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EXPECTED RESURGENCES AND SYMBOLIC POWERS OF IDEALS
ELOISA GRIFO, CRAIG HUNEKE, AND VIVEK MUKUNDAN

ABSTRACT. We give explicit criteria that imply the resurgence of a self-radical ideal in a
regular ring is strictly smaller than its codimension, which in turn implies that the stable
version of Harbourne’s conjecture holds for such ideals. One criterion is used to give several
explicit families of such ideals, including the defining ideals of space monomial curves. Other
results generalize known theorems concerning when the third symbolic power is in the square
of an ideal, and a strong resurgence bound for some classes of space monomial curves.

1. INTRODUCTION

In this paper we build off of recent work by the first author [Gri], which studied what is
called the stable Harbourne conjecture. A full discussion of this conjecture is contained in
that paper; here we highlight some of the relevant facts. The original conjecture of Harbourne
states the following:

Conjecture 1.1. [BRHT09, HH13] (Harbourne). Let I be a self-radical ideal of big height
¢ in a regular ring R. Then for all n > 1,

I(cn—c—l—l) C I

In the above conjecture, I denotes the n-th symbolic power of the ideal I which is
defined by 1™ =, ass(ny({"Bp N R). The big height of a radical ideal is the largest height
(or codimension) of any minimal prime of the ideal. For example, the height or codimension
of the ideal (zy,zz) = (x) N (y, 2) in a polynomial ring in three variables x,y, z is one, while
its big height is two. Of course, if the ideal is prime, or more generally equidimensional, then
the big height is equal to the height.

The motivation for this conjecture and ensuing work on the comparison of symbolic powers
and usual powers comes from the fact that for regular rings, I¢®) C I™ for every self-radical
ideal of big height ¢ due to [ELSO1], [HH02], and [MS17]. In fact, the value suggested by
Harbourne’s conjecture is very natural. Hochster and Huneke’s proof [[11102] that [(®) C ™
for regular rings containing a field uses the fact that in prime characteristic p, 7(¢—¢+1) C Jld
whenever ¢ = p°. In particular, 1(°=¢*Y) C J9 for all such ¢. However, Conjecture 1.1 can
fail; Dumnicki, Szemberg and Tutaj-Gasinska [DSTG13] found the first counterexample to
I® ¢ I? for certain configurations of points in projective space P?. Their ideal I is a self-
radical ideal of big height 2. Other examples followed, such as generalizations of the original
counterexample [[{515], including self-radical ideals of big height 2 in PV for any N > 2,
examples over the reals [CGoM " 16], or certain configurations of lines in P? [MS18].
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However, many nice classes of ideals verify Harbourne’s Conjecture: those defining general
points in P2 [HH13] and P? [Dum15], squarefree monomial ideals, or more generally ideals
defining F-pure rings in characteristic p, or defining rings of dense F-pure type in equichar-
acteristic 0 [GH19]. This last class contains ideals defining Veronese rings, locally acyclic
cluster algebras [BMRS15], or certain ladder determinantal varieties [G595], among others.
In fact, ideals defining F-pure rings satisfy Harbourne’s Conjecture in more generality, over
Gorenstein F-finite rings provided that their projective dimension is finite, as shown in work
by the first author, Ma, and Schwede [GMS19].

Moreover, as discussed in [Gri], there are no counterexamples known to the stable version
of Harbourne’s conjecture, namely whether

](cn—c-i-l) C "

must hold for all n sufficiently large. In fact, this stable version of Harbourne’s Conjecture
holds for very general and generic point configurations in P™ [T X 19, Theorem 2.2 and Remark
2.3], and more general sufficient conditions for the stable Harbourne Conjecture are given in
[Gri]. An important invariant in the comparison of symbolic and usual powers was introduced
by Bocci and Harbourne:

Definition 1.2 (Bocci-Harbourne [BH10a]). The resurgence of an ideal I is given by
p(I) ZSUP{@ FARN IS}-
s

Notice that in particular, if m > p(I) - 7, then one is guaranteed that 1™ C I". The
resurgence of an ideal can be bounded by other invariants [BH10a, Theorem 1.2.1], and
it has been explicitly computed for certain ideals [BH10b, DHN"15, BDRHT16]. Related
invariants have also been studied, such as the asymptotic resurgence [GHVT13], which can
be computed via integral closures [DFMS18].

Grifo [Gril8, Remark 4.17] observed that if the resurgence of I is strictly less than its big
height, then the stable Harbourne conjecture is true. Our work in this paper is directed at
providing criteria for the resurgence of I to be less than its big height. We also observe in
Proposition 2.11 that even if the potentially weaker condition that the asymptotic resurgence
of an ideal is strictly less than its big height, then the stable Harbourne conjecture is true.
In Section 2 we develop our criterion. Our main result in this section is Corollary 2.8, which
states that if the symbolic powers coincide with the saturations with respect to the maximal
ideal, and if one can improve the theorem of [[LL.S01, HH02, MS17] to include coefficients in
a sufficiently deep power of the maximal ideal, then the resurgence is strictly less than the
big height.

In Section 3 we give some classes of ideals to which the criterion of the previous section
apply. One surprising result is that if Harbourne’s conjecture can be verified for a single
value n to say that I(»=°t1) C mI” then the resurgence is less than the big height and
consequently the stable Harbourne conjecture is true.

In Section 4 we apply the results of the previous sections to the case of space monomial
curves. We prove in general that their resurgence is strictly smaller than their codimension,
and consequently all of them satisfy the stable Harbourne conjecture. Grifo had previously
proved that P® C P2 for the defining ideals for space monomial curves [CGri, Theorem 4.1].
In Section 5 we generalize this latter fact to ideals defined by the 2 x 2 minors of a 2 x 3
matrix in a regular ring such that the ideal of entries of the matrix is generated by at most
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5 elements. This result is based on work of Seceleanu [Secl15, Theorem 3.3] as extended by
Grifo [Gri, Theorem 3.12].

Section 6 computes a strong bound for the resurgence of certain self-linked space monomial
curves of 3. Since there are example of such curves with P ¢ P3, this bound is in general
sharp.

2. CRITERIA FOR EXPECTED RESURGENCE

In this section we develop a criterion which forces the resurgence of an ideal to be strictly
less than its big height. The main result is Corollary 2.8, which we will then apply in the
next sections.

Remark 2.1. Let [ be a radical ideal of big height ¢ in a regular ring. Then 1 < p(I) < ¢,

In [BH10a, Cor. 1.1.1], Bocci and Harbourne gave infinite sequences of examples that
show that if one takes the supremum of p(I) over all homogeneous radical ideals of a fixed
codimension ¢, then in fact that supremum is exactly c¢. However, this does not preclude the
very real possibility that no one ideal I can have resurgence equal to its codimension. We
say that the resurgence of I is expected if it is strictly less than the big height of I.

Remark 2.2. If p(I) < ¢, then I("=¢+*Y) C " for n > 0; more generally, given any d > 0,
Ien=d) C [ for n > 0 (cf. [Cril8, Lemma 4.16] or [Gri, Remark 2.7]).

1.4] configurations all have resurgence % In particular, all of these satisfy 1©»=2) C I" for
all n > 4.

In general, explicitly computing the resurgence of a given ideal can be quite difficult, but
there are still no examples of ideals of unexpected resurgence. For other classes of ideals
whose resurgence has been explicitly computed, see [GHMN13, Theorem 4.11] or [BHI10b,
Theorem 2.4.3].

Our first lemma gives what turns out to be a useful result to bound the resurgence away
from the codimension. We prove this lemma in the more general context in which the
symbolic powers of an ideal I are cofinal with the usual powers. In this case Swanson
[Swa00] proved that the symbolic powers of I are linearly equivalent to the powers of I:
there exists a constant s such that 7™ C 1™ for all n > 1. We codify this constant in the
next definition.

Definition 2.4. For a radical ideal I in a Noetherian ring R, we define the Swanson constant
of I to be the least integer s such that I (sn) C I for all n > 1, provided that the symbolic
and adic topologies of I are the same.

We refer to [Swa00, HIKV09] for more on the study of Swanson constants. If the ring is
regular, [ELS01, HHO02, MS17] show that s < ¢, the big height of I, and in particular, that
the Swanson constant is finite. More generally, as mentioned above, the Swanson constant
is finite whenever the the symbolic and adic topologies of I are equivalent [Swa00].

Lemma 2.5. Let I be a radical ideal with Swanson constant s. If 7% C ™ for some fixed
t,r with t <7 and all n > 0, then p(I) < & < s.
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Proof. Consider the set
L={(m)ez®: 1™ ¢ I'and m > 1}.
First, we claim that if (m,l) € L then 7 < s. Indeed, if m and [ are positive integers with
o= s, then
1m C 16 C 1,

Recall that p(I) = sup {%|(m, l) € L}. If this supremum is achieved as a maximum, meaning
if p(I) = 7 for some (m, 1) € L, then we have p(I) < s. If p(I) is not computed by an explicit
pair (m,l) € L, then we can still choose sequences of positive integers {m;}, and {/;}, such
that {m;}, is strictly increasing, (m;,[;) € L for all 4, and 7+ — p(I).

For each ¢, consider integers n;, u; > 0 such that m; = tsn;4u; and u; < ts. By assumption,

[tma) U C ™ for i > 0,

where the last containment follows from the hypothesis.
Since 1) ¢ I% we must have I; > rn,. Therefore,

(2.1) — <

m; m; tsn; +u; ts U; ts ts st 1
li rn; N, rorn, r o rn; T ;

1

Note that since m; — oo, we must have n; — oo. As a consequence, we obtain

) st< 1) st
lm —(1+— | =— <s.
n;—oco T n; r

Therefore,

U

To apply Lemma 2.5, we first give sufficient conditions for the hypothesis to hold. In what
follows, note that over any noetherian ring, U Ass(R/I™) is a finite set by [Bro79]. Note

n>1
also that by [RecG1] (see also [SHOG, Theorem 9.1.2]), if (R, m) is an analytically ramified
Noetherian local ring, then there exists k, depending on I, such that such that I»*+k C I™ for
all n > 0; in fact, these two conditions are equivalent. Under suitable circumstances, such
as taking R to be essentially of finite type over an excellent Noetherian local, such £ can be
taken to uniformly [Hun92, Theorem 4.13].

Theorem 2.6. Let [ be a self-radical ideal in a analytically unramified Noetherian local
ring (R,m). Let Pp,..., P, be all the primes that are embedded to I"™ for some n, and
J =P N---NP,. Assume that there exists an integer s and an « > 0 such that

(2.2) 16m c gl for n>> 0.
Then I®™ C '™ for some fixed t < r and all n > 0.

Proof. We will first prove the following corollary of [Swa97, Main Theorem|: under our
assumptions, there exists a constant [, not depending on n, such that J™I1™ C "

Given 7 and n, if P; is associated to I", write );, for a P;-primary ideal appearing in
a primary decomposition of I" such that P/™ C Q;,. Such Q;, exists by [Swa97, Main
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Theorem|. If P; is not associated to I", write @);,, = R, so that Pf" C @i, still holds
trivially. Now for each n we have I = I N Q1NN Q. Moreover,

JrC Pt NPT C QNN Qpn
Now the corollary of [Swa97, Main Theorem]| follows:
(2.3) JUE C(Qua - A Qua) I C QN ee- QN I™ = I
Also, by [Ree61], there exists k, depending on I, such that
(2.4) 7tk C I for all m > 0.

Thus it is enough to show that I (tsn) C [rotk for some fixed t < r and all n > 0. For all
b>0,t>2and n>>0, our assumption that (™) C JLaJI" guarantees that

(25) ([(stn))b+1 C (JL%J [nt)bl(stn) C JbL%"JIbntI(stn)‘
Fix b > 2lsa. For n > 0, let tn = ua + v where 0 < v < a. Now

b V—HJ = bu > 2lsau
o

= lsou + lsau

=Is(tn —v) + lsau

= Istn — lsv + lsau = Istn + ls(au — v)
> [stn.

Applying (2.3), we obtain
JbL%"J ](stn) C Jlstn](stn) C Jstn
Combining with (2.5), we obtain

(26) (([(stn))b-‘rl g [bnt-‘,-snt
for any t > 2 and n > 0. Now choose an integer r > 3 such that r > _11+_Vyk’ where v = ll;i_i
Thus

r—1=(r+k)y.
Pick any integer ¢ such that
r>t>(r+k)y.

For all n > 1, we have

(2.7) t>(r+§>7:<r+§> (Zii)

Equation 2.7 can also be reduced to
(2.8) bnt + snt = (b+ s)tn = (rn + k)(b+ 1).
By (2.6), we have

(I(stn)>b+1 C Jhnttsnt (]rn-i-k)b—l—l.

This shows that ") C [tk as desired. d
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Remark 2.7. In the proof of the above theorem, the choice of b can be sharpened to satisfy
b > lsa + 1. But the reasoning takes a couple of steps longer and does not make any
significant improvements to the proof.

Corollary 2.8. Let I be an ideal in a regular local ring (R, m) of dimension d, and let [
have big height ¢ > 2. Let J be the intersection of all the embedded primes of I" for some
n. If there exists an o > 0 such that

1 c gl for no>> 0.

Then p(I) < c.

In particular, if I,S")

= I} for every prime ideal p # m and there exists an a > 0 such that
1 C mlad 1 for n >0,
then p(I) < c.

Proof. By Theorem 2.6, there exists integers r,t with t < r and I(®®) C I"". Lemma 2.5

finishes the proof. If I,S”) = 1} for every prime ideal p # m, we have [ (en) = (1em)s2t and we
can take J = m in Theorem 2.6. 0

if I is the ideal of a finite set of points in projective N-space, and m is the homogeneous
maximal ideal, then 1Y) C m"N=D]" holds for all » > 1. Such ideals have codimension N
and clearly satisfy the hypothesis of the corollary. Thus, if this conjecture is true, all such
ideals satisfy the stable Harbourne conjecture.

Remark 2.10. The condition in Lemma 2.5 is closely related to the asymptotic resurgence,
first defined in [GHVT'13]. We recall that this invariant is defined as follows: The asymptotic
resurgence of an ideal I is given by

A(I) = sup {% | 10 @ [t for all ¢ > 0} .

In our next Proposition we prove that if the asymptotic resurgence of an ideal is strictly
less than its big height then the stable Harbourne conjecture holds, generalizing Grifo’s
observation [Gril8, Lemma 4.16]. Potentially, this invariant could be used to improve some
of the results in our paper. However, we found that using the resurgence gives us stronger
results using the methods in this paper.

Proposition 2.11. Let I be a radical ideal in either a regular local ring (R, m) containing
a field, or a quasi-homogeneous radical ideal in a polynomial ring over a field with irrelevant
maximal ideal m. Let ¢ > 2 be the big height of I. If p(I) < ¢, then

](CN—A) C IN

for any positive integer A and all N > 0. In particular,
](CN—C+1) C ]N

for all N > 0.
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Proof. Set d equal to the dimension of R and D = dc+ A. Consider any n > —==. It follows

that <—= D~ p(I). By deﬁmtlon of asymptotic resurgence, this means that for mﬁmtely many
t, we must have that 1(c»=P)) C [ In particular, (I("=P))* C (I"), from which it follows
that 1©»=P) is in the integral closure of I". By the Brlan(;on-Skoda theorem, we obtain that
[len=D) C n=d But then [(~d=4) C ["~4 Replacing n — d by N, we have for all large N
that (V=4 C IV as desired. O

3. IDEALS WITH EXPECTED RESURGENCE

In this section we apply the various criteria of the previous section to give classes of ideals
with expected resurgence. All such ideals will satisfy the stable Harbourne conjecture, as
shown by Grifo [Gril8, Lemma 4.16]. We chiefly use Corollary 2.8. In the homogeneous
case, it turns that if the degrees of the generators are small compared to the codimension,
then the condition in the corollary is satisfied.

Theorem 3.1. Let k be a field and R = k[zy,...,z4) be a polynomial ring of dimension d
and char k = 0. Let I be an ideal of big height ¢ > 2 such that Ip is a complete intersection
for primes P # m = (1, ..., x4), and such that I is generated by forms of degree a < ¢. Then
p(I) < c. In particular, all such ideals satisfy the stable Harbourne conjecture.

Proof. By repeated use of Euler’s formula, we can show that () C mplen=1) C ... C men— 1T,
Since I is generated by forms of degree a, we have m® 1] C me*~1*2 Thus

I(cn) C mcn—l—l—a N " C [nmn(c—a)—l—a—l C mtIm
We can now apply Corollary 2.8 with e = 1 to finish the proof. O

For squarefree monomial ideals I, [H'T'19, Corollary 3.6] or [DE'MS18, Theorem 3.17] shows
that the resurgence is bounded above by the maximal degree of a minimal generating set of
the ideal I.

Recall that if the resurgence is expected, then the stable version of Harbourne’s conjecture
must hold. It is natural to ask [Gril8, Conjecture 4.2] if Harbourne’s conjecture holds for
a single value, does it hold in general? Remarkably, the next theorems come close to this
statement:

Theorem 3.2. Let [ be a radical ideal of big height ¢ > 2 in either a regular local ring (R, m)
containing a field, or a quasi-homogeneous radical ideal of big height ¢ > 2 in a polynomial
ring over a field with irrelevant maximal ideal m. If

Jet=et) € mJt for some fixed ¢,

then
Jlettatn) C ymaytatr

for all ¢ > 1 and r > 0. In other words, I(°®) C mL I,

Proof. Note that
c(tq+r)=ctqg+cr=clg+r)+ (ct —c)q.

By [Johl4, Theorem 4.3 (1)] withn =g+r,sy =--- =5, =0,and 5,11 = -+ = 5,4, = ct —¢,
Jlettatn) — plelgtr)+(ct—cla) [T’([(ct—chl))q.
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By assumption, I(*=¢*) C m/I*, and thus
I(c(tq—i—r)) C [r(](ct—c+1)>q C ]r(mlt)q — maJtatr.
[

Theorem 3.3. Let I be a radical ideal of big height ¢ > 2 in a regular local ring (R, m)
containing a field, or a quasi-homogeneous radical ideal of big height ¢ > 2 in a polynomial
ring over a field with irrelevant maximal ideal m. If

Jet=e+D) C mJ* for some fixed ¢,

and if I, has the property that II(,") = [ for all p # m and for all n, then p(I) < c.

Proof. The hypothesis give that the symbolic powers of I coincide with the saturations of
the powers of I. We now can combine Theorem 3.2 with Corollary 2.8 to give the result. [

4. SPACE MONOMIAL CURVES

A rich source of examples concerning the behavior of symbolic powers are the monomial
space curves:

Let k be a field, R = k[z,vy, 2], and consider the the ideal defining P of the monomial
curve k[t®,t°,t¢]. More precisely, P is the kernel of the map sending z s t%, y +— t°, and

z + t° By [Her70], P is generated by the 2 x 2 minors of a matrix of the form
P! ybl ~C1
(41) M = (ch 192 ybg) )

which we will write as I = (F, G, H), where
F = ybl+b2 — p®2c
G = ate _ iazybz

H = p@ta _ yb1 2

Due in part to this explicit presentation of these ideals, calculations are feasible. However,
the symbolic powers of such ideals are still quite mysterious. There are even examples in
which the symbolic power algebra @P™ is not Noetherian. For example, Goto, Nishida,
and Watanabe [:N\W04] showed that for n > 4 the defining ideal of k[t =3, #(5n=2n ¢8n=3]
does not have a finitely generated symbolic Rees algebra if k is a field of characteristic 0.
If k has characteristic p and none of a, b, ¢ are squares, then Cutkosky [Cut91, Theorem 1]
characterized when the symbolic power Rees algebra is Noetherian in terms of the existence
of elements of certain degrees in specificed symbolic powers. Remarkably, even the stable
Harbourne conjecture is not known for these primes, although Grifo [Giri] proved that P®) C
P? for every prime P defining a monomial curve. In this section we use a fairly explicit
description of the third symbolic power to prove that in fact P C mP? for all such P, and
then use our work in the previous sections to prove that the resurgence is strictly less than
2, the codimension of such primes. This then implies the stable Harbourne conjecture holds
for space monomial primes.
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We begin by observing that

(4.2) ala; + ag) = bby + ccy

b(bl + bg) = aay + ccy

C(Cl + CQ) = aas + bbg
so that F, G, H are homogeneous when we consider R with the grading given by degx = a,
degy = b, and deg z = ¢ generated by the quasi-homogeneous elements F, G, H. In what
follows, we will assume that P is not a complete intersection, meaning that (F,G, H) form
a minimal generating set for P. Moreover, that also implies that aq, as, by, bs, c1,c0 > 0. As

a consequence, [Hun86, Corollary 2.5] guarantees that P™ # P for all n > 2.
By [Sch8§],

P(z) - (P2,A1)7
where /AA; denotes the determinant of the matrix

ay b1 c1

X Yy V4
D= z x*? yb?
el —ag—l—aybl—l—bzc l.aybl—bz—l—bzcl—l—c le'a1+ayb2’cl —cotc

We include the main results of [I[KS792] used in this section for the convenience of the
reader. Our method to prove that P®) C mP? for all such P is a brute force calculation of the
degrees of each generator of the third symbolic power (these ideals are quasi-homogeneous)
to show that no such generator can also be a minimal generator of P2 Since Grifo [Gri]
proved that P®) C P2, this degree calculation suffices.

Theorem 4.1 (Theorems 2.1, 2.2 and 2.3 in [[X5292]).
Case 1: Assume a; < as, by = by, c1 > ¢ and write

a = max{0,2a; — as}, f = max{0,2by — b1 },v = max{0,2cy — 1 }.
(a) If o = 0, then there exists Ay such that
22 Ny = g2 R 22 A P b e—aty 2 |
Y2 Ay = —FA, — g0 g2ty G2 gaa=2m by -t 2 fr
227Ny = HA 4 222y =22G3 and
P® = (P3 A1 P, Ayy).
(b) If B =0, then there is an element Ayy such that
20 Ny = 22 B =2 2
Y2 Ay = —VFA, — g% 4 220G 2,
227 Ngg = HA| — :E“Z_‘“ybl_%QFG2 and
P® = (P3, A1P, Ay).
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(¢) In all other case, i.e., a > 0, 8 > 0,there are elements Ag31, Aggs such that
Ia1A231 — y2b2—b1201—202+'yh3 + Z’yF2G’
ybl—bZ A231 — _Z“/FAl — o2 a 201—202+’YGH2’
ZCQ—’\/ — y2bg—b1 HAl o Ia2_a1FG2
$a2 A232 — I'al Z01—202+7H3 o y2b1—2b2 ZWFG2 4 ybl—bgzcl—02+~/GH2
yb2A232 — _plai—az DFA, — yb1—b2201—02+7G2H — ™ 201—202+’YGH2’
ZCQ_FYA232 = l’2a1 —azHAl + y2b1_2b2 G3 and
P(3) = (P37A1P7 A2317 A232)-
Case 2: Assume a; > as, by > by, c; > ¢ and let
a = max{0,2as — a1}, 5 = {0,2by — by}, 7 = max{0, 2co — ¢ }.

(a) Assume chark # 2. Then there are quasi-homogeneous elements Aoy, Agy, Aoz € P®)
such that the following relations hold

29 Agy = —yP 22t B =2t g2
Y2 PNy = 2VF Ay + 29722 GH?,
227Ny = iyP HA, + ¢y 22 TP FG?,
T2 Ny = 2TFA, — 222 GH?,
Y2 Ay = 2020 B gasa-2eatrG2
227 Ngy = —a°GA — g™ 22t
220 Ny = PP HA, + 2P PG2,
Y2 P Agy = —2®GA, + a2t
22 PN gy = —gOytWHBGE _ pm—2ata SR anq
P® = (P3, A1P, Ay, Aoy, Ngs).
(b) Assume char k = 2. Then there exists an element A, € P®) such that
27Ny = Ay,
Yy P Ay = Ag,
2277 Ag = Ag3 and
P = (P* AP, A).
The following result uses and improves [Gri, Theorem 4.1].

Theorem 4.2. Let k be a field of characteristic not 3, R = k[z,y, z] and P be the ideal
defining the monomial curve k[t®, t°, t°]. Consider the maximal ideal m = (z,y, z) in R. Then
P® Cmp2,

Proof. By Theorem 4.1, P® /(P? 4 A, P) is generated by at most three quasi-homogeneous
generators, where A; is the generator of P? as above. In order to show that P® C mP?, it
is enough to show that these three (or less) generators all have degrees strictly larger than
any minimal quasi-homogeneous generator of P2, since P®) C P? by [Cri, Theorem 4.1]. We
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will use the relations given by [KS792, Theorems (2.1), (2.2) and (2.3)] described above to
determine the degrees of the new generators to conclude that P® C mP?. Recall that we
consider the grading on R given by degx = a, degy = b and deg z = c.
We will follow the cases in [K5Z92, Theorems (2.1), (2.2) and (2.3)], as in Theorem 4.1.
e Case 1 a) in [[K5Z92, Theorem (2.1)]:
There is only one more generator of P® Ay, which satisfies the following condi-
tion:

22Ny = g2 =2y P2 b sa—er b R
Thus
deg Agy = c(c; — 2¢o + ) + deg(H?) — deg(z™)

= deg(H?) + aay + c(c; — 2co +7)

> deg(H?).
Since by assumption 2a; < a; + as = deg H, we also have

deg Ag; = b(by — by) + c(c1 — o +7) + deg(G?) > deg(G?).
Finally, note that Ag; also verifies
YAy = — 2V FA, — 3920 02t G 2 paa—2abi—be ei—caty (G2 [
and since deg Ay > deg F' + bby,
deg (y”Ag) = deg (27FA;)
= ¢y + deg(F) + deg(Ay) so that
deg (Az1) > deg(F?).

All 6 minimal generators of P? have degree at most deg(F?), deg(G?) or deg(H?),
and thus Ay € mP2.

e Case 1 b) in [K5792, Theorem (2.1)]: There is only one generator to worry about,
Ay = Agy. Note also that a; < ag, by = by, and ¢ > cs.

Also,
deg(z“ Ay) > deg (H?)
and since deg(H) > deg(z™),
deg(Ay) > deg (H?) .
Also,

deg(x™ Ay) = deg (yb1_2b2F2G)
and since deg(G) > deg(x*?) and by assumption a; < as,
deg(As) > deg (y* ) + deg (F?).
Finally, ¢; > ¢y by assumption, so that deg(F') > deg(z*) > deg(2*). Then
deg(22Ay) > deg (22 1" "2 FG?)
so that
deg(As) > deg (G?) .
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e Case ¢) in [[K5Z92, Theorem (2.1)]
There are two more generators of P®) we need to worry about, Ay and As, and

deg (v Ag) > deg
deg (ybl_b2A2) > deg (GHQ)
deg (272A,) > deg

and since

deg (H) > deg (z*)
deg (G) > deg (ybl_b2) since by assumption, 2by > by = by, S0 by = by — by
deg (F) > deg (27)

we conclude that deg (Ay) > deg (F?), deg (G?), deg (H?).

Similarly,
deg (2" A3) > deg (H?)
deg (y”A3) > deg (GH?)
deg (201_02A3) > deg (G3)
and

deg (H) > deg (z)
deg (G) > deg (y™)
deg (F) > deg (27%)

so deg (A3) > deg (F?),deg (G?),deg (H?).

e In the remaining cases, a; > as, by > by, and ¢; > ¢y, and if the characteristic is not
2, [K5792, Theorem (2.2)] says that there are three generators of P®) we need to
worry about, Agy, Agg, Aoz, where

deg ("2 Ay1) > deg (H?) and since deg(H) > deg () we get deg (Ay) > deg (H?).

deg (2*2Ag;) > deg (F?G)  and since deg(G) > deg () we get deg (Agy) > deg (F?).

deg (2 Agy) > deg (FG?) and since deg (F) > deg (=) we get deg (Aqy) > deg (G?)
deg ("2 Ag) > deg (GH?)  and since deg (@) > deg (2*?) we get deg (Ag) > deg (H?)
deg (y”Ag) > deg (F?) and since deg (F) > deg (y™) we get deg (Ag) > deg (F?)
deg (yb2A22) > deg (G*H)  and since deg(H) > deg (be) we get deg (Ag) > deg (G?)
deg (2% Ags) > deg (FG®)  and since deg (F) > deg (2*) we get deg (Ays) > deg (G?)
deg (y?Ag3) > deg (F?H)  and since deg (H) > deg (y™) we get deg (A4) > deg (F?)
deg (22Ay3) > deg (FH?) and since deg (F) > deg (2%) we get deg (Ags) > deg (H?).
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e Finally, when the characteristic is 2, the generators Ay, Aoy, Aog from above can be
replaced by one generator As, where
7 Ay = Ay,
YAy = Ao,
2277 Ay = A3 and
P® = (P3,A1P,A,).

If 2a5 < a1, then @ = 0 and Ay = Ay; € mP?. Similarly if 5 =0 or v = 0, so we
might as well assume that o = 2as — aq, 8 = 2by — by, 7 = 2¢5 — ¢; > 0. Then

T Ay = Ay,
Y2 Ay = Ay,
2972 Ay = A3 and
P® = (P3,A1P,A,).
Note that
deg (2 A1) > deg (H°)
still holds, and thus
deg (2" Ay) = deg (™2 Ay;) > deg (H?) .
Since deg(H) > deg (z*), we conclude that deg (Ay) > deg (H?). Similarly,
deg (y" As) = deg (y?An) > deg (F?)
Since deg(F) > deg (ybl), we conclude that deg (Ay) > deg (F?). Finally,
deg (21 Ay) = deg (2 Ag3) > deg (G?)
and since deg(G) > deg (2°1), we conclude that deg (As) > deg (G?).

Our main result of this section follows quickly:

Theorem 4.3. Let k be a field of characteristic not 3, R = k[z,y, z] and P be the ideal
defining the monomial curve k[t*,t*,¢]. Then p(I) < 2, and in particular P?"~1) C P for
all n > 0.

Proof. 1t is enough to show that P verifies the conditions of Corollary 2.8. On the one hand,
P is a complete intersection on the punctured spectrum; on the other hand, Theorem 4.2
gives the base case to apply Theorem 3.2, which in turn gives the remaining condition we
need in order to apply Corollary 2.8. O

5. A SUFFICIENT CONDITION FOR [®) - I? FOR 3-GENERATED IDEALS IN DIMENSION 3

In the last section we were able to prove that [ () C mI? whenever I is the defining ideal
of a space monomial curve, which in turn allowed us to prove that the resurgence of I is
strictly less than 2. All such ideals are defined by the 2 x 2 minors of a 2 x 3 matrix such
that the ideal generated by the entries is a complete intersection, defined by powers of x, y,
and z. In this section we generalize this to ideals defined by the 2 x 2 minors of a 2 x 3
matrix such that the ideal generated by the entries has at most 5 generators, although we
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can only prove that I1® C I2. This does provide new evidence that this containment holds
for all prime ideals of codimension two in a power series ring over an algebraically closed
field. Our result uses the techniques of Seceleanu as extended by Grifo.

Theorem 5.1. Let R = k[z,y, 2] or k[z,y, z], where k is a field of characteristic not 3. Let

a17a27a37b17627b3 € R7 and
. a1 G2 ag
]—]2(b1 by bg)‘

If (a1, as, as, by, by, bs) can be generated by 5 elements or less, 1©) C 12,

Proof. By [Gri, Theorem 3.12] (which extends [Sec15, Theorem 3.3]), it is enough to show

that
0

v = 0 €imA,
arby — asby
where
a; Qao as 0 0 0 bl b2 bg 0 0 0
A= 0 ay 0 o as 0 0 bl 0 bg bg 0
0 0 aq 0 o aAsg 0 0 bl 0 bg bg

Without loss of generality, we may assume that b3 € (ay,as,as, by, by), and write by =
T1a1 + Taao + T3a3 + T4by + 1509 for some x; € R.

To see that v € im A, we claim that v = Aw, where
w = (21’1@2, 2:172@2 +x3a3, x3a2+b2, —(225'2@1—'—2255[?1), bl —2xI3aq, 0, 2LU4CL2, 2x5a2 —as, 2@2, 0, O, 0)

Indeed,

0 aq a9 as 0
0 =2z10a9 | 0 | + (2x0ag+x303) |a1 | + (z302+b9) | O | — (2x9a1 +225b1) |as
a1b2 — agbl_ 0 0 aq 0
[ 0 bl bg T1a1 + Toa0 + T303 + 1’4[)1 + 1’5[)2
—l—(bl—l’ga,l) as —|—2£L'4CL2 0 —l—(2x5a2—a3) bl —20,2 0
_CLQ 0 0 bl
0

Remark 5.2. Theorem 5.1 generalizes [Gri, Theorem 4.1].

However, given an ideal I generated by the maximal minors of a 2 x 3 matrix M, the
condition I®® C I? does not depend only on I;(M).

Example 5.3 (Fermat configurations). By [DSTG13], I® ¢ I? when I = I,(M) for
2 .2 .3
T
yz xz XY
On the other hand, the condition that [,(M) is at most 5-generated is sufficient but not
necessary for I C I%. In fact, we can simply reorder the entries in M above to obtain a
matrix N such that J = I,(N) does verify J©& C J2:
3

2
J - IQ v .CL’,2Z ~ .
y= 'y xry
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In fact, in this case f3 = 2?yz —y?2® is a multiple of by = zy, and the containment 1® C J?
is an easy application of [Gri, Theorem 3.12].

6. SELF-LINKED MONOMIAL CURVES WHOSE SYMBOLIC REES ALGEBRAS ARE
GENERATED IN DEGREE TWO

In this section we focus on a special class of monomial curves, proving that their resurgence
is not only strictly less than 2, but proving in fact that the resurgence is at most %. We also
give an example in which the resurgence is at least %, proving that this value is sharp in
general. The classes of ideals verifying these bounds must also verify Harbourne’s Conjecture.

Remark 6.1. Say we wanted to prove Harbourne’s Conjecture 1.1 holds for an ideal I of
big height h simply by studying its resurgence. We want to show that 7=+ C [ for all

n > 2. By definition of resurgence, the containment 7*»~"*+1 C ™ must hold as long as
hn —h+1
— > p(I).
Given p(I) and h, we can then guarantee [(""~"*1) C [ for a particular value of n if
- h—1
n>-——-/.
h—p(I)

Harbourne’s Conjecture asks that this containment holds for all n > 2, which would then
follow immediately if we knew that
h—1 h+1
2> =0 or equivalently  p(I) < %
This shows that if I is a self-radical ideal of big height h and p(I) < 2L then I verifies
Harburne’s Conjecture.
For the case of space monomial curves in characteristics other than 3, we already have
I®) C I? by [Gri, Theorem 4.1], so we only need to prove "~ C [™ holds for n > 3.
Assume that

2—-1
> 5= o) or equivalently  p(I) < g

Then our computations above show that % > p(I) for all n > 3, and I verifies Harbourne’s
Conjecture.

3

Theorem 6.2. Suppose R be a three dimensional regular local ring and P be a height two
ideal. Suppose that:
(1) the symbolic Rees algebra of P is generated in degree 2, and
(2) there exists an ideal J such that
(a) P? C JP and
(b) JP® C P2,
Then p(P) < 3.
Proof. Suppose by way of contradiction that p(P) > %. By definition this implies that there

exists integers m, s such that P is not contained in P*, and such that > %, ie., 3m > 4s.
We write m = 4n + i, where 0 < i < 3. We claim that if ¢ = 0, then P C p3n Indeed,
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It follows that s > 3n + 1. Hence if i < 1, then - < gZﬁ < %. Therefore, i > 2.
Consider the case in which ¢ = 2. Then

P(m) _ P(4n+2) — P(2(2n+1)) _ (P(Q))Qn-‘rl
= (PO (PO = (JPY(PO) PO
C PnP2nP(2) C P3n+1'

It follows that s > 3n + 2. Therefore if 2 <7 < 3, =< éZig < %. Thus 7 = 3.
Consider the case in which i = 3. We have that

P(m) — P(4TL+3) _ (P(2))2n+1P
_ (P(2))n(P(2)>n+1P C (Jp>n(P(2)>n+1P _ (JP(2)>nPn+1P(2)
C (P2)nPn+1P(2) C P3n+2‘

It follows that s > 3n + 3, and therefore = < gZig < %. OJ

Corollary 6.3. Suppose P is the defining ideal of the monomial curve k[t® t° t°] in the
polynomial ring k[z,y, z]. If P is a self linked ideal whose presentation matrix is as in (4.1)
satisfy by = by or a1 = ag, ¢ = ¢g, then p(P) < %. In particular, I verifies Harbourne’s
Conjecture.

Proof. Let  is a presentation matrix of P. Condition (1) in the previous theorem is satisfied
due to [HU90, Corollary 2.12] (see also [GNS91, Corollary 4.3]). Condition (2)(a) is satisfied
due to [FM97, Corollary 5] and condition (2)(b) is satisfied due to [Hung6, Corollary 2.10]
with J = I1(¢). The conclusion now follows from the previous theorem.

Finally, I satisfies Harbourne’s conjecture by Remark 6.1. O

Example 6.4. Let P be the defining ideal of the monomial curve k[t'®, 19 ¢?31] in the ring

klx,y, z], k a field. Consider a presentation matrix
3 12
|2y oz
¥ = [ 2Bl oy }

of P. This presentation shows that the ideal P is self-linked [[H 190, Theorem 1.1]. Macaulay?2
computations show that P* ¢ P3. This shows that the bound in Corollary 6.3 is sharp.
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