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Model Identification and Adaptive State
Observation for a Class of Nonlinear Systems

Michelangelo Bin and Lorenzo Marconi

Abstract—In this paper we consider the joint problems of state
estimation and model identification for a class of continuous-time
nonlinear systems in output-feedback canonical form. An adap-
tive observer is proposed that combines an extended high-gain
observer and a discrete-time identifier. The extended observer
provides the identifier with a data set permitting the identification
of the system model and the identifier adapts the extended
observer according to the new estimated model. The design of the
identifier is approached as a system identification problem and
sufficient conditions are presented that, if satisfied, allow different
identification algorithms to be used for the adaptation phase.
The cases of recursive least-squares and multiresolution black-
box identification via wavelet-based identifiers are specifically
addressed. Stability results are provided relating the asymptotic
estimation error to the prediction capabilities of the identifier.
Robustness with respect to additive disturbances affecting the
system equations and measurements is also established in terms
of an input-to-state stability property relative to the noiseless
estimates.

Index Terms—Adaptive Observers, Identification for Control,
High Gain Observers, Least Squares, Wavelets

I. INTRODUCTION
A. Problem Description and Literature Overview

We consider nonlinear systems of the form

i?i = l‘i+1+di 7;:1,...,7171
in = ¢(x)+dn (1)
y = mi+v

where © = (z1,...,2,) € R™, x; € RP, is the state, y €
RP is the measured output, d := col(dy,...,d,) € R" and
v € RP are unknown disturbances, and ¢ : R™ — RP is
a function unknown to the designer and fulfilling technical
assumptions specified later. For the class of systems (1), in
this paper we consider the problem of designing an adaptive
observer that, when the disturbances d and v are not present,
produces asymptotically “good” estimates of both the system
state x and the system model ¢, and that, when instead d
and v are present, guarantees a corresponding “input-to-state
stability” property relative to such asymptotic estimates. An
adaptive observer with those properties is called in [1] a robust
adaptive observer.

State estimation is a problem of primary interest in control,
and its applications are ubiquitous in all the related engineering
areas. Having available good models, on the other hand, is of
crucial importance in many contexts, as for instance in model
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predictive control [2] and control in presence of delays [3],
where models are used to cast predictions, in tracking and
output regulation [4], in which they are used to model the
exogenous references or disturbances acting on the system,
and in signal processing and the related applications [5], [6],
in which models are used to extract information about the
surrounding environment and to detect events. In this paper
we jointly consider both the problems of estimating the system
state x and its model ¢.

The problem of designing adaptive observers for uncertain
nonlinear systems boasts decades of active research, and it
constitutes nowadays an important branch of adaptive control.
The class of systems (1), in turn, is among the most studied,
and the many contributions developed in the years mainly
differ in terms of the hypotheses on the structure of the
uncertain model here represented by ¢. Systems in which the
uncertainty is concentrated in a set of parameters entering
linearly in the model have been considered for instance in
[71, [8], [9] and [1], where in the latter work also robustness
with respect to additive disturbances (modeled by d in (1))
is proved. Related extensions to multivariable systems and
more general forms appeared in [10], [11] in a disturbance-
free setting. Adaptive observers for models admitting nonlinear
parametrizations in the uncertain parameters started to appear
in more recent times (see [12], [13], [14], [15] and the
references therein). In particular, in [12] a general class of
high-gain observers is endowed with an adaptation mechanism
of the kind of that proposed in [11]. In [13], a fairly more
general class of nonlinear parametrizations is considered for
uniformly observable systems, where also robustness with
respect to disturbances d affecting the system dynamics is
shown to hold. In [14], the theory of nonlinear Luenberger
observers [16] is applied to estimate the state and parameters
of uncertain linear systems and, in [15], more general systems
exhibiting nonlinearities in both the states and the parameters
are dealt with by using the same arguments of [17] in dealing
with non-uniformly observable systems.

Most of the existing approaches are strongly based on
a canonical “adaptive control” perspective, in which all the
uncertainty is concentrated in a set of parameters with known
dimension, whose knowledge would result in the knowledge
of the true system to be observed. In line with the certainty
equivalence principle, uncertainty is usually dealt with by
using an estimate of the true uncertain parameter, whose
adaptation is carried out by ad hoc adaptation laws induced
by Lyapunov analysis or immersion arguments. While for
linear systems parametric perturbations do actually exhaust
the kind of model uncertainties we may care about, this is



definitely not the case for nonlinear systems, where limiting
to parametric perturbations means considering variations of
functions in quite “restricting” topologies [18]. Furthermore,
the assumption of a known parametrization is also not robust
relative to quite standard topologies, in the sense that even
if a nominal model admits the supposed parametrization, any
arbitrarily “small” neighborhood of the nominal model will
contain functions not having such a structure. This, indeed,
makes the approaches constructed around the notion of a “true
model” conceptually fragile, especially in view of the fact that
robustness to disturbances is usually not shown. In particular,
among the aforementioned approaches, only [1], [13] and [14]
consider robustness to disturbances affecting the system dy-
namics (d in (1)), and only [14] considers also measurement
noise (v in (1)). The result of [14], however, limits to linear
systems, and the robustness property is in general only local
in both d and v, and can be made global only under some
additional boundedness conditions on the parametrization.

B. Objectives, Results and Organization of the Paper

The main goal of this paper is to propose a class of robust
adaptive observers estimating both the state and the model of
system (1), and whose construction is not tailored around the
assumption of a known structure of the system’s model ¢ and
does not necessarily rely on the existence of a “true model”
and of a corresponding “true parameter” to estimate. Instead,
we aim to approach model estimation as a system identification
problem [19], with the goal of connecting the quality of the
state and model estimation to the prediction performance of the
employed identification scheme. The quest of estimating the
true parameter is thus substituted with that of finding the best
model possible and, accordingly, the objective of asymptotic
state estimation is substituted by a weaker optimality property
of the identified model, more likely achievable robustly. In
this way, we aim at opening the doors to nonlinear black-
box techniques and universal approximators [20], [21], by
adopting, however, standard analysis tools typical of systems
and control theory.

System identification is a very rich and developed research
area, and an enormous variety of techniques and algorithms
exist whose applicability strongly depends on the kind of
signals under concern. Consistently with the aforementioned
objective, we do not intend here to focus on a single identifi-
cation algorithm, that would inexorably make sense only for a
restricted class of models of ¢. Rather we aim to extract and
provide generic sufficient conditions that an arbitrary identi-
fication algorithm must satisfy to be used in the framework,
while leaving to the user the choice of the particular strategy
to employ depending on the a priori qualitative information
available on the system. In these terms, we seek a solution
which is modular in the choice of the adaptation strategy and,
thus, which can be adapted to the particular application context
and to the amount and quality of the a priori information that
the designer has on the system.

To this end, we endow an extended high-gain observer with
a generic discrete-time identifier satisfying some steady-state
optimality and strong stability assumptions detailed later. The

extended observer provides the identifier with a “dirty” data
set that the identifier can use to extract information about the
system model ¢. The identifier adapts the extended observer
according to its best guess of ¢, thus increasing the observer
performance. The main result of the paper is an approximate
estimation result stating that the adaptive observer produces an
estimate of the system state and model that is asymptotically
bounded by the “size” of the disturbances d and v, and by the
prediction capabilities of the chosen identifier.

The paper is organized as follows. In Section II we present
the adaptive observer; in Section III we give the main result; in
Section IV, we show how an identifier implementing the well-
known recursive least-squares scheme can be constructed, and
based on that, we propose a recursive identifier performing
a black-box identification procedure based on wavelet and
multiresolution analysis. Finally in Section V we present some
examples.

C. Contribution of the Paper

State estimation for systems of the form (1) in presence of
uncertain ¢, alone, is a problem that does not actually need
adaptation to give acceptable results when single experiments
are concerned. As a matter of fact, in a noise-free context,
standard high-gain observers can be used to obtain a practical
state estimate without knowing ¢ exactly [22], or sliding-mode
and homogeneous observers can be used to get a theoretically
asymptotic estimate by just knowing a bound on ¢(z) [23],
[24]. The use of adaptation, in turn, is typically motivated
when also the model of the observed system is needed other
than its state, or when one is interested to obtain an observer
that is actually able to generate the trajectories of the observed
system. The main contribution of this paper concerns this
latter cases, where it intersects the already vast literature on
adaptive observation. Compared to the existing approaches,
in this paper adaptation is treated in more general terms as
a system identification problem, and the proposed solution is
modular in the choice of the adaptation strategy, thus allowing
the user to employ different techniques depending on the
actual needs. This, in turn, requires a different approach to
the analysis and synthesis that is based on a logical separation
of the roles of the observer and the identifier. Furthermore, the
proposed design is intrinsically robust to measurement noise
and additive disturbances, without the need of introducing
tedious modifications of the adaptive strategy or the observer.

Regarding the actual design of identifiers, as a particular
case we show that the well-known least-squares schemes
fit into the framework, and we propose a novel black-box
identifier performing a wavelet multiresolution approximation
of arbitrary L? functions.

The observer is specifically designed to support discrete-
time identifiers. This is motivated by the fact that system
identification approaches are usually discrete-time. Their use,
however, comes with the price of a considerable technical
overhead, requiring to study the overall interconnection in the
formal context of hybrid dynamical systems [25].



D. Notation

We denote by R, N and Z the set of real, natural and integer
numbers, and we let Ry := [0,00). If S is a set, card S
denotes its cardinality. We denote by | - | any norm whenever
the underlying normed space is clear. If S a subset of a normed
vector space X and x € X, we let |z|s := infseg |z — s
With Ay, ..., A, matrices, we denote by col(A4,...,A,) and
diag(A;,...,A,) their column and diagonal concatenations.
For an indexed family of matrices {Ap}pen, we also use the
notation col(A4, | b € B). We denote by msv(A) the minimum
non-zero singular value of the matrix A. A function vy : Ry —
Ry belongs to class-K (y € K) if it is continuous, strictly
increasing and (0) = 0. If moreover y(s) =500 00, ¥ is
said to belong to class-Ko, (7 € Ks). A continuous function
B : Ry xRy — Ry belongs to class-KCL (8 € KL) if for each
te Ry, B(-,t) € K and for each s € Ry, B(s, -) is decreasing
and B(s,t) —¢ 400 0. For k € N, C* denotes the set of k-
times continuously differentiable functions. If ¢ is a function,
supp ¢ denotes its support. L2(X') denotes the Lebesgue space
of square integrable functions X — R. We denote by (-, -) the
usual scalar product on L?(X) and we equip L?(X) with the
norm | - | := 4/(, ).

In this paper we deal with hybrid systems, which are
dynamical systems whose state may exhibit both a continuous-
time evolution and impulsive changes. Hybrid systems are
formally described by equations of the form [25]

|z = F(z,u) (r,u) € C
ok { zt = G(z,u) (z,u) € D @

where x denotes the state, u an exogenous input, and C
and D denote the sets in which continuous and discrete-time
dynamics are allowed. In particular, the first equation of (2)
means that the state can evolve according to © = F(z,u)
whenever (z,u) € C. The second equation means that the state
can exhibit an impulsive change, from « to G(z, ), whenever
(z,u) € D. The solutions of (2) are defined over hybrid
time domains, which generalize the usual time domains R
and N of continuous and discrete time systems. In particular,
a compact hybrid time domain is a subset of Ry x N of
the form 7 = sz_ol[tj,tjﬂ} x {j} for some J € N and
0:t0§t1§ St.].ASCtTCRjLXNiS
called a hybrid time domain if for each (T,J) € Ry x N,
TN[0,T] x{1,...,J} is a compact hybrid time domain. For
(t,7),(s,4) € T, we write (¢,7) =X (s,4) if t + 7 < s+1,
we let 7 = sup,cp(t,j) € T, t; := infier(t, j) € T and we
define j; and j? similarly.

A function x : T — X defined on a hybrid time domain
T is called a hybrid arc if z(-,j) is locally absolutely
continuous for each j. Hybrid arcs define the space in which
the solutions of (2) live, and they play the same role of
absolutely continuous signals in a standard continuous-time
setting. Further restrictions are needed for a hybrid arc to
be used as input in (2). In particular, a hybrid input u is a
hybrid arc such that u(-, j) is locally essentially bounded and
Lebesgue measurable for each j. A pair (z,u) is called a
solution pair to (2) if x is a hybrid arc, u is a hybrid input,
and (z,u) satisfy (2). We call a solution pair complete if its
time domain is unbounded. We let dom « denote the domain of

x, Flwx C Ry the set of ¢ such that (¢, ) € dom z for some
j €N, and Jmpa C N the set of j such that (¢,5) € domx
for some ¢ € R. In order to simplify the notation, we omit
the jump (resp. flow) equation when the considered system
has only continuous-time (resp. discrete-time) dynamics. If x
is constant during flows (resp. jumps), we neglect the “t”
(resp “j”) argument and we write z(j) (resp z(t)), which
we identify with the map Jmpz > j — xz(¢;,7) (resp
Flwz 3t — x(t, j;)). We say that a hybrid arc x is eventually
in a set X if for some s € domz, z(t,j) € X for all
(t,5) = s. With u : domu — U a hybrid input, and I'(u) :=
{(t,j) € domu | (¢, + 1) € domu}, for (¢,7) € domu
we let [ul(j) = max{sup( j)er(), (0,0)=(s.)=(t.5) 1405, D)5
€SS. SUD (5 i)edom u/T'(u),(0,0)=<(s,i) < (%,5) ‘U(S’Z)H’ If u is con-
stant during jumps (resp. flows), we write |u|, (resp |u|;)
as short for |u|( ;). We also let |u|a ;) := ||U|A’(t,j) and
|[ufoo 1= M SUP,4 ;o0 (1,j)edom u |Ul(t,5)- Given a hybrid arc
x we will abbreviate imsup, ;oo (¢ j)edom s Z(t,7) With
lim sup,; ;_,~ @. A collection of hybrid arcs H is “eventually
equibounded” if there exist 7,m > 0 such that |z(t,j)| < m
for each x € H and (t,j) € dom x satisfying ¢ + j > 7. The
abbreviation “ISS” stands for “input-to-state stability”.

II. THE ADAPTIVE OBSERVER
System (1) can be written in compact form as

Az + Bo(z) +d
Cxr+v

T
y =

O(np— Lp— 0(np—
A= [ “(np—p)xp np—p >’ B .= < (np p)><p>
< Op Opx (np—p) I
C:=(Ip Opx(np—p)) -

On system (3) we make the following assumption.

3)

Assumption 1. The function ¢ is locally Lipschitz. More-
over, d and v are hybrid inputs and there exist (known)
compact sets Xy C X C R™ and, for each xy € Xy, a
set D(xg) of hybrid inputs with values in R"™P, such that each
solution pair (z,d) to (3) with x(0) € Xy and d € D(z(0))
satisfies x(t) € X for all t € dom z.

Remark 1. Assumption 1 is a boundedness condition requiring
the solutions to (3) originating inside a known, arbitrary
compact set A to be uniformly bounded. Since the effect
of d on the time evolution of = depends on the value of ¢,
then Assumption 1 imposes a joint restriction on ¢ and the
class of admissible disturbances d.

Remark 2. We underline that the exogenous signals d and v
are required to be hybrid inputs and, as such, they must
be locally essentially bounded and Lebesgue measurable (see
the notation section). Therefore, the results presented in this
paper do not completely cover the case in which d and v are
realizations of common stochastic processes such as Gaussian
processes, as they may not be locally essentially bounded, thus
failing to be hybrid inputs. In turn, the results presented in this
paper only apply to those realizations that fit into the definition
of hybrid input and for which Assumption 1 above holds.



The proposed adaptive observer is a system whose dynamics
is described by the following hybrid equations

Fo=1
i = A&+ BE+ M(g)(y—Ci)
£ = (0,2, + A2(g)(y — C)
z =0
(1,2,&,2,y) € Cp x R x RP x Z x RP (4a)
™ =0
it = 2
& o= ¢
(1,2,&,2,y) € D x R™ x RP x Z x RP
with
0=7(z) €R™, (4b)

and in which Ai(g) € R™*P, Ay(g) € RP*P, ¢ : R™ x
R™ XxRP 5 RP, 0 : ZXR™ xRP = Z, v: Z — R", and

CT = [(LT}, D‘r = [Ia ]7 (5)

where g > 0 is a control parameter, ng € N, Z is a finite-
dimensional normed vector space, and T,T € R, satisfy
0 < T <T < oco. The observer (4) is composed of different
subsystems. The subsystem 7 is a clock, whose tick determines
the next jump time. As clear from the definition of the sets
C; and D, the jumps of (4) need not be periodic, and any
clock strategy is possible provided that the time between two
successive jumps is lower-bounded by T and upper-bounded
by T. The subsystem formed by # := col(#1,...,2,) € R™
and £ € RP is an extended observer, while the subsystem z,
called the identifier, is a dynamical system implementing the
chosen identification scheme. The identifier is a discrete-time
system processing the state (&,&) of the extended observer
and giving as output the variable § € R™¢, through which it
affects the observer’s dynamics by adapting the “consistency
term” (0, &,&). The construction of the identifier and the
extended observer subsystem is detailed in the next sections.

A. The Identifier

The identifier is a discrete-time system constructed to solve
an identification problem cast on the samples of the following
system, referred to as the core process.

T =1 i np
{Q.C — Av+ Bé()+d (r,2,d) € Cr x X xR

™ =0
xt = =z

with outputs o, € R" and o, € R? defined as

(r,2,d) € D x X x R"™
(6)

ai*n =€, QZut = ¢($>7
and with initial conditions (7(0),2(0)) belonging to (C, U
D.) x A, and disturbances d restricted to D(x(0)). At each
jump time j, the inputs o and o, provide a data set
{(a4, (1), a3 (1)) Hog = {(2(t"), @2 (t') /=y from which
the identifier can infer a guess of ¢. The input o}, = x, indeed,
plays the role of a regressor (or independent variable), while

aby = o(x) = ¢(af,) that of the dependent variable. The
role of the identifier is then to find the model relating o, and
o, which fits at best the samples contained in the data set.

The core process plays a fundamental “qualitative” role in
the definition of identification problem, as the a priori infor-
mation that the designer has on its solutions determines the
choice of a set M (here called the model set [19]) of possible
models (;AS where to search for the best one and, consequently,
the choice of the identification algorithm. As customary in
system identification and for clear implementation constraints,
we limit here to finite-dimensional model sets that, for some
ng € N, can be expressed as

M :={6(0,) : R - RP | § € R™}.

The problem of selecting the model set is a rich area of
system identification (see e.g. [19], [20], [21]) and, depending
on the quantity and quality of information the designer has
on the core process, it may range from a family of functions
(;3(9, -) with a very specific form, such as linear regressions,
to “non-parametric” models represented by universal approxi-
mators such as wavelets or neural networks [21]. In this phase
we do not deal with the selection of the model set, which we
assume to be fixed by the user, and we instead focus on the
design of the identification algorithm. In particular, once M is
fixed, the problem of finding the “best” element dg(ﬂ, )eMm
can be formally cast by defining an optimization problem on
the data set generated by the core process as follows. For each
model ¢(6,-) € M and each solution pair ((7,z),d) to (6),
we define the prediction error

e(0,7) = ¢(x) — §(0,2) = afy — d(0,08). (D
Then, with each j € Jmp(7, x) we associate a cost functional
J(re)(J,+) : R™ — R having the generic expression

Tira) (5,0) =Y _k(i, 4,20, (")) + 0(0), ()
1=0

where k : N X N xRP — R; and p : R™ — R,
are user-decided continuous functions called respectively the
integral cost and regularization term. The integral cost weights
how a given 6 fits previous samples of the data set, and its
dependency on the current time j and the past ones ¢ can
be exploited to weight more and less recent errors differently
in the sum. Regularization is an important and widely spread
practice in identification (see e.g. [26]), and the regularization
term in (8) can be used to constraint the “size” of the parameter
and to make ill-conditioned problems numerically treatable.
For further details the reader is referred to [19], [26].

For each solution pair ((r,z),d) to (6) and each j €
Jmp(7, ), with (8) we associate the set-valued map

Opt(T,x) (.7) = arg min t7(‘r7z) (ja 9),
feR™6

which collects, at each j, the set of minima of ﬂT,I)(j, ).
The identifier subsystem of (4) is then a system designed to
“track” the map of minima Opt, .y when fed with the ideal
input (ai*n?a;ut) = (l’, ¢($))

Clearly, the variables o, and o, are not available for
feedback, as the only measured quantity is the system’s



output y. The identifier is thus fed in (4) with the input
(Qin, Qout) = (&,&), which provides a proxy for the ideal
input (af,, o). This motivates asking a stronger property
than “just” asymptotic tracking of Opt, ., expressed in terms
of an ISS requirement relative to disturbances possibly sum-
ming to (o, o). More precisely, the required properties
are characterized in the forthcoming definition, by considering
the cascade between the core process (6) and the discrete-time
system

2T =

0 =

(,O(Z, Qlip, aout)
V(2)

obtained by letting (in, dout) = (0, @%yt) + (Oin, dout)s

)

where 0 := (0in,0out) iS an exogenous disturbance, and
reading as

o= 1

t = Az+ Bo(z)+d

z =0

(r,2,2,d,8) € Cr x X x Z x R"™ x R"P+P

=0 (10

2t = =z

Z+ = (P(Z7 ai*n + 6in> agut + 6out>

(1,2,2,d,6) €D, x X x Z x R" x R"P*tP
with output 6 = v(z2).

Definition 1 (Identifier Requirement). The tuple (M, Z, ¢, )
is said to satisfy the ldentifier Requirement relative to J if
there exist a compact set 7* C Z, 8, € KL, two Lipschitz
functions pg, p, € K, and for each solution pair ((1,z),d)
to (6) with x(0) € Xy and d € D(x(0)), a hybrid arc z* :
dom(7r,z) — Z and a j* € N, such that ((1,x,z*),(d,?))
with § = 0 is a solution pair to (10) satisfying z*(j) € Z* for
all 3 > 3%, and the following properties hold:

1) Optimality: For all j > j*, the signal 0* := ~(z*)

satisfies
0*(]) € Opt(T,z) (])

2) Stability: For every hybrid input §, every solution pair
to (10) of the form ((7,x,z),(d,?)), with ((T,z),d) the
same as above, satisfies for all j € Jmp(T,x, 2)

|2(5) = 2*(5)] < max {B:(|z(0) — 2*(0)], 5), p=(Id];)}-
3) Regularity: The map ~y satisfies

17(2) = (z")] < po(lz — 27]) (11)

fgr all (z,2*) € Z xZ* and, for each 0 € R™, the map
#(0,-) is Ct with locally Lipschitz derivative.

The Identifier Requirement collects all the sufficient con-
ditions that an identifier must satisfy to be embedded in the
observer (4). In addition to regularity of the model g?) and the
output map -, it requires the existence of a steady-state z*
for the identifier associated with the ideal input (af,, a},)
whose output 6* is optimal relative to the cost functional (8),
and that an ISS property holds relative to such optimal steady
state and with respect to additive disturbances § = (din, dout)

affecting (o, a%,;)-

Constructive design techniques implementing the relevant
case of least-squares schemes and a wavelet-based black-box
identifiers are postponed to Section IV.

Remark 3. Since the disturbance § = (0in,dout) enters in
both the variables «j, and aqyy, the identification problem
underlying the Identifier Requirement fits into the context of
Errors-In-Variables identification [27]. It is well-known (see
e.g. [27, Section 10]) that the presence of the disturbances in
all the variables may cause a bias in the parameter estimate
even for “simple” least squares identifiers. Nevertheless, we
remark that this is not in contrast with the Identifier Re-
quirement as long as such bias vanishes continuously with
the disturbances (see also Example 1 in Section IV-A for
a more detailed discussion in the least squares case). In
fact, when z(0) = 2*(0), the combination of the stability
and regularity properties of the Identifier Requirement im-
plies sup;> ;. [0(7) — 0% ()| < po(p=(sup;> ;- [6(4)])). Hence,
the Identifier Requirement constraints the set of admissible
identifiers to those guaranteeing that the uncertainty on the
parameter estimate is bounded by a continuous image of the
“size” of the disturbances affecting the variables, whether such
uncertainty comes from a bias or not. We also remark that
this is in line with typical results in the Set Membership
identification literature, in which the feasible set containing
the true model is directly related to the maximum bound on
the disturbances (see e.g. [28]).

Finally, we remark that the regularity property of the Iden-
tifier Requirement also implies that v is continuous on Z*.
Hence, (Z*) is compact. This, in turn, yields an implicit
assumption on the parameter 6*(j) to be identified, which is
thus required to lie, eventually, in a known compact set (see
also Example 1 in Section IV-A).

B. The Extended Observer

The extended observer subsystem (&,&) of (4) follows
a canonical high-gain construction [22]. In particular, we
define the matrices Ki,..., K, 1 € RP*P so that, with
K :=col(Ky,...,K,41), the matrix

M= (A B) “K(C 0)

0 0 (12)

is Hurwitz. In this respect, we notice that a feasible choice
is to take K; := k;I, with k; € R such that the polynomial
AL kA" 4+ -+ kA + K, 1 has only roots with negative
real part. With g > 0 a control parameter to be fixed, we let

Ai(g) := col(gK7, G’ Ko, ... 9" Ky,

Aa(g) = g" ' K.

We then define arbitrarily two compact sets X* C R™ and
E* C RP that are sets in which x and ¢(z) are supposed to
lie eventually. Again, the choice of those sets is guided by
the qualitative and quantitative a priori information that the
designer has on the system (1) and, under Assumption 1, they
are ideally taken so that X C X* and ¢(X) C =Z*. Moreover,
with Z* given by the Identifier Requirement, we let ©* C R"¢

13)



be a compact set including y(Z*). We then choose v as a
bounded function obtained by “saturating” the function
(6,3,6) s 2202 (42 + Be)
oz
on the compact set ©* x X* x =* constructed above. More
precisely, we let ) be a continuous function satisfying

*

o 09(0.2) 14
for all (0,%,¢&) € ©* x X* x E* and
[0(0,2,8)] < Y(0,%¢) € R" xR™ xRP,  (15)

for some v € R, fulfilling

N 20(0. %)

e (Aa:« + Bg)

)

max
(0,2,8)€O* x X* x=E*

which exists by continuity, in view of the regularity item of
the Identifier Requirement.

III. MAIN RESULT

The interconnection between the system (1) (restricted on
X)) and the observer (4) reads as follows

Fo= 1
& = Aw+Bo(r)+d
B o= Ab+ BE+Mi(9)(Cla ) +v)
§ = (0,58 +Aa(g)(Cle— &) +v)
i =0
(r,2,4,&,2,d,v) €C (16a)
7'+ = 0
;L'JF = z, j+:£’ €+:€
o= p(z,8,8)
(T,x,i,g,z,d,y)eD
with
0 =(2), (16b)

and in which C:= C,; x X x R™ x RP x Z x R™ x RP and
D =D, xXXR"™ xRP x Z x R" x RP. We remark that
restricting the flow and jump sets of x to X does not destroy
completeness of maximal solutions originating in Xy and with
d € D(x(0)) in view of Assumption 1.

In the following we will use the short notation x :=
(1,2,%,€,2). For each solution pair (x,(d,v)) to (16) with
z(0) € Xy and d € D(x(0)), ((7,x),d) is a solution pair to
the core process (6). We thus can associate with (x,d) the
hybrid arcs z* and 6* produced by the Identifier Requirement
for ((7,2),d). We then define the optimal prediction error as

er(t,j) = e(0"(4), z(t)).
For the sake of compactness, we also let
oe(x) := max{[Z — z, [ — ¢(x)[}
ee(x,0%) := max{|z — &|, |0 — 6|}
dy = (g7 'ds, g 2dy, ..., g7 "d,).

Then the following theorem states the main result of the paper.

a7

Theorem 1. Suppose that Assumption 1 holds, and consider
the observer (4) constructed according to Section Il. Then the
following hold:
1) There exist py, p1,p2,p3 > 0 such that every solution
pair (x, (d,v)) to (16) with (0) € Xy and d € D(z(0))
satisfies for all t € Flw(x)

|i(t) — 2i(t)| < max {gi_ll’oe_plgt oe(x(0)),

p2g" " p3g ! (dgs )l }-

2) If in addition (M, Z,p,~) satisfies the Identifier Re-
quirement relative to some cost functional J, then there
exist a locally Lipschitz p € K and g*(T), r > 0 such
that, if g > g*(T), then every complete solution pair
(x,(d,v)) to (16) with x(0) € Xy and d € D(x(0)) for
which (z, ¢(x)) is eventually in X* X E* satisfies

lim sup ee(x, 8*) < p( max { lim sup |e*|,
t+j—o00 t+j—o00

g™ limsup |(dg, 1/)\})

t—o0

limsup |#; — x;| < max {gi_" lim sup |*|,
t— 00 t+j—o00

rg! liltrnsup |(dg, 1/)|}
— 00

Theorem 1 is proved in Appendix A. The first claim
recovers some well-known properties of standard non-adaptive
high-gain observers, showing that the introduction of adap-
tation preserves them. In particular, the claim establishes a
practical ISS property of the estimate & — x relative to the
disturbances (d,v), which boils down to a practical state
estimation result when (d,v) = 0. It also underlines how the
effect of d and v may be amplified by taking high values of ¢,
thus leading to a necessary compromise in its choice.

The second claim states that, if the identifier satisfies the
requirement, and (z, ¢(x)) is eventually in the set X* x E*,
then the state and parameter estimation errors are asymptoti-
cally bounded by the optimal prediction error attained by the
identifier, other than the disturbances d and v. We remark
that the optimality item of the Identifier Requirement plays no
role in the stability analysis yielding the claim of Theorem 1.
It however guarantees that the target steady state 6* of 0
is optimal in the desired sense. Moreover, it implies that,
whenever a “true model” characterized by a null prediction
error exists in the model set, then, in absence of regularization
in (8), the claim of the theorem can be strengthen to an
ISS-like condition for the estimation errors with respect to
(d,v), which becomes asymptotic stability in a disturbance-
free setting.

IV. ON THE DESIGN OF IDENTIFIERS
A. Least-Squares Identifiers

In this section we design an identifier satisfying the Iden-
tifier Requirement that implements a recursive least-squares
identification scheme. For ease of notation we limit to the
single-variable case (p = 1), and we remark that a multivari-
able identifier can be obtained by the composition of multiple
single-variable identifiers.



We take as model set M the set of functions qAS of the form
$(6,-) :=0"o(),
in which ¢ : R® — R™ is a C' function with locally
Lipschitz derivative. The selection criterion is then chosen as
the weighted “least-squares” functional
j—1
Tiraw) (4,0) :=> = e (0, x(t))> + 6T RO,

=0

(18)

obtained by letting in (8) k(i, 7, s) := p?~""1|s|> and o(0) :=
0T RO, with i € [0,1) and R € SPD,,, design parameters
called, respectively, the forgetting factor and the regularization
matrix, where we denoted by SPD,,, the set of positive semi-
definite symmetric matrices of dimension ng X ny. Further
remarks on p ad R are postponed at the end of the section.
The state-space of the identifier is the set Z := SPD,,, x
R™. For a z € Z we consider z = (21, 22), with z; € SPD,,,,
and zo € R™, and equip Z with the norm |z| := |21|+]|22|. We
construct the identifier by relying on the following assumption.

Assumption 2. There exist € > 0 and, for every solution pair
((1,2),d) to (6) with x(0) € Xy and d € D(z(0)), a j* € N,
such that for all j > j*
j—1
s (R ¥ Zuj-i-lau(ti))a(x(ti)f) >
i=0

With X* and =* the compact sets defined in Section II-B,
we then assume the following.

Assumption 3. Assumption 1 holds with X satisfying X C X*
and ¢(X) C =Z*.

Define
c1:=(1—=p)~" sup |o(z)o(x) ]
TeX* (19)
coi=1-p™"  sup |o(z)yl,
(z,y)EX*xE*

and, with € given by Assumption 2, define the compact set
7* = {z € Z | msv(z1 + R) > ¢ |21] < e, |22] < cz}.

Finally, with - denoting the Moore-Penrose pseudoinverse,
let ¥ : R” — SPD,,,, A : R" xR — R™ and v : Z — R™
be continuous functions satisfying!

Y (cin) = o(am)o(am)’
)\(ainv aout) = CT(ain)aout (20)
7(2) = (a1 +R)'z
respectively in the sets X*, X* x Z* and Z*, and
|E(a1n)| S Cy, |)\(ainaa0ut)‘ S Cx, |’Y(Z)‘ S Cy (21)

everywhere else, for some cg, ¢y, cy > 0.

I'We stress that, as in the construction of v in Section II-B, the maps X, A
and « in (20) are obtained by saturating the maps ain + o (in)o(aim) T,
(ctin, @out) — o(ain)aous and z +— (21 + R)Tzz respectively on the
compact sets X*, X* x E* and Z*. In turn, (20) needs to hold only inside
those compact sets, and (21) is possible by continuity.

Then, the identifier is described by the equations

zf_ = pz1 + X(oun)
z5 = pze + AGin, Qout) (22)
0 = (2),

which correspond to take in (9), ¢(2, in, Qout) = (uz1 +

Y(n), pz2 + )\(ain,aout)). Then, the following result
(proved in Appendix B) holds.

Proposition 1. Suppose that Assumptions 2 and 3 hold. Then
the identifier (22) satisfies the Identifier Requirement relative
to (18).

Remark 4. We remark that Assumption 2 is always guaranteed,
with ¢ = msv(R) and j* = 0 for every solution, whenever
the regularization matrix R is positive definite. Nevertheless,
the regularization term introduces a bias on the parameter
estimate, in the sense that, in the case in which a true
model exists in the model set M, the “true parameter” fr
is guaranteed to be a minimum of (18) only if 61 € ker R.
This, in turn, implies that taking R nonsingular makes the
identifier (22) to converge only to a neighborhood of 6Ot
whose size is related to the eigenvalues of R (and thus can
be made arbitrarily small). Thus, a compromise in the choice
of R is necessary, and we refer to the pertinent literature for
further details [26], [20], [19]. Moreover, we observe that,
when R = 0, Assumption 2 boils down to a persistence of
excitation condition on x.

Remark 5. The role of the forgetting factor p can be inter-
preted in two (strongly related) ways. First, in view of (18),
taking p small means giving less importance to older errors
in the sum, thus favoring those values of # that better fit
newer samples. The more p is close to 1, instead, the more
the importance of the past samples equalizes. Second, u
defines the learning dynamics of (22), i.e. how fast the state z
converges and forgets the initial conditions. It is interesting to
notice that faster dynamics (smaller ) are thus associated with
learning of more “volatile” information (the recent samples
weight more), while slower dynamics (larger 1) are associated
with learning of “long term” information drawn by weighting
more equally the whole history of samples.

We conclude this section with a simple academic example
aimed at illustrating Remark 3 in the case of least squares.

Example 1. In (3), let n = 1 and ¢(x) = Orx, for some
Ot € R. Consider the least squares identifier (22) constructed
with ng = 1, o the identity, R = 0, u = 1/2, X* = [-10, 10],
E* = [-50,50], and € = 1/10, and consider the interconnec-
tion (10) of the identifier with the core system, in which the
identifier is provided with the inputs ai,(j) = z(t?) + 6in(4)
and aoue (j) = ¢(2(t7)) + dout (4)-

First, notice that, in this setting, Assumption 2 reduces to
ask that for each solution to (10) with z(0) € Xy and d €

D(z(0)) there exists j* € N such that, for all j > j*,

7j—1
Zuj_i_lx(ti)Q > e
=0

Moreover, as clear from the proof of Proposition 1, for
every such solution the corresponding steady-state trajec-

(23)



tory z satisfies 27 (j) = S/-0 /=" lx(t))? and 23(j) =
> Vd =i e (6 p(2(t) = 122 (5). Thus, (23) is equiva-
lent to

7)) =€

for all j > j*. Let ¢ > 0 be such that |z5(j)| < ¢y for all
j € N. Then, in view of (20), the condition (24) implies

(24)

|9T| S 02/6. (25)

Therefore, Assumptions 2 and 3 impose an implicit bound-
edness constraint on the unknown parameter 6. It is worth
noting, moreover, that Assumption 2 is used in the proof of
Proposition 1 to prove the regularity property of the Identifier
Requirement. In turn, the constraint (25) is the manifestation
of Remark 3 into this specific context.

Assume now O = 0 and z(j) = 1 for all j € N. Then, As-
sumption 2 holds. Furthermore, suppose that the disturbances
Oin and oyt satisty 0i,(7) = avin(j) and dout(J) = avout(4),
with i, vout : N — [—1/2,1/2] and with a € [0,1]. Then,

2(j) +0in(j) € X* and ¢(x(j)) + dou (j) € Z* for all j € N.
Thus, if z(0) = 0, for j > j* the parameter estimate satisfies

Z{;& (1 + avin (i) (01 + avout (7))
1 2
So1oo w7 (1 avin(0))
and, hence, the presence of the disturbances di;, and oy
in the variables induces a bias in the parameter estimate.
Nevertheless, we also notice that, for each fixed j > j*,

lim,_,00(j; a) = 6. Namely, the bias vanishes continuously
with the disturbances. Moreover, we can write

Z /ﬂ (= avin ()07 + avoeu (1))
iz Mjﬂ’l(lJravin(z’))Q

Z T l(a%m(l)(vout(z’)—uin(i)aT))'
S = (1 4 avin (i)

< kla| < Kksup|(din(f); dout (5))1,
jeN

0(j;a) =

)

10(j;0) — Or| =

with k = 3(ca/e€ + )/(1 — ), in which we used (25), and
the fact that > 7= 7 =""1(1 + avi,())® > 1/4. Therefore,
according to the latter inequality, the presence of the bias is
not in contrast with the Identifier Requirement.

B. Universal Approximators via Multiresolution Wavelet Iden-
tifiers and Cascade Least Squares

In this section, we design an identifier approximating ar-
bitrary continuous L? functions with compact support. The
identifier implements a ‘“chain” of least-squares identifiers
of the kind proposed in Section IV-A performing a wavelet
expansion of the inferred prediction model qg The first least
squares stage of the chain captures the best representation of
the prediction model ngS at the coarsest scale; each successive
least squares stage in the chain captures the information about
the “detail” that is missing from the approximation attained
by the previous stages to obtain an approximation of qg at
a finer scale. We suppose the reader to be familiar with the
wavelet theory. An essential review of the main tools used in
this section is reported in Appendix C. For convenience, we

consider again the single variable case (i.e. p = 1), and we
recall that a multivariable identifier can be obtained by the
composition of multiple single variable identifiers. To support
the forthcoming construction, we assume’ that the map ¢
of (3) belongs to the set C.(R") C L?(R") of compactly
supported continuous functions in L?(R™).

As a first step, fix a GMRA (V;); associated to compactly
supported scaling function ® and wavelet functions ¥", h =
1,...,2" — 1, that are C' and with Lipschitz derivative. Fix
a starting scale 1y € Z and a target scale ip < ig arbitrarily,
and let N := 1+ |ig — ip|. Let H;, C Z™ and K; C Z",
i =147+ 1,...,179, be sets such that

2" —1
suppd C | J supp@iom, suppo C ) | J supp ¥y
hEHiU keK; h=1

and, for all h ¢ H;

i

k¢é¢K;,and h=1,...,2" -1

suppp N P@;on =0, suppon \Ifh = 0.

The sets H;, and K, i = i7 +1, ..., 4o exist and are finite
due to the fact that ¢, ® and " are in C.(R"™). Moreover,
they individuate N finite sets of functions, given by {®;, 1, |
h € H,,} and {\Pfk | h =1,...,2" — 1,k € K;} for
1 =17 +1,...,1%0, that can be used as regressors to construct
the best approximation of ¢ at scale 7 as indicated in (42).

In particular, for ¢ = iy let

0'1:0 = col ((PiOvh | h e Hio) (26)
ny = cardH;,
and, for ¢ = ip,...,i9 — 1, define

col (Wr [ h=1,...,2" -1, ke Kij)

(2" — 1) card K.

ol =
ng =

27
For each i = i, ..., io, pick R' € SPD,,; and i’ € [0,1) and

assume the following®.

Assumption 4. For each i = ip,..., iy there exist ¢, > 0
and, for every solution pair ((T,x),d) to (6) with (0) € X,
and d € D(x(0)), a j; € N, such that for all j > j*

msv (sz 1o ( (tf))ai(x(#))T> > €.
Then, with Z! := R™*"% x R",

iT,...,i0 a least square identifier (z%,6%) € Z¢ x
kind proposed in Section IV-A described by

define for each i =
R™ of the

zi* = ,u’zl’ + Zi(am)
AT = pizh+ N (i, chy) (28)
o = v’(Z’L

in which the quantities X!, A\’ and ~° are constructed
from (26)-(27) according to (20)-(21) by following, under

2We remark that, in view of Assumption 1, there is no loss of generality in
assuming ¢ € C.(R™) whenever the application of Section II is concerned.

3We stress that taking R* positive definite ensures that Assumption 4 holds
with j* = 0 for every solution.
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€

Figure 1. Chain structure of the scale-i7 wavelet identifier.

Assumptions 3 and 4, the construction detailed in Section
IV-A, and the signal e, is defined as

10

€out Qout
el = el () Tot  (un) i =ir,..., 0 — 1.
(29)
We then define the scale-ir wavelet identifier as a system
with state z := (z%,...,27) € Z := Z% x ... x ZT and
output @ := col(f,... 0T) € R™, ny := né“ e néT,
given by the composition of (28)-(29) for ¢ = i, ..., 1. We
compactly rewrite it as
Z+ = (P(Z7 Qin, aout)
0 = (), G0

with ¢ and 7 opportunely defined. Figure 1 shows a block-
diagram representation of the chain of least-squares identifiers
composing (30).

The construction above is motivated by the following in-
terpretation. The first stage 2% seeks the best (according to a
criterion of the form (18)) solution to the inferred relation

¢=Piyd= Y aignPin,

heH,,

in the sense that its output #% will asymptotically give the
optimal guess of the coefficients a;, n, not known and ideally
given by (¢, ®; 1). Hence, the model ()T o represents
the best approximation of ¢ at scale i(, and the quantity

= ¢ — ()T g

represents the prediction error attained by the best scale-ig
approximation of ¢. The second stage, 2!, takes as inputs

Zg 1
€out

oip and efﬁ;l and it seeks the best solution to
2" —1
io—1 _ Z Z

Cout = bzo7 zo7k’
keK;, h=1

which corresponds to finding the best expansion of the scale-i(
error ¢’ in terms of the scale-iy wavelet functions \Ifh xIn
particular, the output #% 1 will asymptotically give the best
guess of the coefficients b?oAk, not known and ideally given
by (¢, \T/fo k- The resulting approximation of ¢, given by the
function

(aio)—raig + (aiofl)To_iofl
is then an approximation of ¢ at the finer scale 7o — 1, and
the corresponding prediction error
=6 (0")To" —
represents the error attained by such best approximation of ¢
at scale i — 1, and provides the input to the next stage 2% 2.

702

out (aio—l)—raio—l

The same reasoning applies to all the successive scales up
to the target scale ¢, whose prediction error, expressed in the
form (7), reads as

e(0,2) = o(x) — (0°) o™ (x) — ... —(07)0"" ()

and represents the prediction error attained by the best approx-
imation of ¢ at scale ip.

More formally, the identifier (30) is characterized by the
following lemma and the forthcoming proposition, proving
that it satisfies the Identifier Requirement.

Lemma 1. Suppose that Assumptions 3 and 4 hold. Then there
exist a compact set 7* C Z, B, € KL, pg,p. > 0 and,
for each solution pair ((1,x),d) to the core process (6) with
x(0) € Xy and d € D(x(0)), a hybrid arc z* : dom(r,z) —
Z and a j* € N, such that ((1,2,2*),(d,d)) with 6 =0 is a
solution pair to (10) satisfying z*(j) € Z* for all j > j*, and
the stability and regularity items of the Identifier Requirement
hold.

The proof of Lemma 1 follows from Proposition 1 by
quite standard inductive arguments used to study cascade
interconnections of stable systems and, for reasons of space,
it is thus omitted. For i =i, ..., 4o, let z** and 6** be such
that the hybrid arc z* produced by Lemma 1 and 6* := ~(z*)
satisfy z* = (z* ..., 2'7*) and 6* = (Q* ... 0T*),
Proposition 1 then implies that the first stage 2% also satisfies
the optimality item of the Identifier Requirement relative to

j—1
Ty 5.6%) = 3 (oY (6%, a(t) P+(6) T R06"
= 31)
where we let
g0, z) = g(x) — (0°) 0™ ().

For convenience, let 17 := (6%, ... "), and define

10

$(z) =Y (6")To" ().

k=i

(0 ) =

Then, define the following recursion

%x <J79“> T (5,61 )

+ Z Yo (O (#), o (), 0, () [
(HZ)TRzaz

starting with (31) for ¢ = i¢. By inductive arguments, and in

view of Lemma 1, it is thus possible to conclude the following.

Proposition 2. Under the assumptions of Lemma 1, (30)
satisfies also the optimality requirement relative to ‘7(Tx)

. . . . . i
Hence, it satisfies the Identifier Requirement relative to ‘7(7@,).

Remark 6. It is worth noticing that the same approximation
attainable by the identifier (30) at scale ¢7 could be in principle
obtained by a single least squares stage by simply letting
ip = 17 (i.e. by directly starting from a finer scale). However,
with a single least-squares stage, changing resolution would
result in a completely new identification procedure, in which



all the parameters have to be estimated again from scratch.
The proposed cascade identifier (30), instead, permits to add or
remove detail stages, thus increasing or decreasing resolution,
without affecting the parameter estimates of the coarser stages.
In addition it also allows to separate the “learning dynamics”
of each stage, that are characterized by p.

Remark 7. We also observe that there is a somewhat “natural”
ordering in the choice of the forgetting factors u’. In fact,
coarser scales (i.e. higher ¢) are usually associated to rougher,
yet fundamental, traits and finer scales correspond instead to
more ‘“volatile” details. In view of Remark 5, indeed, this
intuition justifies choosing pfo > plo=! > > it as
learning of fundamental rough traits, associated to long-term
memory, is slower to acquire and forget than details, associated
instead to a short-term memory and a faster learning dynamics.

V. EXAMPLES
A. Wavelet Identification

We present here an academic example in which the adaptive
observer developed in the previous sections is used to estimate
the state and model of the following nonlinear oscillator

ZbQ = ¢($1),

by means of the wavelet identifier presented in Section I'V-B.

We suppose that Assumption 1 holds with Xy := [—3, 3] x
[—4,4] and X := {x € R? | || < 10}. This is the case,
for instance, if ¢ is taken equal to one of the following two
expressions

é1(z1) = dxy — 23,
As a matter of fact, for each k = 1,2, the quantity
1, i
Hy(z) = 322 —/0 or(s)ds

is constant along each solution of (32) obtained with ¢ = ¢y.
As Hy, is continuous, Hy (X)) is compact, and since

T 1
/0 $1(s)ds = 222 — szll

.fl = T2, (32)

¢2(x1) = 3arctan(zy) — z1. (33)

/ ¢a(s)ds = — (23 /2 +log(z] + 1)) + 2z arctan(z),
0

then in both cases every solution to (32) originating in Aj
satisfies Hy(z(t)) < maxgex, k=12 Hx(Xp) < 11. Noticing
that, by construction, |z1| > 10 implies |x|? < 2H;(z) and
|z|? < 4H,(z), then we can conclude that each solution
to (32) originating in A}, and obtained with either ¢ = ¢,
or ¢ = ¢o, satisfies |z(t)| < \/max{2-11,4 -8} < 6, for all
t, so that z(t) € X.

scaling function wavelet function
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Figure 2. Scaling function and wavelet function.
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Figure 3. Time evolution of the state-estimation error x — & and of the

identifier’s parameters 0° in the first case in which ¢ = ¢1.
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Figure 4. Time evolution of the state-estimation error z — & and of the
identifier’s parameters 0* in the second case in which ¢ = ¢2.
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Figure 5. Approximation of ¢ = ¢ at the different scales.

The knowledge of X and &), defined above, allows us to
construct an adaptive observer as specified in Section II and
Theorem 1, by taking X* so that X C X* and =* large
enough to handle all the functions ¢ of interest (for instance
=% := {z € R? | |z| < 10%} allows to handle both (33)). For
the identification phase, we use the multiresolution identifier
of Section IV-B to perform a wavelet expansion of ¢. Since ¢



depends only on z;, for ease of exposition we limit to 1-
dimensional wavelets, i.e. in Section IV-B we consider func-
tions ¢ (6, -) inside L2(R) depending only on z;. We choose a
biorthogonal B-spline construction* for the scaling and wavelet
functions, both represented in Figure 2, and we fix ig := 3 as
the starting scale and 7 := 1 as the target one, requiring thus
the use of N = 3 least-squares stages.

In the presented simulations, the three stages are added
progressively at successive instants of time. For the first 50
seconds no identifier is present, and a canonical high-gain
observer obtained with ¢ = 0 is thus used. At time 50s, a
first stage 23 is added, working at the initial scale ig := 3,
and the function v is modified accordingly. At time 200s, a
second stage 22 is added to obtain a representation at scale
ip — 1 = 2. Finally, at time 350s, a third stage is added
to reach a representation at scale ¢ = 1. The identifier
samples and updates every 1" = 0.1 seconds. To ensure that
Assumption 4 holds, we set the regularization matrices of each
stage to R’ = 10_31%. The forgetting factors are chosen as
w3 = 0.999, 12 :=0.995, and p' := 0.99. The design of the
observer is then concluded by taking g = 25.

Two simulations have been obtained by applying the same
observer to (32) with 2(0) = (—2.5, 3) and with ¢ taken equal
to ¢1 and ¢ of (33) respectively. Figures 3 and 4 show the
time evolution, in both cases, of the norm of the estimation
error x(t) — 2(¢) and of the output 6(j) of each least-squares
stage. Figure 5 shows instead the corresponding approximation
of the function ¢, given by the models at the different scales
associated with the final value of the estimated parameters.

B. Least-Squares Estimation With Measurement Noise

According to the second claim of Theorem 1, and as typical
of high-gain designs, measurement noise is the disturbance
having the worst effect on the estimates, as it gets amplified
by a worst-case factor of g”. Nevertheless, according to the
claim of Theorem 1, the measurement noise acts “continu-
ously” on the asymptotic bound on the state and parameter
estimates. Therefore we may expect such estimates to behave
still reasonably well for small enough noise, where “small
enough” depends on the fixed control parameter g.

By this example we aim to show how the measurement
noise affects the performance of parameter and state estimation
when the proposed adaptive observer is used together with the
least-squares identifier of Section IV-A.

We consider the following class of systems

.’i?l = X2

l"g = I3 (34)
i3 = awa+ 383wy + (1 — 23)z3 — 27173)

y = r1+v

in which 6t := (a, 3, /) € R? is an unknown parameter, and v
is a disturbance acting on the measured output y. For different
initial conditions and values of A1, System (34) models

4They can be obtained in MATLAB with the command wavefun of
the Wavelet Toolbox with argument ‘bior3.5’ and then taking the dual
functions.

different linear and nonlinear oscillators, as for instance the
(extended) Duffing and Van der Pol oscillators [29].
We suppose that 1 ranges in a compact set ©* C [—5, 5] X
[—5,0] x [0, 5] whose elements are such that Assumption 1
holds with Xy = [-2, 2]® and & := [-10, 10] x [-10, 10] x
[—100, 100]. Based on this, in the following simulations we
have chosen the observer degrees of freedom as follows:
(i) In (4)-(5), we let T = T = 1/2, and we chose A;
and A, according to (13), with K = (4, 6, 4, 1).

(ii) We defined the identifier’s data (M, Z, ¢, ) as specified
in the least squares section (Section IV-A) with ny = 3,
1 =0.995 R =0, 0 = col(oy, 03, 03), with oy (x) :=
Ta, 02(2) = 32329, 03(7) := (1 — 23)x3 — 22122, and
with (p,~) chosen according to (22) with

Y(aiy) 1= satey, (a(ain)o(ain)T)
)\(ainv aout) = Satck (J(ain)aout)
v(2) := sat., (ZIZQ),

in which sat denotes the component-wise saturation
function®, and ¢x = 107, ¢y = 10® and ¢, = 10.
According to Section II-B, and to the least-squares
choice ¢(6,-) = 0T o (-), ¥ is chosen as
oo(2
P(0,%,€) = satyy <9T(;(fc) col(Za, i:g,{))
Z

= satM (913%3 + 02 (63%1(%% + 3.’)3'%’%3)

(iii)

+0((1 = #D)€ ~ 6ardads - 243) ),

with M = 103.
(iv) The design is concluded by choosing g = 25.

Taking R = 0 permits to have an asymptotic state and
parameter estimate when the noise is not present. However,
as remarked in Section IV-A, it implies that Claim 2 of
Theorem 1 applies only to the solutions of (34) carrying
enough excitation. While ¢, is chosen on the basis of the
knowledge of ©*, the saturation constants M, cy and cy
are chosen large enough so that, with ¢(x) := 04 0(z), we
have ¢ (01, z, ¢(x)) = (0¢(x)/0x) col(xz, x3, $(x)), X(x) =
o(z)o(x)", and \(z, ¢(x)) = o(z)p(x) along the solutions
to (34) of interest.

The following simulations have been obtained with z(0) =
(1,-1,0), 7(0) = 0, £(0) = (0,0,0), £(0) = 0, 21(0) = 1,
and 2z2(0) = 0. The unknown parameter f is initially set to

O = (a1, B1,01) = (—1,0,1/2),
and later, around time ¢ = 1000, changed to
o1 = (a2, B2, £2) = (1,-1/2,0).

In a first simulation, we compare, in a noise-free setting,
the adaptive observer constructed above with a non-adaptive
extended high-gain observer obtained with 1) = 0. As shown
in Figure 6, with the adaptive observer the norm of the state
estimation error £ — = decays exponentially to zero (with a

SNamely, for a matrix A € R™*™ and a constant M > 0, sat s (A) is the
matrix whose (4, j) element is given by M;; := min{max{A;;, —M}, M},
where A;; denotes the (,5)-th entry of A.
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Figure 6. Comparison, in a noise-free setting, between the proposed adaptive
observer and a non-adaptive extended high-gain observer obtained with ¢ =
0. Plot (a) shows, in semi-logarithmic scale, the time evolution of the norm
|& — x| of the state estimation error. Plot (b) shows the time-evolution of the
parameter estimate € obtained by the adaptive observer. The values of Ot is
depicted in dashed, gray line.

time constant determined by the parameter convergence), and
the parameter 6 converges to 6. The non-adaptive observer
instead shows a persistent estimation error.

In the next simulations we let v be given by

v(t) = qro(t),

in which ¢ > 0, and 1y is obtained as a linear interpo-
lation (in time) of the samples of an uniformly distributed
stochastic process sampled every 0.1 seconds, and taking
values in [—1/2,1/2]. Figure 7 shows the parameter estimates
obtained with ¢ = 1073, ¢ = 5-1073 and ¢ = 1072
respectively. Clearly, as the noise amplitude increases, the
parameter estimation performance decreases. Nevertheless, the
continuity between noise amplitude and asymptotic estimation
error claimed in Theorem 1 is evident from the plots.
Finally, Figure 8 shows the time evolution of the norm
|# — x| of the state estimation error for the different noise
levels. In presence of sufficiently small measurement noise, the
proposed adaptive observer still performs considerably better
than the non-adaptive one. However, as the noise amplitude
increases, its effect on the state estimate becomes more im-
portant, dominating the effect of adaptation. Thus, as the noise
amplitude increases, the performance of the adaptive observer
gets close to the non-adaptive case, as evident in Figure 8.

VI. CONCLUSIONS

In this paper we considered the problem of joint state
and model estimation for a class of nonlinear systems. We
proposed an adaptive observer in which adaptation is cast
and solved as a system identification problem. Practical and
approximate estimation results are given, and robustness with
respect to exogenous disturbances is provided in terms of
an input-to-state stability property. Differently from canonical
adaptive observer designs, here we did not assume a particular
structure of the uncertainty and we did not propose an ad hoc
adaptation mechanism. Rather, different parametric and non-
parametric system identification techniques can be applied.
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Figure 7. Time evolution of the parameter estimate with different noise levels.
Plot (a) is obtained with ¢ = 103, plot (b) with ¢ = 5- 1073, and (c) with
q=10"2.
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Figure 8. Time evolution of the state estimate |# — x| with different noise
levels. Plot (a) is obtained with ¢ = 10~3, plot (b) with ¢ = 5 - 10~3, and
(c) with ¢ = 10~2.

Future research will focus on the extension of the framework
to more general classes of systems and observers and to the
application to output-feedback stabilization and regulation.

APPENDIX
A. Proof of Theorem 1

To prove the first claim, change coordinates as
By &= g (8 — @)
and define ¢ := col(&, g~ "¢). Then (¢ flows according to
¢ = gM{+Hi(9)y(0,,€) — Ha(g)d— Hs(g9)d(x) +gA(1)w,



in which A := col(A1,A2), Hi(g) = g "col(0,,B),
Hy(g) = col(diag(lp, g Ip,..., 9" "I}), Opxnp), and
Hs(g) := g'~"col(B,0,), and M is defined in (12). More-
over, ¢ jumps as (T = (. Hence, in view of (15), and since
by Assumption 1 ¢(X) is bounded and z(t) € X whenever
z(0) € Ap and d € D(x(0)), standard high-gain arguments
(see e.g. [22]) show that for some ag, a1, az > 0, and with d,
defined in (17),

6(t,9)] < max {age™ 9 IC(0)], 9" a0, aol(dy, )]}

holds for each (t,j) € dom(, from which the first claim of
the theorem can be easily deduced.

Regarding the second claim, first notice that, by definition
of C, and D. in (5), every complete solution x of (16) has
infinite jumps and flows, i.e. supJmpx = sup Flwx = oo.
Pick a complete solution pair (x,(d,v)) to (16) and let z*
and 6* be the corresponding hybrid arcs produced by the
Identifier Requirement. Change variables as

£ &= g (€ - ¢(0%, 1)),

and let ¢ := col(Z, £). Then, noting that £ — ¢(z) = gnE —e*,
it is readily seen that { flows according to

C = gMC+H, (9)(0, 6%, 7, &, )~ Ha(g)d—Hs(g)e* +gA(1)v,
in which, by letting G(g) := diag(Ip, glp, ..., 9" 1),
$(0,0%,2,&,2) == 1(0,x + G(9)Z, g"E + $(0*, x))
(0%,
- ‘ZS(T””) (Az + Bo(x) + d).

Furthermore, f jumps according to
t=C+ Hi(g)(e*t —¢").

By the Identifier Requirement, there exists 7* € N such that
z*(j) € Z* (and hence 0*(j) € v(Z*) C ©*) for all j >
j*. Thus, if (z, ¢(x)) is eventually in X* x =*, there exists
5 € domx of the form 5 = (t;,j) with j € Jmpx sat1sfy1ng
7> j*, such that (x(t, ), d(x(t, 1)), 6 (1, j)) € X*xZ*x O
for all (¢,7) = 5. Hence, in view of (14) and of the regularity
item of the Identifier Requirement there exist a4, as > 0 such
that

10(0,0%,%,&,2)| < as(g"C| + |z — 2*| + [*] +|d])

for all (t,7) = 5. We thus conclude that there exist b, b1, by >
0 and g¢; > 0 such that, if g > g7, ¢ satisfies

1€t 7)) < bomax {9 (L5, )], g7 1),
g~z = 25, (4 v}
(8,5 + 1] < 2max {|C(¢, )], 297" (" (¢,5), " (¢, + ))I}

respectively during the flow and jump times succeeding 5, and
with ¢(5) that is bounded according to the first claim of the
theorem. We then observe that, since for each j € Jmpx it
holds that ¢/ — t; > T, then for each constant b>0, taking g
sufficiently large yields

prle=biot < Jim = p/Hle 7019T —
J—0o0

lim
t+j—o00

Therefore, there follows from (35) by induction and standard
ISS arguments (see e.g. [30]) that there exist ¢1,co > 0 and
g;(T) > g such that g > g; (T) implies

lim sup |¢| < max {clg
t+j—o00

*limsup |e*], 2 hm 0.sup |(dg, )|

t+j—o00
2* },
(36)

where we used the fact that limsup,; ,[¢*] =
limsup, ;0 |e*T|. On the other hand, the identifier is
subject to the inputs (vin, Qout) = (0, + Oin, @lyy + Gout)
with (af , o) = (z,é(x)) and

5in = G(g)‘%a

in which we recall that G(g) := diag(l,, glp,...,g" 1)
Therefore, the stability item of the Identifier Requirement
yields the estimate

29~ ") lim sup |z —
j—o0

6out = gng - E*a

limsup |z — 2% < 03max{g hmsup|§| hmsup|5 |}
j—00 t+j— t+j—
(37

with c3 > 0 proportional to the Lipschitz constant of p,. Pick

g > g*(l) ‘= max {95(1)7 C1, 0362}7

then substituting (37) into (36), and assuming without loss of
generality ¢; > 1, shows that

lim sup |C]| Smax{gl " lim sup |e*], c2hmsup|(dg,1/)|}7
t+j—o00 t4+j—00 38)
(

and substituting (36) into (37) yields

lim sup |z—2*| < max {04 limsup |e*|, cs9 hm 0.Sup |(dg, V)|}
j—o0 t+j—o00
(39)

with ¢4 := cjc3 and c5 := coc3. Thus, the first equation of
the second claim follows directly by (38) and (39) in view of
the regularity item of the Identifier Requirement. The second
equation instead follows by (38) once noted that |Z; — 2;| <
g ¢l n

B. Proof of Proposition 1

By definition of ¥ and A in (20), they are bounded and
Lipschitz on X* and X™* x =Z* respectively. Hence, there exists
¢ > 0 such that, for each z; € X*, x5 € R", y; € =Z* and
y2 € R it holds that

S(1) — Sa2)] < o — wal, o
Mz, 91) — M2, y2)| < (21, 91) — (22,92)]-

Pick a solution pair ((7,x),d) to (6) with 2(0) € X, and

d € D(x(0)). Define z* = (27, 23) by letting 2*(0) = (0,0)

and, for j > 1,

— Z ,uj’i*la(x(ti))ﬂ(z(ti))T
i=0

=Y T () ela(t)).
=0



Since by Assumption 3 (z(t), ¢(z(t))) € X* x

§=0, ((r,z,2%),(d,d)) is a solution pair to (10).
By construction, |z7(7)] < ¢ and |23(j)] < co, with

c; and cp defined in (19). By Assumption 2, for 7 > j*,

msv(z}(j) + R) > €, so that 2*(j) € Z* for all j > j*.
Next, let J; ,) given by (18). Then, for all j € N

‘ ne | 0T (J,0
ODt(r,1) (4) = {GeR R a;( )—o}

= {0 eR™ | G0)+ BP==50)}.

* then, for

As 23(j) € Imz}(j), and since z*(j) € Z* implies
v(z*(5)) = (27(4) + R)'25(4), then 6* := ~(z*) satisfies
0*(j) € Opt(TI (j) for all j > j*. Thus, the optimality
requirement holds.

Moreover, pick a solution pair to (10) of the form
((r,2,2),(d,d)), with ((7,x), d) the same as above. By direct
solution we also obtain

20) = = ()] < w71=(0) -
+ 3w (B ) -
i=0

+ Az (), o(2(1)))) -
which in view of (40) yields

[2(7) = #* ()] < 2max {7|2(0) -

which is the stability requirement.

Finally, since -~y is Lipschitz on Z* and bounded, there exists
po > 0 such that, for all (z, z*) v(z) —y(z)| <
pol|z — z*|, which implies the first part of the regularity item.
The second part, instead, holds by definition of o. [ |

Z7(0)]
S(@(t') + G ()]

2(0)],26(1 — ) ~113]; }

C. Basics of Wavelet Analysis

For the basic concepts about wavelets, Riesz bases and
biorthogonality, we refer to [31], [32], [33], [34]. A relevant
framework in which biorthogonal wavelets can be constructed
is the Generalized Multiresolution Analysis (GMRA) [32].

Definition 2. A GMRA on R is a sequence of subspaces
(Vi)iez of L*(R) satisfying the following properties:®
a) ForallieZ, V; C V;_1.
b) For any f € C.(R) and every € > 0, there exist i € Z
and a function g € V; such that |f — g| < e
¢) NiezVi = {0}. .
d) f eV, ifand only if f(2") € V).
e) There exists a function ¢ € L*(R), called the scaling
function, such that Vo = span{y(- — k) }rez and {p(- —
k)}rez is a Riesz basis for V.

For a function f € L?(R) and with i,k € Z, we define
the function f; ) € L*(R) as fix(s) = 277/2f(27's — k).
If ¢ is a scaling function of a GMRA (V;);cz, then V; =
span{y; r frez and {@; trez is a Riesz basis for V. As the

6Some authors (e.g. [32]) use higher values of i to denote higher resolutions
(i.e. V; C Vj41), some other (e.g. [31]) use the opposite. We chose this latter
convention according to [31].

)\(x(ti) + 5in(ti)a gb(x(tl)) + 5011t(ti))|)

family {¢(- — k) }rez is a Riesz basis of Vj, it admits a dual
basis {¢(- — k) }kez. If @ is the scaling function of a GMRA
(Vi)icz we say that the GMRAs (V;)icz and (V; )iz are dual
to each other. With i € Z and f € L?(R) we define the
projection operator P; and the detail operator Q; as

Pif = Z<f, Qi k)i ks Qif =Piaf —Pif.
kEZ
For a given i € Z, Q; f represents the additional detail that is
needed to obtain a finer approximation P, f of f at scale
i — 1 starting from a coarser approximation P;f at scale 1.
Moreover, for every f € C.(R), lim;—,_. |P;f — f| = 0.
We can univocally associate with the scaling functions ¢
and @, respectively, two functions ¢ and v in L?(R), called
the wavelet functions. With W; := span{t; i }rez and W, :=
span{yi i }kez. they fulfill the following properties.
a) wEVlandwE‘/l
b) {¥o.k}rez and {Qﬁo,k}kez are biorthogonal.
¢) {Woxtrez is a Riesz basis for W, and {Wo,k}trez is a
Riesz basis for Wj. _
d) For all k,¢ € Z, (Yo.x,Po,e) = 0 and (g 1, po,e) = 0.
e) For all f € C.(R), Qof € Wy.
Directly from the definition of P; and Q; we obtain that, for
all 7,79 € Z such that ¢ < 7, the following holds

Pif = Zaio,ksﬁio,k + ZO Zbe,kw,k

keZ l=i+1k€EZ

with iy | = <f, Szio,k?> and b(,k = <f7 ’(/Jg’k>.

Wavelet theory can be extended to deal with multivariable
functions in L?(R™), m > 1, by considering the tensor
product of m GMRAs (see [31]). More precisely, for each
i € Z, we define the subspace V; as V; (= V,QV,®---QV; =
span{®; x(x), k € Z™}, in which, with k = (k1,...,ky) €
Z™, O, k(x) == @ik, (1) - @ik, (Tm). Then (V;);cz forms
a GMRA on L?(R™) (i.e. satisfying analogous properties of
Definition 2) such that f € V; <= f(2!) € Vj, and
in which ® := ®  plays the role of a scaling function and
the functions ®; x(z), k € Z™, form a Riesz basis for V.
In the same way we construct the dual GMRA (V;);cz and
its scaling function ®. For every ¢ € Z and k € Z™, we
construct 2™ — 1 wavelet functions \I/Zk, h=1,...,2m—1,
by taking all the possible combinations of products of the
form g1 (2z1)g2(x2) -+ gm(m), with ge(z,) taking the value
Wik, (T¢) or 9; 1, (), except for the case in which g,(xy) =

(41)

@ik, (xg) for all £ =1,... m. Namely,
Ui (@) = ik, (€1) @i ks (€2) - Qi (Tm)
U7 1 (2) = ity (€1) Vi ks (€2) i ks (3) -+~ Pite (Tm)
\I'?{Z*I(x) 1= Vi by (01) Vi, (22) Vi 15 (03) -+ Vi (T)-

It can be shown that for every i, ¢y € Z such that i < ip, we
can express the projection of a function f € C.(R™) into V;,
by the following expansion generalizing (41)

21 i

Pif: Z aimk@io,k—i_ Z Z Z bqu/?,k'

kezm h=1 ¢=i+1kezZ™

(42)



In the general case, in the wavelet expansion (42) the sum
in k ranges over the whole set Z™. Hence, even for fixed
scale 4, (42) might consist of infinite terms. Nevertheless, if
compactly supported biorthogonal wavelet and scaling func-
tions are used, the expansion (42) reduces to a finite sum for
each ¢ whenever f has bounded support.

Some famous families of wavelets with compact support
are for instance the Daubechies wavelets [31] or the B-spline
biorthogonal wavelets of [35]. They mix compact support,
smoothness and symmetry.
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