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Abstract. The paper investigates the issue of stability with respect to external distur-
bances for the global attractor of the wave equation under conditions that do not ensure
the uniqueness of the solution to the initial problem. Under general conditions for non-
linear terms, it is proved that the global attractor of the undisturbed problem is locally
stable in the sense of ISS and has the AG property with respect to disturbances.
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1. Introduction

Properties of global attractors of nonlinear wave equations with dissipation
under different assumptions on the interaction functions have been under inves-
tigation in many papers (see [1,2] and references therein). With the appearance
of the works [3,4], it became possible to study invariant uniformly attracting sets
of infinite-dimensional dynamical systems without uniqueness of the solution of
the initial problem, considering instead of a classical semigroup its multivalued
counterpart called an m-semiflow. In particular, for the wave equation with non-
smooth nonlinear term f the existence and properties of the global attractor of
the corresponding m-semiflow were investigated in [5].

In the presence of external disturbances, the problem becomes non-autonomous
and its dynamics can be described in terms of uniform attractors of semi-processes
[6-9]. It turned out, that this theory also allows us to solve the problem of es-
timating the deviation of the solution of the disturbed equation from the global
attractor of the undisturbed system. In the case of a trivial attractor consisting
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of a single asymptotically stable equilibrium point, for the simplest partial differ-
ential equation of the reaction-diffusion type, such results first appeared in [10].
The technique of this work was based on the classical ISS approach of Lyapunov
functions [11-13] and could not be applied to systems with non-trivial attractors.
The corresponding technique was developed in the works of [14,15] and applied
to the wave equation with a smooth interaction function f and disturbances of
the type h(x)d(t) in the work [16]. The extension of this theory to the case of
non-uniqueness of solution of the initial problem was carried out in [17]|, where
the local ISS property of the attractor was established for the reaction-diffusion
system.

In the present paper, we consider a wave equation with a non-smooth nonlin-
earity f(y) and a g(y)d(t)-type disturbance with a non-smooth function g. Local
ISS and AG stability properties with respect to disturbances are established for
the global attractor of the undisturbed problem (d = 0).

2. Setting of the problem

In a bounded domain €2 C R™, n > 1 we consider the following boundary-value
problem

2 xT T
Pyo) 4 gD _ Ayt ) + F(y(t, ) = g(y(t,2))d(t), t> 0,
y(ta $)|w66§2 - Oa

(2.1)

where o > 0, f,g € C(R) are given, d € L>(R) is a disturbance parameter.
We prove (see Lemma 3.1) that under rather general assumptions on f,g
the problem (2.1) is globally resolvable (in weak sense) in the phase space X =
HE(Q) x L*(Q). The uniqueness of solutions is not guaranteed.
Let us consider a multi-valued map Sy : Ry x X + 2%,

Sa(t,z0) = {z(t) | z = <i) is a solution of (2.1), 2(0) = z}.  (2.2)

For d = 0 (undisturbed problem) the multi-valued map Sp : Ry x X + 2% is a
multi-valued semigroup (m-semiflow), which possesses a global attractor © C X,
i.e., there exists a compact set ® C X such that

0 = So(t,0) ¥t > 0,

Vr >0 sup dist(So(t,20),0) — 0,t — oc.

l[20l|<r

Here and after we use denotations:

dist(4, B) = sup inf [|€ — 1lx, [|Alle = dist(4, ©).
¢eANEB

Thus, in the undisturbed case, all trajectories (2.1) eventually end up in an
arbitrarily small neighborhood of ©. The paper investigates the issue of estimating
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the deviation of the trajectory of the disturbed problem (2.1) from the set ©
depending on the value of [|d||cc = esssup;c (o 4.o0) [d(t)]-

This question in terms of Input-to-State Stability (ISS) theory can be solved
by setting the estimate (ISS property): V¢ > 0

15a(t; z0)lle < B(ll20lle ) +¥(lld]loo)- (2.3)

Here v : [0,+00) — [0,400) is a continuous strictly increasing function with
7(0) =0 (v € K), B : [0,+00) X [0,400) + [0,400) is a continuous function,
YVt >0 5(,t) € K, Vs >0 ((s,) decreases to 0 (8 € KL).

The main results of this work are a local variant of (2.3) (local ISS) (see
Theorem 4.1) and Asymptotic Gain (AG) property: Vzg € X

T [1Sa(t, %0)lo < (/d]ec)- (2.4)

3. Existence, a priori estimates, and regularity of solutions.

Assume that there exist positive constants m, c1, ¢, c3, ¢4 such that Vs € R

F$)] < er(1+[s]79), (3.1)
F(s) > —as® —ca, f(s)s — F(s) +as® > —cs, (3.2)
9(s)| < e, (3.3)

where a < %, A1 is the first eigenvalue of —A in H(Q), F(s) := [ f(t) dt.

Remark 3.1. In all further arguments in the case n = 2 we can assume that in (3.1)
f has arbitrary power growth because of embedding Hg(Q) C LP(Q), V p > 1,
and in the case n = 1 assumption (3.1) is not needed because of embedding

H}(Q) c C(Q).
A solution of (2.1) we will understand in a weak sense, i.e.,

a pair of functions z() = (5%) € L>(0,T;X) is called a solution of (2.1) on
t

(0,T) if Vb € HL(RY), Vn € C5°(0,T) the following equality holds

T T
[T+ [ (a9 + 00+ C6).8) — G0 0d0) =0,
0 0

(3.4)
where by |||| and (,) we denote the norm and scalar product in L?(Q).
If z € LS (Ry; X) satisfies (3.4) VT > 0, then z is called a global solution (a
solution for short) of (2.1).

Lemma 3.1. Under assumptions (3.1)-(3.3) Vzo € X, Vd € L} (Ry) there exists
at least one solution of (2.1) with z|i—o = 20.
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Proof. First, it should be noted that due to embedding Hg () C L%(Q), n > 3,
from conditions (3.1), (3.3) we deduce that for y € L>(0,T; H} (1))

fly) € L*(0,T; L*(R)), g(y)d(t) € L*(0,T; L*(2)).

So, results of [1] allow us to claim that for every solution of (2.1) and VT > 0

Yt

2= <y> e C([0,T); X).

In particular, the initial condition z|;—g = zp makes sense.
We prove an existence of solution of (2.1) by Galerkin method [1|. Let zp =

(ZO) € X,T > 0 be given. For every m > 1 we consider an approximation
1

function
m
Ym(t) = gim (Hws,
i=1
where {w;};>1 are eigenfunctions of —A in HZ(Q), and {gim ()} are solutions of
ODE system

d? d
@(ymij) + a%(ym%‘) + (Ums wj) i

+ (f(ym)s wj) — (9(Ym), wj)d(t) =0, j =1,m (3.5)
Ymlt=0 = ym(0) = yo in H(Q), yhli=0 = ¥/ (0) = y1 in L*(Q).

Due to Carathéodory’s theorem we have a solution of (3.5) on [0,7,,]. Let us
derive a priori estimates which would imply that 7T;,, = T. For this purpose, we

introduce a function
1 1
Yo (t) = Sl @1 + S lym @17 + (Fm (), 1) + 605, (8), ym (1)),
where ¢ € (0,«) we will choose later.
Due to (3.5) we get:

dYpm

E — —(a = )l O — bllym (B2 — A0 tm)

— 6(f(Ym)s ym) + Wrn> 9(ym))d(t) = 6(ym, 9(ym))d(t)
=¥+ (=a+ 3 ) (Ol = Slm Ol

+ d ((F(ym)7 1) - (f(ym)a ym)) - aé(y;ru ym) + 62(:9;717 ym)

+ (Y 9(Ym))A(t) = 6 (Y, 9(ym))d(t)

36 )
< -0%,0)+ (~at 5) Ia(OIP - §lam1%

+ omlym|* — es — 6(c — 8) (Y Yim)
+ Y 9(Ym))d(t) = (Y, 9(ym))d(t).
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Taking into account the Poincaré inequality HymH?q1 > A1]|ym||? and assump-
0
tion
A1 — 2a > 0,

we derive that for sufficiently small § € (0, ) there exists a constant ¢5 > 0 such

that
d

dt
Using estimate (3.6) and assumption (3.2) we get

Yo (t) < =6Y5(t) 4 es(1 + ||d||?). (3.6)

1 a

1
S0l + (5= 55 ) loml + 80— ol

< (SIlOP + 3l O3 + (Flam @) 1))
/ et e (L ! 12009 gg )
#8000 O+ s (1+ [ a0 as)

Thus, there exists a constant cg > 0 such that for sufficiently small § > 0 and
for every m > 1 the following estimate holds:

Wi O + T (8 33 < 6 (i O + lum Oy
2n—2 t
(Ol e+ 1 [ a0 as). 7

This estimate allows us to claim that solutions y,, exist on [0, 7] and for some

function z = (5) € L*>°(0,7T; X) up to subsequence
t

Ym — y weak-* in L°°(0,T; H} (Q)),
Yyl — yp weak-* in L>(0, T; L*(Q)). (3.8)

So, due to the Compactness Lemma [18]

Ym — y in L2(0,T; L*(Q)) and almost everywhere (a.e.) on (0,T) x Q. (3.9)

Then
Flym) = f(©), 9(ym) — g(y) weakly in L*(0, T; L*(2)).  (3.10)
Passing to the limit in (3.5), we get that the function z = (5) satisfies (3.4)
t
with z(0) = zp. Therefore, z is the required solution of (2.1), and estimate (3.7)

takes place. Lemma is proved. O

Remark 3.2. Since for the solution z = (5)
t
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f), g(y)d(t) € L*(0,T; L*(2)),

then from [1] it follows that functions

t = ye @I + Iy @I, ¢ (Fy),1), t= (), y(t)

are absolutely continuous. Therefore, for the function

V() = Sl + 5yl + (Fu0), 1) + ), u()

we can repeat all arguments (3.6), (3.7) and obtain that every solution of (2.1)
satisfies (3.7).
Moreover, if d € L*°(R), then from (3.7) we deduce that every solution of

(2.1) z = (5) satisfies the following estimate: V¢ > 0
t

eI + Iy 7 < co ((Hyt(O)H2 + y(0)I[7

n—2 — ]-
+ ly Ol " e "1 5Hd|!§o> - (311)

Remark 3.3. For n = 1,2 in estimates (3.7), (3.11) the term with degree 22=2 is
absent.

n

{d,} c L*(0,T), initial conditions {20} C X, and t, — to. If

Lemma 3.2. Let {z, = (yy )} be solutions of (2.1) on (0,T) with disturbances

20— 2% weakly in X, d,, — d weakly in L*(0,T), (3.12)

then there exists a solution of (2.1) z = (5) on (0,T) such that z(0) = zo and
t

up to subsequence
zn(tn) — 2(to) weakly in X. (3.13)

If convergence in (3.12) is strong, then
zn(tn) = 2(to) in X.

Proof. Assume that (3.12) are fulfilled. Using estimate (3.7) and the Compactness
Lemma we can repeat arguments (3.9) and claim that z, converges to z in the
sense of (3.8), (3.9). Moreover,

Yn(tn) = y(to) in L2(Q), yn, (tn) — yi(to) in HH(Q). (3.14)
Due to (3.9) and Lebesgue’s dominated convergence theorem we get

(9(yn), %) = (9(y), ¥) in L*(0,T). (3.15)
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So, we can pass to the limit in (3.4) and obtain that z = (y

Yt
(2.1), 2(0) = 2.
Estimate (3.7), convergence (3.14) and compact embedding H} () C L?(Q)
guarantee that (3.13) is fulfilled.
Let convergence in (3.12) be strong. Taking into account Remark 3.2, for the
absolutely continuous function

> is a solution of

1 1
Vat) = gllum O + 5 () + (Flun (1)), 1)
we have the following equality: for almost all ¢t € (0,7)

d

2 V() = =allyn O + (9(yn(t)), yn, (8)) dn ().

So, for all ¢t € [0,T1], in particular, for t = t,, we deduce:

1 fn
5 (e (812 + Iyt 13 ) + / Iy, ()] ds
0

—Vn(o)_(F(yn(tn))71)+/0n(g(yn(s))7ym(s))dn(s) ds. (3.16)

Let us justify the limit transition in the right-hand part of (3.16). It is clear
that V,,(0) — V(0). Due to (3.14)

F(yn(tn,x)) — F(y(to,x)) for a.a. x € Q.

2n—2

Additionally, due to the compact embedding H}(2) C L2 () we have

2n—2

Yn(tn) = y(to) in L2 (Q).

Since from (3.1) we get the estimate
2n—2
F(s)] < o7 (1415172 )
so due to Lebesgue’s dominated convergence theorem

(F(yn(tn)), 1) = (F(y(to)), 1) - (3.17)

From the same reasons
9(yn) = g(y) in L*(0,T; L*(2)).

Thus, from (3.8) and strong convergence d,, — d in L?(0,T) we derive:

T T
/ (9n(T)) Yy (7)) d(7) dr — / (), we(r) d(r)dr.  (3.18)
0 0
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Estimate (3.7) implies
tn tn
/ | (9n()): Y (5)) dnls) ds < / da(s)] ds — 0 as n — oo.

to to

Therefore, from (3.18) we can justify the limit transition in the last term of
equality (3.16). Then (3.16) yields

L. 2 2 fo 2
5 1m (g, (6112 + ()3 )+ [ llun(s)] ds
0

< V(0) - (Fly(to)), 1) + /O " (G (s)), pe(s)) d(s) ds
= 5 (Il + ly(e)% ) +a /0 ()2 ds. (3.19)

From (3.19) we deduce that lim,,_, _ [|zn(tn)||x < ||2(t0)||x, which means that
zn(tn) converges to z(tp) strongly in X. Lemma is proved. O

4. Local ISS property for the attractor.

We consider the undisturbed problem

%y(t,x Oy(t,x) _
{ g§2 ) f o ygt — Ay(t,x) + fly(t,x)) =0, t >0, z € Q, 1)

y(tu J") |x€69 =0.

Under assumptions (3.1), (3.2) it is known [5], that the m-semiflow
So(t,z0) = {z2(t) | z = (5) is a solution of (4.1),2(0) = 2z} (4.2)
t

possesses global attractor © in the phase space X = H{(Q) x L*(Q).
Lemma 3.2 and estimate (3.11) guarantee the following properties of Sp:

Vt, — to > 0, Vz(’} — 20, V{n S So(tn,z(’})
up to subsequence &, — & € Sp(to, 20), (4.3)
Vr > 0 the set {Sy(t,20) | t >0, ||20]|x < r} is bounded in X. (4.4)
Properties (4.3), (4.4) imply stability of © in the following sense [17]:
A8 € KLYz € X, YVt >0 [|So(t, 20)lle < B(|lzo0lle, 1) (4.5)

Let us consider the family of maps {Sg}4er defined in (2.2). Here U = L>®(Ry)
describes the set of disturbances in (2.1).
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In addition to conditions (3.1)-(3.3), we will make an additional assumption:
feCY(R) and Jes > 0 Vs € R |f/(s)] < es(1+|s|"), 7 < LZ (4.6)
n p—

It is known [6], that assumption (4.6) ensures the uniqueness of solution in (4.1),
i.e., the map Sy defined by (4.2) is single-valued and generates a classical semi-
group. It should be noted that the function g can be non-smooth, so we cannot
expect uniqueness for the disturbed problem (2.1).

Theorem 4.1. Assume that conditions (3.1)-(3.3), (4.6) are fulfilled. Then the
family
{Satdev, U= L*(Ry)

possesses local 1SS property for the global attractor ©, i.e.,

dr >0, 38 € KL, 3y € K such that

Yllzolle <7, Vldlloo <7, V& =0

15a(t, z0)lle < B(ll20lle, 1) + y(lldlloo)- (4.7)

Proof. According to [17], it is enough to verify the following properties:
Vr > 0 the set {Sg(t,20) | t >0, ||d||cc <7, ||20]|x <7} is bounded in X, (4.8)

Vr>03c(r) >0 V)2 Ix <r 1282 )x <y VE>0

1S0(t,257) = Solt, 27 )lx < e lz5” — 267, (4.9)
drk ek, EIn:Ri»—>R+ such that Vr > 0
— p(rt
lim UG <ooand Vt >0, VY| zl|x <7, Y|d]|eo <7
t—0+ T
dist(Sa(t, z0), So(t, 20)) < n(r,t)s([|d]|oo)- (4.10)

Property (4.8) is a consequence of estimate (3.11). Property (4.9) can be derived
from the following arguments [16]: for [[yi[lzz < 7, [[y2llgg < r from (4.6),

Hélder's inequality and embedding HE () C L%(Q) we get

[ 1) = S i <
Q

2n
Ln—2

) ) 2 < 2
(11l Z, + el 3, ) I = l? e, <l =y (410

Y Yy
7, [|2®(0)]x < 7. Then from (4.11) for the function w(t) = y(M(t) — y3)(t), we
deduce:

(1) 2
Let z(D = (y(l)), 22 = (y(2)> be solutions of (4.1), and [z(V(0)[|x <

1
> (el + lliZy ) + allwnll® < e ()1l g el
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d 1
= (el + Nl ) < 3 ) (lltl® + ol ) -

After applying Gronwall’s lemma we obtain (4.9).

Yt
y®@

disturbance d, ||d||oc < 7 and initial data z;. Let z(?) = (2) | be a unique
Y

solution of (4.1) with initial data 2o, ||z0||x < 7. Then for the function w(t) =

yD(t) — y@(t) we have the following estimate: for a.a. t € (0,7T)

(1)
For proving (4.10) we consider arbitrary solution z(!) = (y(1)> of (2.1) with

d 1
= (el + ey ) < ) (llaell? + ol )

1
+ il oo sup (llrll + llllgg) - (412)
te[0,T

Integrating over [0, t], we get: V ¢t € (0,7)

1P + IOl < 20) [ (P + Ity ) ds

1
+eaTIQ oo sp (Jlell + Il ) - (413)
te[0,7

After applying Gronwall’s lemma from (4.13) we derive the existence of ¢ >
0, n(r) > 0 such that

sup ”2(1)@) _ 2(2)(,5)”)( < CHdHooTe”(’”)T.
t€[0,T]

So, we have (4.10). Theorem is proved. O

5. AG property for the attractor.

In this part of the work we show that under assumptions (3.1)-(3.3) for suf-
ficiently wide class of disturbances U; C L>°(R4) the global attractor © of the
m-semiflow Sy is globally stable in the AG sense, i.e., robust estimate (2.4) takes
place.

Assume that the set of disturbances U consists of all functions d € L>(Ry.)
with

t+1
sup [ Ja(s + ) — d(s) ds < w(i), (5.1)
t>0 Jt
where ¢ may depend on d and ¥ (p) — 0, p — 0+.

Property (5.1) is true for absolutely continuous functions d € L (R ) with

d e L*(Ry).
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It is clear that the set U; is translation-invariant, i.e.,
vd() € Uy, Yh > 0 d(+h) € U;.
Moreover, it is known [6] that for every d € U; the set
2(d) i= iy {d(+h) | b2 0}

is a translation-invariant compact subset of L? (R4), d € X(d), X(0) = {0} i
Vo € ¥(d)

t+1 t+1
sup/ lo(s)|* ds < sup/ |d(s)|*ds < ||d||%. (5.2)
t>0 Jt t>0 Jt

Theorem 5.1. Assume that conditions (3.1)-(3.3), (5.1) are fulfilled. Then the
family {Saq}tacu, possesses AG property for the global attractor ©, i.e.,

e Vde Uy, Vg e X
Tim [1Sa(t, z0)lle < Y(/ldlloc). (53)

Proof. AsVt >0, Vd € Uy, Yo € ¥(d) due to (5.2)

t
—o(t—s 1
[ totopent=as < Zjal., (5.4

so from (3.7) we derive: 3¢ > 0 Vr > 0 3T(r) Vt > T(r), V|20llx < r and
for arbitrary solution z() of (2.1) with z(0) = zp and disturbance o € X(d) the
following estimate holds

12l x < e(X+ ld]loo)- (5.5)

Taking into account dissipative property (5.5), compactness of ¥(d), estimate
(5.2), and abstract results from [16], we conclude that for proving robust estimate
(5.3) it is sufficient to verify the following properties:

op — o in LlQOC(]RJr), zg = z0in X, & € S5, (t, 2)), &n = €in X =

= £ € Sy(t, 20), (5.6)
{on} C 3(d), d € Uy (or oy, € 3B(dy), ||dnllcc — 0), 25 — 2o weakly in X, ¢, 7 oo,
&n € S5, (tn, 20) = {&n} is precompact in X. (5.7)

Property (5.6) is a direct consequence of Lemma 3.2.

Let us prove (5.7). We put &, = z,(t,), where z,() is a solution of (2.1) with
d=on, 2,(0) = 2{.

From estimates (3.7),(5.2) and assumption (5.7) we derive that the sequence
{&n} is bounded in X. So, up to subsequence

&, — & weakly in X. (5.8)
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We can extract a subsequence such that VM > 1
2n(tn, — M) — &p weakly in X.
Moreover, ¥Vt > 0 for sufficiently large n we have from the cocycle property:
Zn(tn — M +1) € Sy, (4tn—nn) (£, 0, 20 (tn — M)).

Let us put g, (t) := op(t +t, — M). Assumption (5.7) allows us to claim that for
some ¢ we have that
Gn — 7 in L3 (Ry). (5.9)

Therefore, from Lemma 3.2 for z,(t) = z,(t + t, — M) we have that V¢ > 0
Zn(t) — Z(t) weakly in X,

E(t) S Sa(t, 0,5]\/[)

In particular,
Zn(M) =¢&, — Z2(M) = £ weakly in X.

It is known [5] that every solution z() of (2.1) with disturbance d() satisfies the

equality p
gf(z(t)) + al(2(t)) = Hy(t, 2(1)), (5.10)

where

1) = Sl + 5 Wl + (F), 1) + S w1o)
Ho(t,2) = a(F(y(1), 1) = 5 (F(u(8). y()
+ 59y y()d(E) + (9(y(t)). (D) d(2):

We write (5.10) for z, and after integrating over [0, M] we get:

M
(&) = I(2n (b — M))e—M + /0 ST E () = () dp. (5.11)

Applying to {z,} arguments (3.17),(3.18), and taking into account strong conver-
gence (5.9), we deduce that VM >0

M M
| et ) dp > [ (o, 2(0) dp s .
0 0
From estimate (3.7) 3¢ >0 Vt >0, Vn > 1
[ (zn(t))] < c, (5.12)

where ¢ does not depend on M.
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Then from (5.11), (5.12) we conclude that

M
T (&) < ce—oM ¢ / e~ @=M) [ (2(p)) dp

n—o0 0

=ce M 4 1(&) — I(Epp)e M < 2ce™ M 4 [(¢).

Thus,

=— 1 _ 1
im S[lén]l5 < 2ce™M + Sle]%-

n—oo

Passing to the limit as M — oo, we get

lim < .
Jim [|€, [ x < [I€]lx

Combining this inequality with weak convergence (5.8), we obtain that the se-

quence {&,} is precompact in X. Theorem is proved. ]
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