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Abstract: We compute invariants for the two-variable Möbius transformation. In particu-
lar we are interested in partial differential equations in two dependent and two independent
variables that are kept invariant under this transformation.

1 Introduction: motivation from the one-variable Möbius

transformation

In this section we discuss in some detail the invariants of the one-variable Möbius trans-
formation

M : u 7→ v =
α1u+ β1

α2u+ β2
, (1.1)

for two cases, namely u = u(x) and u = u(x, t). This serves as a motivation for the current
study of the two-variable Möbius transformation for two dependent variables {u1, u2} in
two independent variables {x, t}. In fact, we have reported results for the one independent
variable case in [6], and the current paper is a continuation of that study. In particular, we
note the importance of the Schwarzian derivative S (see (1.11b)) which is an invariant of
the Möbius transformation (1.1). This is well known, but we use the opportunity to discuss
this here again in order to compare the results with the case of the two-variable Möbius
transformation that is introduced in Section 2 (see transformation (2.1)). Instead of the
3rd-order invariant for the one-variable Möbius transformation, namely the Schwarzian
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derivative (1.11b), we obtain two 4th-order invariants for the two-variable Möbius trans-
formation. We consider this an interesting finding that could be of importance in the
study of integrable systems of nonlinear ordinary and partial differential equations.

We recall that, under the condition α1β2 − α2β1 = 1, the Möbius transformation (1.1)
is associated with the Special Linear Transformation SL(2,R), where

Φ =

(

α1 β1
α2 β2

)

∈ SL(2,R), detΦ = 1. (1.2)

A basis for the corresponding 3-dimensional Lie algebra sl(2,R) is given by the three
matrices

X1 =

(

0 1
0 0

)

, X2 =

(

1 0
0 −1

)

, X3 =

(

0 0
1 0

)

. (1.3)

We recall that

Φ = exp(ǫX), where Φ ∈ SL(2,R) and X ∈ sl(2,R), (1.4)

where ǫ is a small real parameter. Since detΦ = exp(ǫTrX) and detΦ = 1, we have
Tr (Xj) = 0 for all j = 1, 2, 3. For a given infinitesimal transformation

u 7→ ϕ(u; ǫ) (1.5)

the Lie generator takes the form

Z =

(

∂ϕ(u; ǫ)

∂ǫ

∣

∣

∣

∣

ǫ=0

)

∂

∂u
. (1.6)

This leads to the following set of basis Lie generators for sl(2,R):

{ ∂
∂u

, u
∂

∂u
, u2

∂

∂u
}. (1.7)

For more details we refer to [9] (see also the classical work [12])
In order to compute the invariants I of order p for the transformation (1.1) one needs

to solve the linear system of partial differential equations given by the condition

Z
(p)
j I = 0, j = 1, 2, 3. (1.8)

Here Z
(p)
j denotes the prolongation of the Lie generator Zj up to order p (see [9] for

details).

1.1 One dependent variable and one independent variable: u(x)

The simplest case is given by the mapping of one dependent variable u for one independent
variable x, i.e. u = u(x). For the Möbius transformation (1.1), we now have

M :















u(x) 7→ v(x̄) =
α1u(x) + β1

α2u(x) + β2

x 7→ x̄ = x

(1.9)
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where

det

(

α1 β1
α2 β2

)

= 1. (1.10)

Computing the invariants for this transformation up to order 3, we obtain

ω0 = f(x) (1.11a)

S =
uxxx

ux
− 3

2

u2xx
u2x

, (1.11b)

where f is an arbitrary smooth function and S is the well-know Schwarzian derivative [10].
In fact, all higher-order invariants consist of x-derivatives of S. We can now state that
any nth-order ordinary differential equation of the form

Ψ(x, S, Sx, Sxx, . . . , Snx) = 0 (1.12)

is invariant under the given Möbius transformation for arbitrary smooth Ψ. Here Snx

denotes the nth derivative of S with respect to x.

Example 1.1: We consider

Sx = Ψ(x, S), (1.13)

which is the following 4th-order equation:

u4x =
4uxxxuxx

ux
− 3u3xx

u2x
+ uxΨ(x, S). (1.14)

Equation (1.14) is clearly invariant under the current Möbius transformation (1.9) and it
is moreover the most general semilinear ordinary differential equation of order four that
admits the Lie symmetry algebra sl(2,R) with basis (1.7). Equation (1.14) with Ψ = Ψ(S)
has been reported in [2] for the 4-dimensional Lie symmetry algebra

{ ∂
∂x

,
∂

∂u
, u

∂

∂u
, u2

∂

∂u
}. (1.15)

1.2 One dependent variable and two independent variables: u(x, t)

We compute all invariants I, up to order three, for the Möbius transformation that maps
u(x, t). That is

M :































u(x, t) 7→ v(x̄, t̄) =
α1u(x, t) + β1

α2u(x, t) + β2

x 7→ x̄ = x

t 7→ t̄ = t,

(1.16)
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where

det

(

α1 β1
α2 β2

)

= 1. (1.17)

The general solution of

Z
(3)
j I = 0, j = 1, 2, 3, (1.18)

is

I = Ψ(ω0, ω1, ω2, ω3, ω4, ω5, ω6, ω7), (1.19)

whereby ω0 = f(x, t) is a trivial invariant and ωk are as follows:

ω1 =
ut

ux
(1.20a)

ω2 = ω1,x (1.20b)

ω3 = ω1,t + ω1ω2 (1.20c)

ω4 ≡ S =
uxxx

ux
− 3

2

u2xx
u2x

: the Schwarzian derivative (1.20d)

ω5 =
uxxt

ux
− 2uxxuxt

u2x
+

1

2

utu
2
xx

u3x
= ω2,x + ω1ω4 (1.20e)

ω6 =
uxtt

ux
− uxxutt

u2x
− 2utuxxuxt

u3x
+

3

2

u2tuxx

u4x
= ω3,x + ω2

1ω4 (1.20f)

ω7 =
uttt

ux
− 3utuxxutt

u3x
+

3

2

u3tu
2
xx

u5x
= ω3,t + ω2ω3 + ω3

1ω4. (1.20g)

From the set of invariants, {ω0, ω1, ω2, . . . , ω7} we note that two stand out, namely ω1 and
the Schwarzian derivative ω4, which are fundamental for this transformation in the sense
that all the other invariants can be expressed as functions of ω1, ω4 and its derivatives.

Using the two invariants (1.20a) and (1.20d), as well as their x and t-derivatives of any
order, one can write partial differential equations of the form

Ψ(ω0, ω1, S, ω1,x, ω1,t, ω1,xx, . . . , Sx, St, Sxx, . . .) = 0, (1.21)

all of which are invariant under the Möbius transformation (1.16) and all of which admit
(1.7) as its Lie symmetry algebra. Of particular interest are the autonomous evolution
equations

ut = uxΨ(S, Sx, . . . , S(m−3)x), (1.22)

where m ≥ 3. We discuss this in Example 1.2.



]ocnmp[ Differential equations and the 2-variable Möbius transformations 177

Example 1.2: An interesting question regarding nonlinear partial differential equations
of the class (1.22) to find those equations that are symmetry-integrable. A symmetry-
integrable equation is defined as an equations that admits an infinite set of local generalized
(or Lie-Bäcklund) symmetries. In [4] we have addressed this problem and consequently
obtained a class of symmetry-integrable 3rd-order and 5th-order autonomous evolution
equations of the form (1.22). In particular, the 3rd-order evolution equations of the form

ut = uxΨ(S), (1.23)

contains the following class of equations that are symmetry-integrable [4]:

ut = uxS : the Schwarzian KdV equation (1.24a)

ut = −2
ux√
S

(1.24b)

ut =
ux

(b1 − S)2
(1.24c)

ut =
ux

S2
(1.24d)

ut = ux

(

a1 − S

(a21 + 3a2)(S2 − 2a1S − 3a2)1/2

)

. (1.24e)

Here S is the Schwarzian derivative (1.11b) and the constants a1, a2 and b1 are arbitrary,
except for the conditions a21+3a2 6= 0 and b1 6= 0. In [5] we propose a method by which one
can compute higher-order symmetry-integrable and Möbius-invariant evolution equations
from the above fully-nonlinear third-order equations (1.24b) – (1.24e).

For the 5th-order semi-linear Möbius-invariant autonomous evolution equations

ut = uxΨ(S, Sx, Sxx), (1.25)

the following were found to be symmetry-integrable [4]:

ut = ux

(

Sxx +
1

4
S2

)

: the Schwarzian Kupershmidt I equation; (1.26a)

ut = ux
(

Sxx + 4S2
)

: the Schwarzian Kupershmidt II equation; (1.26b)

ut = ux

(

Sxx +
3

2
S2

)

the Schwarzian 5th-order KdV equation. (1.26c)

The recursion operators that generate the higher-order members in the symmetry-integrable
hierarchies of (1.26a), (1.26b) and (1.26c) are given in [4]. The three Möbius-invariant
equations (1.26a), (1.26b) and (1.26c) play a central role for a large class of 5th-order
symmetry-integrable equations that are related to these equations in terms of nonlocal
transformations by the so-called multipotentialization procedure (see [3] for details).



178 ]ocnmp[ M. Euler, N. Euler and M.C. Nucci

Remark 1. Replacing t by x for the invariants (1.20e), (1.20f) and (1.20e), results in the
Schwarzian derivative (1.20d). One could therefore think of (1.20e), (1.20f) and (1.20e)
as two-dimensional Schwarzian-type derivatives involving two independent variables x and
t. Let us denote this two-dimensional Schwarzian-type derivative defined by (1.20e), by

the notation S
[x,y]
1 , i.e.

S
[x,y]
1 u(x, t) :=

uxxt

ux
− 2uxxuxt

u2x
+

1

2

utu
2
xx

u3x
. (1.27)

Consider now a function f(u(x, t)). Using S
[x,y]
1 we have

(S
[x,y]
1 f)(u(x, t)) =

Dxxtf

Dxf
− 2

(Dxxf)(Dxtf)

(Dxf)2
+

1

2

(Dtf)(Dxxf)
2

(Dxf)3

=

(

fuuu

fu
− 3

2

f2
uu

f2
u

)

uxut + S
[x,y]
1 u(x, t), (1.28)

where D denote the total derivative and the subscript u the ordinary derivative with respect
to u. Additional two-dimensional Schwarzian-type derivatives can be defined using the

remaining two third-order invariants, that is S
[x,y]
2 := ω6 and S

[x,y]
3 := ω7, where ω6 and

ω7 are given by (1.20f) and (1.20e), respectively. One should remark that the invariants
listed above are of course not unique, as any function of the given invariants is an invariant
for the same transformation and, moreover, the roles of x and t can be exchanged in the
derivatives of the expressions (1.20a) to (1.20g) without affecting the invariance under the
Möbius transformation (1.16).

Remark 2. It is interesting to note that the Bateman equation

uttu
2
x − 2uxutuxt + uxxu

2
t = 0 (1.29)

can be presented in terms of the invariants (1.20a), (1.20b) and (1.20c), namely as follows:

(ω3 − 2ω1ω2)u
3
x = 0. (1.30)

Equation (1.29) plays an important role in the Painlevé analysis of PDEs (see e.g. [11]
and [7]). It is clear that uttu

2
x − 2uxutuxt + uxxu

2
t is not invariant under the Möbius

transformation (1.16). However, (1.29) does admit the Lie symmetry algebra sl(2,R) with
basis generators (1.7). This can directly be verified by the Lie symmetry condition

Z
(2)
j E

∣

∣

∣

∣

E=0

= 0, j = 1, 2, 3, (1.31)

where E := uttu
2
x − 2uxutuxt + uxxu

2
t and {Z(2)

1 , Z
(2)
2 , Z

(2)
3 } are the 2nd-prolongations of

the generators (1.7).
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2 The Möbius transformation that maps two variables

We now consider the Möbius transformation

M : u 7→ v =
Au+B

Cu+ β
, (2.1)

where u = (u1, u2), v = (v1, v2), A is a constant 2× 2 matrix,

A =

(

a11 a12
a21 a22

)

, (2.2)

B is a constant 2× 1 matrix and C a constant 1× 2 matrix,

B =

(

b11
b21

)

, C =
(

c11 c12
)

, (2.3)

and β is a constant, with the condition

Det

(

A B

C β

)

= 1. (2.4)

Now

Φ =

(

A B

C β

)

∈ SL(3,R). (2.5)

and sl(3,R) is the Lie algebra of all real traceless 3 × 3 matrices with dim[sl(3,R)] = 8.
A basis for the 8-dimensional Lie algebra sl(3,R) is given by the following eight matrices:

X1 =





0 0 1
0 0 0
0 0 0



 , X2 =





0 0 0
0 0 1
0 0 0



 , X3 =





1 0 0
0 −1 0
0 0 0



 ,

X4 =





0 0 0
0 1 0
0 0 −1



 , X5 =





0 0 0
1 0 0
0 0 0



 , X6 =





0 1 0
0 0 0
0 0 0



 , (2.6)

X7 =





0 0 0
0 0 0
1 0 0



 , X8 =





0 0 0
0 0 0
0 1 0



 .

For the infinitesimal transformation

v1 = ϕ1(u1, u2; ǫ) (2.7a)

v2 = ϕ2(u1, u2; ǫ) (2.7b)

the Lie generator takes the form

Z =

(

∂ϕ1(u1, u2; ǫ)

∂ǫ

∣

∣

∣

∣

ǫ=0

)

∂

∂u1
+

(

∂ϕ2(u1, u2; ǫ)

∂ǫ

∣

∣

∣

∣

ǫ=0

)

∂

∂u2
. (2.8)
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This leads to the following basis set of Lie generators for sl(3,R):

{Z1 =
∂

∂u1
, Z2 =

∂

∂u2
, Z3 = u1

∂

∂u1
, Z4 = u2

∂

∂u2
, Z5 = u1

∂

∂u2
, Z6 = u2

∂

∂u1
,

Z7 = u21
∂

∂u1
+ u1u2

∂

∂u2
, Z8 = u1u2

∂

∂u1
+ u22

∂

∂u2
}. (2.9)

2.1 Two dependent and one independent variables: {u1(x), u2(x)}
We consider the Möbius transformation (2.1) for u(x) = (u1(x), u2(x)), that is

M :







































u1(x) 7→ v1(x̄) =
a11u1(x) + a12u2(x) + b11

c11u1(x) + c12u2(x) + β

u2(x) 7→ v2(x̄) =
a21u1(x) + a22u2(x) + b21

c11u1(x) + c12u2(x) + β

x 7→ x̄ = x

(2.10)

where

Det





a11 a12 b11
a21 a22 b21
c11 c12 β



 = 1. (2.11)

This case has already been studied and is reported in [6]. Besides the obvious invariant
ω0 = f(x), (2.10) admits the following two invariants of order four:

ω41 = −3u1,xu2,x(S1,x − S2,x)

u1,xu2,xx − u2,xu1,xx
− 4

(

u1,xu2,x

u1,xu2,xx − u2,xu1,xx

)2

(S1 − S2)
2

+6

(

u1,xu2,xxS1 − u2,xu1,xxS2

u1,xu2,xx − u2,xu1,xx

)

(2.12a)

ω42 =
u1,xu2,xxS2,x − u2,xu1,xxS1,x

u1,xu2,xx − u2,xu1,xx

+
2

3

(

u1,xu2,x

u1,xu2,xx − u2,xu1,xx

)2

(S1,x − S2,x)(S1 − S2)

+
2

9

(

3u1,xx(S1 − S2)

u1,xu2,xx − u2,xu1,xx
−

2u2,xu
2
1,x(S1 − S2)

2

(u1,xu2,xx − u2,xu1,xx)2

)

×

×
(

3u2,xx −
2u1,xu

2
2,x(S1 − S2)

u1,xu2,xx − u2,xu1,xx

)

. (2.12b)

Here S1 and S2 denote the Schwarzian derivatives for u1(x) and u2(x), respectively. That
is

S1 =
u1,xxx

u1,x
− 3

2

u21,xx

u21,x
, S2 =

u2,xxx

u2,x
− 3

2

u22,xx

u22,x
. (2.13)
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Systems of ordinary differential equations invariant under (2.10) and related to the above
invariants (2.12a) and (2.12b) have been described and reported in [6].

2.2 Two dependent and two independent variables: {u1(x, t), u2(x, t)}
Here we consider the Möbius transformation (2.1) for u(x, t) = (u1(x, t), u2(x, t)), that is

M :























































u1(x, t) 7→ v1(x̄, t̄) =
a11u1(x, t) + a12u2(x, t) + b11

c11u1(x, t) + c12u2(x, t) + β

u2(x, t) 7→ v2(x̄, t̄) =
a21u1(x, t) + a22u2(x, t) + b21

c11u1(x, t) + c12u2(x, t) + β

x 7→ x̄ = x

t 7→ t̄ = t,

(2.14)

where

Det





a11 a12 b11
a21 a22 b21
c11 c12 β



 = 1. (2.15)

We compute all 3rd-order invariants for (2.14). For the general solution of

Z
(3)
j I = 0, j = 1, 2, . . . , 8, (2.16)

we obtain

I = F (ω0, ω1, ω2, . . . , ω12), (2.17)

where ω0 = f(x, t) is the trivial invariant, and

ω1 =
u2,xu1,xx − u1,xu2,xx

u2,xu1,t − u1,xu2,t
(2.18a)

ω2 =
u1,xxu2,t − u1,tu2,xx + 2u2,xu1,xt − 2u2,xtu1,x

2u2,xu1,t − 2u1,xu2,t
(2.18b)

ω3 =
u1,ttu2,t − u1,tu2,tt

u2,xu1,t − u1,xu2,t
(2.18c)

ω4 =
u2,xu1,tt + 2u1,xtu2,t − 2u1,tu2,xt − u2,ttu1,x

u2,xu1,t − u1,xu2,t
(2.18d)

ω5 = 2(ω2,x − ω1,t − ω1ω4 + ω2
2) (2.18e)

ω6 = ω1,x − 2ω1ω2 (2.18f)

ω7 =
2

3
ω4,x −

2

3
ω2,t − ω1ω3 (2.18g)
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ω8 = ω1,t + ω1ω4 − 2ω2
2 (2.18h)

ω9 = ω3,x (2.18i)

ω10 = −1

3
ω4,x +

4

3
ω2,t + 2ω3 (2.18j)

ω11 = ω3,t + ω3ω4 (2.18k)

ω12 = −2ω3,x + ω4,t + 4ω2ω3 + ω2
4 (2.18l)

Note that there exist no fundamental invariants of order three since all the 3rd-order
invariants are combinations of the 2nd-order invariants and its derivatives. In addition to
the above listed invariants, we recall the 4th-order invariants (2.12a) and (2.12b) that was
obtained for the Möbius transformation (2.10). These 4th-order invariants are of course
also valid for the Möbius transformation (2.14), whereby u1 = u1(x, t) and u2 = u2(x, t)
in (2.12a) and (2.12b). All these invariants can easily be verified by checking condition
(2.16).

Using now the six invariants (2.18a) - (2.18d), (2.12a) and (2.12b), as well as x and t-
derivatives of any order of those invariants, one can write systems of partial differential
equations, all of which are invariant under the Möbius transformation (2.14) and all of
which admit (2.9) as its Lie symmetry algebra.

Example 2.1: A system of two partial differential equations of order two that is invariant
under the Möbius transformation (2.14) is the following:

u1,xx =
1

u2,xu1,t − u1,xu2,t

[

2u1,xu2,xu1,xt − 2u21,xu2,xt

+ (u2,xu
2
1,t − u1,xu1,tu2,t)F1(ω3, ω4) + 2(u21,xu2,t − u1,xu1,tu2,x)F2(ω3, ω4)

]

(2.19a)

u2,xx =
1

u2,xu1,t − u1,xu2,t

[

− 2u1,xu2,xu2,xt + 2u22,xu1,xt

− (u1,xu
2
2,t − u2,xu1,tu2,t)F1(ω3, ω4)− 2(u22,xu1,t − u1,xu2,tu2,x)F2(ω3, ω4).

]

,

(2.19b)

This is obtained by algebraically solving u1,xx and u2,xx from the system

ω1 = F1(ω3, ω4)

ω2 = F2(ω3, ω4).

Here F1 and F2 are arbitrary smooth functions of their arguments, whereby ω1, ω2, ω3

and ω4 are given by (2.18a), (2.18b), (2.18c) and (2.18d), respectively.
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Example 2.2: A system of two partial differential equations of order four that is invariant
under the Möbius transformation (2.14) is obtained by considering, for example,

ω1 = F1(ω2, ω4, ω41, ω42)

ω3 = F2(ω2, ω4, ω41, ω42),

where ω1, ω2, ω3, ω4, ω41 and ω42 are given by (2.18a), (2.18b), (2.18c), (2.18d), (2.12a)
and (2.12b), respectively. If we drop ω2 and ω4 from the previous system and let F1 = ω41,
F2 = ω42, we obtain

u2,xu1,xx − u1,xu2,xx

u2,xu1,t − u1,xu2,t
= −3u1,xu2,x(S1,x − S2,x)

u1,xu2,xx − u2,xu1,xx

−4

(

u1,xu2,x

u1,xu2,xx − u2,xu1,xx

)2

(S1 − S2)
2

+6

(

u1,xu2,xxS1 − u2,xu1,xxS2

u1,xu2,xx − u2,xu1,xx

)

(2.22a)

u1,ttu2,t − u1,tu2,tt

u2,xu1,t − u1,xu2,t
=

u1,xu2,xxS2,x − u2,xu1,xxS1,x

u1,xu2,xx − u2,xu1,xx

+
2

3

(

u1,xu2,x

u1,xu2,xx − u2,xu1,xx

)2

(S1,x − S2,x)(S1 − S2)

+
2

9

(

3u1,xx(S1 − S2)

u1,xu2,xx − u2,xu1,xx
−

2u2,xu
2
1,x(S1 − S2)

2

(u1,xu2,xx − u2,xu1,xx)2

)

×

×
(

3u2,xx −
2u1,xu

2
2,x(S1 − S2)

u1,xu2,xx − u2,xu1,xx

)

, (2.22b)

where S1 and S2 are the Schwarzian derivatives (2.13) in u1(x, t) and u2(x, t), respectively.

3 Concluding remarks

Given the well-known importance of the one-variable Möbius transformation (1.1) and its
invariant, the Schwarzian derivative (1.11b), for partial differential differential equations
(see Example 1.2), we investigate here the invariants of the two-variable Möbius trans-
formation (2.14) and its relation to systems of two partial differential equations. Two
examples of systems that are invariant under the Möbius transformation (2.14) are given
in Example 2.1 and Example 2.2. It is clear from the results obtained here that there
exists no system of evolution equations that is kept invariant under (2.14), i.e. no system
of the form

u1,t = F1(x, t, u1.u2, u1,x, u2,x, . . . , u1,px, u2,qx)
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u2,t = F2(x, t, u1.u2, u1,x, u2,x, . . . , u1,px, u2,qx).

It could be of interest to study the systems of partial differential equations that are in-
variant under (2.14) for further properties, for example to see whether there exist any
symmetry-integrable systems amongst those, similar to the case of evolution equations for
one dependent variable (see Example 1.2).

Let us finally point to the two invariants (2.12a) and (2.12b) of the Möbius transforma-
tion (2.1). These 4th-order invariants consist of only x-derivatives of the variables u1 and
u2 and are, in a sense, similar to the Schwarzian derivative which is a 3rd-order invariant
for (1.1). It remains to be seen whether or not (2.12a) and (2.12b) will indeed turn out to
be significant for the study of systems of differential equations and their applications.

The referee kindly pointed out the papers [1] and [8] where related aspects of differential
invariants have been reported. A comparison of our results to these works could be of
interest.
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