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1 Introduction

Research in the analysis and geometry of simply connected nilpotent Lie groups has spread into several
directions, especially in the last decade. Carnot groups, or stratified groups equipped with a homogeneous
left invariant distance, are an important class of these nilpotent groups, which are metrically different from
Euclidean spaces or Riemannian manifolds, still maintaining a rich algebraic and metric structure.

Our aim is to compute the area of submanifolds in the Heisenberg group H", which represents the sim-
plest model of a noncommutative stratified group. For different classes of C!, smooth submanifolds area
formulas are available; see [31] and the references therein. The question has new difficulties when we con-
sider “intrinsic regular submanifolds” of H" that need neither be C! smooth nor Lipschitz with respect to the
Euclidean distance [22].

On the other hand, they are suitable level sets of continuously differentiable functions from IH" to R¥. The
differentiability here is understood with respect to the group operation and dilations, i.e. the so-called Pansu
differentiability. Precisely, these level sets are defined when 1 < k < n and the differential of the defining func-
tion is surjective. They are called H-regular surfaces of low codimension in H" (Definition 2.19). These special
submanifolds in H" and their characterizations have been studied under different perspectives. We mention,
for instance, the papers [2, 6—8, 14], along with the lecture notes [35] and the references therein. An implicit
function theorem, proved in [14], states that every H-regular surface can be locally seen as an intrinsic graph
with respect to a special semidirect factorization (Definition 2.7). Although the parametrizing mapping of
the H-regular surface is not Lipschitz continuous in the Euclidean sense, in [6] Arena and Serapioni proved
that it is uniformly intrinsically differentiable (Definition 2.15). Indeed, uniform intrinsic differentiability for
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maps acting between suitable factorizing homogeneous subgroups has been largely studied, also in a broader
framework and from the viewpoint of nonlinear first order systems of PDEs [3, 4, 9, 12, 23].

We consider a vertical subgroup W and a horizontal subgroup V (Definition 2.2). We assume that
H" = W x V (Definition 2.3) and we fix a parametrized H-regular surface ¥ with respect to (W, V), param-
etrized by ¢ and with defining function f (Definition 2.23). The following measure u can be associated to X:
For every Borel set B ¢ Z, we have

(0]
W B =1V AN | %
©-1(B)

dgzm -k, (1.1)
where the Jacobians Jif and Jyf are defined in (2.9) and (2.10), respectively, ®(n) = n¢(n) is the graph map
associated to ¢p and }Cﬁf’“‘k is the Euclidean Hausdorff measure. The factor |V A N|; takes into account the
“angle” between the multivectors N and V, which are associated with the domain and the codomain of the
implicit mapping, respectively.

The measure in (1.1) was introduced in [14], where Franchi, Serapioni and Serra Cassano proved that
it is equal to the centered Hausdorff measure restricted to . Precisely, [14, Theorem 4.1] has been revised
in [35, Theorem 4.50], using a metric area formula for the centered Hausdorff measure [16]. The question
of finding an area formula for the spherical measure of a low codimensional H-regular surface remained
unanswered. The present paper settles this question, proving an area formula for the spherical measure of X
in terms of the measure u.

Let d be a fixed homogeneous distance in H" and let us consider the spherical measure $2"*2-k with
respect to d, according to (2.12). We can associate a geometric constant 4(II) to a p-dimensional subspace I1
and a distance d that is called spherical factor. Essentially, it represents the maximal p-dimensional area of the
intersections of IT with metric unit balls whose centers are suitably close to the origin (Definition 2.36). In our
area formula, the spherical factor is computed for the homogeneous tangent cones Tan(Z, x) of Z at the points
x € Z (Definition 2.20). Theorem 3.2 establishes the “upper blow-up” of the measure y, proving that the
spherical factor of Tan(Z, x) equals the (2n + 2 - k)-spherical Federer density of y at x € £ (Definition 2.34),
namely

622K (4, x) = Ba(Tan(Z, x)).

The previous equality represents the central technical tool of the paper. Indeed, if we combine Theorem 3.2
and the metric area formula of Theorem 2.35, we immediately obtain our main result, that is, the following
area formula for the spherical measure.

Theorem 1.1 (Area formula). If £ is a parametrized H-regular surface with respect to (W, V), then for every
Borel set B c £ we have
H(B) = [ BaTan(, x)) ds?+(x), (1.2)
B
where the measure i is defined in (1.1).

The previous integral formula also shows that the measure p does not depend on the factorization W x V and
on the defining function f appearing in (1.1). In fact, when the factors W and V of the semidirect product
of H" are orthogonal, then [9, Theorem 6.1] proves that the integrand in (1.1) can be written in terms of
intrinsic partial derivatives of the parametrization ¢ of ¥, namely the defining function f disappears. Thus,
the area formula takes the following form.

Theorem 1.2. Let X be a parametrized H-regular surface with respect to (W, V). Let ¢ be the parametriza-
tion of £ with respect to (W, V), according to Definition 2.23. If ®(n) = n¢(n) is the graph mapping and W is
orthogonal to V, then for every Borel set B ¢ £ we have

79 p(w) dH2 K () = j Ba(Tan(z, x)) ds?<+2K(x), (1.3)
®-1(B) B

where | ¢¢ is the natural intrinsic Jacobian of ¢ (Definition 2.30).
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At this point, it is worth giving some ideas about the proof of our main technical tool, that is, the “upper
blow-up” of Theorem 3.2. This type of blow-up appeared in codimension one, to compute the spherical Fed-
erer density of the perimeter measure [30]. In our higher codimensional framework, the proof of the upper
blow-up involves some new features. Three key aspects must be emphasized. First, rather unexpectedly, we
realize that the intrinsic differentiability of the parametrizing map ¢ (Theorem 2.27) is crucial to establish
the limit of the set (3.7). Second, we prove an “intrinsic chain rule" (Theorem 2.18) that permits us to con-
nect the kernel of Df with the intrinsic differential of ¢, according to (3.9). However, to make our chain rule
work we have slightly modified the well-known notion of intrinsic differentiability associated to a factoriza-
tion, introducing the extrinsic differentiability (Definition 2.16). We will pay more attention to this notion of
differentiability and its associated chain rule in future investigations, since they may have an independent
interest. Third, we establish a delicate algebraic lemma for computing the Jacobian of projections between
two vertical subgroups that are complementary to the same horizontal subgroup (Lemma 3.1).

The area formulas (1.2) and (1.3) take a simple form when the homogeneous distance d is invariant
under suitable classes of symmetries. We refer to p-vertically symmetric distances (Definition 2.37) and mul-
tiradial distances (Definition 2.40). For instance, the Cygan—Koréanyi distance [10], the distances constructed
in [18, Theorem 2] and the distance d, of [14, Section 2.1] are examples of multiradial distances. Further-
more, the sub-Riemannian distance in the first Heisenberg group is 2-vertically symmetric. By combining
Theorem 1.1, Theorem 2.38 and Proposition 2.41, a simpler version of (1.2) can be immediately established.

Theorem 1.3. Let d be either a (2n + 1 — k)-vertically symmetric distance or a multiradial distance of H". Let X
be a parametrized H-regular surface with respect to (W, V) and let u be defined as in (1.1). We have that

U=wa2n+1-k8k+2k_3,
where w4(2n + 1 - k) is the constant spherical factor introduced in Definition 2.39. Therefore, setting
S§n+2—k — wd(zn +1- k)82n+1_k,

we have

Juf
Ivf
In the assumptions of the previous theorem, assuming in addition that W and V are orthogonal, formula (1.4)
can be rewritten as follows:

8(2171+2—k Ly = U= ”V A N”g(DIt( o @)9{]2511+1—k L W. (1.4)

S§"+2_k|_Z(B)= J ]¢¢(W)dﬂ{§n+1_k(w) (1.5)

®-1(B)

for any Borel set B ¢ H", where J' ¢(;b is the intrinsic Jacobian of ¢ (Definition 2.30). The form of formula (1.5)
clearly reminds of the Euclidean area formula. Indeed, the Euclidean Hausdorff measure %ﬁ”“‘k can be
replaced by the Lebesgue measure £2m+1-k,

Some additional applications of our results concern the relationship between the spherical measure
and the centered Hausdorff measure. This study is treated in Section 4, where the main result is the equal-
ity between spherical measure and centered Hausdorff measure, assuming that the metric unit ball of the
homogeneous distance is convex (Theorem 4.2).

Concerning the more recent literature, a general form of the area formula can be written for suitably
“C! smooth" intrinsic graphs in stratified groups [20, Theorem 1.1], using the Hausdorff measure or the
spherical measure. The proof mainly relies on a suitable application of measure theoretic area formulas [29]
(see also the developments of [24]). The upper blow-up of the Hausdorff (or spherical) measure of an intrinsic
graph leads to a natural notion of “area factor" [20, Lemma 3.2], which formally represents the Jacobian of
the graph mapping and extends the notions of Jacobian introduced in [1, 21, 25]. The approach of [20] can
be suitably adapted to obtain area formulas involving the centered Hausdorff measures, and hence using
suitable “centered area factors". Then an area formula for the centered Hausdorff measure of graphs of
intrinsic Lipschitz mappings can be obtained [5, Theorem 1.3], under the assumption on their a.e. intrinsic
differentiability.



4 = F. CorniandV.Magnani, Area formula in Heisenberg groups DE GRUYTER

On the other hand, whenever a metric-algebraic notion of differentiability is available for the param-
etrization, it is reasonable to connect the measure of its image with its “suitable differential” by an explicit
formula for the Jacobian, getting a full area formula. Connecting the Jacobian with the differential, and hence
allowing for an effective computation of the Hausdorff (or spherical) measure of a set, has been completely
achieved for intrinsic regular hypersurfaces in stratified groups. This result stems from the contribution of
many authors; see [4] for the last version of this one-codimensional area formula, along with the full list of
references. For one-codimensional intrinsic Lipschitz graphs, area formulas for the spherical measure are
obtained in [11] for stratified groups of step two; see also the references therein.

Parametrized intrinsic H-regular submanifolds in Heisenberg groups essentially represent the first
higher codimensional case where the differential of the parametrization is connected to the measure of the
submanifold. For the centered Hausdorff measure, we refer to the works [9, 35]. The case of the spherical
measure is more delicate and relies on the techniques described above, which lead to the upper blow-up of
Theorem 3.2. Although the problem of computing the “area factor" does not seem an easy task, due to the low
regularity of intrinsic graphs, we believe however that our scheme for the area formula in Heisenberg groups
has actually a wider scope of applications. For this reason, we have left such developments for subsequent
investigations.

Finally, we wish to mention that, by combining Theorem 1.1 and the deep Rademacher’s theorem for
intrinsic Lipschitz mappings in Heisenberg groups [36, Theorem 1.1], our area formula extends to intrin-
sic Lipschitz graphs [36, Theorem 1.3]. A similar extension is not automatic in general, since an interesting
example of a nowhere intrinsically differentiable Lipschitz graph can be constructed [19].

2 Definitions and preliminary results

The next sections will introduce notions, notations and basic tools that will be used throughout the paper.

2.1 Coordinates in Heisenberg groups

The purpose of this section is to introduce (2n + 1)-dimensional Heisenberg groups, along with the special
coordinates that allow us to identify IH" with R2"*1, The Heisenberg group H" can be represented as a direct
sum of two linear subspaces

H" = H1 ® Hz

with dim(H;)= 2n and dim(H,)= 1, endowed with a symplectic form w on H; and a fixed nonvanishing
element e,,41 of Hy. We denote by 7y, and g, the canonical projections on H; and H», which are associated
with the direct sum.

We can give to H" a structure of Lie algebra by setting

[p, q] = w(y, (P), T, (@) €201
Then the Baker—Campbell-Hausdorff formula ensures that

(v, q]
2

defines a Lie group operation on H". For ¢ > 0O, the linear mapping §; : H" — H" such that

pg=p+g+

5:(w) = t‘w if w € Hy, k=1,2,

defines intrinsic dilation.

Given p € H", we denote by I, the translation by p. Any left invariant vector field on H" is of the form
Xy(p) = dl,(0)(v) for any p € H" and some v € H", where we have identified H" with ToH". Through the
Baker—Campbell-Hausdorff formula, one can check that the Lie algebra of left invariant vector fields Lie(IH")
is isomorphic to the given Lie algebra (H", [-, - ]).
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We fix a symplectic basis (e1, . . . , €2n) of (H1, w), namely
w(ei, enyj) = 6ij,  w(e;, €j) = W(en4is €ntj) =0
foreveryi,j=1,...,n, where §; is the Kronecker delta. Thus, we have obtained a Heisenberg basis

B=(e1,...,€m+1)
that allows us to identify IH"” with R?"*1, The associated linear isomorphism is defined by

2n+1
ng :H' > R, ae(p) = (X1, ..., X2n41)»

forp = 212:"1* ! xjej. We can read the given Lie product on R?"*! as follows:

2n+1 2n+1

(X1, .oy X2n41), V15« - o5 Vonet)] =7Tf5<[ Y xiei, Y Yiei]>
i=1 i-1

n
= (0, e es 0, ) (XiYien — Xi+n)’i))-

i=1
Then the group product takes the following form on R?"*+1:

XiYi+n — Xi+n)/i)

n
(X1, o5 Xone1) (V15 - o o5 Vone1) = (Xl +Y1seees Xane1 + Yoni1 + ) 3

i=1

Taking into account the previous formula, in our coordinates we obtain the following basis of left invariant
vector fields:

1 .
Xj(p) = ax,- _Exfﬂlaxmv j=1,...,n,
1 .
Yi(p) = Ox,,,; + 5 iOxom1s J=1,...,1,
T(p) = aXZn+1'

They clearly constitute a basis (X1, . . ., Xon+1) of Lie(IH") such that X;(0) = ej foreveryj =1, ...,2n+ 1. Any
linear combination of X1, ..., X, is called a left invariant horizontal vector field of H".

2.2 Metric structure

We fix a scalar product ( -, - ) that makes our Heisenberg basis B = (eq, ..., e2p+1) orthonormal. In the sequel,
any Heisenberg basis will be understood to be orthonormal. We denote by |- | both the Euclidean metric
on R?™1 and the norm induced by (-, -} on H". The symmetries of the Heisenberg group H" are detected
through the isometry

J:Hy — Hy

that is defined by the Heisenberg basis

J(ei)) = enyi and  J(ensi) = —e;
foralli=1,...,n.Itis then easy to check that

(p,q) =w(p,Jq) and J*=-I

forall p, q € H;.
A homogeneous distance d on H" is a function d : H" x H" — [0, +00) such that

d(zx,zy) =d(x,y) and d(6¢(x), 8¢(y)) = td(x,y)
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for every x, y, z € H" and t > 0. Any two homogeneous distances are bi-Lipschitz equivalent. We also intro-
duce the homogeneous norm || x| = d(x, 0), x € H", associated to a homogeneous distance d. Notice that this
norm satisfies

Ixyl < llxl + 1yl and  [[6:x] = rlxIl

forx,y e H"andr > 0.

By identifying ToIH" with H" and by left translating the fixed scalar product (-, - ) on H", we obtain a left
invariant Riemannian metric g on H". Its associated Riemannian norm is denoted by | - |g. We may restrict
the identification of ToIH" with H" to the so-called horizontal subspace, by identifying H; with

Ho]Hn C To]Hn.

Then the horizontal fiberat p € H" is H,IH" = dl,(0)(HoH"). The collection of all horizontal fibers constitutes
the so-called horizontal subbundle HH". If we restrict the left invariant metric g to the horizontal subbundle
HH", we obtain a scalar product on each horizontal fiber, that is, the sub-Riemannian metric. This leads in
a standard way to the so-called Carnot—Carathéodory distance, or sub-Riemannian distance [17], which is an
example of homogeneous distance.

2.3 Differentiability and factorizations

We have different notions of differentiability in H" and general Carnot groups, starting from the notion of
Pansu differentiability [33]. Throughout the paper, we fix a homogeneous distance d. Let Q ¢ H" be an open
set,letf: Q — RK, x € Q and v € H;. If there exists

lim f(X(tV)t) —f)

t—0

le

then we say that it is the horizontal partial derivative at x along X,,, that is, the unique left invariant vector field
such that X, (0) = v. The above limit is denoted by X, f(x). Notice that X, is precisely a left invariant horizontal
vector field. We say that f € C}I(Q, RY) if for every x € Q and every horizontal vector field X € Lie(IH") the
horizontal derivative Xf(x) exists and is continuous with respect to x € Q.

A linear mapping L : H" — RX that is homogeneous, i.e. tL(v) = L(8;v) for all ¢t > 0 and v € H", is an
h-homomorphism, which stands for “homogeneous homomorphism”. If there exists an h-homomorphism
L : H" - RX that satisfies

If(xw) - f(x) - L(w)| = o(d(w, 0)) asd(w,0)— 0,

then it is unique and is called the h-differential, or Pansu differential, of f at x. We denote it by Df(x). Notice
that f € C ,11(0, RY) if and only if it is everywhere Pansu differentiable and x — Df(x) is continuous as a map
from Q to the space of h-homomorphisms; see, for instance, [27, Section 3].

Definition 2.1. Let Q c H" be an open set and let f € C}I(Q, R). We call the unique vector Vyf(x) of H; such
that Df(x)(z) = (Vuf(x), z) for every z € H" the horizontal gradient of f at x € Q.

When differentiability meets the factorizations of Heisenberg groups, the notion of intrinsic differentiability
comes up naturally; see [35] for more information. Now, we introduce some algebraic properties of factoriza-
tions in H" in order to define intrinsic differentiability and its basic properties.

Definition 2.2. If a Lie subgroup of H" is closed under intrinsic dilations, we call it a homogeneous sub-
group. Homogeneous subgroups of H" containing H, are called vertical subgroups. Homogeneous subgroups
contained in H; are called horizontal subgroups.

It is easy to realize that any homogeneous subgroup of H" is either horizontal or vertical. We also notice that
normal homogeneous subgroups of IH" coincide with vertical subgroups.

Definition 2.3. Let W and V be a vertical subgroup and a horizontal subgroup of H", respectively. We say
that H" is the semidirect product of W and Vif H" = WV and W N V = {0}. In symbols, we write H" = W x V.



DE GRUYTER F. Corni and V. Magnani, Area formula in Heisenberg groups = 7

Definition 2.4. Let M, W and V be homogeneous subgroups of IH" such that
H'=MxV=W=xV. (2.1)
The semidirect product W x V automatically yields the unique projections
aw:H'—>W and ny:H'—>V

such that x = mw(x)y (x) for every x € H". If necessary, to emphasize the dependence on the semidirect
factorization we will also introduce the notations 7y’ " = 7ty and 71y " = 7ty The same holds for M x V. We
define the following restrictions:

W,V \ A
Tywm = Ty Im: M > W and ”M\w ”1M IW:W—>IM.

Remark 2.5. The uniqueness of the factorizations (2.1) implies that both restrictions n and nM w are
invertible and
”w M = () w) L (2.2)

If H" = W x V, then, by the local compactness of H", it is immediate to observe that there exists a constant
co € (0, 1), possibly depending on W and V, such that for all w € W and v € V the following holds:

co(lwll + Ivll) < lwvll < wll + lIv. (2.3)
Remark 2.6. Whenever two homogeneous subgroups W and V of H" satisfy
T-WV and WnV-=/{0},

then one of them must be necessarily vertical and the other one must be horizontal.

Now, we recall some results and definitions about intrinsic graphs of functions between two homogeneous
subgroups. In the sequel, W and V denote a vertical subgroup and a horizontal subgroup, respectively, such
that H® = W x V. For more information, see [35].

Definition 2.7. For a nonempty set U ¢ W and ¢ : U — V, we define the intrinsic graph of ¢ as the set
graph(¢p) = {wep(w) : w € U}.
We also introduce the graph map © : U — X of ¢ by ®(w) = wep(w) forall w € U.

Remark 2.8. It is important to observe that the notion of intrinsic graph is invariant with respect to both
translations and dilations.

To study the action of translations on intrinsic graphs, we need the following definition.
Definition 2.9. Let us consider x € H". We define oy : W — W as follows:
Ox (W) = 7w (L (w)) = xw(my (x) ™"

for every w € W. Given a set U ¢ W and a function ¢ : U — V, the translation of ¢ at x, ¢ : ax,(U) — V, is
defined by
Px(W) = Ty ()P (X wrry (X)) = 1y (X) (051 (W)). (2.4)

Remark 2.10. The map oy is invertible on W:
O (w) = x Tway(x )™ = x Tway(x) = o7 (w).
Then, for w € o,(U), we may also write
Px(w) = Ty () P(0y " (W)).

Next, we recall the content of [6, Propositions 3.6].
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Proposition 2.11. Let U ¢ W be an open set and let ¢ : U — V be a function. Then we have

I, (graph(¢)) = {W¢X(W) tWe UX(U)}-

Definition 2.12. Let U ¢ W be an open set and let ¢ : U — V be a function. Let us take w € U and define
x = wp(w). The function ¢ is intrinsically differentiable at w if there exists an h-homomorphism L : W — V
such that

A(L(w), x-1(w)) = o(wl) (2.5)

as w — 0. The function L is called the intrinsic differential of ¢ at w, it is uniquely defined and we denote it
by d¢y.

Remark 2.13. By virtue of [6, Proposition 3.23], in our setting any intrinsic linear function is actually an
h-homomorphism. We also observe that the assumption w € U implies that 0 € g,-1(U). In addition, o,-1(U)
is an open set, and hence the limit (2.5) is entirely justified.

Remark 2.14. By [6, Proposition 3.25], condition (2.5) is equivalent to ask that forall w € U,
ldgw (W W) p(wW) L pw)ll = o(lp(w) W wp (W),

as (W) W wep(W) ]| — .

Definition 2.15. Let U ¢ W be an open set and let ¢ : U — V be a function. The map ¢ is uniformly intrin-
sically differentiable on U if for any point w € U there exists an h-homomorphism d¢y : W — V such that

d(doy s .
lim sup sup (Adps (W), P (W) -
6=0 1w <6 0<w]|<6 wl

O,

where @ is the graph map of ¢.
The following definition is a slight modification of the notion of intrinsic differentiability.

Definition 2.16. Let U ¢ W be an open set and let F : U — R with u € U. We choose v € V and define
x = uv € H" and the corresponding translated function

Fl,(w) = F(ox(w)) - F(u)

for w € 0,-1(U). We say that F is extrinsically differentiable at u with respect to (V, x) if there exists an
h-homomorphism L : W — RK such that

IFY., (W) - L(w)|

—0 asw — 0. (2.6)
Iwll
The uniqueness of L allows us to denote it by d\ F.

The terminology extrinsic differentiability arises from the fact that the subgroup V and the point x cannot be
detected from the information we have on F. In a sense, they are “artificially added from outside”.

Remark 2.17. Ifin the previous definition we embed Rk in H", hence replacing it by V, and choose v = F(u),
then x = uF(u) € H" and we have the equalities

FY., (W) = F(0x(W)) = v = Fy1(w).

Thus, the numerator of (2.6) becomes equivalent to d(Fy-1(w), L(w)), and the extrinsic differentiability of F
at u with respect to (V, x) coincides with the intrinsic differentiability of F at u.

Extrinsic and intrinsic differentiability compensate each other in the following theorem.

Theorem 2.18 (Chain rule). Let us consider two open sets U ¢ W, Q ¢ H" and two functions f: Q — Rk,
¢ : U — V. Assume ®(U) c Q, where @ is the graph function of ¢. Let us consider xyw € U and set x = @ (xy).
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If f and ¢ are h-differentiable at x and intrinsically differentiable at xw, respectively, then the composition
F=fo®:U — Rk, given by

F(u) = flup(u)) forallu e U,

is extrinsically differentiable at xw with respect to (V, x). For every w € W, the formula

dy F(w) = Df(x)(wd¢px,, () 2.7)
holds. If in addition f(w¢(w)) = c for every w € U and some c € R, then we obtain

ker(Df(x)) = graph(d¢x,)- (2.8)
Proof. Let us first show that F is extrinsically differentiable at xy with respect to (V, x). We define

L(w) = Df(x)(wd ¢y, (W)) = DfO)(W) + Df(X)(dpx, (W)

for w € W, which is an h-homomorphism. For w small enough, we have

|F3- (w) = L(w) _ [foewxy' Oxwxh)) = f(x) = L(w)]

Iwl Iwl
_ w1 (w) - fx) - DFO)(Wd by, (W))]
Iwl
- [f(xwep,-1 (W) — f(x) = DF(xX)(Wep,-1 (W))] . [Df(X)(Wx-1(W)) = DF(X)(Wd ¢y, (W)
- wl wl ’

Let us consider the last two addends separately:

[fOrwesr (W) - f(x) = DFOW Pt W _ forwepsr (W) — f(x) = DA WPt W] [Whsn W
wl Wt (W)l Iwll

as [|w| — 0, by the Pansu differentiability of f at x and by the validity of

w1 (W)l s (W) w Ay, (W)L p1 (W)
i St - e ()l + Wi <G

for all w + 0 sufficiently small. It is indeed a consequence of the intrinsic differentiability of ¢ at xw. For the
second addend, the previous intrinsic differentiability yields

IDF0O) (A (W)~ -1 (W) d¢xW(W)’1¢x—1(W))| 5o

Iwl Iwl

= [Droo(

as w — 0. This complete the proof of the first claim and also establishes formula (2.7).
Let us now assume the constancy of w — f(w¢(w)) on U. Since we have proved that F is extrinsically
differentiable at xw with respect to (V, x), being in this case F}’_l identically vanishing, we obtain

dy F(w) = o([wl)
as w — 0. Therefore, for any u € W, we have
IDf(x)(6eudepy, (Seu))ll = o(t)
as t — 0. Due to the h-linearity, it follows that
Df()(ud ¢y, (u)) = 0.

We have proved the inclusion graph(de,,,) c ker(Df(x)) of homogeneous subgroups with the same dimen-
sion, and hence formula (2.8) is established. O

The notion of H-regular surface in H" was first given in [14].
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Definition 2.19. Let X c H" be a set and let 1 < k < n. We say that X is an H-regular surface of low codimen-
sion, or a k-codimensional H-regular surface, if for every x € I there exist an open set Q containing x and
afunction f = (f1, ..., fx) € C,11(Q, RY) such that the following conditions hold:

D ZnQ={yeQ:fly)=0}

(ii) Vafiy)A---AVygfr(y) # Oforally € Q.

We can characterize the metric tangent cone of an H-regular surface of codimension k.
Definition 2.20. For A c H" and x € A, the homogeneous tangent cone is the set

Tan(A,x) ={ve H": v= hlim 8y, (x"1xp), rn > 0, xp € A, x5 — x}.
—00
From [14, Proposition 3.29], we have the following characterization.

Proposition 2.21. If ¥ is an H-regular surface of low codimension and f € C}I(Q, RKX) is as in Definition 2.19,
then
ker Df(x) = Tan(Z, x)

forallx e Zn Q.
Given an open subset Q ¢ H", a function f € C}I(Q, R¥) and x € Q, we define the horizontal Jacobian

JufOo) = IVafi(xX) A+ AVEfi(X)]lg, (2.9)

where the norm is given through our fixed left invariant metric g.

Iff e C}I(Q, R) and V ¢ H; is a k-dimensional subspace, we set Vyf(x) as the unique vector of V such
that Df(x)(z) = (Vyf(x), z) for every z € V. As a consequence, we can also define the Jacobian with respect
to V, namely

Jvf(x) = IVvf1) A=+ A Vv fi()llg- (2.10)
The next implicit function theorem is proved in [14, Theorem 3.27]. Its general version in the framework of
homogeneous groups is given in [28, Theorem 1.3].

Theorem 2.22 (Implicit function theorem). Let Q c H" be an open set, let f € C}I(Q, RY) be a function and
consider a point xo € Q such that Jyf(xo) > 0. We define the level set

L={xeQ:f(x)=flxo)}

Setting mw(xo) = o and my(xg) = Vo, there exist an open set Q' ¢ Q ¢ H" with xo € Q', an open set U ¢ W
with no € U, and a unique continuous function ¢ : U — V such that ¢(no) = vo and

N Q' ={wpw):we U}

Definition 2.23 (Parametrized H-regular surface). Let T be an H-regular surface. We assume that there exist
a semidirect factorization H" = W x V, an open set U ¢ W and a uniformly intrinsically differentiable
¢ : U — V such that

Y ={up(u) e H" : u € U}.
We say that X is a parametrized H-regular surface with respect to (W, V), where ¢ is the parametrization

of . If Q c H" is open, £ c Q and we have f € C}I(Q, RY) and xo € £ such that f1(f(x0)) N UV = £ and
Df(x) : H" — Rk is surjective for every x € %, then we say that f is a defining function of =.

Proposition 2.24. Let QO c H" be open and let f € C}I(Q, RY) be such that f~(f(xo)) = = for some xo € Q. If
Jvf(x) > 0 for all x € Z, then X is a parametrized H-regular surface with respect to (W, V) and f is a defining
function.

Proof. We may apply the implicit function theorem of [14, Proposition 3.13] at any point x € Z. Then locally £
is an intrinsic graph, and by the uniqueness of the implicit mapping, we can conclude that X actually is
entirely parametrized by a unique graph mapping. The uniform intrinsic differentiability of this parametriza-
tion follows from [6, Theorem 4.2]. As a result, X is a parametrized H-regular surface with respect to (W, V)
and f is its defining function. O
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A simple application of Theorem 2.18 is the following proposition.

Proposition 2.25. Let U ¢ W be open and assume that ¢ : U — V is everywhere intrinsically differentiable.
Let X = {ng(n) : n € U} and let Q c H" be open such that X c Q. If f : Q — RX is everywhere h-differentiable
with

Z = f1(fxo)) N (UV)
for some xo € UV and Jyf(x) > 0 forall x € %, then Jyf(x) > 0 forall x € X.

Proof. We consider x = w¢p(w), so by Theorem 2.18 the function F = f o @ is extrinsically differentiable at w
with respect to (V, x) and

0 = dy F(v) = Df(x)(vd ¢y, (V) = Dwf(X)(v) + Dyf(x)(d ¢y, (v)),
where v € W and Dsf(x) = Df(x)|s for any homogeneous subgroup S of H". If by contradiction
Dyf(x): V-V

would not be a isomorphism, then its image T would have linear dimension less than k. Then the previous
equalities would imply that the image of Dy f(x) would be contained in T, and hence the same would hold
for the image of Df(x). This conflicts with the fact that Df(x) is surjective. O

The following corollary is a straightforward consequence of the previous proposition.

Corollary 2.26. IfH" = W x V is a semidirect product and f is a defining function of a parametrized H-regular
surface X with respect to (W, V), then Jyf(x) > 0 for every x € X.

We conclude this section by pointing out that the intrinsic graph in the implicit function theorem is suitably
differentiable.

Theorem 2.27 ([6, Theorem 4.2]). Inthe assumption of Theorem 2.22, ¢ is uniformly intrinsically differentiable
onU.

2.4 Intrinsic derivatives

In this section, we recall some results about uniform intrinsic differentiability in Heisenberg groups. Through-
out this section, we assume that H" is a semidirect product W x V with W orthogonal to V. The following
proposition ensures that we can always find a Heisenberg basis which is adapted to this factorization.

Proposition 2.28. We assume that V is spanned by an orthonormal basis (v1, ..., vk). Then k < n and there
exists an orthonormal basis
(Vis1s oo os Vs Wiy e ooy Wy, €20041)
of W such that
(Viseeus Vis Wiy e ooy Wn,y €2041)

is a Heisenberg basis of H".
Proof. Since V is commutative, an element v = J(w) with v, w € V satisfies
V1> = (v, J(w)) = —w(v, w) = 0,
and therefore V n J(V) = {0}. We set w; = J(v;j) e Wfori=1,..., kand define the 2k-dimensional subspace
$1=VeaJ(V)cH;.

We notice that dim(Sf NHy) =2(n-k). If k < n, we pick a vector vy, € Sf N H; of unit norm and define
Wii1 = JVis1. It is easily observed that both wy,; and vy, are orthogonal to $1, so that

(le oo Vir1s Wiy ooy Wis, eZn+1)
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is a Heisenberg basis of
$> @ span{ezni1},

where we have defined
$2 = Ve span{vi.1} @ J(V & span{vi,1}).

Indeed, the previous subspace has the structure of a (2k + 3)-dimensional Heisenberg group. One can iterate
this process until a Heisenberg basis of IH" is found. O

From now on, we assume that (v1,..., vy, W1, ..., Wn, €2n41) is the Heisenberg basis provided by Proposi-
tion 2.28. We can identify V with R¥ and W with R2"*1-* through the following diffeomorphisms:

k

. k .

iy : V- R, l\y(fovi) = (X1, .00, Xp),
i=1

fw : W — R,

n k
iw<Z€2n+1 + ) (avityiw) + Y nm) = (Xke1s e+ o Xns MLs v v o s Mis Vit - - 2 Vs 2.
i=k+1 i=1
We identify any function from an open subset U ¢ W, ¢ : U — V, with the corresponding function from
an open subset U ¢ Rk & : T — Rk:

d(w) = iy(P(iyy (W) forallw e T = iw(U) c R¥1K,

Any h-homomorphism L : W — V can be identified with the linear map L : R2"*1-k — RK with respect to the
fixed basis. So it can be identified with a k x (2n — k) matrix M with real coefficients such that

L(w) = Mpa(w)T

for every w € R2"*1-k where i : R2"*1-k _, R2"-k is the canonical projection on the first 2n — k components.
If Uc W is an open set and ¢ : U — V is intrinsically differentiable at a point w € U, we denote by
D¢¢(w) the matrix associated to d¢,, and we call it intrinsic Jacobian matrix of ¢ at w. If U ¢ R2n+1-k §g

anopensetand = (P1,...,Pr) : U — R is a function, we define the family of 2n - k vector fields:
(tw)+ (Xjik), j=1,...,n-k
W]f/’ = { yWink = O + Wicnsk0z, j=n-k+1,...,n,
(Tw)« (Yjen), j=n+1,...,2n-k.

Definition 2.29 (Intrinsic derivatives). Let U ¢ W be an open set and let w be a point of U. Let ¢p : U — V be
a continuous function. For each j =1, ..., 2n — k, we say that ¢ has o%i-derivative at w if and only if there

exists (a1,j, . . - , Ak,j) € R¥ such that for all integral curves y/ : (-8, §) — U of W}fp with y/(0) = W the limit
]' _ —
i 2/(©) - $W)
t—0 t
exists and is equal to (ay,j, ..., axj). Forallj =1, ..., 2n - k, we denote it by
0% ¢y (W) a1,
o%ip(w) = : = :
0% i (w) Qg

The existence of continuous intrinsic derivatives actually characterizes the uniform intrinsic differentiability
[9, Theorem 5.7].

Definition 2.30. Let U ¢ Wbeanopenset.Let¢ : U — V be anintrinsically differentiable functionat w € U.
We define the intrinsic Jacobian of ¢ at w by

k
1 p(w) = \jl +y
o=

Y (w2,
11€d,
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where we have defined J, as the set of multiindexes
i1y v sipsjise.nje) e NP il <iy<ipy<-o<ip<2n-k, 1<j1 <jp--<je <k}

We have also introduced the minors
9% ¢, (W) - d%i bj, (W)
M? () = det : :
P, (W) - Pedps, (W)

2.5 Measures and area formulas

If H" is endowed with a homogeneous distance d, we set
B(x,r) ={y e H" : d(x,y) <71},

and for S ¢ H" we set
diam(S) = sup{d(x,y) : x,y € S}.
Notice that diam(BB(x, r)) = 2r forall x e H" and r > 0.

Definition 2.31 (Carathéodory’s construction). Let F ¢ P(IH") be a nonempty family of closed subsets of H",
equipped with a homogeneous distance d. Let « > 0. If § > 0 and A ¢ H", we define

$2(A) = inf{ Y cadiam(B))® : A c | | B;, diam(B)) < 6, B; € 9}. (2.11)
j=0 j=0

If F coincides with the family F} of closed balls with respect to the distance d and we choose ¢, = 27%
in (2.11), then
8%(A) = sup ¢p5(A4) (2.12)
6>0

is the a-spherical measure of A ¢ H".
In the case that F is the family of all closed sets and k € {1, ..., 2n + 1}, we define

_LRxeRF: x| <1}
= 7

where £ denotes the Lebesgue measure. Then the corresponding k-dimensional Hausdorff measure is given
by

Ck

>

HE(A) = sup pk(A),
6>0

where H" is equipped with the Euclidean distance induced through the identification with R?"*1, These
measures are Borel regular on subsets of H". For our purposes, it is useful to recall a less known Hausdorff-
type measure, first introduced in [34]. Given a € [0, co) and & € (0, co), we define the a-dimensional centered
Hausdorff measure C* of a set A ¢ H" by

€*(A) = sup D*(E),
EcA

where DY(E) = lims 0+ C§(E), and, in turn, C§(E) = 0if E = 0, and if E # 0, we have

[oe] o0

C4(E) = inf { Z r':Ec U]B(x,-, ri), xi € E, diam(B(x;, r;)) < 6}.
i=0 i=0

Definition 2.32. Let @ > 0, let x ¢ H" and let u be a Borel regular measure on H". We define the upper

a-density of u at x by
0*%(u, x) = limsup (2.13)

r—0

u(B(x, )
re ’
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The previous definition and terminology follow [13, 2.10.19].

Theorem 2.33 ([16, Theorem 3.1]). Let a > O and let u be a Borel regular measure on H" such that there
exists a countable open covering of H", whose elements have p-finite measure. Let B ¢ A c H" be Borel sets.
If C%(A) < oo and u L A is absolutely continuous with respect to C*L_ A, then we have that ©*%(u, -) is a Borel
function on A and

u(B) = je*“(u,x) dC4(x).
B

We introduce now a crucial definition of density.

Definition 2.34. Let F;, be the family of closed balls with positive radius in H" endowed with a homogeneous
distance d. Let a > 0, let x € H" and let u be a Borel regular measure on H". We call the real number

2°u(B)

diam(B)~ :xeBeFy, r< e}

o .
0%(u, x) = gggsup{

the spherical a-Federer density of u at x.

This density naturally appears in representing a Borel regular measure that is absolutely continuous with
respect to the a-dimensional spherical measure.

Theorem 2.35 ([31, Theorem 7.2]). Let a > O and let u be a Borel regular measure on H" such that there exists
a countable open covering of H" whose elements have u-finite measure. If B c A c H" are Borel sets, then
0%(u, ) is a Borel function on A. If in addition 8%(A) < co and uL_ A is absolutely continuous with respect to
S%|_A, then

HB) = [ 67a,) ds*(0).
B

Definition 2.36 (Spherical factor). Let d be a homogeneous distance in H". If [T ¢ H" is a linear subspace of
topological dimension p, then the spherical factor of I1 with respect to d is

Ba(Il) = max Fh(IINB(z, 1)).
zeB(0,1)

When we deal with a homogeneous distance d that preserves some symmetries, then the spherical factor can
become a geometric constant. The following definition detects those homogeneous distances giving a con-
stant spherical factor. It extends [30, Definition 6.1] to higher codimension.

Definition 2.37. We refer to the fixed graded scalar product (-, -) on H" and we assume that there exists
afamily F ¢ O(H;) of isometries such that for any couple of (p — 1)-dimensional subspaces S1, S, ¢ Hy, there
exists L € F that satisfies the condition

L(S1)=S,.

Let d be a homogeneous distanceon H" and let p = 1, ..., 2n. We say that d is p-vertically symmetricif p = 1
or p > 2 and the following conditions hold. Taking into account that H; and H; are orthogonal, we introduce
the class of isometries

O ={T € OH") : T|y,=1d|n,, Tlg, € F}.

We also assume the following conditions:

oy, (B(0,1)) =B(0, 1) N Hy = {h € Hy : 8(|my, (h)|) < ro} for some monotone non-decreasing function
6: [0, +oo) — [0, +00) and rg > O.

e T(B(0,1)) =B(0,1)forall T € O.

More information on p-vertically symmetric distances can be found in [32]. For instance, the sub-Riemannian
distance in the Heisenberg group is vertically symmetric. Vertically symmetric distances were already intro-
duced in [30].

The next theorem specializes [32, Theorem 1.1] to Heisenberg groups.
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Theorem 2.38. Ifp=1,...,2n+ 1 and d is a p-vertically symmetric distance on H", then the spherical fac-
tor B4(W) is constant on every p-dimensional vertical subgroup W c H".

The previous theorem motivates the following definition.

Definition 2.39 (Notation for constant spherical factors). Let N, be the family of all p-dimensional vertical
subgroups of H". We consider a homogeneous distance d. We assume that the spherical factor 84(S) remains
constant as S varies in N, (this means that d is rotationally symmetric with respect to Np). We denote the
constant spherical factor by w4(p), without indicating the class Np,.

Definition 2.40 ([31, Definition 8.5]). Let d be a homogeneous distance on H". We say that d is multiradial if
there exists a function 8 : [0, +c0)? — [0, +00), which is continuous and monotone non-decreasing on each
single variable, with

d(x, 0) = 0(|rta, ()|, |7, (X)1).

The function 6 is also assumed to be coercive in the sense that 8(x) — +oo0 as |x| — +oo.

Proposition 2.41. If d : H" x H" — [0, co) is multiradial, then it is also p-vertically symmetric for every
p=1,...,2n+1.

A more general statement can be found in [32]. One may also check that both d, and the Cygan-Koranyi dis-
tance are multiradial. One can find conditions under which the spherical factor has a simpler representation.
The next theorem is established in [32, Theorem 1.4].

Theorem 2.42. Ifp=1,...,2n+ 1 and d is a homogeneous distance in H" whose unit ball B(0, 1) is convex,
then for every p-dimensional vertical subgroup W we have

Ba(W) = HE(W N B(O, 1)).

3 Upper blow-up of low codimensional 3(-regular surfaces

In this section, we prove the main technical tool of the paper, that is, the equality between spherical Federer
density and spherical factor, established in Theorem 3.2. The next lemma will be important for the proof
of our technical result. It gives a formula of how the area transforms under a suitable linear isomorphism
between two vertical groups.

Lemma 3.1. We consider two vertical subgroups M, W of H" and a k-dimensional horizontal subgroup V ¢ H"
such that
H'=MxV=WxV.

We introduce the multivectors
V=vin---Avi, N=WiA---AWankA€mr1, M=miA-AMap_ A €2n41,
where
(Vli---’vk), (le---,WZn—ky 92n+1), (mly---,mZn—k, 92n+1)
are orthonormal bases of V, W and M, respectively. Then for every Borel set B ¢ M, we have

IV AMig

(T[]M’V j_(Zle—k(B) — %ZYH—l—k(nW,V (B)) _
M,W/§7 E E w,M —"V/\N"g

j_(%n+1—k(B)’

where the projections ﬂ%:& and n&:m have been introduced in Definition 2.4. The norms of V AM and V AN
are taken with respect to the Hilbert structure of An+1 (IH") induced by our scalar product on H".

Proof. Itis clearly not restrictive to relabel the bases of M and W as

Wity e ooy Won, €241 @nd  Mpy1, ..o, Mon, €2n41,
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respectively. We define the isomorphisms

2n
. 2n+1-k .
fw : W — R, 1w<in+1ezn+1 + ) XiWi) = (Xkt1s - - - Xans1),
i=k+1
2n
. 2n+1-k .
iy s M — R7K, IM(in+1ezn+1 + Y XiMi) = (Xki1s -5 Xans1),
i=k+1
k
. k .
iy : Vo R", lV(ZX,-vi>:(x1,...,xk).
i=i
We introduce
2n k
2n+1 n
Wi R S HY, Wi(xg, ..., Xons) = <X2n+192n+1 + ) XiWi)< invi). (3.1)
i=k+1 j=1

We now notice that J¥1(x) = |V A N|g for every x = (x1, . .., Xan+1) € R¥"1. It suffices to observe that
]\Ijl = "ax1 \I"l AREN aszl\PZnﬂ ||g

and use the explicit form of (3.1). We define another map

2n k
. mp2n+l n _
Wy R S HY, Walx, .., Xonet) = (X2n+192n+1+ D ximi>(zxivi>,
i=k+1 j=1

and we observe in the same way that J¥,(x) = |V A M||g. We introduce the embedding
q: Rk ]R2n+1’ qX1, ..., Xone1-k) = (0, ..., 0, X1, oy X2n41-k)5

and the projection
p R S RPK p(xg, o Xane1) = (X - -+ Xanen)-

For every z € H", we observe that

V1(z2) = (iv o Ty (2), iw © Tw(2)).

It follows that
iy opo ¥ = mw.

If we take any m € M, then

w(m) = iyt o p o it o W5 0 W51 (m)

iy e p oWyt oWaoqoin(m)
= Ty pp(m). 3.2)
The second equality follows by the identity
W5l = (iy o Ty, i © ),

and hence ‘I’El(m) = (0, ipg(m)) for all m € M. We notice that ‘I’Il o ¥, is a polynomial diffeomorphism,
whose Jacobian matrix at x has the following form:

1 R, O
0 Rz 0 € R(2n+1)><(2n+1)’
1) ) 1

where I € Rk Ry € R*@n-k) R, ¢ R@n+1-K)x2n+1-k) and the functions

£ R2n+1 N IRk and 05 ]R2n+1 N ]RZn—k



DE GRUYTER F. Corni and V. Magnani, Area formula in Heisenberg groups =— 17

are affine. From definitions of g : R2"*1-%k — R2"+1 and of p : R?"! — R2"+1-k by explicit computation, it
follows that

JO¥T o W2)(g(y)) = [detRa| = J(p o Wit o W5 0 g)(y) (3.3)
for every y € R2"*1-k_ As a consequence, taking into account (3.2), (3.3) and

IV AMlg

8 W e Wy),
IV A NI 1o

the following equalities hold:

J‘Cﬁ-nﬂ_k(B) _ L2n+1_k(i]M (B))
_ IV ANIg

IV A Mg
=%;f%%im%mi*«gtopoqqlowzoqoiMXB»

_ VAN

IV A Mg

LZn+l—k((p ° \.IIIl o \I"z o q)(l]M(B)))

j_C%rHl—k(nw:m(B))

for every Borel set B ¢ M. O
We are now in the position to present our main technical result.

Theorem 3.2 (Upper blow-up). We consider a semidirect factorization H" = W xV, an open set Q ¢ H",
a function f € C}l(Q, R¥) and a homogeneous distance d. We fix xo € Q and the level set % = f~1(f(xo)), assum-
ing that Jyvf(x) > O for all x € X. We choose the orthonormal bases (v1, . .., Vi) of Vand Wis1, .. ., Wan, €2n+1)
of W, setting

V=viAn---AvVg and N = Wis1 N AWan A €2ny1.

Then the following conditions hold:
(i) Zis a parametrized H-regular surface with respect to (W, V).
(ii) Ifwe denote by ¢ : U — V the parametrization of ¥ and introduce the measure

0}
WB) 1N, | Juf(@(m)
D

2n+1-k
I o) E G4

for every Borel set B c H", where ®(n) = n¢(n), then for every x € X we have
622K (u, x) = Ba(Tan(Z, x)). (3.5)

Proof. The first part of our claim is a consequence of Proposition 2.24. Then our thesis follows once we have
proved (3.5). By formula (3.4), for any y € Q, taking t > 0 sufficiently small, we can write

o
TCRO RS M C P S
O-1(B(y, 1))
We denote by { € U the element such that
X = ®@(4) = (9.

We now perform the change of variables

n = oy (A1) = Xx(Aen) (v (0) ™1 = x(Aen) (@),

where A; = 8;|w. The Jacobian of A; is t2"*2k_ 1t is well known that o, has unit Jacobian (see, for instance,
[15, Lemma 2.20]). Setting a(x) = Juf(x)/Jvf(x), we obtain that

u(B(y, t))

e = IV A NI | @ oxemyasgta.

Asye(0H (@L(B(, 1))
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By the general definition of spherical Federer density, we obtain that

By, t
6227k (y, x) = inf sup HEBG, ) k))
’>0yeIB(x,t) t2n+2—
o<t<r
_inf sup [V ANl j (a0 > DY (A () dFHEF ().
>0 yeB(x,t)
o<t<r A1ye(0xH (@ LB, L))

There exists Ry > 0 such that for t > 0 and y € B(x, t) we have the following inclusion:
Avye(o3 (@71 (B, 1)) < Bw(0, Ro), (3.6)
where the translated function ¢,-: is defined according to formula (2.4) and we have set
Bw(0, Ro) = B(0, Rp) N W.
To see (3.6), we write more explicitly Aq/:(0; (@~ 1(B(y, t)))), that is,
{n € Mpe(0 M (O)) : Iy XA () oA DD~ < t}.

It can be written as follows:

{1 € A ) : 810 oy (LOLCADIOT)y) .

According to (2.4), the translated function of ¢ at x 1 is
b1 () = Tv(x HNPOenay(x ) = ¢ pxndp() ™).
We finally get
-1(A
A0 @7 B, ) = {0 € a0 @) & By xm( B <, 6.7
and hence forn € A; /t(a,;l (®~1(B(y, t))), taking into account the previous equality, we have established that
Px-1(Aen)
220 ¢ g, 2)
From estimate (2.3), we know that
Dx-1(A¢n) Px-1(Aen)
coflint + [F==E]) < (P < 2
and hence the inclusion (3.6) holds with Ry = 2/co. As a consequence, we have that
62n+2—k(y, X) < 0o.

There exist a positive sequence t, converging to zero and y, € B(x, t,) such that

J Juf(P(ox (A, (1))
JvA@(ox(A¢, (1)

”V/\N"g dg_(}zgml—k(n) N 02n+2—k(y, X)

Avjey (05 (@ 1By, tp)))
as p — oo. Up to extracting a subsequence, since y, € B(x, tp) for every p, there exists z € B(0, 1) such that
Jim 81y, (xtyp) = z.
For the sake of simplicity, we use the notation
M, = ker Df(x).
Using the projection introduced in Definition 2.4, we set

Sz =y, (Mx N B(z, 1)) € W.
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Claim 1. Foreach w € W \ S, there exists

Am a0t @ Byt (@) = O-

By contradiction, if we had a subsequence of the integers p such that

_ Ox-1(Ar,w)
(B, (v x)w(———) € B(O, 1),
then, by a slight abuse of notation, we could still denote by t, the sequence such that

(d¢ (A, ) a1 (A, w)

tp

(61/¢, (y;1X))wd¢c(w)( ) € B(0, 1)

— 19

(3.8)

for all p, where we have used the homogeneity of the intrinsic differential d¢, of ¢; see Definition 2.12
for the notion of intrinsic differential. Indeed, by Theorem 2.27, the function ¢ is in particular intrinsically
differentiable at {. Due to the intrinsic differentiability, taking into account (3.8) as p — oo, it follows that

wdp¢(w) € B(z, 1).
It is now interesting to observe that the chain rule of Theorem 2.18 yields
graph(d¢y) = ker(Df(x)) = My.
As a consequence, wd¢;(w) € B(z, 1) N My, and thus
w = my 'y (@dpg(w)) € my'yy (M N B(z, 1)) = Sz,

which is not possible by our assumption. This concludes the proof of Claim 1.
Now, we introduce the density function

 Tf @0 (M)
A1) = R Do ()
to write
IV A NI, j alty, ) dHZHK) = 1, + ],

Aty (0 (DB, )

The sequence I, defined as follows, satisfies the estimate
I, = [V AN, J alty, 1) A2k ()
S20A1t, (0 (@L(B(Yp,tp))))
<|IVANIg J a(ty, n) dHZ k).
S:
Analogously for Jp, we find

Ty = IV A NI J alty, ) A2k ()

A1yt (03 (@LBp, tp))I\S:

< || VA N"g J 1A1/[p(U;l((ED’l(]B()/p,tp))))(rl)a(tp’ )1) dg'(:}zi,nJrl—k(rl)'

Bw(0,R0)\S:

(3.9)

(3.10)

Claim 1 joined with the dominated convergence theorem proves that J, — 0 as p — co, and therefore

I, — g2n+2-k (u, x). To study the asymptotic behavior of I,, we first observe that

Juf() _
Jvf(x)

a(ty,n) — c(x)

as p — oo. It follows that

672 K(u, x) = Jim I < [V A NlgcG)FE"™ 7 (S2).

(3.11)
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Claim 2. We set My = ker(Df(x)) and consider
Ny = My Ao Aoy A €api

such that
(M4, oo Mon, €2041)

is an orthonormal basis of M. We have that

Juf(x) 1
c(x) = = . 3.12
0= Jef0 = TV ANy 612
Since span{Vyfi(x), ..., Vufi(x)} is orthogonal to M,, it is a standard fact that

Mipg1 A= AMop A eapet = *(VEf1(X) A= AVES(X)A

for some A € R; see, for instance, [26, Lemma 5.1]. Here we have defined the Hodge operator * in H" with
respect to the fixed orientation
e=e1N...eyyNer+1

and the fixed scalar product (-, - ). Precisely, we are referring to an orthonormal Heisenberg basis
(€1,..., €2, €2n41),
according to Sections 2.1 and 2.2. Therefore, #1 is the unique (2n + 1 - k)-vector such that
§nxn=(§ e (3.13)

for all k-vectors . Since the Hodge operator is an isometry, we get
1

Al = . 3.14
M= Wafi0 A A Va0l .14
Due to (3.14) and (3.13), we have
IV A Nxllg = IAlllve A= Avie A G=(Vafi(X) A=+ AVEF(OO))) g
_ v A AViE VEAIO) A - A VaSiX))ellg
IVEf100) A -+ AVEfI(X)]g
Vi A AV VOO A - A V(X))
IVEf10) A=+ AVE(X)llg
_ IVAG) A A V)l
IVEf1 () A=+ A VES(X)llg
_Jvfx)
Juf(o)’
and hence establishing Claim 2.
As a result, taking into account (3.11), we have proved that
_ IV AN| _
92n+2 k LX) < g 9{2n+1 k S.).
(M, x) VAN, E (Sz)
By Lemma 3.1, for B = My N B(z, 1), the following formula holds:
VAN,
FE K gy g, My N B(z, 1)) = WJ{?*"(MK nB(z, 1)). (3.15)
g

It follows that
92n+2—k(y, X) < j{é"*’l_k(ﬂ\/[x NB(z, 1)) < Ba(My).

To prove the opposite inequality, we follow the approach of [30, Theorem 3.1]. We choose zy € B(0, 1) such
that
Ba(My) = HF* 7, (M, 0 B(zo, 1)) (3.16)
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and consider a specific family of points y‘t) = x6¢zp € B(x, t). For a fixed A > 1, we have

HBOEAD) o uB(, )

O<ter (At)2"+2_k _yeIB(x,t), t2n+2—k
O<t<Ar

for every r > O sufficiently small, and therefore

B 0
lim sup u@B(y;, Ab)

2n+2-k
mSup Rz =0 (). (3.17)

We introduce the set

A? = Mype(0 (@B, A1)

¢x‘1 (AAtrI)
At

The second equality can be deduced from (3.7). Then we can rewrite

u(B(y?, At))
(At)2n+2—k

= {11 € Ajae(or(0)) n( ) € B(61/2%0, 1)}.

~ IV AN, J a(At, ) Ik ()
AP
IV AN

T A2n+2-k J’ a(At, 51/Ar1)dj{lz~in+17k(n)' (3.18)

5/\A?
The domain of integration satisfies
_ -1(A
81A7 = {1 € Avyelo (V) : n(u) € B(zo, )}
Due to (3.6) and the definition of A?, we get
6242 ¢ Bw(0, ARy).
Claim 3. Foreveryn € n&:ﬁ‘&x(ﬂ\/{x N B(zo, A)), we have
tl_i)r(r)1+ 15,0001 = 1. (3.19)
The intrinsic differentiability of ¢ at { shows that
-1(A
H(M) —nd¢¢(n) ast— 0.
Taking into account (2.2) and (3.10), we get
g w () = ndep ().
Hence, our assumption on n can be written as follows:

d(nd¢¢(n), zo0) < A.

We conclude that nj € 6,1A? for any t > O sufficiently small. Therefore, the limit (3.19) holds and the proof of
Claim 3 is complete.
By Fatou’s lemma, taking into account (3.17) and (3.18), we get

IV ANlg
A2n+2—k
Ty i, (MxNB(Z0,A))

lim inf(15, a9 () (AL, 61/21)) dgezri=km) < 0227k (u, x).

Claim 3 joined with (3.12) yields

1 VAN,

NM}WVAN”w?”*mwmﬂmanmn»swmbﬁmm.
xllig
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Applying again (3.15), we obtain

1

Wﬁﬁ"”’k(ﬂv{x N B(zo, 1)) < 227Ky, x).

Taking the limitas A — 1%, considering (3.16) and taking into account Proposition 2.21, the proof of (3.5) is
complete. O

The computation of the upper density (2.13) is simpler than computing the spherical Federer density. In
a sense, we have less degrees of freedom, since the center of the ball for this density is fixed. As a byproduct
of our approach, the following theorem can be achieved by some simplifications in the proof of Theorem 3.2,
getting a “centered blow-up”.

Theorem 3.3. In the assumptions of Theorem 3.2, for every x € %, we have
@227 Ky, x) = 31K (Tan(Z, x) N B(O, 1)),

where the metric ball B(0, 1) refers to the fixed homogeneous distance d.

4 Some special cases for the area formula

In this section, we analyze some consequences of the upper blow-up (Theorem 3.2). We consider two cases:
when the factors W and V are orthogonal and when the metric unit ball of the homogeneous distance is
convex. In the first case, the measure u can be represented by the intrinsic derivatives of the parametrization,
according to Theorem 1.2.

Proof of Theorem 1.2. Since W and V are orthogonal, by Proposition 2.28 we can fix a Heisenberg basis

(Vl, oo Vi Viksls oo o5 Vs W1, oo« Wop, eer-l)

such that
V =span{vy,...,vi} and W =span{Viiis...,Vn, Wi, ..., Wn, €2n+1}-

Our claim follows by representing the measure u in terms of the intrinsic partial derivatives of the param-
etrization ¢ of X, arguing as in the proof [9, Theorem 6.1]. For the reader’s convenience, we report the main
points of the proof.

By taking into account Theorem 2.27, ¥ = ®(Q) is the graph of a uniformly intrinsically differentiable
function ¢. Arguing as in the proofs of [12, Theorem 4.1] or [6, Theorem 4.2], there exist an open set Q' ¢ H"
and a function g € C}I(Q’ , R such that £ ¢ g71(0) and for every m € U the following holds:

Vg1 (®(m))
Dg(®(m)) = : =[x -D?¢(m) o], (4.1)

Vugr(®(m))

where 0 denotes the vanishing column in the previous matrix. By Theorem 1.1, for any Borel set B C X,

- Jug(®(n))
B) = T 3 2k+2-k —
u(B) !M an(z, x) 22 (x) @-J@ o

dHE K ().
Notice that Jyg(®(m)) = 1 for every m € U. By Definition 2.30, taking into account the form of Dg(®(m))
in (4.1), the proof is achieved. O

Combining Theorem 2.33 and Theorem 3.3, we also get the area formula for the centered Hausdorff measure.
Itis the analogue of Theorem 1.1, where the spherical measure is replaced by the centered Hausdorff measure.
For the distance d,, the following theorem coincides with [14, Theorem 4.1].
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Theorem 4.1. In the assumptions of Theorem 3.2, for any Borel set B c X we have

U(B) = J HZ1K(Tan(Z, x) N B(0, 1)) de2k+27K(x), (4.2)
B

where the metric ball B(0, 1) refers to the fixed homogeneous distance d.

As a consequence, using the previous formula, along with Theorem 1.1 and Theorem 2.42, we can show the
equality between spherical measure and centered Hausdorff measure.

Theorem 4.2. Let d be a homogeneous distance on H" such that B(0, 1) is convex. Let ¥ be a parametrized
H-regular surface with respect to (W, V). Then for every x € £ we obtain ©*2"*2-k(y, x) = 62"*2k(y, x) and,
in particular,

82n+2—k Ly = c32n+2—k LS.

Proof. By Theorem 2.42 and Theorem 3.3, for every x € X we have
Ba(ker(Df(x)) = 321 (ker(Df(x)) N B(O, 1)) = O 27K(y, x).

Then the area formulas (1.2) and (4.2) conclude the proof. O
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