of the space H can be
represented in the form

2 2 2 2
72k— 7 ok— 2ok 2ok—1 F2k—
Aak-1,2k = Hbg’“iHHO’bgk IHH * Hbg’“HH> B (bgk*%’bgk 1)7{’ (3.18)

~ / N /
where (B261) = (371, 02571 (0, 021, @), (B31) = (3N o8,

/
2k—1 7
bii), (83) = (03 930, 03, ().
Let us estimate from below the value of the determinant Agy_; o, using the
Cauchy-Bunyakovsky inequality for the scalar product,

22k— 72k— 72k p2k— p2k—
Bon-v,an > BB I3 (B35 13 + NB3EI3: ) — 163K I35 134
72k— 22k 7 2k—
— (351301635 13, = 163514 (3.19)

since lgk = lggj due to the integral representation (2.13) — (2.14) of the original

boundary value problem solution.

Let us show that Agj_q 91 > 0 for any k.

Indeed, suppose that l;gllzj = 0. Then the system of equations

0 T
bar 1 = / Vol (T, m)dr + Ui =] (T) + /0 U=t (T, 7)dr =0,
—a
0
B0 = [ VAL (e + UL ()
t
T
+/ Uil (T, 7)dr =0, te€[-a,0),
0 b
T
o1y (1) = /t Uspt (T, 7)dr =0, te[0,T],
The written system will take place provided that
UBEL L (Tom) = VB (T 7) = UBE (1) = 0

(see the analysis of the Ry = 0 case above). This contradicts the definition of
. k— k— k—
functions Uyy !  (T,7), Vap ' (T,7), Up—| (T).
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Thus,
Hok—1 = A;;j,l,gk [m (<¢2k—1 — @32:%7+(T)S@2k—1)R§£ - (@ZJ%

9

k k k— k p2k— k—1 p2k
- q)%k—l,+(T)502k—1 - <I>%k,+(T)<P2k)R§k 1) + T%kng t- Tgij%k

H2k = Aziqu,zk [(m <¢2k - <D3£—17+(T)902k—1 - @%’,jﬁr(T)@%) RSZ:}

2k—1 2k 2k—1 p2k 2k p2k—1
- (7/)219—1 - q)2k1,+(T)‘/’2k—1)Rzk—1> + o R ok o,y

2k—1 :
(3.20)
Then from (3.14) and (3.20) we find
Uj(—a) = ifl]: + B
L m (3.21)
v (t) = EA;PF(” +Bi (), j=2k-12k k=12,...,

where

1
%—1 _  2k—1 o%h—1(, 2k p2k—1 _  2k—1p2k
Ay =ag 1 + A bop—1 (T2kR2k 7‘2k71R2k>
2%—1,2k

2%—1( 2k—1 p2k—1 2k p2k—1
+ b3y, <T2k71R2k - T2kR2k1>] ’
1
2k—1 2%k—1 2k—1 2k
B3 :m [b%_l <(¢2k—1 - ¢2k_1,+(T)<P2k—1>ng
- (T/J% — ®5p 1 (1) P21 — (I)%II;-&-(T)‘P%) R%ZI)

+ bart ((%k — 55y (T)pom—1 — ¢§§,+(T)<P2k>R§’,§j

)

- (¢2k—1 - ¢§§_%,+(T)<pzk_1>R§§_1>

1
2k—1 _ 2k—1 2k—1 2k p2k—1 2k—1 p2k
AQk_l,:F(t) = an_L;(t) + Aok 195 [ka_17¢(t) (TZkRzk - T2k—1R2k>

2k—1 2k—1 p2k—1 2k p2k—1
+ by = (1) (r2k—1R2k - T2kR2k—1>] )
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1

2k—1
Bacl) = R

b§£:},¢(t) <(7/12k—1 - ‘1>§];§:%7+(T)<P2k—1>R§Z
- (?/)21@ — 03, (T)par—1— ¢§Z,+(T)902k) Ril’il)
+ b%ﬁ,;l(t) ((1/’% - @gllf;—l,Jr(T)‘P%—l - ¢%£,+(T)902k> R%Zj

- (%k—l - ¢§Z:%,+(T)<P2k—1>352—1>] ;

1
% 2%k % % p2k—1 2k—1 p2k
Aoy = agp + N bok—_1 (TQkRQk - Tzk—1R2k>
2%—1,2k
% [ 2k—1p2k—1 2k p2k—1
+ bog, (7’2k—1R2k - T2kRQk—1>] )
BQk _ 1 b2k @2]6—1 T R2k
o = Ao |21 Yar—1 — Py 4 (T)p2n—1 ) Ry,
2%h—1,2k

- (%k — 031 (T)par—1 — ‘1’32,+(T)S02k> R%Z‘1>
+ b3k ((z/ak — OB (Mo — O3 L (T)oor ) R

- (¢2k71 - ®g£:%7+(T)<P2k1>R%§—1>],

1

AR () = a3p - (t) + ———
2k,:|:( ) 2k,:|:( ) AQk—l,Qk

o% % k-1 2k—1 o2k
bog—1.+ (1) (erng - Tzk—1R2k>

Y

% %=1 p2k—1 2%k p2k—1
+ bag = (1) <T2k—1R2k - 7’2kR2k—1>

1

2% _
Bar(1) = Aok—1,2k

b1+ () ((¢2k1 - <I>§’,2:},+(T)<pzk71>R§’;§
- (wzk — 51 4 (T)par—1 — @§£7+(T)g02k> Rii_l)
+ b%’iﬁ;(t) ((%k - <I>%’;§71,+<T)sozk71 - ‘I’%Q,JF(T)(P%)R?E:%

- (wqu - <I>§ij,+(T)<p2k1>R%’;§1>]-

67
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Lagrange multiplier m, according to condition (3.4) and formulas (3.13), (3.21),
determined from the equation

(1Y v2a() wemo oz

where

¢= i [<A§)2 + /_1 <A§7_(t)>2dt + /T ( §’+(t))2dt] ,

=0
oo 0
d:Z[A§B§+ Al _(t)B! dt+/ Al L (6)BL, (t)d ]
i=0 -«
> 2 2 T 2
2 i i i
() +a<, o [ (a0
Let the series defining the coefficients ¢, d, e of the equation (3.22) converge. Then
1 —d++vD
<> = J, (3.23)
1,2 ¢

where D = d? — ce is the discriminant of the equation (3.22).
The number v in the constraint (2.18) must be such that the inequality

D= (i[&isﬂ _ZAZ; B: dt+/ Al (OB (t)dt DZ
+ (oo [<A§)2+/0 <A§,_(t))2dt+/0T( §7+(t)>2dt]> (3.24)
i=0 “

x (ﬂ _ 2 [(B;’)Q + /Z (B;,(t))zdt + /OT <B§,+(t))2dtD > 0.

Then the formulas (3.13), (3.21) are a formal solution to the problem (2.17) —
(2.19).

4. Substantiation of the solution of an extremal problem

Let us find the conditions on the data of the original problem under which the
above formal results hold.
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Let us first estimate the right-hand side of the inequality (3.19) from below.

. 0 T 2
Hbzz—ln;&:(( | v i UL () + /O U3 (T r)dr )

—

0 0 T 9
- / ( / Ve (T,9)dg + U~ (T) + / Usp—t (T, T)dT) dt
t 0

_;C T 5 \2
+ /0 ( /t ULl (T, T)dT) dt) . (4.1)

Applying to the right side of equality (4.1) the inequality about the relationship
between the arithmetic mean and the geometric mean, we get

. 0 T 2
it o| ([ vt o gt s [ o

«

0 0 T 2
X / ( /t Vo L (T, 9)de + U=} () + /D Usp ™ +<T,T)d7‘> dt

x / T( / Tug,f:i (T, T)dT)th] . (4.2)
0 t

Let us estimate the factors of the right-hand side of the inequality (4.2) from
below.

win

0 T 2
( /_ Vol (T, m)dr + Ui~ (T) + /O Ush 1 (T, T)dT)

_ <_ exp(—A2T)
S (a)A?

exp(—A:T)
Ok () Ak

2

1 2 1 exp(—A2T)

—(1- —\T S I I A S b .
+)\’2§( exp( k ))) = )\}‘; ( A ;

1 —cos A\ya ) + sin(Ap«)
( )

—

O Vexp(—\iT) exp(—=A2T)
= —_— Apa — A t —— E Zgin(A
/a< AT (cos g — cos A (v + )) + AR sin(Aga)

1 9 2 a exp(—A\3T) 2
Jr)‘i (1 exp( )\kT))> dt > ¥ <1 N ;

0 0 T 2
/ ( /t Vol L (T, 9)de + U~} (T) + /O Usi ™) +(T,T)d7> dt
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r r 2k—1 ? 1 r 2 ’
/ </ Ule’Jr(T,T)dT) dt = 55 1—exp<—)\k(T—t)> dt
0 t Lk J0
1 T

2
>51 ), (1—exp(—A%(T—t))> dt.

The above estimates imply the inequality

C
Agk_LQk > F . (4.3)
k
The optimal control formally found in the previous subsection must be an abso-
lutely continuous function, i.e., the series must converge

U= g (a?(—a) + /_Z v?(t)dt) <C ﬂ; g ((A§)2 + /_i (AL _())%dt +
o [ a3 (@00 [ @ ora [ eopa)|
(4.
where Y
i<W+¢5.

Due to the representation for the constant c,, the estimate for the quantity U will
be a fair

d2 +D > i\ 2 T i 2 0 i 2
U<0|— +; <(Bz) +/O (Bi.- (1)) dt+/_a (Bi+(1) dt)] , (4.5)
where

0

T
(AD._(t))2dt +/ (A87+(t))2dt £ 0.
0

Further, two variants of sufficient conditions on the initial data of the prob-
lem under consideration are possible, under which the above series will converge,
defining the formal solution of the problem.

Case 1. Let the input data be p(x), ¥ (x) € C5°(0,1), g(x.t) € Cg’oo(D), ie. by
spatial coordinate they are infinitely differentiable and finite on the boundary.

Consider, for example, how it will look for the function ¢(x). The above series
will converge if the series is convergent

Z N (@%kq + @%k) ; (4.6)
k=0

co = (A8)2 +/

—Q

where [ — some positive integer and let here p_; = 0. Really,

1 1
Pok—1 :/o o(x)Yop—1(x)dx, 8021::/0 () Yo (z)d.
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Integrating by parts, for the coefficient 91 we obtain

1 1
Pok—1 = /0 o(z)Yop—1(z)dr = 4/0 o(x) cos(A\px)dx

L4 [Mde(a)
0 )\k 0 dx
4 ) L4 do(x) 14 [P dPp(x)

=5 o(x) sin(Agz) . + )‘72 . cos()\kx)‘o — )\—i /0 e cos(A\gz)dx

4 dp(z) COS()\kJJ)‘;— 4 d2p(x)

4 o(z) sin(Agz)

" sin(Agpz)dz

)\72 da?
14 dy(x)

(x) sin(A\gx) ’0 + X d

4 1 1
- in(\ = ’
" o(x) sin(Agz) 0+ N do

sin(Axx)
4 [P dPe(x) _ 4
X Jy " di? Y
4 do(a) L4 dPp(x)
- = A .

A3 da? sin km)o Ay dad

4 [1dio(x) N (DR @ () L
= z)de = ... =4 . P i O ‘
+ )\i/o dz? cos(Axz)dz ; A dri-1 ¢ (A, @) 0

_|_

1
sin(A\gx)dx cos(Ag) ‘0

1
cos(Ag) ‘0

4 ldmgp(:v)
_)pm O, 7)oz, 4
g [ 8 0O (4.7

where
g, m=2;-1, 7=12,...,
Hom = n, m=2n, n=1

sin(Axx), m — odd,
Qm()\lmx):{ ( k )

cos(Ag ), m — even.

Since the function ¢(x) is finite, the equality (4.7) takes the form

4 (tdmo(x
Pop_1 = (—1)“’">\m/0 df’& )gm()\k,x)dac. (4.8)
k

Similarly, setting w(x) = ¢(z)(1 — ), for the coefficient o, we have

1 1
Yok = /0 o(x)Yor(z)dz :4/0 w(z) sin(A\gx)dx

14 dw(z)

— Axz)d
’0+)\k/0 . cos(A\gx)dx
4

w(x U dw(x
=— —w(x) cos()\kx)’1 + 4 dwlz) sin()\kx)‘l 1 /0 du )sin(/\ka;)dx

4
= w(z) cos(Axx)

Ak 0 A dx 0 )Ti Cda?
4 L4 dw(z) | 1 4 dPw(x) 1
= — )\—kw(x) COS(/\M)’O + /\7% Ir Sln(/\kx)‘o + )‘72 a2 cos(Ax) 0

13 1
- ;L;?;/o d;;(f) cos(Agz)dx = ;lk w(x) cos()\kx)‘o
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4 dw(x) | 1 4 d*w(z) 1 4 dBw(z) 1
2 dn sm()\kx)’() + N da? cos()\kx)’() TN da sin(A\gx) .
4 (tdiw(z)
+ )\]%:/0 i sin(A\px)der = . ..
m—1 ) ;
4 1 (_1)“1""1 dzw(x) 1
-2 )|+ 4 4 o, )|
" w(z) cos(Apz)| + ; N 0i(M, )| +
4 (tdmw(x)
+ (=1) A?/O Tom . om+1 (A, 2)de (4.9)

Taking into account that the function ¢(x), is finite, the equality (4.9) takes
the form

4 [Ldmw(z
oo = (— )™ >\m/0 dxf(” ) Om+1 (Mg, ) dx. (4.10)
k
Due to the fact that
o) den) A ()
dzm (I-=2) dzn dgn—1 7’
from the formulas (4.8), (4.10) we get the estimate
C & d’p(x) 5T 5%
< — =2k —1,2k. 4.11
il < 3 ;)J?[%ﬁ] prwrd B , (4.11)

Taking into account (4.11), for the series (4.6), we obtain the estimate

— [ 2 P - o) P~ 1 (4.12)
§A<<p,+<p>§c§ max ) . 412
~ k 2k—1 2k ~ xe[o,l] dx? — Aim—l
We choose the number m from the condition
2m —1 > 2. (4.13)

Then the series (4.6) will converge.

Case 2. The class of original functions can be extended for the convergence of
the above series, defining the formal solution of the problem. Indeed, let a priori
estimates of the type (4.5) result in series of the form (4.6). Then due to (4.7),
(4.9), we set p(z) € C™(0,1) u

A p(0) _ d (1)

dr2k—1 —  qp2k—1 2k—1>0,
d** (0
d;(k)zo, k=0,m.

If the conditions (4.13) are met, the series (4.6) will converge.
For other inputs, the analog result will take place. The general case is not
presented here due to the cumbersomeness of a priori estimates of the form (4.5).
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