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ABSTRACT: We present a novel method to obtain type IIB flux vacua with flat directions
at tree level. We perform appropriate choices of flux quanta that induce relations be-
tween the flux superpotential and its derivatives. This method is implemented in toroidal
and Calabi-Yau compactifications in the large complex structure limit. Explicit solutions
are obtained and classified on the basis of duality equivalences. In the toroidal case we
present solutions with N =1 and N = 2 supersymmetry and arbitrarily weak coupling. In
Calabi-Yaus we find novel perturbatively flat vacua, as well as solutions with non-zero flux
superpotential and an axionic flat direction which represent a promising starting point for
de Sitter constructions from non-zero F-terms in the complex structure sector. The higher
order (perturbative and non-perturbative) effects that can lift these flat directions are dis-
cussed. We also outline applications in a wide variety of settings involving the classical
Regge growth conjecture, inflation and quintessence, supersymmetry breaking and F-term
de Sitter uplifting.
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1 Introduction

Potentials for moduli fields play a central role in string phenomenology. The simplest way
to generate these potentials is to consider solutions with background fluxes, see e.g. [1-5].
In the type IIB setting the effect of fluxes is to stabilise the complex structure moduli and
the axio-dilaton [5]. This is encoded in the Gukov-Vafa-Witten (GVW) superpotential [2]:

W:/Gg/\Q, (1.1)
X

where G3 = F3 — ¢H3 is the complexified 3-form flux, ¢ is the axio-dilaton! and € the
holomorphic 3-form of the (orientifolded) Calabi-Yau (CY) X on which the theory is com-
pactified. The 3-form fluxes thread 3-cycles of the CY with their integrals over the cycles
satisfying Dirac quantisation conditions. Depending on the choice of fluxes, minima of the
associated potential can be isolated or have flat directions. Once the axio-dilaton and the

'In this paper we do not follow the standard convention to denote the axio-dilaton as 7 to avoid confusion
with the period matrix 7% of the toroidal case.



complex structure moduli are integrated out, the effect of fluxes is captured by a constant

WOE</XG3/\Q>. (1.2)

The value of Wy is a key input for phenomenology.? Again, this is determined by the

superpotential:

choice of flux quanta. Various recent studies have shown an interesting interplay between
the existence of (approximate) flat directions and a low value of Wy [7-12].3 Ref. [14]
argued that these perturbative flat directions are associated to pseudo-Goldstone bosons
of a 2-parameter family of scale invariance of the classical 10-dimensional theory. One
of these 2 symmetries is the scale transformation included in SL(2,R), while the other
transforms the metric. Both of them are spontaneously broken by the fact that both
the metric and the dilaton acquire a vacuum expectation value. When combined with
axionic shift symmetries, this is reflected in the 4-dimensional effective theory in the fact
that both the axio-dilaton and the overall Kédhler modulus are flat directions at classical
level. However, in the 10-dimensional theory also G5 transforms with a non-zero weight.
When compactifying, 3-form fluxes take quantised background values, and so act as explicit
breaking parameters which lift the axio-dilaton. In [14] the explicit breaking parameter
was identified in Wy (promoted to a spurion), arguing that Wy = 0 implies the existence
of a flat direction, in agreement with the findings of [7-12].

Notice that the condition to have a flat axio-dilaton is that Wy = 0 after the complex
structure moduli have been integrated out. In fact, in this case the 4-dimensional action
does not see any explicit scale breaking parameter since the flux quanta do not contribute
to the scalar potential. On the other hand, Wy = 0 can clearly be compatible with a stable
axio-dilaton at classical level when Wy has an appropriate dependence on ¢ after complex
structure moduli stabilisation, even if the generic case would be characterised by Wy # 0.

Let us stress that these flat directions are only approximate since they are expected to
be lifted by a combination of non-perturbative and perturbative effects. Nevertheless they
can have a wide variety of interesting phenomenological applications. The first is in the
context of Kéhler moduli stabilisation. A low value of W is an essential ingredient for the
KKLT scenario [15] for moduli stabilisation. A method to construct vacua with low Wy has
been put forward in [7].* This is in the large complex structure limit of the underlying CY
compactification. Flux quanta are so chosen that they yield a GVW superpotential which,
when computed using the perturbative part of the prepotential, is a degree-2 homogeneous
polynomial. The homogeneity property and the request of a vanishing flux superpotential
for non-zero values of the moduli guarantees the presence of a flat direction. This flat
direction is lifted when non-perturbative corrections to the prepotential are incorporated.
Hence W) acquires an exponentially small value (at weak string coupling). Working with a
CY orientifold obtained by considering a degree-18 hypersurface in CPy 1 ; 6,9, [7] presented

For a general discussion on Wy in the context of moduli stabilisation and phenomenology, see [6].

3Ref. [13] has even conjectured that tree-level Minkowski vacua in supergravity should always feature
massless modes that can potentially be flat directions.

4For earlier work on obtaining low values of Wy see [16, 17], while for challenges in implementing moduli
stabilisation and obtaining dS vacua in this setting see [18, 19].



an explicit choice of flux quanta corresponding to Wy ~ 1078, Using the same method, an
example with Wy as low as 107%° was constructed in [8, 9]. Further studies of this setup
have been carried out in [10, 11, 20-23].

Low values of Wy might also be important in the context of LVS models [24]. Recently
explicit LVS realisations of the Standard Model have been carried out by considering D3-
branes at an orientifolded dPs singularity [25]. Here the cancellation of all D7-charges
and Freed-Witten anomalies forces the presence of a hidden D7 sector with non-zero gauge
fluxes which induce a T-brane background suitable for de Sitter (dS) uplifting [26]. The
T-brane contribution can give a leading order Minkowski vacuum if the value of the Wy is
exponentially small in the string coupling, i.e. it is precisely of the form described above.
A dS minimum with soft terms above the TeV scale requires Wy as small as 10713, Let
us point out that, contrary to KKLT, in LVS an exponentially small value of Wy is just
a model-dependent condition since [27] presented a chiral global D3-brane model at an
orientifolded dPy singularity which can allow for dS moduli stabilisation with T-brane
uplifting for Wy ~ O(1).

Approximate flat directions are naturally interesting also in the context of cosmology.
In fact, the idea of focusing on degree-2 homogeneous superpotentials so as to obtain flat
direction(s) was first used in [28-30] to enhance the inflaton field range. More recently,
flat directions in the type IIB flux superpotential have been used to construct models of
sequestered inflation [31]. Interestingly, the predictions of the models carry signatures
of the moduli space geometry. Moreover, leading order flat directions can be promising
candidates to realise quintessence models in order to avoid any destabilisation problem
due to the inflationary energy contribution and to reproduce the correct tiny value of the
cosmological constant scale [32, 33].

Regarding supersymmetry breaking, type IIB models are characterised by a no-scale
relation which implies that generically the main contribution to supersymmetry breaking
comes from the Kéhler moduli sector. In fact, typically at semi-classical level the complex
structure moduli and the axio-dilaton are fixed by setting their F-terms to zero with Wy #£ 0
which induces instead non-zero F-terms for the Kédhler moduli (that are still flat at this
level of approximation). However in scenarios with Wy = 0 and a flat axio-dilaton, all
F-terms are zero at leading order and the effective field theory after integrating out the
complex structure moduli has to include both ¢ and the Kéahler moduli [34]. Therefore
the F-term of the axio-dilaton can also play an important role in supersymmetry breaking,
especially in sequestered models with D3-branes where gaugino masses are controlled by
the F-term of ¢ [35, 36].

Moreover, flux vacua with a leading order axionic flat direction and Wy # 0 have been
shown in [37] to be very promising to obtain a dS uplifting contribution from non-zero
F-terms of the complex structure moduli, so providing an explicit realisation of the idea
proposed in [38, 39] without however the assumption of continuous 3-form fluxes. More
precisely, at perturbative level all F-terms of the complex structure moduli are zero with
Wo # 0 and a flat axion. Instanton corrections to the superpotential lift the axion and
shift all the remaining moduli, so that the corresponding F-terms become non-zero and
can act as a dS uplifting source by an appropriate tuning of background fluxes [37].



From a more theoretical point of view, developments under the name ‘the tadpole
problem’ [40-44] seem to suggest that flat directions of the GVW superpotential might be
a generic feature when the number of complex structure moduli is large. Thus classifying
and studying the precise nature of flat directions, together with finding mechanisms for
lifting them, are needed to develop a comprehensive understanding of the string landscape.

Finally let us make a few comments in the context of the statistical approach to string
phenomenology (see e.g. [45-59]). Given the rich phenomenological applications of vacua
with exponentially small Wy and (approximate) flat directions in the complex structure
and axio-dilaton moduli space, it is important to study how they fit in the full ensemble of
type 1IB vacua and develop an understanding of their statistical significance. Preliminary
steps in this direction were taken in [20]. The analysis indicated that the class of vacua
obtained in [7] occupy a small fraction of the full set of vacua at low Wy as computed by
the statistical methods in [47]. Given this, it is important to look for novel classes so as to
enrich our knowledge of vacua at low Wj.

In this paper we will present a novel and more general method to find supersymmetric
solutions with approximate flat directions in type IIB flux compactifications. We now give
a qualitative description of our method to obtain the solutions and we provide a summary
of the key results.

1.1 Summary of results

The superpotential in type IIB compactifications is given by the sum of the GVW super-
potential (1.1) and non-perturbative corrections. We will work with the GVW term (the
non-perturbative terms are small corrections in the large radius limit) and search for super-
symmetric minima with flat directions. At this level the conditions for supersymmetry are
DyW = 9yW + WdyK = 0 and Dy, W = 9y, W + Wy, K = 0 where U, (o =1,...,h*")
are the complex structure moduli [5].° Given that (1.1) does not depend on the Kiih-
ler moduli 7; (i = 1,... ,hi’l), the F-flatness conditions for these modes is W = 0 since
D, W = Wor, K with 0, K # 0 for finite field values. Thus supersymmetry at classical
level requires W = 9,W = 0y, W = 0. Notice that flat directions can clearly exist also for
W # 0 where supersymmetry is definitely broken by the Kéahler moduli (and potentially by
the axio-dilaton and the complex structure moduli as well). Despite being interesting for
phenomenological and cosmological applications, these solutions would typically be char-
acterised by large values of Wy which are incompatible with the KKLT scenario (and some
LVS models with T-brane uplifting).

Our analysis will be for toroidal orientifolds and CY compactifications in the large
complex structure limit where the superpotential is a polynomial (after dropping exponen-
tially small terms in the large complex structure limit). Thus the F-flatness conditions
W =0,W =0y,W=0aren+1= h> 42 polynomial equations in n complex variables
which in general do not have a solution since the system is overdetermined. In addition,
we are interested in solutions with p > 1 flat directions which can exist if the number of

S5For toroidal compactifications primitivity of the fluxes has to be imposed as an additional requirement.
This is due to the presence of holomorphic 1-forms on tori [5]. In our study of a toroidal case we impose
this condition at the very end, after having obtained solutions to the F-flatness conditions.



linearly independent equation is reduced from (n + 1) to (n — p) by an appropriate flux
choice. Thus the first step is to understand which choice of flux quanta can yield solutions
with flat directions. At present the answer to this in full generality is unknown, and so we
have to resort to a well motivated ansatz.

Before discussing our ansatz, let us recapitulate the basic idea in [7, 29]. Flux quanta
were chosen so that W was a degree-2 homogeneous polynomial. For such superpotentials:

2W = ¢ OgW + Uy Oy W, (1.3)

holds as a functional relation (i.e. on all points on the moduli space). This implies that the
W = 0 equation is automatically satisfied once the derivatives of W vanish. Furthermore
the scaling behaviour of W implies that, if (g%, Ua) is a solution, ¢ = A\, Uy = AU, remains
a solution, signaling the existence of a flat direction parametrised by \.% This implies that,
on top of (1.3), 0,W can be expressed as a linear combination of the derivatives of W
with respect to the complex structure moduli. This can be easily seen in the hb? =1 case
where, setting ¢ = Wys Wy — Wy Wirg, one has:

4%
W¢¢WU = WU¢W¢ +cU Wy = (Wij) W¢

c=0 (1.4)
2W¢¢W = Wg + CU2 2W¢¢W = Wq%

showing that the flux choice ¢ = 0 (or WysWyu = WeyWyg) guarantees that W = 0 for
U # 0 and the fact that W = dyW = 0 is an automatic consequence of 9yW = 0, signaling
the presence of a flat direction.

The lesson to take from the above is that superpotentials where there are functional
relations between W and its derivatives, such that the vanishing of some implies the van-
ishing of other(s), are particularly suited for obtaining solutions with flat directions. In this
paper we will focus on the more general case where W is not necessarily a homogeneous
function but its derivatives are linearly dependent:

>\¢8¢W+AQ8UOW:O, (1.5)

where Ay and A, are constants with no moduli dependence. Note that particular examples
of W satisfying (1.5) have already been proposed in [28] and [30] derived the general
conditions to realise flux vacua with 1 axionic flat direction and W # 0. Our strategy is
as follows:

1. Given a toroidal orientifold or an orientifolded CY in the large complex structure
limit, we compute the superpotential in full generality as a function of the flux vectors
and moduli.

2. We impose that a condition of the form (1.5) holds as a functional relation, and
determine the constraints that this sets on the fluxes. At this stage Ay and )\, are to
be thought of as parameters in the ansatz for the fluxes. Thus the constrained fluxes
are allowed to depend on them. This in general reduces the number of independent
equations from n + 1 to n.

6Unless <;3 =0 and Ua = 0 Va which is however a situation that we do not consider since it would lead
to a breakdown of the effective field theory.



3. Taking the fluxes obtained in the previous step, we impose the F-flatness conditions
and the requirement to have at least 1 flat direction. Unlike the case of a degree-2
homogeneous superpotential, a complex flat direction with W = 0 is not guaranteed
if just a condition of the form (1.5) holds (on the other hand, we will see that for
W # 0, (1.5) is enough to ensure the existence of an axionic flat direction). When
possible, the existence of a flat direction is obtained by an appropriate choice of Ay
and A, which reduces further the number of independent equation from n to n — p

with p > 1. Thus the requirement of a flat direction can further constrain the fluxes.”

4. The end result of step 3 are solutions to the F-flatness conditions with at least 1
flat direction and flux vectors parametrised by A\, and A,. Of these we isolate the
subset of flux vectors that satisfy the integrality and the D3 tadpole condition. We
also impose physical restrictions such as the positivity of Im ¢ which sets the string

coupling (Im ¢ = g;'1).

5. For toroidal examples we finally impose also the primitivity of G3 to have a super-
symmetric solution.

A few comments are in order. Implementing the procedure working with the general form
of the linear relation is rather cumbersome. It is easier to work case by case with the linear
relations being classified by which of the Ay and )\, are non-vanishing. We have included
the checks for the solutions being physical in step 4 of the procedure. In practice, it is
easier to check for these conditions at every stage and discard any candidate solution as
soon as it becomes clear that it is unphysical.

Let us highlight our key results. An explicit implementation of the algorithm has
been carried out for the T°/Zy orientifold [60, 61], an orientifold of the CY obtained by
considering a degree-18 hypersurface in CP[; 15 (first studied in the context of mirror
symmetry in [62] and also the example studied in [7]), and an orientifold of the CY discussed
in [63].

o For the T%/Zsy orientifold, we find solutions with 1 and 2 flat directions (and no
more). The solutions fall into various families (classified according to the nature of
the linear relation that holds). In all solutions the residual moduli space contains
regions in which the string coupling is arbitrarily small.

« For the T%/Zy orientifold, there are solutions which preserve N = 2 supersymme-
try in 4 dimensions. Being novel solutions with extended supersymmetry, they are
interesting in their own right.

o For the CPpy 1 1,60][18] case, we find essentially 1 family of fluxes which lead to solu-
tions with 1 flat direction corresponding to the axio-dilaton. One can ensure that the
moduli take on values in the large complex structure limit (as is required for the con-
sistency of our analysis) when the string coupling is taken to arbitrarily small values.

"In effect, we adjust fluxes to ensure the following. We have n independent equations in n variables:
fH{(Ux) =0, Uy = ¢,U?, after step 2. For cases with flat directions, det (kal) vanishes at the solution.



« We find 68 distinct solutions in the CPj; ;1 64)[18] case, 15 of which are entirely
novel since the superpotential is a non-homogeneous polynomial. The remaining 53
solutions can instead be mapped by duality to the case when the superpotential is
a degree-2 homogeneous polynomial. However only 2 out of these 53 solutions lie
at weak string coupling and in a regime where the large complex structure limit is
definitely under control, reproducing the old vacua already found in [7, 20, 21].

o For the CP 1 1,6,0)[18] case, we find also solutions with 1 axionic flat direction and
W # 0 which represent promising starting points for an explicit CY realisation of
winding dS uplift [37]. In this case, W is still a polynomial of degree 2 but not a

homogeneous function.

o For the CY studied in [63], which features effectively 1 complex structure modulus
more than the CP ;1 69)[18] example, we present a preliminary analysis where we
find solutions with 2 flat directions. Again, W is a polynomial of degree 2 that is
always non-homogeneous when W = (, while it can become a homogeneous function
for some flux quanta only when W = 0 at the minimum (as in the CP ;16 9)[18]
case, there are W = 0 cases where W cannot be made non-homogeneous by duality).

Before closing the introduction we would like to mention that, while we provide a sys-
tematic classification of the solutions into families, we do not carry out an exhaustive search
determining all solutions in each family. For the toroidal case, we isolate the family that
contains all solutions up to duality equivalences. We provide a large class of representative
examples for both toroidal and CY cases, leaving exhaustive tabulations for future work.

This article is structured as follows. Section 2 is on the T°/Zy orientifold. Here,
after reviewing some background material, we provide a classifications of the solutions
with explicit examples. In particular, section 2.3 is devoted to solutions with N = 2
supersymmetry. Section 3 is instead on orientifolded CYs in the large complex structure
limit. After reviewing the basics and a general discussion, we give a detailed treatment
of the CP[y 1 1,6,9][18] example and a preliminary analysis of the CY studied in [63] which
features effectively 3 complex structure moduli. Section 4 gives a general discussion of how
the flat directions can get lifted and potential phenomenological implications. We conclude

in section 5.

2 Flat directions in the T®/Z, orientifold

In this section we will study classical supersymmetric solutions with flat directions that
can arise in the T%/Zy orientifold. This is the setting where some of the first explicit
computations of the flux potential in type IIB were carried out [60, 61]. Flux vacua in the
toroidal setting have been studied in much detail (see e.g. [64-73] for related studies). We
will follow the conventions of [60] in our treatment.

2.1 Type IIB toroidal flux compactifications

In this section we review some basic ingredients of type IIB compactifications on the T /Zs
orientifold with non-trivial 3-form fluxes turned on. This will also help to set our notation.



The type IIB supergravity action in Einstein frame is:

OuodMe Gy G F2
10, — M _ I3
Sus = 5.2 10/d ! < 2(Im¢)> 2-3!Im¢ 45!

gk [ GO o
where:
¢=Co+ilygs, F3=dCy, H3 = dBs,
Gs = I3 — ¢Hjs, Fg,:Fg,—%Cg/\Hg—{—%Fg/\Bg, «Fy = Fy . (2.2)

Upon compactifying on the T°/Zy orientifold with spacetime-filling D3-branes, the D3
tadpole condition is (setting 27vo/ = 1):

1
> Niw+ Noy ~16 =0, N z/ Hs A F, (2.3)
TG

where Np; is the number of D3-branes. The flux contribution can been shown to be
positive semi-definite. The negative contribution arises from the 26 O3-planes. Clearly
this condition implies 0 < Ny < 32.8
The geometry of the torus Will be parametrised as follows The 6 real periodic coordi-
nates on 7% are denoted as z, ¥, i = 1,2,3 with 2° ~ 2741, * ~ y* + 1. The holomorphic
1-forms are taken to be dz = da: + 7%9dy, where 7% is the period matrix. The choice of
orientation is:
/ det Adz? AdaP Adyt Ady? Ady® =1. (2.4)

We will make use of the following orthonormal basis {ag, oy, 37, 8%} for H3(T°,7Z):

1 A
ap = dzt Adaz? Ada?, Qg = §€ilmd3}l Adz™ Ady?
ij 1 ! m i 0 1 2 3 o
ﬂ]:—iejlmdy Ady™ Ada®, 8° =dy Ady” Ady?, i,j=1,2,3, (2.5)
with:
/al ABT =67 (2.6)

Finally the holomorphic 3-form is taken to be Q = dz! A d22 A dz3. The NSNS and RR
fluxes can be expanded in terms of the orthonormal basis as:

F3; = aoao + aijaij + bijﬁij + boﬁo ,

H3 = 00040 + cijaij + dijﬁij + do,@o s (27)
where the Dirac quantisation condition requires (a®, a™, bij, bo, &, v, d;j, do) to be integers.
We will restrict them to be even integers so as to avoid the need for any discrete flux on
the orientifold planes.” The flux contribution to the D3 tadpole (2.3) takes the form:

Niux = (°b — a®do) + (b — ad;;) , (2.8)

8We do not consider the Naux = 0 case since, due to the imaginary self-duality condition on the fluxes,
it corresponds to either gs — oo or trivial flux quanta.
9See [60, 61] for a discussion on this point.



while the GVW superpotential (1.1) becomes:

W = (a® — ¢%) det 7 — (a" — ¢c)(cof 7);; — (bij — ¢dyj) T — (bo — ¢do) - (2.9)
Supersymmetry is preserved when the F-flatness conditions of this superpotential are sat-
isfied, together with W = 0 (which can be thought of as the F-flatness condition for the
Kéhler moduli) and the requirement of primitivity of Gz (i.e. the existence of a Kéhler
form such that J A G3 = 0). We will use the method described in section 1.1 to obtain su-

persymmetric solutions with at least 1 flat direction. The F-flatness and W = 0 conditions
are equivalent to:

~
~
—
=
Il

a’det T — a" (cof 7);j — b7 — by =0,

P = P det — Y (cof 7)ij — dijm —dy =0,

£ = (0 = ¢) (cof ) — (a7 — ¢ YepimerjnT™ — (bij — ¢dij)846) = 0. (2.10)
The primitivity of G3 will be imposed as a final condition. We will see that a suitable
choice of the Kéahler form satisfying the primitivity condition can be found for all cases.
2.2 Supersymmetric solutions with W =0

In this section we present explicit solutions for the 7 /Zs orientifold. We will consider the
class in which the flux vectors are diagonal, i.e.:

a’ = diag{as,az, as}, by; = diag{b,ba, b3}, ¢ = diag{ci, c2, 3}, dij = diag{dy,da,ds},
(2.11)
which lead to:

Naux = (boco — apdp) + (bic1 — ardy) + (baca — agds) + (bscs — asds) . (2.12)

Given that the structure of (2.10) implies a diagonal form of the period matrix, we take:
79 = diag{m, 0,3} . (2.13)
Note that this corresponds to a 72 x T? x T? factorisation of the T°¢ with 7, (o = 1,2,3)
as the complex structure moduli of the 3 2-tori. For notational convenience we introduce:
(U1,U2,U3,Uy) = (71,72, 73,0) . (2.14)

With this, (2.9) takes the form:
W = (a® — Uy®) U UUs — (a1 — User)UsUs — (ag — Useo)UrUs — (ag — Uges) U Us

—(by — Ugd1)Uy — (b — Ugda)Uy — (bg — Uyds)Us — (b — Uydp) , (2.15)

and the system of equations (2.10) reduces to:

a"U1UsUs — (a1UUs + asUhUs + azUyUz) — (01U + baUs + b3Us) —bg =0, (2.16)
AULULU3 — (e1UaUs + caUyUs + c3U Us) — (dyUy + dolUs + dsUs) —do =0, (2.17)
(a® — Uy UsUs — ((a2Us + asUs) — Us(caUsz + c3Us)) — (by — Uydy) =0,  (2.18)
(a® — Uy UL Us — ((a1Us + asUy) — Us(c1Usz + c3Uy)) — (by — Ugdz) =0,  (2.19)
(a® — Uy U Us — ((a1Us + aolUy) — Ug(c1Us + coUy)) — (by — Uydz) = 0. (2.20)



In the next sections we present different families of solutions to these F-flatness and W =0
conditions. We start with an example without any flat direction and we then provide
our classification of the solutions with flat directions.'® Representative examples of flux
vectors satisfying the integrality condition are provided for all the families that arise in the
classification. We first present solutions with 1 flat direction and then solutions with 2 flat
directions (our ansatz does not lead to any solutions with higher number of flat directions).
As mentioned earlier, the solutions will be classified according to the nature of the linear
relation that the derivatives of the superpotential satisfy. This leads to 3 different cases (all
compatible with Ng,uy # 0) for which (2.16)—(2.20) admit complex solutions, i.e. Im U, # 0
Va, with 1 or 2 flat directions:

1. Linear relation among all derivatives: Ay O1W + Ay oW + A303W + O, W = 0 with
Ao # 0 Va = 1,2,3 which can allow for solutions with W = 0 and either 1 or 2 flat
directions;

2. Linear relation among the derivatives of W with respect to the axio-dilaton and 1
complex structure modulus: Ay W + 94W = 0 (no sum over «) with a = 1,2,3
which can feature solutions with W = 0 and 2 flat directions;

3. Linear relation among the derivatives of W with respect to 2 different complex struc-
ture moduli: 0, W = A\g 9gW (no sum over ) with o # 3 and o, f = 1,2, 3 which
can give solutions with W = 0 and 2 flat directions.

Solutions without flat directions

In this section we review a solution presented in [60] which has W = 0 but no linearity
relation among the superpotential and its derivatives. Hence it does not feature any flat
direction since it can be shown that the solution is not part of a continuous family. In this
case the fluxes are taken to be proportional to identity:

(aij,bij,cij,dij):(a,b,c,d)&j, a():bg:co:—c:—d:2, CZ:b:O, d0=—4,

and an explicit solution to (2.10) is given by:

7 = 7§ T=¢= e (2.21)

For a set of fluxes to find whether a given solution is isolated or part of a continuous family,

we will use linearised perturbation theory.!! For this let us write abstractly the system of
equations (2.10) as:

DU =0, (2.22)

10T et us point out that this is not a full classification of the solutions since we obtain only those which
satisfy the linear dependence ansatz (1.5).

" This technique is not limited to diagonal fluxes. For a generic choice of fluxes, even if a given solution
has diagonal 7%, that may be a part of a continuous family with non-zero off-diagonal terms. As a result, in
general we must deal with a 11 x 10 matrix, as shown below. However only 7% = 76% can satisfy (2.10) for
fluxes proportional to the identity. As a result, it is possible to work with a matrix with lower dimensions.
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where I runs over the 11 equations and U, runs over the 10 variables (7%, ¢). Then if the
solution U, is part of a continuous family, the following linear system for 6U, must have a
solution:

Ou, fI| U, =0, (2.23)
Ua

i.e. the rank of the matrix dy, f()(U,) should be less than 10. Now, the matrix elements

are given by:!?

1o km_in &

0y f1) = 2@ €iki€jmnT T — @ ek €jmnT " — bij (2.24)
1

0, f@ = §Coeikl€jmn7—km7m — M€ jmn ™ — dij (2.25)

0:i F) = (a° = 6P eipmein™™ — (@™ — GV eikmern (2.26)

05V = 05 =0, (2.27)

8¢f]$’) = —c"(cof 7)1 + 7 €ipmejin™™ + dp - (2.28)

For fluxes proportional to the identity, these matrix elements evaluated at (76%, ¢) become:

0,5 fV) = (a%7% — 2a1 — b)d;5 (2.29)
0, ij @ = (7% — 2¢1 — d)dij ( )
Opii £ = 1(a° = 6c)T — (a — 60)] (940 — Sudje) (231)
3¢f(1):3¢f(2):07 ( )
Op 1Y) = (% — 27 — d)byy (2.33)

The above matrix has rank 10 at (2.21), implying that it is a solution with no flat directions.

Solutions with 1 flat direction

Solutions with 1 flat direction are all in 1 family. The linear relation satisfied in this
family is:
MOUW + Ao W + A3 03W + W =0, (2.34)

with Ay # 0 Voo = 1,2, 3. The flux quanta (introduced in (2.11)) take the form:

ds da dada d3)s

_ o B B _dde = {0,0,0,0
{aoaalaGQaa?)} { ’)\2+A37 )\1)\37 )\1)\2}7 {60761762703} { s Uy Uy },

dg — bagg — b3\
0 — baAa — b3 3,b2,b3},
A1
daX2 + d3As
A1

{bo, b1,b2,b3} = {bo,
(do, oo} = {do. - dads (2.35)
with the condition do, ds, daAa + d3As # 0. With this choice of fluxes Ny becomes:

_ 2 2 72 2 12
Nﬁux = m ()\2d2 + )\2)\3d2d3 + >\3d3> , (236)

2Here we use O,ij det T = %(fikléjmnTkaln, 0,ij(cof T)ap = emlej-bnTl", and repeated indices are summed.
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and the GVW superpotential reduces to:

1
W = )\71 [(bz/\g + bgAg — do)Ul — )\1(b2U2 + b3Us — doUy + bo)]

do
A1A3

(Us — A3Uyg)(NUy — BUR) + ﬂ(UQ — XUy)(AsUr — M Us) . (2.37)

* A1 A2

Demanding that the derivatives of the superpotential vanish implies that the 3 complex
structure moduli U, a = 1,2, 3, are related to the axio-dilaton Uy as follows:

_)\1(b3d2 + bzdg) n )\1d0()\2d2 + >\3d3)

01 = 2dsds ahadady T UL
Aobs A3 (bgdy — bads) Aad
Uy = — + AUy,
2 ds 2d3()\2d2 + >\3d3) * 2A\3d3 + A2t
Asb A3(Aoby + A3b Asd
Uy = —23%2 3(A2b2 + 33)+ 39 |\, UL, (2.38)

2ds 2()\2(12 + )\3d3) 2Xads

The W = 0 condition instead implies:

(Aada + Ngds) [4bodads — 2XoXsdo(bads + bydz) + d3(Aada + Aads) |+ AaXs (badz — bads)? = 0.

(2.39)

Note that this can be thought of as a relation between the parameters Ay and A3. Hence

the flux quanta are essentially parametrised by 2 parameters and some integers. We could

have presented the flux vectors as functions of 2 parameters from the very beginning. In

this case the W = 0 condition would have been automatically satisfied. We did not do so
to avoid cluttering the notation.

In summary, the solutions are obtained by choosing the even integers bg, b2, bs, do,

da, d3 and the parameters A\, a = 1,2,3 such that all flux quanta in (2.35) are even, the

W = 0 condition (2.39) is met and the D3 tadpole condition Npuyx < 32 (with Ngux given

in (2.36)) is satisfied. Furthermore, physical consistency conditions such as Im(Uy) > 0
must be satisfied. It is easy to find explicit examples. For instance:

M=X=X=1, by=by=0, do=dz=2, (2.40)

and:
by = —4p?, do=4p, p€eZ, (2.41)

yields a family of solutions parametrised by p € Z. The corresponding flux quanta are:

{ag,a1,a2,a3} = {0,4, -2, -2}, {bo, b1,ba, b3} = {—4p*,4p, 0,0},
{607017 C2, 03} = {07 07 07 0}7 {d07 dl)d27 d3} = {4p7 _47 2? 2} (242)

It follows that Naux = 24 and the superpotential can be written as:
W =2 (2]92 + 2p(U4 — U1) + Ul(UQ + Us — 2U4) + U4(U2 + Ug) — 2U2U3> , (2.43)
which satisfies:

W o (W — O5W)? 4 4(8.W + 95 W)W + 4(9,W)2 . (2.44)
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Due to above relation, solving 9,W = 0, a = 1, ..., 4 automatically sets W = 0, although W
does not have any scaling property when p # 0.3 For p = 0, W is a degree-2 homogeneous
function. Let us mention that we are unable to find even integer fluxes (2.35) subject
to (2.39) and 0 < Npux < 32, for which Nguy is other than 24. At the F-flatness locus the
moduli take the values:

(UlaUQaU3aU4) = (U4+2p7 U4 +p7 U4 +p7 U4) (245)

This might seem as giving an infinite number of solutions. However, one needs to check
if the solutions are physically distinct or related by duality transformations. We give a
summary of the relevant duality transformations in appendix B. Applying these we find
that the infinite class actually corresponds to just 1 distinct solution with representative
the case p = 0.

Solutions with 2 flat directions

In this section we discuss solutions with 2 flat directions. Classified according to the nature
of the linear relations satisfied by the derivatives of the superpotential, these solutions fall

into 3 families.

Family A. For this family the linear relation involves the derivatives of W with respect
to all moduli and looks like:

MOW + X W + A3 03W + 04, W =0, AL, A2, A3 £ 0. (2.46)

With this, the allowed flux quanta fall into 3 subfamilies. We will refer to them as A1, As
and As.

Subfamily Ay. Here the flux quanta are characterised by ds # 0 and take the form:

ds dg)\g} {bgdo b33 dy }
=40,—,0,— bo,b1,b9,b3} =< ——, ———, — . b:
{ao, a1, a2, a3} { SHEESwW i {bo, b1, b2, b3} il I
d3)g
{co,c1,¢2,¢3} = {0,0,0,0}, {do,d1,d2,d3} = do,—T,O,d:s . (247)
1
With this choice Ng.x and W become:
2d2)\3 d3 )\3 dO
Nijux = —=2 W:<dU—U—b><U—U ) 2.48
f N U= U2 =0y Cabw 1+d3 (2.48)
The superpotential and its derivatives vanish when the moduli take the values:
A d b
(Ula U27 U37 U4) = <1 <U3 + O) 7)‘2 (U4 - 3> aU3a U4> . (249)
A3 ds ds
13By scaling property of a function g(U1...,Un), we mean that there exists a set of numbers Ai,..., A

not all zeros, such that

g UL, .. AU, = AV ) gy U), wlw, ., wn) # 0.
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Note that the residual moduli space is 2-dimensional and parametrised by Us and Uy. Let
us present an explicit solution. For A\, = 1, Va = 1,2,3 and d3 = 2, Ngux = 8 and the
fluxes in (2.47) become:

bsd,
{ag,a1,a2,a3} = {0,2,0,—-2}, {bo,b1,b2,b3} = {32(),—537%753}7

{co,c1,¢2,¢c3} ={0,0,0,0},  {do,d1,da,d3} = {do,—2,0,2}. (2.50)

Clearly b3 = 2p and dy = 2q with p, q € Z retain all fluxes even. With these choices we get
a quadratic superpotential:

W=-20—-Us+p)(Us—U1+9q), (2.51)
and the solution to W = 9,W =0Va =1,...,4 is given by:
(U17U25U35U4) = (U3 +(J7 U4 - D, U37U4) . (252)

All the solutions in this class, parametrised by a pair of integers (p, q), are shown to be
dual to 1 physically distinct solution with representative p = ¢ = 0 in appendix B.

Subfamily Ao. In this case d3 # 0 again but the fluxes take the form:

ds dg)\g} {b3d0 do  b3As }
—=10,0 =2 — bo,b1,ba, b3} = ——, —, ———,b
{a07a17a21a3} { ) 7)\17 Al)\Q ) {07 1,02, 3} d3 7A17 )\2 y U3 (¢
dsAs
{60761562703} = {0507070}5 dOad17d27d3} = {d0707 7T7d3 : (253)
2
With this choice Ngux and W become:
2d2)\3 d3 /\3 dO

Nijux = —=2 W= (dsUs— —U; —b3) (Us — Uy + — ). 2.54
fl M (34 Ve 3)(3 o 2+d3> ( )

The superpotential and its derivatives vanish when the moduli take the values:

b A d
(U1,Us,Us,Uy) = ()\1 <U4 - 3) ,ﬁ (Ug + O> ,U3,U4> . (2.55)
d3/) " A3 ds

Note that the residual moduli space is 2-dimensional and parametrised by Us and Uy. Let
us present an explicit example. For A\, = 1, Va = 1,2,3 and d3 = 4, Ngux = 32 and the
fluxes in (2.53) become:

bsd
{a07a1aa2,a3} = {0a0a4a _4}7 {b(]ablabZabS} = {”ad07 _b3,b3}>

{co,c1,¢2,¢3} =1{0,0,0,0}, {do,d1,da,d3} = {dp,0,—4,4}. (2.56)

Clearly, b3 = 2p and dy = 4q with p,q € Z retain all fluxes even. With these choices we
get a quadratic superpotential:

W=-4 (Ul — Uy + g) (U3 — Uy + q) , (2.57)
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and the solution to W = 9,W =0 Va =1,...,4 is given by:
(U1,Us,Us, Uy) = <U4 - % Us +q,Us, U4) : (2.58)

All the solutions in this class, parametrised by a pair of integers (p,q), are shown to be
dual to 2 physically distinct solutions with representatives p =q¢=0and p=1, ¢ =0 in
appendix B.

Subfamily As. Here ds # 0 and the fluxes look like:

do  da)a } {deO bog do}
=<0,—,———,0 bo,b1, b2, b3} = —— ——— = by, —
{a07a17a2aa3} { 7)\37 )\1)\37 ) {0; 1,92, 3} d2 ) )\1 ) 27/\3 5
da
{eo. c1,¢2, ¢33 = {0,0,0,0}, {do, 1, dy, ds} = {do, —iQ,dQ,O} . (259)
1
With this choice Ngux and the superpotential become:
2d2)\2 d2 )\2 dO
Niuyx = —2—= | W:<dUUb><UU > 2.60
fl NN 2Uy s 3 — b2 2 N 1+d2 ( )
W and its derivatives vanish if the moduli take the values:
A d b
(Ul,Ug,Ug,U4) = (1 <U2 + 0) , Uz, A3 (U4 — 2) ,U4> . (2.61)
A2 do do

Note that the residual moduli space is 2-dimensional and parametrised by Us and Uy. Let
us present an explicit example. For \{ = A3 = 1 and Ay = dy = 2, Nux = 16 and the
fluxes in (2.59) become:

1
{(IO,CL]_,CLQ, (Lg} - {07 27 _45 0}) {b07 bl) b27 b3} - {2b2d07 _2b27 b27 dO} )
{CO) C1,C2, 63} = {07 07 07 0} ) {d()a d17 d27 d3} = {d07 _4) 2) O} . (262)

Clearly by = 2p and dy = 2q with p, g € Z retain all fluxes even. With these choices we get
a quadratic superpotential:

W =-2 (U3—U4 +p) (U2—2U1—|—q), (2.63)

and the solution to W = 9,W =0Va =1,...,4 is given by:

Us +q
2

(Uly U27 U37 U4) = < 7U27 U4 - D U4) . (264)

All the solutions in this class, parametrised by a pair of integers (p,q), are shown to be
dual to 2 physically distinct solutions with representatives p =q¢=0and p =0, ¢ =1 in
appendix B.
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Family B. For this family the linear relation involves derivatives of W with respect to
the dilaton and 1 complex structure modulus and reads:

A3 3W + o, W =0, A3 #£0. (2.65)

Similar solutions exist for linear relations of the form A0, W + 4 W = 0 with Ay # 0
for « = 1,2, and so we do not list them separately. The allowed flux quanta fall into 2
subfamilies which we call By and Bs.

Subfamily B1. Here do # 0, c3dy # dids and the fluxes take the form:

C3 d2 dl bgCg} {deO b2d1 do}
=y -2 = = == bo. by, bo, b} = { =2 20 by, —
{a07a17a27a3} { )\37 )\3’ A37 d2 ) { 0,091, 02, 3} d2 ) d2 ; U2, )\3 )

{60,61,02763} = {0,0,0,Cg}, {do,dl,dz,dg} = {do,dl,dz,O} . (266)

With this choice Np.x and the superpotential become:

2 U. b
Nux = — (ngo — dldg) , W= (U _ 3 2) (UQ(CgUl + dg) +dUp + do) . (267)
A3 A3 do
W and its derivatives vanish at:
d2Us + dy ( 52> >
U,Us,U3,Uy) = | ——, U, A3 | Us— — ) ,Uy | . 2.68
(1234)(C3U2—|—d1234d24 (2.68)

Note that the residual moduli space is 2-dimensional and parametrised by Us and Uy. Let
us present an explicit solution. For A3 =1, c3 =6, dy = dy = 2 and d; = 0, Ngux = 24 and
the fluxes in (2.66) become:

{a07a17a27a3} = {76727053b2}7 {bO,blab27b3} = {b2505b272}7
{00,61,62763} = {0,0,0,6}, {do,dl,dg,dg} = {2,0,2,0}. (2.69)
Clearly bo = 2p with p € Z retains all fluxes even. With these choices we get a cubic

superpotential:
W =-2BUUs+ U+ 1) (Us — Uy +p), (2.70)

and the solution to W = 9,W =0Va =1,...,4 is given by:

Us+1
3Us

(U17U27U37U4> - (_ 7U27U4 - D, U4) . (271)

All the solutions in this class, parametrised by an integer p, are shown to be dual to 1
physically distinct solution with representative p = 0 in appendix B.

Subfamily By. In this case c3 # 0, csdg # di1do and the fluxes read:

C3 dg d1 } {(Igdo a3d1 a3d2 do}
—] 8 20 bo, b, b, by} = il
{CLO,CLl,CLQ,CLg} { )\37)\37)\?)5&3 ) {0) 1,02, 3} cs ) cs ) cs 7A3 3
{co,c1,¢2,¢33 = {0,0,0,c3}, {do,d1,dz,ds} = {do,d1,d2,0} . (2.72)
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This choice induce a flux contribution to the D3 tadpole and a superpotential of the form:

2 U. a
Niux = ~ (cady — dids) W:(U—?—3ywmwﬁwg+mm+%y

A3 A3 C3

(2.73)

The superpotential and its derivatives vanish if the moduli take the values:
daUs + dy ( a3) )
U,U2,U3,Uy) = | ————, Uz, A3 (Us— — | ,Uy ) . 2.74
(1234)(63U2+d123463 4 (2.74)

Note that the residual moduli space is 2-dimensional and parametrised by Us and Uy. Let
us present an explicit example. For A3 =1, c3 = d; = ds = 2 and dyp = 4, Naux = 8 and
the fluxes in (2.72) take the form:

{ao,a1,a2,a3} = {—2,2,2,a3}, {bo,b1,b2,b3} = {2a3,a3,a3,4},

{60,61,02,03} = {0,0,0,2}, {do,dl,dg,dg} = {4,2,2,0}. (275)
Clearly as = 2p with p € Z retains all fluxes even. With these choices the superpotential
is cubic:
W ==2UUs+U; +Uy+2)(Us—Us+p), (2.76)
and the solution to W = 9,W =0Va =1,...,4 is given by:
Us + 2
Ui,Uz,Us,Uy) = | — Uy, Uy —p,Uy | . 2.77
(U1, Uz, Us, Uy) <U2+1’2’4 p,4) (2.77)

All the solutions in this class, parametrised by an integer p, are shown to be dual to 1
physically distinct solution with representative p = 0 in appendix B.

Family C. For this family the linear relation involves the derivatives of W with respect
to 2 complex structure moduli and takes the form:

HW = AW, A #0. (2.78)

Similar solutions exist with linear relations of the form 0, W = A3 d3W with o = 1,2 and
A3 # 0, and so we do not list them separately. With a relation of the form (2.78) the
allowed flux quanta fall into 3 subfamilies. We will refer to them as C1, Co and Cs.

Subfamily C1. Here baco # aods and the flux quanta look like:

a
{ap,a1,a2,a3} = {07 )\270270} ; {bo, b1,b2,b3} = {0,b2A2, 02,0},
c
{60)01702763} - {O) )\22702)0} 3 {d07d17d27d3} - {07d2)\27d270} . (279)
With this choice we have:
U-
Nijux = 2 (baca — aada) , W = (Ul + Aj) (Us(caUy — az) + AadaUs — boXa) . (2.80)

The superpotential and its derivatives vanish at:

U: d2Uys — b
Uy 2Uy 2U4).

Uz, — Ao
b b 62U4 _ a27

N (2.81)

(Ula U27 U37 U4) — <_
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Note that the residual moduli space is 2-dimensional and parametrised by Us and Uy. Let
us present an explicit example. For as = dy = 0, by = 4 and co = 2, Npux = 16 and the
fluxes in (2.79) become:

{a07a17a27a3} = {0707070}’ {bUablab2ab3} = {0a4)‘2a4a 0}7

2
{C(]a C1,C2, C3} = {07 )\7’ 2; 0} ) {dOa dla d27 d3} = {07 07 07 0} . (282)
2

Clearly Ay = +1, :l:% retain all fluxes even. With these choices we get a cubic superpotential:

U
W =2 <U1 + ;) (UsUy — 2Xs), (2.83)
2
and the solution to W = 9,W =0Va =1,...,4 is given by:
U. 2\
(U17U27U37U4) = (_27U2727U4> . (284)
A2 Us
Subfamily Co. In this case by, co,ds # 0 and the fluxes look like:
bsca bsc bads A\
{ao, a1,a2,a3} = {07 =2 32,0}7 {bo, b1, b2, b3} = { 20 2,b2)\2,bg,b3},
dsAe’ d3
{cuservenca) = {0. 2 0.0}, {do,d o, ds} = {0,0,0,ds). (285)
2
This choices induces:
U. d b
Ny = 2bycy, W = ((Ul + 2) + 3) <C2U3 <U4 - 3) - bg/\2> . (2.86)
)\2 (&) dg
The superpotential and its derivatives vanish if the moduli take the values:
U2 d3 b2d3)\2 )
U, Uy, U3, Uy) = | —— — — _— 2.87
( 1,V2,U3, 4) ( )\2 C27 2762d3U4—b3627 4 ( )

Note that the residual moduli space is 2-dimensional and parametrised by Us and Uy. Let
us present an explicit solution. For by = co = 4, Npux = 32 and the fluxes in (2.85) take

the form:
4bs  4b
{(IO, ai, az, a3} - {07 737 737 0} } {b07 b17 b27 b3} = {)‘2d37 4>‘2)4) b3}7
Aod3 ™ d3
4
(e0.cr,enca) = {0, 1.0}. {do,dy, do ds} = {0,0,0,d5}.  (2.88)
2

Clearly Ao = 1, d3 = 2p, b = qd3 with p,q € Z retain all fluxes even. With these choices
we get a cubic superpotential:

W = 4 (UsUy — qUs — 1) <U1+U2+12’>, (2.89)
and the solution to W = 9,W =0Va =1,...,4 is given by:
(UUUU)—(—U—pU 1U> (2.90)
1 2 39 4) — 2 27 27U4_q7 4 . .
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All the solutions in this class, parametrised by a pair of integers (p,q), are shown to be
dual to 2 physically distinct solutions with representatives p =q¢=0and p=1, ¢ =0 in
appendix B.

Subfamily Cs. In this case dy,ds # 0, bads # bsds and the fluxes take the form:

bado bada A
{ao,a1,a2,a3} = {0732, 372 2,0},
do do
dods dods
{co,c1,¢2,¢3} = {0723, 20802
do do

bad
(bbb ba) = {20 bada b |

O {dovdr,dada} = {do,doda,dayda) . (291)

The expressions for Ngux and W become:

2do A
Navwe = = (bads — bsda)
0
ds b3
W = (dg ()\QUl + UQ) + d(]) Uy EUg +1)— CTU3 —bodp | . (2.92)
0 0

The superpotential and its derivatives vanish at:

1 do do (d2Uy — be) >
U, U, U, Up) = —— U+ — ) ,Ug, ——————=,Uy | . 2.93
( 1,V2,U3, 4) < AZ ( 2+ d2> s U2, d2 (d3U4—b3)7 4 ( )

Note that the residual moduli space is 2-dimensional and parametrised by Us and Uy. Let
us present an explicit example. For Ao = 1, by = 0, bg = —4p, dy = 4p, do = —2 and
ds = 4p with p € Z, Ngux = 8 and the fluxes in (2.91) become:

{a07a17a27a3} = {0727270}7 {b07b17b27b3} = {070707 _4])}7
{00761762ac3} = {07_27_270}7 {dOad17d27d3} = {4p7_27 _2a4p} (294)

Clearly all fluxes are even. With these choices we get a cubic superpotential:
W = —=2(UsUy + Us + U4) (U1 + Uy — 2p) , (2.95)

and the solution to W = 9,W =0Va =1,...,4 is given by:

1
U,Uz,U3,Uy) = (2p — U, U, —— — 1,Uy | . 2.96
( 1,V2,U3, 4) < p 2,U2, U4+1 ) 4) ( )

All the solutions in this class, parametrised by an integer p, are shown to be dual to 1
physically distinct solution with representative p = 0 in appendix B.

Dualities among solutions

The duality relations among the different classes of solutions presented above are analysed
in detail in appendix B (for the case where A\, € Z). Here we just summarise the main
results. The solutions of all 3 subfamilies in family A are dual to each other, and subfamily
A features inequivalent solutions. Similarly, all the solutions in B; are dual to solutions in
Bo, and B; has physically different solutions. On the other hand, even if Co» and C3 are dual
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to each other, C; is dual only to a subset of C.'* Appendix B discusses the classification
of inequivalent solutions within Cs, together with an explicit example of a solution which
is in Cy but not in Cy.

An interesting fact is the presence of inter-family dualities despite distinct linear func-
tional relations for the derivatives of the superpotential across the families A, B,C. In
appendix B we have found that Cs is dual to By and Ajg is dual to a subset of ;. Hence,
B is the subject of focus, for which physically distinct solutions have been classified in
great detail in appendix B.

Notice finally that in family A each subfamily gives a quadratic superpotential. Setting
p=¢q=0in (2.51), (2.57) or (2.63) yields the superpotential discussed in [29] which can also
be reproduced for suitable choices of fluxes in the cases By, C; and C3. On the other hand,
in the cases By and Cy the superpotential is always cubic. In light of aforesaid dualities,
a cubic superpotential can be mapped to a quadratic one in certain cases. However, we
can find cases where cubic W can be made quadratic but not a homogeneous function of
degree 2, e.g. setting A3 = 1,by = 2,¢c3 =4,dy =4,d; = 0,da = 4 in (2.66).

Let us close this section commenting on some general features of the superpotential
that we observe in these cases. W is always a product of 2 factors, each of which depends
on 2 variables among Uy,...,Us. They also do not depend on the same U,, and one of
them is linear while the other is at most quadratic. Hence W can be written as:

W(Ub B U4) = f(Up(l)a Up(2)) g(Up(?:)v Up(4)) ) (297)

where (p(1),...,p(4)) is a permutation of (1,...,4), f is linear, g is at most quadratic and
the quadratic term in g (if any) is only the cross-term Uy, 3)Uys). Clearly:

3Up(1)W xX g, aUp(Q)W xg, aUp(3)W = faUp(3)g’ 8Up(4)W = faUp(4)g . (298)

Moreover, for a = 3,4, 8Up(a) g is of the form paUppq) + Va for some real coefficients p,
and v, at least one of which is non-zero. Hence 8UP<G)W = (0 with a = 3,4 sets f = 0 for
complex solutions U,. Due to this, solving f = g = 0 automatically sets W = OUP(Q)W =0,
Va = 1,...,4, reducing the number of linearly independent equation to 2. This shows
clearly the existence of 2 flat direction since the number of moduli is 4. Notice also that in
general neither f nor g (hereby W) has any scaling property. However, each class of fluxes
presented above includes examples where at least one of the f and g, or both, can be made
homogeneous in their arguments by suitably setting some fluxes to zero. For example, for
a given class, f(Up1), Up2)) = m1Upy + p2Up2) + v can be made homogeneous in Uy,
Up(2) by setting v = 0 whenever allowed.

Primitivity

The solutions in the previous sections correspond to situations where the F-terms of the
axio-dilaton and the complex structure moduli vanish and W = 0. Additionally, to be
supersymmetric solutions of the 10-dimensional equations of motion, G'3 needs to be prim-

itive. In this section we present a suitable Kahler form for all cases so that G3 is primitive.
The analysis is along the lines of [60].

MPrecisely, C3 contains 2 copies of Co.
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The fluxes considered are diagonal, and so their expansion in the basis elements defined
in (2.5) is of the form:

Fy = apag + araqy + azags + agass + b1 B + 0222 + b3 822 + b B0,
Hjy = coag + craq1 + coaos + csass + di St + dof?? + ds 8% + do8° . (2.99)

The period matrix is also diagonal for all the solutions obtained. Thus dz/ = da +
Tjdyj, dz = da? + %jdyj, j=1,2,3. Now, taking the Kéhler form to be:

3 3
J = ZTJQ dzd A dF = —2iZIm (15) 7“]2 da? A dy? (2.100)
j=1 j=1

it is easy to see that J A G5 = 0, i.e. G3 is primitive.

2.3 Solutions with N = 2 supersymmetry and flat directions

Solutions with extended supersymmetry in 4 dimensions have been useful laboratories for
developing our understanding of string theory. Some of our solutions with 2 flat directions
preserve N = 2 supersymmetry in 4 dimensions. Being warped flux Minkowski compactifi-
cations with extended supersymmetry where the string coupling can be tuned to arbitrarily
small values, they should be of interest for various theoretical studies.

The number of supersymmetries that a solution preserves can be determined by ex-
amining the decomposition of the Gz flux under SU(2);, x SU(2)r x U(1) C SO(6) (where
SO(6) is the group of rotations of the internal torus) [60]. In the charge convention of [60],
a general 3-form decomposes as:

[6 % 6 x 64 — (2,2)0+ (2,2)0 + (3,0)2 + (3,0)_3 + (0,3)2 + (0,3)_5 . (2.101)

The requirement of extended supersymmetry is that GG3 must take values so that only the
(0,3)2 component is present. This implies that when G is written as:

Gz =wANdz?*, (2.102)

where 2z is the ‘complex direction” with U(1) charge 2, then w has to be self dual in
the remaining 4 (real) directions, with the orientation choice for Hodge duality which is
consistent with (2.4). We present 2 explicit solutions which preserve N = 2 supersymmetry.
In all our computations we will consider a metric of the form:

gi; =17 03z, (2.103)
that will ensure primitivity of the solutions.

Example 1. This solution lies in subfamily A; of section 2.2. Choosing A\ = Ao = A3 =1,
bs = dyp = 0 and d3 = 2 in the expressions for the flux quanta in (2.47) we obtain:

{a07a17a27a3} = {072707 _2}7 {b07b17b27b3} = {0707070}7
{COa617627C3} = {0707070}7 {dOadlad27d3} = {07 _27072}a (2104)
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together with Ngux = 8, and so the tadpole bound is satisfied. The superpotential is
given by
W =2(Uy — U3)(Uz — Uy) . (2.105)

The residual moduli space can be parametrised as:
(U1,Us,Us,Uy) = (Us, Uy, U3, Uy) (2.106)

where we take Us, Uy to be in the fundamental domain of the upper half plane modulo mod-
ular transformations. Thus, all U, have positive imaginary parts. The 3-form fluxes are:
Fy = —2dz! Ada® Ady® + 2da® Ada® A dyt,
Hy = 2dz' Ady? Ady? — 2da® A dyt A dy?, (2.107)

leading to the complexified 3-form:

2
Gy = ———— (A2 AdZ2 +d22 A dEY) A d2? = w A d22. (2.108)
Us — Us

Identifying 22 as the U(1) coordinate, we see that G3 has hypercharge +2. Furthermore,
computing the SO(4) D SU(2)1, x SU(2)r dual we get:

*pW=w. (2.109)

Thus the solution preserves N = 2 supersymmetry. Notice that this corresponds to the
case studied in [29)].

Example 2. This solution lies in subfamily B of section 2.2. Choosing A3 = 1, by = 2,
di =0 and ¢3 = dp = d2 = 4 in the expressions for the flux quanta in (2.66) we obtain:

{ao,a1,a2,a3} = {—4,4,0,2}, {bo,b1,b2,b3} = {2,0,2,4},
{60,61,02,63} = {0’07074}7 {d07d17d25d3} = {47074a0}7 (2110)

together with Ny« = 8. The superpotential is given by
W = *2(U1U2+U2+1)(2U3+U4+1). (2.111)

This is an example where using dualities the superpotential cannot be brought to a degree-2
homogeneous polynomial. The residual moduli space can be parametrised as:

_U2+1

Ui,Uz,Us,Us) =
(01,02, 03, U0 = (-2

1
7U2,U4—2,U4) ; (2.112)

where we take Us and Uy to be in the fundamental domain of the upper half plane mod-
ulo modular transformations. Thus, all U, have positive imaginary parts. The 3-form
fluxes are:

Fy = —4dzt Ada® Ada® + 2dat A da? A dy? 4 4da? A da® A dyt + 2d2? A dyt A dy?
—4dx3 Adyt Ady? + 2dyt Ady? Ady3,
Hs = 4dz' A daz? A dy® + 4d2? A dyt A dy® + 4dyt A dy? A dy?, (2.113)
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leading to the complexified 3-form:

4 _
— (Uadz' AdZ? + Ugdz2 AdZY) Ad2® =w A d23. (2.114)

Gg=———
2T U, — U,

Identifying 2% as the U(1) coordinate, we see that G3 has hypercharge +2. Furthermore,
computing the SO(4) D SU(2);, x SU(2)r dual we get:

*pW=w. (2.115)

Thus the solution preserves N = 2 supersymmetry.

3 Flat directions in Calabi-Yau orientifolds

In this section we turn to CYs in the large complex structure limit. A detailed study will be
carried out using the CY obtained by considering a degree-18 hypersurface in CPy 1 16 ]
(first studied in the context of mirror symmetry in [62]). Then, we also briefly discuss
another CY with more moduli.

3.1 Type IIB Calabi-Yau flux compactifications at large complex structure

In this section we first recapitulate some basic material on type IIB flux compactifications

16 Given that our

in the large complex structure limit'® and the CP1,1,1,6,9) example.
discussion shall be quite brief, we refer the reader to [5, 7, 74, 75| for further details.
Type IIB flux compactifications have an internal manifold that is conformally an orien-
tifolded CY X. To describe these in the language of special geometry, one works with a sym-
plectic basis for Hs(X,Z), {Aq, B} fora =0,...,h"*(X) with A,NA, =0, A,N B> =42,
and BN B’ = 0, and projective coordinates on the complex structure moduli U® (in what
follows, we will take U? = 1). The central object is the prepotential F, which is degree-2

and homogeneous in the projective coordinates. The period vector is given by:

= (1a)- () o

where Fy = 2F — U*F, with F, = Oy«F. Similarly, (integer valued) flux vectors F' and
H are obtained by performing integrals of the 3-form field strengths over the A, and B,
cycles. The flux superpotential, which is classically exact, is given by:

W= (F—-¢H)" ©-1II, (3.2)

01
Sp (_1 0) | (33)

5For detailed studies of flux vacua in the large complex structure limit see e.g. [63, 76-82].
1We follow the notation and conventions of [7] but with 2 exceptions: () in the definition of the GVW
superpotential, the paper has an overall factor of {/2/m which we set equal to unity to be consistent with

where:

our earlier discussion. (i7) the paper uses 7 to denote the axio-dilaton, while we will continue to use ¢.
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is the symplectic matrix. The tree-level Kéhler potential (for the complex structure moduli
and the axio-dilaton) is:

K=~In (=Ml 1) ~In (~i(¢ - 9)) . (3.4)

In the large complex structure limit, the prepotential is a sum of perturbative terms which
are at most degree-3 and instanton corrections, i.e. F(U) = Fpert(U) + Finst(U) with:

1 1
Foet(U) = —5; KapUUU® + 3 agU U + b, U + €, (3.5)
where KCype are the triple intersection numbers of the mirror CY, ay, and b, are rational,
and £ = —QC(ST);)%, with x the CY Euler number. The instanton corrections are:
27i U
]:inst(U) (27T1 3 ZA e ¢ (36)

where the sum runs over effective curves in the mirror CY. The form of the perturbative
part of the prepotential implies that it leads to a superpotential that is at most degree-3
polynomial in the complex structure moduli and the fluxes. Thus the search for super-
symmetric minima with flat directions can be carried out using the method we have put
forward in section 1.1.

3.2 Supersymmetric solutions with flat directions for CP|; ; ;6 9[18]

The CPp; ;,1,6,0)[18] example

In this section we implement our method to find supersymmetric minima with flat directions
focusing on the example of the degree-18 hypersurface in CP; 11 69). Let us record some
basic facts about this CY which has 272 complex structure moduli and a G = Zg X Z1g
symmetry. By considering fluxes which are G-invariant, one stabilises on the G-symmetric
locus (see [16]). Thus the stabilisation problem can be effectively reduced to a 2-moduli
one. For this, the relevant geometric data are:

1/93 - 1 (17
Kiin=9, Kii2 =3, K122 , a=g <3 0) , 1 (6) ; (3.7)

and the instanton corrections are (27i)3 Fingt = F1 + F2 + - - - with:

1215
9 1 + 1080 q142 + —

F1=-540q1 — 3 ¢q2, Fo = (3.8)

5
g 1
where ¢, = exp(2miU?) with a = 1,2. We will consider the orientifold described in [83]
with the D7 tadpole cancelled by 4 D7-branes on top of each O7-plane. This setup yields
a D3-charge Qp; = 138.

Neglecting exponentially small corrections in the prepotential, the F-flatness conditions
are a set of 3 polynomial equations in 3 variables. We examine both cases, in which the
superpotential vanishes or assumes a non-zero value at the minimum. As described earlier,
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our ansatz will involve looking for solutions where there is a linear relation between the
derivatives of the superpotential.
Following the algorithm described in section 1.1, we start by writing the flux vectors as:

F=(fifofs fafs[fe), H = (hy hs h3 ha hs he)', fishi € 7. (3.9)

For simplicity in this paper we will take fy = hy = 0. As a result, the contribution to
the superpotential of the term involving the CY Euler number in the prepotential (3.5)
vanishes and the superpotential is polynomial with rational coefficients. This simplifies the
search for solutions. Now, defining Ny = %NﬂuX = —% H'-%- F and denoting (U, U2, ¢)
by (Uy,Usz,Us), we have:

1
Miux = §(f2h5 + fshe — fsha — fehs),
W = fi + Ui(f2 — hoUs3) + Ua(f3 — haUs)
—+— (2(3U1 + UQ)Q — 18U; — 6U5 — 17) (f5 — h5U3)

(U1(3U1+2U2—3) —3) (fﬁ—hGUg) — h1Us. (3.10)

N — |~

_l’_

Solutions with W =0

Given (3.10), consider the 4 polynomial equations in 3 variables: W(U,) = 9,W = 0
Va = 1,2,3. The degree of each of these equations is 3 or less, depending upon the choices
of fluxes. For this system of equations to admit a solution, one of them should be dependent

on the others. Here, we examine cases when this dependence is linear:'”

(1) When O\W = Ao oW + A3 O3W with at least one of Ay and A3 which is non-zero
and subject to Naux # 0, we find only 1 family of fluxes (details are given below)
for which W = 9,W = 0 Va = 1, 2,3 admit solutions in the large complex structure
limit. Here, we do not need to impose any further conditions ensuring the existence
of a flat direction since it turns out that we always have a flat direction (parametrised
by the axio-dilaton) with the above family of fluxes;

(17) When oW = A303W, A3 # 0, the conditions on the fluxes have no solution in
keeping with M.y # 0.

We now provide the aforesaid family of fluxes which are dependent on the 5 parameters
>\2) )\3) f3a hl and h3:

A3((2A2—3)(2h2+6h1 hg+h2)—6A2h2
IR (23 (}\273;,\5 D-0hS)
{f11f27f3>f47f57f6} - Ah )
3
3Ashs (2X2 — 3)Ashs (A2 — 3)Ashs
Ao f3 — Aghy — —— 0
2f3 311 2 >f37 ) ()\2—3)A2 ) )\2 3

{h1,hg, h3, ha, hs, he} = {h1, A2h3, h3,0,0,0}, A2 #0,3, A3, hg # 0. (3.11)

17 As the derivatives of the polynomial W are of lower degree, W can never be equal to a linear combination
of its derivatives.
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In this case we have:

3 (()\2 — 3))\2 + 3) Agh%
202 — 3
1
X(Q()\Q — 3))\2(f3 — thg) + (3—2)\2))\3h1 + )\3h3(3)\2(U1—2) + (2)\2—3)U2 + 9)) .

Nﬂux = -

Now, solving W = 9,W = 0, Va = 1,2, 3, we see that U; and Us depend linearly on Us
with slopes —1/A3 and \a/As3 respectively. Thus, by requiring A2, A3 < 0, we may obtain
ImU,, VYa = 1,2,3 to be of the same sign. This keeps Njuy positive and also ensures that
U and U; are in the large complex structure limit when Im Uj is taken large to be in the
weak string coupling regime.

Note the arguments of f5(X2, A3, h3), fe(A2, As, h3), ha(A2, hs) and Nyux(A2, A3, h3).
There are only 488 triples (A2, A3, h3), Ao, A3 € Q, hg € Z, securing fs, fs, ha € Z and
Nauwx € Z/2 with 0 < Mgux < 138. For 420 of them there are no f3,h; € Z that keep
all other fluxes in (3.11) integers. For each of the remaining 68 triples (A2, A3, h3), we get
a subfamily of integer fluxes (3.11) parameterised by f3 and hy. All the members in any
of the aforementioned subfamilies have the same Mgux (A2, A3, hg) which happens to be an
integer. In tables 1 and 2 we list a representative from each of these 68 subfamilies. Then,
we also discuss one of these subfamilies in detail. Let us stress that among the above 68
values of Niux (A2, A3, h3) only 13 are distinct.

In all 68 cases in tables 1 and 2, W is a non-homogeneous function of degree 2. We
need to check if these cases are dual to cases where W is homogeneous (as in [7, 20]). To do
this, we can employ integer shifts of the complex structure moduli U; and U, and SL(2,7Z)
transformations on the axio-dilaton Usz.'® Note that hs, hg # 0 in (3.10) yield a cubic W.
In all cases in tables 1 and 2, hs = hg = 0 and f5 # 0. From (A.1) we see that an SL(2,7Z)
duality transformation with non-zero ¢ and f5 leads to a non-zero hs, yielding a non-zero
coefficient for U3U3 in W. Thus, for the above check we must keep ¢ = 0, and only integer
shifts of U, Va = 1,2, 3 are useful. We find that in 53 of these 68 cases, appropriate integer
shifts of U, can transform W into a homogeneous function of degree 2. Interestingly, after
including instanton corrections to the superpotential, it can be checked that only 2 out
of these 53 solutions feature a weak string coupling and an instanton expansion which is
definitely under control, corresponding to the 2 old vacua already found in [20, 21] (1 of
them has been originally discovered in [7]).

On the other hand, W remains non-homogeneous in the remaining 15 cases, with the
following case numbers in table 1 and 2: 3,4,21,22,23,24,25,26,33, 34, 38,41, 55, 65, 66.
These 15 solutions represent therefore novel perturbatively flat vacua which are qualita-
tively different from the ones studied in [7, 20]. In order to check if these can be solutions
with small g, one should perform a careful study of dilaton stabilisation via instantons
which we leave however for future research.

18See appendix A for the transformation rules.
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Table 1. Representatives of families of integer fluxes for solutions with W = 0 and 1 flat direction,
Part 1.

(A2, As, hs) F H MNux w
1 (-3,-72,1) {-9,-9,-9,0,36,-144} {-2,-3,1,0,0,0} | 126 | —(3U; — Us + 2)(18U; + 18Uy — Us — 27)
2 | (-3-72:-1) {-3,-9,15,0,-36,144} {2,3-1,0,00} | 126 (3U; — Us + 2) (18U, + 18Uy — U — 33)
3 (-3,-8,3) {-11,-10,2,0,12,-48} {-5,-9,3,0,0,0} | 126 | —(9U; —3Uz +5)(2(=1+ Uy + Uy) — Us)
4 (-3,-8,-3) {-14,-13,11,0,-12,48} {7,9-3,0,00} | 126 (90, — 3Uy + 7)(2U, + 2U, — Us — 5)
5 (-1,-48,1) {-33,72,0,0,60,-192} {0,-1,1,0,0,0} | 126 —(Uy — Uy)(18U; + 30U, — Us — 90)
6 | (-1- 48 1) | {-13-10-14,0-60,192} | {1,1-1,0,0,0} | 126 (U — Us + 1)(18U + 30U, — Uz — 46)
7| (-1,-1,3) {-3,-14,6,0,20,-64} {-6,-3,3,0,0,0} | 126 —(U1 — Uy + 2)(6U; + 10Uy — 3U3 — 4)
8 | (-1,-15, 73> {-10,-9,1,0,-20,64} {3,3-3,0,0,0} | 126 (U — U + 1)(6U; + 10Uy — 3(7 + Us))
9| (-3,-59) {-9,-14,6,0,4,-16} {-9,-27,9,0,0,0} | 126 | —(3U; — Uy + 1)(2(1 + Uy + Uz) — 9Us3)
10 | (—3,-3,-9) {1,-10,2,0,-4,16} {9,27,-9,0,0,0} | 126 | (3U; — Uy + 1)(2(=3 + Uy + Ua) — 9U3)
11] (-3,-3.4) | {14-13140,16-50} | {-7-34,00,0} | 124 —(8Uy — 4Us + T)(Uy + 2Us — Us 4 1)
12 (=3,-3,-4) | {-11,-12,6,0,-16,50} {3,3-4,0,00} | 124 (3U) — 4Uy + 3) (U + 2Uy — Us — 6)
13| (-12,-80,1) {-99,120,0,0,12,-100} | {0,-12,1,0,0,0} | 122 —(12U1 — Uz)(—18 4 8U1 + 6Uz — Us)
14| (-12,80-1) | {99,-120,0,0,-12,100} | {0,12,-1,0,0,0} | 122 (12U; — Us)(—18 + 8U; + 6Us — Us)
15| (-6-72,1) {-77,108,0,0,20,-108} | {0,-6,1,0,0,0} | 114 —(6U1 — Uz)(—30 + 12U 4 10U, — Us)
16 | (-6,-72,-1) {77,-108,0,0,-20,108} | {0,6-1,0,0,0} | 114 (60, — Us)(—30 + 12Uy + 10U; — Us)
17| (-5,-7,2) {-3,-13,12,0,32,-98} {-4,-1,2,0,0,0} | 114 | —(4+ Uy — 2Us)(—2 + 3U; + 8U — Us)
18| (-1,-7,-2) {-9,-14,0,0,-32,98} {112,000} | 114 (14 U1 — 2Us)(—20 + 3Uy + 8Uz — Us)
19 | (-3-64,1) {-10,-11,-7,0,32,-128} | {-2,-3,1,0,0,0} | 112 | —(2+ 3U; — Uz)(—23 + 16U; + 16U, — Us)
20 | (-3-64,-1) {-4,-10,14,0,-32,128} {2,3-1,0,0,0} | 112 | (24 3U; — Up)(—30 + 16U, + 16Us — Us)
21 | (-3-16,2) {-10,-13,-1,0,16,-64} | {-4,-6,2,0,0,0} | 112 | —(2+ 3U; — Us)(—9 4 8U; + 8Uy — 2U3)
22 | (-3-16,-2) {-6,-11,9,0,-16,64} {4,6-2,0,0,0} | 112 | (243U — Up)(—17 + 8U; + 8U, — 2U3)
23 (-3,-4,4) {-10,-14,2,0,8,-32} {-8-12,4,0,0,0} | 112 | —2(2+ 3U; — Up)(—1 + 2U; + 2U, — 2U3)
2| (-3-4,-4) {-6,-10,6,0,-8,32} {8,12,-4,0,0,0} | 112 | 2(2+ 3U; — Uz)(=5 + 2U; + 2Us — 2Us3)
25 (-5 -1 8) {-9,-14,6,0,4,-16} {-8,-24,8,0,0,0} | 112 —2(1+3U; — Us)(1 4+ Uy + U, — 4U3)
26 -8) {1,-10,2,0,-4,16} {8,24,-8,0,0,0} | 112 2(1 43Uy — Us)(—=3 + Uy + Uy — 4Us3)
27 ( 3,-56, 1) {-9,-10,-6,0,28,-112} | {-2,-3,1,0,0,0} | 98 | —(2+ 3U; — Us)(—20 + 14U; + 14U, — Us)
28 | (-3/56,-1) {-5,-11,13,0,-28,112} {2,3,-1,0,0,0} 98 | (243U — Us)(—27 + 14Uy + 14Us — Us)
29| (=3,-5,7) {-9,-13,3,0,4,-16} {-14,-21,7,0,0,0} | 98 —(2 43Uy — Up)(1 + 2U; + 2U, — TU3)
30| (=3,-%,-7) {-9,-14,6,0,-4,16} {14,21,-7,0,0,0} | 98 (243U — Up)(2(—4 + Uy + Up) — TUs3)
31|  (-3-48,1) {-10,-12,-4,0,24,-96} | {-2,-3,1,0,0,0} | 84 | —(2+3U; — Us)(—16 + 12U; + 12U — Us)
32| (-3-48,-1) {-4,-9,11,0,-24,96} {2,3,-1,0,0,0} 84 | (38U — Uz + 2)(—23 4 12U + 12U — Us)
33| (-3-12,2) {-12,-9,3,0,12,-48} {-3-6,2,0,0,0} | 84 | —(6Uy —2Us+3)(3(=1+ Uy + Uy) — Us)
34| (-3-12,-2) {-14,-9,11,0,-12,48} {5,6,-2,0,0,0} 84 (601 — 2Us + 5)(—7 + 3Uy + 3Uz — Us)
35 | (-1,-32,1) {-22,48,0,0,40,-128} {0,-1,1,0,0,0} 84 —(Uy — Up)(—60 + 12U, + 20U, — Us)
36 | (-1-32:-1) {-12,-10,-6,0,-40,128} | {1,1,-1,0,0,0} 84 (14 Uy — Us) (=34 + 12U; + 20U, — Us)
37 (-1,-8,2) {-3,-14,6,0,20,-64} {-4,-2,2,0,00} | 84 —2(2+ Uy — Up)(—2 + 30U, + 5Us — Us)
38 | (-1,-8-2) {-10,-9,1,0,-20,64} {2,2,-2,0,0,0} 84 (14 Uy — Us) (=21 4 6U; + 10U — 2U3)
39 | (-3,-15.3) {-10,-14,2,0,8,-32} {-6,-9,3,0,0,0} | 84 | —(2+3U; — Us)(—2+4U; + 4Us — 3U3)
40 | (—3,-16,-3) {-6,-10,6,0,-8,32} {6,9,-3,0,0,0} 84 (2 + 3U; — Us)(—10 + 4U; + 4Us — 3Us)
41| (-3,-316) {-9-13,3,0,4,-16} {-12,-18,6,0,0,0} | 84 —(243U; — Uz)(1 + 2U; + 2Us — 6U3)
42| (=3,-4,-6) {-9,-14,6,0,-4,16} {12,18-6,0,0,0} | 84 2(2 + 3U; — Us)(—4 + Uy 4 Uy — 3Us3)
43 | (-2,-40,1) {3,-14,-3,0,28,-100} {-2,-2,1,0,0,0} | 78 | —(2+2U; — Us)(—17 + 12U} + 14U, — Us)
44 | (-2,-40,-1) {8,-10,-5,0,-28,100} {1,2,-1,0,0,0} 78 | (1+2U; — Us)(—23 4 12Uy + 14U, — Us)
45| (-3,-9,2) {-9,-9,12,0,16,-54} {-2,-3,2,0,0,0} | 78 | —(2+3U; —2Us) (=2 + 3U; + 4Us — Us)
46| (=2,-9,-2) {-2,3,-2,0,-16,54} {3,3,-2,0,0,0} 78 (34 3U; — 2Us) (=5 + 3Uy + 4Us — Us)
47 | (-3,-40,1) {-9,-11,-3,0,20,-80} {-2,-3,1,0,0,0} | 70 | —(2+3U; — Uz)(~13 + 10U; + 10U; — Us)
48 (-3 -40,-1) {-5,-10,10,0,-20,80} {2,3,-1,0,0,0} 70 (2 + 3U; — U)(10(—=2 + Uy + Us) — Us)
49 3, %, 5) {-9,-13,3,0,4,-16} {-10,-15,5,0,0,0} | 70 —(3Uy — Uy + 3)(2U; + 2U; — 5U3 + 1)
50 (73, -8,-5) {-14,-9,7,0,-4,16} {15,15,-5,0,0,0} | 70 (3Uy — Uy + 3)(2U; 4 2Us — 5U3 — 7)
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(A2, A3, hs) F H Nitux w
51| (-3-32,1) | {-10,-13-1,0,16,-64} | {-2,-3,1,0,0,0} | 56 | —(2+3Us — Us)(—9 + 8T + 8Us — Us)
52 | (-3-32-1) | {6-11,9,0-16,64} | {2,3-1,000} | 56 | (24301 — Us)(—17 + 8Uy + 8Us — Us)
53| (-3-8,2) {-10,-14,2,0,8,-32} | {-4,-6,2,0,0,0} | 56 | —2(2+3U; — Us)(—1+ 2U, + 2Us — Us)
54| (-3,-8,-2) {-6-10,6,0,-832} | {4,6-2,0,00} | 56 | 2(2+3U; — Us)(=5+ 201 +2U, — Us)
55| (-3-2.4) {-9,-13,3,0,4,-16} | {-8-12,4,00,0} | 56 | —(2+3U; — Up)(1 + 2U; + 2U; — 4Us)
56 | (-3,-2,-4) {-9-14,6,0,-4,16} | {8,12,-4,0,00} | 56 | 2(2+3Us — Us)(Uy + Us — 2(2 + Us))
57| (-3-241) | {9-12,0,0,12-48} | {-2-3,1,0,0,0} | 42 | —(2+3U1 — Ua)(6(—1 + Uy + Us) — Us)
58 | (-3-24-1) {3,3,3,0,-12,48} {2,3-1,0,00} | 42 | (243U — Up)(=9 + 6U, + 6U; — Us)
50 | (-1-16,1) | {-3-14,6,0,20-64} | {-2-1,1,0,0,0} | 42 | —(24 Uy — Us)(—4 + 6U; + 10U, — Us)
60 | (-1-16,-1) | {-10-9,1,0,-20,64} | {1,1-1,0,00} | 42 | (14Us — Us)(=21 + 6U + 10U, — Us)
61| (=3,-5,3) | {-9-13,3,04-16} | {-6-9.3,000} | 42 | —(2+3U; —Us)(1+2U; +2Uz — 3U3)
62 | (—3,-5,-3) | {-14-97,0-4,16} | {99-30,00} | 42 | (3+3Us - Us)(~T7+2U + 2Uz — 3U3)
63| (-3-16,1) {-2-2-2,0,8-32} | {-2,3,1,0,0,0} | 28 | —(2+43U; — Us)(—6+ 4U; + 4U, — Us)
64 | (-3-16,-1) {0,-1,3,0,-8,32} {2,3-1,0,00} | 28 | (24301 — Up)(=7 + AU, + AU, — Us)
65| (-3-4,2) {-9,-13,3,0,4,-16} | {-4,-6,2,0,0,0} | 28 | —(2+3U; — Up)(1 + 2U; + 2U; — 2Us)
66 | (-3-4,-2) {-14,9,7,0-4,16} | {6,6,-2,0,0,0} | 28 (38U — Uy + 3)(2U, + 2Us — 2Us — 7)
67 | (-3-8,1) {1-1-1,04-16} | {-2-3,1,000} | 14 | —(3Uy — Us+2)(2Us + 22U — Us — 3)
68| (-3-8-1) {-1,2,2,0,-4,16} {2,3-1,000} | 14 | (38U —Us+2)(2(=2+ Uy + Us) — Us)

Table 2. Representatives of families of integer fluxes for solutions with W = 0 and 1 flat direction,
Part 2.

Now, we consider one of the above 68 triples, (A2, A3, hs) = (—3,—72,1). For this,
Niux = 126 and (3.11) becomes:

{fl,f27f33f4a f5a f6} = {_63 + hl(f3 - 18(3 + hl))’ 108 — 3f3 + 72h1, f370a367 _144}a
{h17h27h3ah47h57h6} = {h17_371707070}7 (313)

and (3.12) gives:
W = —(Uy—3Uy + hy) (U3 = 18(=3 + Uy + Up) — f3 + 18hy) . (3.14)

Clearly, every f3,h; € Z retain all the fluxes integers and the solution to W = 9,W = 0,
Va =1,2,3 is given by:

1 1
(Ul, Us, Ug) = (72 (Ug — f3 + 36h1 + 54) , ﬂ (U3 — f3 + 12h7 + 54) , Ug) . (3.15)

Now, choosing hy = 0 and f3 = 54, W becomes a homogeneous function of degree 2. For
this subfamily, although we obtain a non-homogeneous W with other choices of h; and , f3,
W can always be made homogeneous by appropriate integer shifts of Uy, Us and Us.

Solutions with W #£ 0

As already pointed out in section 1.1, supersymmetric solutions require O,W = —W 39, K
Va = 1,2,3. Thus, if W # 0, solving the global supersymmetry flatness conditions 9, W = 0
does not lead in general to F-flat solutions in supergravity. However, if the solutions to
0,W = 0 feature a flat direction parametrised by Us, it is easy to realise that along the
flat direction K ~ oK ~ 93K ~ 1/Im(Us) — 0 for Im(U3) = g;! — co. This limit
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corresponds to weak string couplings and, as can be seen in the explicit solution (3.15), to
large complex structure where the non-perturbative contributions to the prepotential can
be ignored. Therefore solving the global supersymmetry flatness conditions can be a useful
starting point to construct solutions in a perturbative expansion. When Uj is flat, this
approximation can be made exact by taking by hand Im(Us) arbitrarily large, while when
Us is lifted by instanton corrections, one has to make sure that at the minimum W, K is
infinitesimally small.

Below, we discuss some solutions to the global supersymmetry flatness conditions in the
CP}11,1,6,9)[18] example. Given (3.10), consider the 3 polynomial equations in 3 variables:
0, W =0 Va = 1,2,3. The degree of each of these equations is 3 or less, depending upon
the choices of fluxes. For this system of equations to admit a solution with at least 1 flat
direction, one of them should be dependent on the others. Here we examine cases when
this dependence is linear:

(1) When W = Ao oW + A3 O3W with at least one of A\ and A3 which is non-zero
and subject to NMaux # 0, we find only 1 family of fluxes (details are given below) for
which 8,W = 0 Va = 1,2, 3 admit complex solutions Uy, i.e. Im U, =% 0 Va. With the
above family of fluxes we have only 1 flat direction which is the dilaton;

(77) When ,W = A3 93W with A3 # 0, the conditions on the fluxes have no solution in
keeping with Nyuy # 0.

Let us provide the aforesaid family of fluxes which are dependent on 6 parameters As,
A3, f1, f3, h1 and hg:

3\sha (200 — 3)Ashs (Ag — 3))\3h3}
= A — Aghy — 0

{f17f27f37f47f57f6} {f17 2f3 371 2 7f37 ) ()\2_3))\2 ) )\2 )
{h1,h27h37h47h53h6} = {h1,>\2h3,h3,0,0,0}, )‘2 #0537 )\3,h3 ?éo (316)
In this case we have:

3((A2 —3)A2+3) Agh%
Nﬂux = - )
2% — 3)Xs
Ashs

W = (f1 + (fs — haUs)(AUy + Uz) — h1 (AsU; + Us)) + 0n 3%

x (2A§(U1(3U1 4205 — 6) — 3) + 2X2(9U; + 2(Us — 3)Us +1) — 6(Us — 3)Usy — 3) .

(3.17)

Now, solving 9,W = 0 Va = 1,2,3, we see that U; and Us depend linearly on Us with
slopes —1/A3 and A2/A3 respectively. Thus, only by requiring Ag, A3 < 0, we may obtain
ImU,, Va = 1,2,3 to be of the same sign. This also keeps Nyux positive. At the solution
we have:

fsh1 " A3 ((4)\2 — G)h% + 6(2)\2 — 3)h1h3 + (—6)\% + 2y — 3) h%)

W=f—
h= 4(Ag — 3)Azhs ’

(3.18)
which we require not to vanish. In this case, by integer translations of Uy, Uy and Us, W

cannot be made a degree-2 homogeneous function since a necessary condition for doing so
is the same as the vanishing condition of W at the minimum.
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Note the arguments of f5(A2, A3, h3), fe(A2, A3, h3), ha(Ae, hs) and Myux(A2, A3, h3).
There are only 488 triples (A2, A3, h3), A2, A3 € Q7, hy € Z, securing f5, fs, ha € Z and
Niux € Z/2 with 0 < Njux < 138. For each of the triples (A2, A3, h3), there exist f1, f3,hy €
Z that keep all other fluxes in (3.16) integers, as well as W # 0. In fact, for each of the
triples, we get a subfamily of integer fluxes (3.16) parameterised by fi, f3 and hy. All the
members in any of the aforementioned subfamilies have the same Nyux (A2, A3, h3). Let us
point out that among these 488 values of Naux(A2, A3, h3) only 64 are distinct. Below, we
discuss one of these subfamilies in detail.

We consider one of the 488 triples given by (A2, A3, h3) = (—4,—56,—1). For this,
Niux = 93 and (3.16) becomes:

{flaf25f37f4)f57f6} = {flv _4(f3 - ]-4h’1 +21))f370)_22’98})
{h17h27h37h47h’57h6} == {h174a_1707070}7 (319)

and (3.17) gives:

107
W= f1—4U(f3 — 14hy — 8Us + Uz + 33) + Us(f3 — 11Us + Us + 33) — hyUs + 48U7 — -

Clearly, every fi, f3,h1 € Z retain all fluxes integers and the solution to 9,W = 0, Va =
1,2,3 is given by:

1 1
(Ul, Us, Ug) = (56 (U3 —22hy + 33 + f3) , ﬂ (Ug —8h1 +33+ f3) ) Ug) . (3.20)
At the solution we have:
107

which is non-zero since f1, f3, h1 € Z.

3.3 Flat directions in a Calabi-Yau with 4 moduli

In this section we search for flat directions using the CY discussed in [63] which features
effectively 3 complex structure moduli at the G-symmetric locus. We begin by quoting
the large complex structure expansion of the prepotential (denoting (U',U?,U*,$) by
(Uy,Us,Us,Uy)):

3 9 5
F(U,) = =3U1UxUy — 3U U3U, — 3UyUsUy — 3UsUZ — 3U3U3 — 5 UiU, — 5 ULU? — 3 U;
3 3 15 3 11

+3U1U4+§U2U4+§U3U4+ZUZ+§U1+U2+U3+ZU4+‘57 (3.22)

where £ (that involves the CY Euler number) is imaginary with irrational imaginary part.
The period vector II is given by (3.1) and the superpotential can be written explicitly

using (3.2), together with the fluxes F' = (f1 fo f3 f1 f5 fe fr fs fo fi0)! and H =
(h1 ha h3 hy hs hg hy hg hg h1o)t that are integer-valued. For simplicity we set fg = hg = 0
which eliminates the £ dependence in W. Furthermore, due to the G-symmetry, we identify:

fa=1Jfs,  ha=hs,  fo=fs, hg = hsg, Us =Us. (3.23)
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Moreover the orientifold and brane setup discussed in [63] give a tadpole bound Npux =
—sH'-$-F < 1(20+ 3(1 + 2np)?) with n, € Z. For definiteness, we shall choose n, = —2
which yields My < 47/2. With the above, we have:

1
Miux = §(f5h10 — frha — 2fghs — fiohs + fah7 + 2f3hg),
11 3

15
W = (haoUs—fr0) | 5+ 3(U1+02) + 5 Us — 3 (U1 +205+303)2 - (U2+2U3)2—U22)}

+Ui(f2 — hoUs) 4+ 2Us(f3 — h3Us) 4+ Us(f5s — hsUs)
3
+§(f7 — h7Uy)(U3(2U1 + 4Uy +3U3 — 2) — 1) + fi
+(fs — hsUs)(3U3(2U; + 2Us + 2Us — 1) — 2) — haUy . (3.24)

In this case we will not perform a systematic search for supersymmetric solutions with
approximate flat directions. As a preliminary analysis, we note however that, given (3.24)
and considering OW = X O.W, Ao # 0, Naux # 0, there exists a class of fluxes for which
OW =0,Va =1,...,4 admit complex solutions Uy, i.e. Im U, # 0 Va with 2 flat directions.
The aforesaid class of fluxes and corresponding M. are given by:

{f1, f2, f3, f5, f7, f3, fi0, b1, ha, ha, hs, hy, kg, hio} =

hi+h 4
{fl7 _2f37 f37 _f8(1h33)7 _g f87 va 07 h’lv _2h37 h37 07 07 07 0} )
7
Miux = -3 Ishs, (3.25)
where fs,hy # 0 and Ao = —1. Let us present an explicit example. For fg = —3 and

hs = 3, Ngux = 21. In this case the fluxes become:

{f1, f2, I3, I5, f7, I8, J10, ha, ha, b, s, b, hs, hao} =
{fla _2f3a f373 + h1747 _37 07 hla _673a Oa Oa 07 0} ) (326)

and the superpotential reads:
W:f1+2f3 (UQ—U1)+(U3—U4) (hl —6U1—|—6U2). (3.27)

Clearly, f1, f3,h1 € Z retain all fluxes integer and the solution to 9,W =0, Va =1,...,4
is given by:

hy f3 )

(U1, Us, Us, Uy) = (U2 Uy - 22 (3.28)

Notice that when the flat directions Us and Uy are in the large complex structure limit, the

same is necessarily true for U; and Us. Moreover, the superpotential at the supersymmetric
h

W=f— % . (3.29)

As in the CPp; 1 169)[18] case, by integer translations of Uy, Uz, Us and Uy, a necessary

minimum is:

condition for making W a degree-2 homogeneous function is the same as the vanishing
condition of W at the minimum. Hence, for solutions with W # 0 at the minimum,
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the superpotential is a non-homogeneous polynomial of degree 2, while for solutions with
vanishing W at the minimum, the superpotential in some cases can be brought to a homo-
geneous function of degree 2. An example where it can be done is the case with f; = 6,
fs = 3 and h; = 6. However, in the case with f; = —14, f3 = —6 and h; = 7, W cannot be
brought to a degree-2 homogeneous function by integer shifts of U,, although it vanishes
at the minimum. Detailed explorations in various CYs will be carried out in the future.

4 Lifting flat directions: phenomenology and applications

The flat directions studied in this paper have interesting phenomenological implications.
Before mentioning some of them, let us stress that these flat directions are approxi-
mate since they are expected to be lifted by subleading effects at either perturbative or
non-perturbative level. In the 7°/Zs case, a non-zero W should be generated by non-
perturbative effects which depend on the Kédhler moduli. A non-zero scalar potential for
the leading order flat directions is then generated by the U-dependence of the prefactor of
non-perturbative effects and the coefficients of o/ and string loop corrections to the Kahler
potential. Moreover one should carefully check potential modifications of the primitivity
condition by quantum corrections.

For the CY cases, the flat direction of perturbative flat vacua with W = 0 should be
lifted by instantons along the lines of [7]. On the other hand, for solutions with W # 0, the
imaginary part of the approximate flat direction would be lifted already at perturbative
level by including U-dependent effects that arise from the supergravity contribution to the
Kaéhler covariant derivative W K.

Let us now briefly discuss several potential applications to phenomenology of approx-
imate flat directions:

1. Kdihler moduli stabilisation: there are various mechanisms for stabilising the Kéahler
moduli in type IIB (see for example [15, 24, 39, 84-90]). In particular, an expo-
nentially low Wy is crucial for KKLT constructions [15]. Flux vacua with W = 0
and flat directions have been shown to be a promising starting point to realise these
scenarios [7-11, 20, 22].

Even if not strictly required, very low values of Wy might be needed also in some dS
LVS constructions where the visible sector lives on D3-branes at singularities [25].
In these models consistency conditions, like D7-tadpole and Freed-Witten anomaly
cancellation, in general induce a T-brane background which yields a positive contri-
bution to the scalar potential in the presence of background 3-form fluxes [26]. In [25],
this contribution has been shown to be able to give a dS minimum for exponentially
small values of Wj. On the other hand, [27] presented a different global model with
D3-branes at singularities where dS moduli stabilisation with T-brane uplifting can
be achieved also for Wy ~ O(1).

2. Winding uplift: solutions with W # 0 could be a promising starting point for explicit
realisations of dS uplifting via exponentially small F-terms of the complex structure
moduli [37]. The idea is to have at leading order supersymmetric solutions in the
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large complex structure limit with W # 0 and 1 axionic flat direction. In turn, this
axion is lifted by instantons which induce exponentially suppressed but non-zero F-
terms for the complex structure moduli, so leading to a tunable (via flux choices) and
positive uplifting contribution to the scalar potential.

To be more explicit, the W # 0 solutions discussed in section 3.2 for the CPy 1 1 ¢ 0)[18]
case, feature O W = Aa0aW + A303W. Thus solving the full supergravity F-term
equations O,W + W9,K = 0 Va = 1,2, 3, is equivalent to solving:

OW =0-WaK, (4.1)
W = 0— WK,
MK = MO K + \303K .

Eq. (4.1) and (4.2) are 2 complex equations, and so would fix the 2 complex moduli
Uy and Us in terms of Us. Moreover their solutions would very well be approximated
by the solutions to W = 9sW = 0 already found in section 3.2, if the minimum is
such that the supergravity corrections are infinitesimally small in the large complex
structure limit. Finally (4.3) is a real equation since K is just a function of the
imaginary parts of the complex structure moduli and the axio-dilaton in the large
complex structure limit (denoting Im(U,) = u, Va = 1,2, 3):

K=—-In [4u1 (31@ + 3uqug + u%) - 4Im(§)} —In (2ug) . (4.4)

Thus (4.3) should fix only Im(Us), leaving Re(Us) as the only axionic flat direction
that is expected to be lifted by instanton corrections to the prepotential. In the large
complex structure limit these contributions would be exponentially suppressed by
e~ 1) « 1 and e ™(V2) « 1.

. Cosmology: approximate flat directions have natural applications to cosmology where
inflaton fields are required to be lighter than the Hubble scale during inflation to be
in the slow-roll regime. In fact, flat directions in the type IIB flux superpotential have
already been used in [28-30] to enlarge the inflaton field range, and more recently
in [31] to build models of sequestered inflation. Approximate flat directions could
be promising candidates also to drive the present day accelerated expansion of our
universe since quintessence fields need to be very light to reproduce the observed
cosmological constant scale. Moreover, leading order flat directions can help to avoid
any destabilisation problem coming from contributions to the dark energy potential
due to the large inflationary energy scale [32, 33].

. Supersymmetry breaking: leading order flat directions can also play a relevant role
in any model of supersymmetry breaking if W = 0 at classical level. In fact, in this
case the F-terms of the K&hler moduli are vanishing at leading order and the effective
field theory after integrating out the heavy complex structure moduli has to include
the Kéhler moduli and all the complex structure moduli, including the axio-dilaton,
which are massless at leading order [34]. The dynamics which stabilises the Kéhler
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moduli and the leading order flat directions is expected to break supersymmetry and
to develop non-zero F-terms for all these fields which will play an important role in
generating soft supersymmetry breaking terms. The F-term of the dilaton would be
particularly important in D3-brane models with sequestered supersymmetry breaking
where it is the main source for generating non-zero gaugino masses [35, 36].

5. Statistics in the landscape: the statistical approach to string phenomenology has re-
ceived a lot of attention during the last two decades (see e.g. [45-59]). Trying to
achieve a complete classification of flux vacua with exponentially small W} is crucial
to understand the statistical significance of these vacua. The analysis of [50, 51]
implies that if Wy is uniformly distributed at very small values, then the scale of
supersymmetry breaking has a power-law distribution, while if Wy is exponentially
small in the dilaton, as in the models of [7], then the gravitino mass has a logarith-
mic distribution. Preliminary steps in understanding the statistical significance of
perturbatively flat vacua were taken in [20] which found that they represent a small
fraction of the full set of vacua at low W as estimated in [47]. Our paper goes in the
direction to explore novel classes of vacua at low Wy to enrich their knowledge.

6. CRG Conjecture: the solutions found should be interesting in the context of studies on
the consistency conditions of 4 graviton scattering in the classical limit (see [91, 92]).
The solutions obtained are warped Minkowski compactifications in which the string
coupling can be tuned to arbitrarily small values. The solutions are in the super-
gravity approximation. Developing a precise understanding of the fate of the solu-
tions beyond the supergravity approximations, i.e. checking if there can be a solution
where the flat direction survives to all orders in o/,'? (with the solution remaining
Minkowski) and the study of 4 graviton scattering in these backgrounds is relevant

in the context of the classical Regge growth conjecture.

5 Conclusions

In this paper we have presented a novel method to obtain type IIB flux vacua with flat
directions at tree level. The key idea is to make choices for flux quanta so that there
are relations between the flux superpotential and its derivatives. These relations ensure
that the equations of motion are satisfied. We implemented this method in toroidal and
Calabi-Yau compactifications in the large complex structure limit. Explicit solutions were
obtained and classified on the basis of duality equivalences. In the toroidal setting we
presented solutions with both N =1 and N = 2 supersymmetry. For the CP|; ; ; 69[18]
CY, on top of solutions which were already known in the literature, we found 15 novel
perturbatively flat vacua with approximate flat directions where the superpotential is not
a homogeneous function of degree 2. We also presented solutions with W # 0 which
might lead to an explicit realisation of winding dS uplift. We also performed a preliminary
analysis of flux vacua for the CY considered in [63] finding supersymmetric solutions with
2 approximate flat directions.

19Warping dependent corrections would also have to be incorporated, see e.g. [93-96].
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We also discussed the lifting of these solutions by higher order effects (both perturba-
tive and non-perturbative) and applications in a wide variety of settings such as Kéhler
moduli stabilisation, explicit dS uplifting contributions from non-zero F-terms of the com-
plex structure moduli, cosmology (in the context of inflation and quintessence), statistical
studies in the landscape, classical Regge growth conjecture and supersymmetry breaking.

There are many interesting directions to pursue in the future. We have considered
the simplest possible relations between the superpotential and its derivatives — linear re-
lationships. It will be interesting to consider non-linear relations and relations involving
moduli-dependent coefficients. These are likely to provide new classes of flux vacua. The
solutions obtained are also important in the context of developing a more precise under-
standing of flux vacua. In this context, the solutions with extended supersymmetry and
arbitrarily weak coupling are particularly interesting. One can attempt to describe them by
worldsheet methods, thereby going away from the large radius limit. Future phenomeno-
logical applications have been outlined section 4. We hope to return to these questions in
the near future.
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A Duality transformations in type IIB

In this section we briefly summarise the dualities relevant for our discussion and record our
conventions.

SL(2,7Z) symmetry. The type IIB theory enjoys an SL(2,Z) symmetry. Under this, the
3-form flux and the axio-dilaton transform as:

H3 dc H3 ;o aqﬁ—i—b
<F3>_><b a> <F3> P = d (A1)
where:
(“ b) € SL(2,Z). (A.2)
cd

Note that [ F3 A Hg is invariant under this transformation, implying that the D3-charge of
a flux configuration is invariant. However, the superpotential transforms as:

WUt e - W’[U“,q&’]:m, (A3)

where U® are the complex structure moduli and ¢(¢’) is obtained inverting (A.1).
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SL(6,7) symmetry for T®. T0 is obtained as the quotient of R® by a 6D lattice, and
SL(6,Z) matrices relate the different choices of basis of the same lattice. An SL(6,Z)
action transforms the fluxes as well the period matrix. 2 flux configurations are equivalent
(or dual) if the fluxes and the solution for the complex structure moduli are related by
an SL(6,7Z) transformation. In our solutions the 7 is factorised into T2 x T2 x T?2.
The relevant SL(6,7Z) transformations are the ones that permute the 3 2-tori and the
SL(2,Z) x SL(2,Z) x SL(2,Z) subgroup that acts on each of the 3 tori. The action of
each of these SL(2,7Z) on their respective tori is as follows. The coordinates on the 2-torus

20
z ab\ (2 ab
<y> - (C d) <y> ’ (C d) =SHEm, .

where we can think of the primed coordinates as the new coordinates and the unprimed

transform as:

ones as the old ones. For the complex structure of the 2-torus we have:?!
dU +b
U= _ A5
cU+a (A.5)

An SL(2,7Z) transformation can be generated by successive action of 7- and S-transforma-
tions given by:

11

T=<01>, T:U—-U+1, (A.6)
01 1

= : ——. A.
S (10)’ S:U— i (A.7)
In what follows we often use a product of n T-transformations given by:

1n

7L:<Ol>, J":U—=U+n. (A.8)

Note that configurations {a;, b;, ¢;,d;} and {—a;, —b;, —c;, —d;} are dual by an action of
5% x 8?2 x 8% on T? x T? x T?, which helps to classify inequivalent solutions. This action
preserves Npu, and the solution to W = 9,W = 0 Va = 1,...,4, since Npux, W are
respectively quadratic and linear in {a;, b;, ¢;, d;}.

Sp(2h2_’1 +2,7) symmetry for Calabi Yaus. The perturbative Kéhler potential (3.4)
for CY compactifications is independent of the axions Re(U%), a =1, ..., h*!. Due to this,
the discrete gauge symmetries of the theory are the integer shifts of the complex structure
moduli:

U U+n%, n°€Z,  a=1,... K%, (A.9)

causing the period and flux vectors to undergo a monodromy transformation:

{ILH,F} » My {ILH,F}, Mgy € Sp(2h>" +2,Z). (A.10)

20The transformation of the fluxes follows from this via the usual transformation rule of 3-forms. One
can check that under the action of SL(6,7Z) the transformed flux quanta are even integers as long as the
original ones are.

21To be consistent with our notations, here we denote the 7 parameter of a 2-torus by U.
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Furthermore, the monodromy matrix is required to be unipotent:
P p+1
(M{na} - I) £0, (M{na} - I) =0, 1<p<3. (A.11)

We can compute the monodromy matrix M.y as follows. Notice that
i(TTQ ay __ i j(rTa T 2,1
(U +n)—zj<M{na}>jH(U ), i=1,...,2h% +2, (A.12)

are a set of functional relations. Using the definition of the period vector (3.1), the above
relations can be evaluated at multiple values U to generate independent linear equations in
the elements of the monodromy matrix. Inverting the latter we obtain the matrix elements
uniquely. For example, in the CP(y ;1 60)[18] case (discussed in section 3.2) we get:

1 —n; —ng 3ng + %nl (3n3 + 3nany +n3 +17) % (3n1 + n2) (3ny +ng + 3) %nl (n1 4+ 1) + ning

1 0 —3 (3n1 + ng — 3) (3n1 + n2) —3(3n1 + ng) —3n1 — ng
_ 0 0 1 —%nl (371,1 + 2ng9 — 3) —3n1 — ny —n1
M =1 o g 1 0 0
00 0 ny 1 0
00 0 ny 0 1

(A.13)
It is easy to see that the above matrix belongs to Sp(6,Z), i.e. with ¥ as given in (3.3) we
obtain: M{j;n,nz} Y Miy, nyy = 2. Also, it is unipotent as per requirement. Moreover
note that the shift (A.9) keeps Myux = —% H! .Y . F invariant.

B Duality in toroidal solutions

In this appendix we discuss the duality relations among the solutions with flat directions
of the toroidal compactification case.

B.1 Solutions with 1 flat direction

Let us now discuss in detail the duality among the solutions (2.45) with 1 flat direction.
They are parametrised by an integer p, and Npux = 24 irrespective of p. Below we show
that the p = 0 case is dual to any p # 0 case via an SL(6,Z) transformation.

Let us use unprimed and primed coordinates for p = 0 and p # 0 respectively. We act
with an SL(6,Z) matrix M on the coordinates of T2 x T? x T? in accordance with (A.4),
where M is given by:

My 00 12 1
M=|0 M 0|, M1:< p), M2=<p>. (B.1)

1 1
0 0 M 0 0

This transforms the period matrix as:

M : diag{U;,Us, Us} — diag{U; + 2p,Us + p,Us + p}. (B.2)
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Under this, the solution (2.45) with p = 0 is clearly mapped to a solution with p # 0. Now
we need to show that the fluxes (2.42) map between the p = 0 and p # 0 cases. Indeed,
using (2.5) and (A.4), we have:??

Fy =4aq; — 2090 — 2033 — 4ok — 20k, — 204, + 4pftt — 4p?6° = F,
H3 _ _4511 + 2622 + 2633 N _4ﬁlll + 25/22 + 2/@/33 +4p6/0 — Hé ) <B3)

B.2 Solutions with 2 flat directions
Dualities of family A

First we show that Ay, Ay and As are dual via permutations of the 3 2-tori. Then the
question to classify the inequivalent solutions in family A essentially boils down to that of
subfamily Ay, which we address subsequently.

Duality between A;, Az and As. The fluxes in subfamilies A; and As, given respec-
tively by (2.47) and (2.53), depend on the 6 parameters A1, A2, A3, b3, dg, d3, while those of
As, given in (2.59), depend on the 6 parameters A1, Aa, A3, b, dg, d2. Under the permutation
between the first and the second tori of 7% x T? x T2, the fluxes of .4; map to those of Ay
when we identify {)\1, )\2, )\3, b3, d(), d3} of Al with {)\2, )\1, /\37 b3, d(), d3} of .AQ. Moreover
the respective transformation of the period matrix, diag{U;, Uz, Us} — diag{Us, Ui, Us},
along with the above identification, relate their solutions. Similarly, under the permutation
between the second and the third tori of 72 x T2 x T2, the fluxes of A; map to those of
As when we identify {)\1,)\2, )\3,b3,d0,d3} of A; with {)\1,)\3, )\Q,bg,do,dz} of A3. The
respective transformation of the period matrix, diag{U;, Uz, U3} — diag{U;, Us, Uz}, along
with the above identification, relate their solutions as well.

Inequivalent solutions in A;. The requirement that ai, be and b in (2.47) be even
integers results in the parametrisation shown below:

b3:2p7 d0:2q)\27 d3:274A27 717&07 p,q,TEZ,

A 2350
N (r, Mo, 3) _ 8rideds
A1

. (B.4)

The dependence of the fluxes (2.47) on A; and Az are only through the ratio A3/\;. For
the present analysis we confine to integer values of Ay and A3/A;. It can be shown that
whenever it is possible to find a triple (r, A2, A3/A1) with 8T2/\>‘12>‘3, %’", )‘2)\/\1” € 7,2 and
0 < Npux < 32, there exist infinitely many pairs (p, ¢) so that all the fluxes (2.47) are even

integers. For example ¢ = r and any p € Z always work. Therefore we first need to find all
possible integer triples (r, A2, A3/A1). This will provide all allowed values of Ngux. Then,
among the different flux configurations corresponding to each of those triples (i.e. given an
Npux) we need to find the distinct equivalence classes (using duality).

Denoting the integer A3/A\; by s (# 0), we have Ny = 8r2s)\o. Clearly Ny takes
values in {8,16,24,32}. The possible values of r are +1,4+2. The requirement that all the

220/ and B’ denote the basis of 3-forms (2.5) with respect to the primed coordinates (%, y"").
23These respectively ensure that Na,x takes integer values and as, d; are even integers.
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fluxes (2.47) be even integers results in:

when r = £1, p,q € Z;
when r = £2, {p€e?2Z,qeZ} or {peZ,qe2l}. (B.5)

Replacing (7, p, q) by (—r, —p, —q) maps the fluxes to minus themselves. Hence, in order to
obtain the inequivalent solutions, it would be sufficient to consider r > 0. Now there are
only 4 classes whose respective parametrisations, Nqux and the solutions are as follows.

Class 1:
A3
)\7:57 b3:2p7 d0:2q/\27 d3:2>\2>
1
4
s=1,...,4, )\2:1,...,{}, p,q € Z,
S
Noo — _(q  Us
flux = 85}‘27 (U17 U27 U3a U4) — ; + ?a )‘2U4 - D, U37 U4 ) (BG)

where [n] denotes the greatest integer < n and Npuy takes values in {8, 16,24, 32}.

Class 2:
A3
)\7:17 )‘2:17 b3:2p7 d0:2Q7 d3:47
1
{pe2Z,qel} or {peZ,qe227},
Nﬂux = 325 (U13U27U37U4) = (g + U37U4 - §7U37U4) . (B7)
Class 3:
A3
/\—:s, bs =2p, do =2qha, d3=2X, s,A<0,
1
4
5| =1,....4, |A2|:1,...,[], pgcl,
||
Niux = 8 — (44
flux — 8)\27 (U13U27U37U4) — ; + ?7)\2U4 - D, U37U4 ) (BS)

where Np,x takes values in {8, 16,24, 32}.

Class 4:
A3
L= =l b=, do=-2, dz=-—4,
1
{pe2z,qeZ} or {peZ,qe27},
Nﬂux = 325 (U17 U2> U3) U4) = (_g - U37 _g - U47 U37U4> . (Bg)

A duality may exist between 2 flux configurations with the same Nguy. After incorporating
such dualities, we find that each of the 4 classes has only a finite number of physically
distinct flux configurations. To check aforesaid dualities, the solution space for the moduli
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in all the 4 classes suggests that only SL(2, Z)-actions on the first and the second tori of
T? x T? x T? may help. Thus the SL(6,Z) matrix in our considerations will be:

My 00 1k 11
M=|0 Myol|, M= . My = . klcZ. (B.10)
0 01 01 01

For all 4 classes the action of M transforms the fluxes keeping Ngux unaltered. The following
details depend on the class in consideration.

For the case of Class 1, the new solution with the transformed fluxes is:
_ q  Us
(Ul,UQ,Ug,U4) = k+;+?,,)\2U4—p+l,Ug,U4 . (B.ll)

When ¢ = m modulo s (i.e. m — ¢ is a multiple of s) with the choices:

m—-q

S

the transformed fluxes as well as the new solution respectively coincide with the fluxes and
solution of the case with p = 0 and ¢ = m for each Ao = 1,...,[4/s]. In the later case Ngux
and the solution are given by:

Nijux = 882, <U17U27U37U4): (TZ+L§,)\2U4,U3,U4) , m=0,...,s—1. (B.13)

For the case of Class 2, the new solution with the transformed fluxes is:
q p
(Uy,Us2,Us,Uy) = (k+2+U3,U4—2+l,U3,U4> . (B.14)

When p = m,q =n modulo 2 (i.e. m — p and n — ¢ are multiples of 2) with the choices:

n—gq l:p—m

k= ) )
2 2

(B.15)

the transformed fluxes as well as the new solution respectively coincide with the fluxes and
solution of the case with p = m and ¢ = n. In the later case Npux and the solution are
given by:

n m
NﬁuX:327 (UlaUQaU3aU4) - <2+U37U4_27U37U4) )

{m=0,n=0,1} or {m=0,1, n=0}. (B.16)

For Classes 3 and 4, the analysis is similar to that for classes 1 and 2 respectively.

Dualities of family B

First we show that Bj is dual to B via an SL(6,Z) transformation. Then the question to
classify the inequivalent solutions in family B essentially boils down to that of subfamily
B1, which we address subsequently.
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Duality between By and Bs. To prove the duality between By and Bs, we act with
an S-transformation only on the first 2-torus of 72 x T? x T2, transforming the period
matrix as:

1
M dia‘g{Ula U27 U3} - dla‘g{ - 517 U27 U3} ;

M; 00

1 1

M=|o0T10], M1:<010>, I:<0(1)>. (B.17)
001

This transforms the fluxes (2.11) as:

{CLO,CL]_,CLQ, a3} — {—(l]_,CLO, b37 b2}) {b07 blv b2a b3} — {_bl7 bOv —as, —CLQ} )
{co,c1,c0,¢c3} = {—c1,¢c0,d3,do},  {do,d1,do,d3} = {—di,do, —c3,—c2}.  (B.18)

It is straightforward to check that, under the above action, the fluxes of By, given by (2.66),
map to those of By, given by (2.72), when we identify {bo,ds,d1,dp,cs} of By with
{as, c3, —do, dy, —da} of By. Such identification relates the crucial condition ds # 0 of (2.66)
to the condition c3 # 0 of (2.72), and leaves Ngux = )\% (csdy — didz) invariant. With this
identification now (B.17) maps the solution (2.68) to (2.74), establishing the duality.
Inequivalent solutions in By. The fluxes (2.66) depend on A3, be, c3,dg, di, da. For the
present analysis we confine to integer values of A3. There are only 4 classes consistent with
even integer fluxes and 0 < Ngux < 32. Their respective parametrisations, Ngux and the
solutions are as follows.

Class 1:
by = 2ks, c3 = 2pAs3, do = 2qX3, dy = 2r)s, do = 25)3,

4
pg—rs=1,...,4, )\3:1,...,[ ], k,p,q,r,8 €7, (B.19)
pq— s

Us +
Niux = 8(pg —75)A3, (U17U2,U3,U4):<—8 274

pUz—i—T’

Us, —k + A3Uy, U4> ,

where Npux takes values in {8, 16,24, 32}.

Class 2:
)\3:1, bQZQk‘S, C3:4p, d0:4q, d1:47“, d2:48,
pg—rs=1, ke2Z+1, p,q, 1,8 €7,
sUs +q k )
Neuwx = 32, Ui,Up,Us,Uy) = | — Uy —— 4+ Uy, Uy ). B.20
f (1234)<pU2+r22+44 ( )
Class 3:
bo =2ks, c3=2pA3s, do=2q\3, di=2rAs, do=2s\3, pq—1s,A3<0,
4
lpg—rs|=1,...,4, ]/\3]:1,...,{}, k,p,q,r,s €7,
Ipq — 7|
sUs +q
Nﬁux = 8(pq - 7,S)A37 (U17 U27 U37 U4) =\ — 7U27 _k + )‘3U47 U4 . (B21)
pUs +r
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Class 4:

)\3:—1, bQZQkS, 63:—4]), d0:—4q, d1:—4T, d2:—48,
pqg—rs=—1, ke2Z+1, p,qr,se€’Z,

sUz +q k )
— Us,—— — Uy, Uy ).
pU2+T" 2 2 4,Y4

A duality may exist between 2 flux configurations with the same Ngu . After incorporating

Nﬂux = 32 b (U17 Uzu U37 U4) - < (B22)

such dualities, we find that each of the 4 classes has only a finite number of physically
distinct flux configurations. To check aforesaid dualities, the solution space for the moduli
in all the 4 classes suggests that only SL(2, Z)-actions on the first and the third tori of
T? x T? x T? may help. Thus the SL(6,Z) matrix in our considerations will be:

M, 0 0
h 11
M=|o0o10], M:G), %:QJ’
1
0 0 Ms J
gi—hi=1, g¢hijlel. (B.23)

For all 4 classes the action of M transforms the fluxes keeping Nq.x unaltered. The following
details depend on the class in consideration.

For the case of Class 1, the new solution with the transformed fluxes is:

hp — 3s)Us + (hr — j
When pq — rs = 1, with the choices:
g=—s, h=gq, 1= —p, j=r, =k, (B.25)

the transformed fluxes as well as the new solution respectively coincide with the fluxes and
solution of the case with p =0, ¢=0,r=1,s=—-1land k =0VA3 =1,2,3,4. In the
later case Npux and the solution are given by:

Naux =83, (U1,Uz,Us,Us) = (Uz, Uz, A3Uy, Uy) . (B.26)

When pg—rs = 2, depending on each of p, ¢, , s even (e) or odd (o), the transformed fluxes
and solution coincide with those of some specific configuration. In keeping with pg—rs = 2,
p,q,T,s can only be:

eeeo, eeoe, eoee, €0€0, €00€, Oeee, 0Ee0, 0eoe, 0000 . (B.27)

For p, q,r, s = eoeo, oeoe, oooo, with the choices:

s—q . . p—r
, 1=, =
B J

the transformed fluxes as well as the new solution respectively coincide with the fluxes and

9=4q, h = l=Fk, (B.28)

solution of the case with p =2, ¢ =1, r =0, s =1 and k = 0 for each A3 = 1,2. In the
later case Npux and the solution are given by:
—Uy—1

Nﬂux = 16)\3 ) (Ula U2> U37 U4) = (2[]2

s, AU, U4) . (B.29)
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For p,q,r,s = eeoe, eoee, eooe, with the choices:

g=q, h=— =7, ji==, l=k, (B.30)

the transformed fluxes as well as the new solution respectively coincide with the fluxes and
solution of the case with p =2, ¢ =1,r =0, s=1 and k = 0 for each A3 = 1,2. In the
later case Ngux and the solution are given by:

1
Niux = 163,  (U1,U2,U3,Uy) = (—2[]27 Us, A\3Uy, U4> . (B.31)

For p,q,r, s = eeeo, oeee, oeeo, with the choices:
l=k, (B.32)

the transformed fluxes as well as the new solution respectively coincide with the fluxes and
solution of the case with p=0,¢=0,r =2, s=—1 and k = 0 for each A3 = 1,2. In the
later case Npux and the solution are given by:

Niwx = 16X, (U3, U, Us, Uy) = (U; Uy, AU, U4) . (B.33)

When pg — rs = 3, we need to analyse cases where each of p,q,r,s = 0,1,2 modulo 3.%*

Out of 3% possibilities, only 32 cases are consistent with pg — rs = 3 where p, ¢, 7, s can be:

0001, 0002, 0010, 0020, 0100, 0101, 0102, 0110,
0120, 0200, 0201, 0202, 0210, 0220, 1000, 1001,
1002, 1010, 1020, 1111, 1122, 1212, 1221, 2000,
2001, 2002, 2010, 2020, 2112, 2121, 2211, 2222. (B.34)

For p,q,r,s = 0001, 0002, 1000, 1001, 1002, 2000, 2001, 2002, with the choices:

g=—s, h:%, i=—p, = l=k, (B.35)

3 )
the transformed fluxes as well as the new solution respectively coincide with the fluxes and

solution of the case with p=0,¢=0,r =3, s=—1, k =0 and A3 = 1. In the later case
Naux and the solution are given by:

U-
Nauwx =24, (U1,Uz,Us,Uy) = <32, Us, Uy, U4) . (B.36)

For p, q,r,s = 0010, 0020, 0100, 0110, 0120, 0200, 0210, 0220, with the choices:

h:qa 7;:777 j:T, l:k) (B37)

__S
9= 73 3

249 integers m1 and n2 are equal modulo 3 if there exists an integer ns such that ny = 3ns 4+ na. For
example, note that —2 =1 and —1 = 2 modulo 3.
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the transformed fluxes as well as the new solution respectively coincide with the fluxes and
solution of the case with p=0,¢g=0,r =1, s = -3, k=0 and A3 = 1. In the later case
Naux and the solution are given by:

Nﬂux = 247 (U17U27U37U4) = (3U27U27U47U4) N (BSS)

For p,q,7,s = 0101, 0202, 1010, 1111, 1212, 2020, 2121, 2222, with the choices:

° 4 i=r, j:pgr, I=k, (B.39)

9g=q, h =

the transformed fluxes as well as the new solution respectively coincide with the fluxes and
solution of the case with p =3, ¢q=1,r=0,s =1, k =0 and A3 = 1. In the later case
Naux and the solution are given by:

-Uy—1

Nﬂux = 24’ (Ula U2> U3’ U4) — (31]2

’ U27 U4> U4) . (B40)
For p, q,r,s = 0102, 0201, 1020, 1122, 1221, 2010, 2112, 2211, with the choices:
1 ) o1
g=q, h:§(s—2q), i=r, j:§(p—2'r), =k, (B.41)

the transformed fluxes as well as the new solution respectively coincide with the fluxes and
solution of the case with p=3,¢=1,r =0, s =2, k =0 and A3 = 1. In the later case
Naux and the solution are given by:

—2U; -1

Nowx = 24, (U4, Us, Uy, Uy) = ( -

,@J@UQ. (B.42)

When pq — rs = 4, a similar analysis can be done.

For the case of Class 2, the new solution with the transformed fluxes is:

(hp — js)Us + (hr — jq) k )
Uy, U, Us,Uy) = . L Us,——= +1+Us, Uy ). B.43
(0 O U ) <<gp—zs>Uz+<gr—zq> vz (A
Now with the choices:
g=—s, h=gq, 1= —p, j=r, l:%, (B.44)

the transformed fluxes as well as the new solution respectively coincide with the fluxes and
solution of the case p =0, ¢ =0, r =1, s = —1, k = 1. In the later case Ngux and the
solution are given by:

1
Nawe =32, (U1, Un, Us, Us) = (Uz, U, Ui~ 5. U4) . (B.45)

For Classes 3 and 4, the analysis is similar to that for classes 1 and 2 respectively.
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Dualities of family C

As per (2.79), (2.85) and (2.91), the fluxes of C; and Co have 5 independent parameters,
whereas it is 6 in case of C3. Despite this, we are able to prove that SL(6,7Z) transformations
relate C3 to Co, while C; to a subset of Co. Below we provide the details. Then the question
to classify the inequivalent solutions in family C essentially boils down to that of Cy, which

we address subsequently.

Duality between C2 and Cs. The fluxes of Cs, given by (2.91), depend on the 6 pa-
rameters Ao, ba, b3, dg, do and ds with Mg, dp,do # 0 and bads # bsds. We divide Csz in 2
complementary subsets with d3 = 0 and ds # 0 respectively. Each of these is shown to be
dual to Cs.

To prove the duality between the subset of C3 with ds = 0 and Cs, we act with an S-
transformation only on the third 2-torus of T2 x T? x T? transforming the period matrix as:

1
M diag{U1,U2,U3} — di&g{Ul,UQ,—53},
I0 0
1 1
M=]|01I 0 , I:<O(1)>, M3:<010>. (B.46)
00 Ms

This transforms the fluxes (2.11) as:

{aog,a1,a2,a3} = {—as, b2, b1,a0}, {bo, b1, b2,b3} = {—b3, —az, —ai,bo},
{607017 C2, 63} — {_637 d27 d17 CO} ’ {d07 d17d27 d3} — {_d37 —C2, _Cl7d0} . (B47)

It is straightforward to check that, under the above action, the fluxes of Cs, given by (2.91)
with d3z = 0, map to those of Cy, given by (2.85), when we identify {—%, balo dy N, do} of
Cs with {ba, b3, ca,ds} of Co. Such identification relates the crucial conditions bs, dy, da # 0
of (2.91) (when d3 = 0) to the conditions be, co,ds # 0 of (2.85). With this identification
now (B.46) maps the solution (2.93) with d3 = 0 to (2.87), establishing the duality.

To prove the duality between the subset of C3 with d3 # 0 and Cy, we act with an
SL(2, Z)-transformation only on the third 2-torus of 72 x T? x T2 transforming the period
matrix as:

) ) jUs+h
M : d Ui,Us, U — d Ui, Us, = )
iag{U1, Uz, Us} iag{U1, Uz ng—i—g}
10 0
1
M=1]101I 0 , IZ(O?)’ M3:<g}?>,
00 Ms LJ
gi—hi=1, ghijeZ. (B.48)
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This transforms the fluxes (2.11) as:

{ag,a1,a2,a3} — {aopg + agi, arg — bai, asg — bii, aph + asj},

{bo,b1,b2,b3}  —  {=bsh + boj, —agh + b1j, —arh + baj, bsg — boi},
{co,c1,¢2,c5F  —  {cog + csi, c1g — dai, cag — dii, coh+ ¢35},

{do,di,do,ds} = {—dsh+doj, —coh + dij, —c1h + daj, dag—doi}.  (B.49)

It is straightforward to check that, under the above action, the fluxes of Cs, given by (2.91)
with d3 # 0, map to those of Cy, given by (2.85), when we implement the following steps:

1. Given non-zero even integer fluxes dy and ds in Cs find 4 integers g, h, i, j satisfying:

doj . d3(gj—1) .
h="9 = 0. B.50
0 doj j# (B.50)

This can be done if the following holds. Given 2 integers (p,q) # (0,0) (i.e., taking

dp = 2p and d3 = 2q) one can always find other 2 integers (g,7), j # 0 such that
(%p, %) are integers. We have verified this numerically for p, ¢ = —1000, . . ., 1000.

9. Tdentify {j(bg— badyy bads=gs) 4 p., dadsdo @} of C3 with {b,bs,co,d3} of Co.

“ds daj doj ? J
As (2.91) are even integer fluxes and g,h,i,j are chosen to be integers, clearly
. ; . bads(l—gqg7g . p . . .
J(ba—22) = —a1h4byj, %jwu-b:ag = bag—boi, B2 = cyg—dyi, B = dzg—di

are even integers. Alternatively, in the transformed fluxes of C3 one can substi-
tute by, bs, da, ds in terms of be, b3, co,ds of Co and dy of C3 (obtained by inverting
the above identification map) to get the fluxes of Ca, i.e. the explicit dependence
on dg of C3 goes away. The above identification also relates the crucial conditions
do,dy # 0, bads # bsdy of (2.91) (With ds # 0) to the conditions bs,cy,ds # 0
of (2.85).

Now (B.48) maps the solution (2.93) with d3 # 0 to (2.87), establishing the duality.

Duality between C; and a subset of Cy. Consider a 7'- and an SL(2,Z)-action
respectively on the first and the third 2-tori of T2 x T2 x T2, i.e. the SL(6,Z) matrix is:

My 0 0
1
M=|oTol|, M1:<Oi>, M3:<g,}?>,
1
0 0 M J
gi—hi=1, g hijlel. (B.51)

This action, together with an appropriate choice for g, h,, 7, transforms the fluxes of Cy,
given by (2.79), to those of Cq, given by (2.85), with g—;’ = —[ (i.e. integer) only. The
appropriate choices depend on the flux quanta (2.79) as follows:

g=1, h=0, ji=1, when de =0,
h:1, i:—l, j:O, when dz#O,CgZO,
h d 1+ hi
j= “ , QZM, h#0, when do, co #0. (B.52)
dg)\g 02h
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For non-zero even integer fluxes c; = § = 2p and dy = 2q in Cy, the last choice can always
be made (which we checked numerically when p,q = —1000, ...,1000). The period matrix
transforms in a way that in all the above cases the solution for the moduli in C; maps to
that of the corresponding subset of Cs.

Clearly, there are flux configurations in Co for which Ccl—; is non-integer. For example
by =4,b3 = 2,c9 = 4,d3 = 2 with Ngux = 32 is not dual to any flux configuration in Cy.

Inequivalent solutions in C3. The fluxes (2.85) depend on Ao, bg, b3, c2,ds. The re-
quirement that bs, b3, c1,d3s be even integers results in the parametrisation shown below:

52:213, b3:2(J7 62:2T)\27 d3:253 p,T‘,S?éO, pva’raSGZ?
Npux = 8pria. (B.53)

For the present analysis we confine to integer values of Ao. This allows Npux to take values
in {8,16,24,32} and one can show that, whenever we find a triple (p,r, A2) corresponding
to a given Nguy value, there exist infinitely many pairs (¢, s) so that all the fluxes (2.85)
are even integers. For example s = r and any ¢ € Z always work. Therefore, given an
Npux, we first need to find all possible integer triples (p,r, A2). Then, among the different
flux configurations corresponding to each of those triples, we need to find the distinct
equivalence classes (using duality). The number of possible triples is 4 when Ng,x = 8, 12
for both cases with Ngux = 16 and Npux = 24, and 24 when Np.x = 32. To demonstrate
the aforesaid dualities, we consider below only the Ng,x = 8 case with p = —1, r =1 and
)\2 = —1.

With (p,r,A2) = (—1,1,—1) more generally one can take ¢ = ks, k € Z that leads to
even integer fluxes (2.85). In this case the solution (2.87) reads:

1
(U17U27U37U4) = (S+U27U277U4) . (B54)
k—U,

Now the above fluxes and solution with (s,k) # (0,1) can be mapped to those with

(s,k) = (0,1) by acting with 7'7% and ST*S respectively on the first and the third
2-tori of T% x T? x T?.

Dualities between families

The linear relation that the derivatives of the superpotential satisfy differs across the fam-
ilies A, B,C, see (2.46), (2.65) and (2.78). Despite this, below we find certain dualities
among them. In summary, we show that B; contains As. Also, we know from the previous
subsection that C3 contains 2 copies of Cy, one of which is shown here to be dual to B;.

Duality between A3 and a subset of By. The fluxes of B, given by (2.66), with
c3 = 0 map to those of Ajz, given by (2.59), when we identify {3, ba, dp,d1,da} of By with
{3, b2, dp, —dii‘z ,do} of A3.%5 Such identification relates the crucial conditions A3, dy, do #
0 of (2.66) (when c3 = 0) to the conditions i—f, Az, da # 0 of (2.59). Furthermore, with this
identification, the solution (2.68) with ¢35 = 0 is same as the solution (2.61), establishing

the duality.

ZNote that the fluxes of A3 depend on A1, A2 via the ratio i—f
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Duality between B; and a subset of C3. The fluxes of Cs, given by (2.91), depend
on the parameters Ao, bo, b3, dg, do and ds with As, dg,do 7# 0 and bads # bsds. We take the
subset of C3 for which d3 = 0 and show that it is dual to B;. To prove this, we act with an
SL(2, Z)-transformation only on the first 2-torus of T2 x T2 x T? transforming the period
matrix as:

h
M : diag{Uy, Uz, Us}  — dag{j Uit = U s}
M; 00
M=o 10|, M1=<9.}?), :<(1)(1’>
001 v
gi—hi=1, g,h,i,jE€Z. (B.55)

This action, together with an appropriate choice for g, h, i, j, transforms the fluxes of Cs,
given by (2.91), with d3 = 0 to those of By, given by (2.66). The appropriate choices
depend on the flux quanta (2.66) as follows:26

daA2h do(1 + hi) )
= T h d =
do g Aol #0, when L=0,
g=J3=1, h=i=0, when dg#o,cgzo,
g=i=j=1, h=0 when b, ch #0. (B.56)

For non-zero even integer fluxes dy = 2p and d; = doAo = 2q¢ in Cs, the last choice can
always be made (which we checked numerically when p,q = —1000,...,1000). The period
matrix transforms in a way that in all the above cases the solution for the moduli in Cs
(when ds = 0) maps to that of the corresponding subset of 5;.

Thus, we conclude that B; is the master family which contains all distinct solutions.
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