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1 | INTRODUCTION AND STATEMENT OF THE RESULTS

A way to prove the local regularity of the solutions of linear elliptic partial differential equations with real-analytic coef-
ficients consists in the so called L>~methods, that is, an iterative procedure based on the use of the elliptic estimate (see,
e.g., [1, p. 207]). This approach extends to degenerate elliptic equations, such as sums of squares of vector fields, satisfying
a subelliptic estimate (see, e.g., [2, 3] and [4] for recent applications of this method). Then, a natural question is which
derivatives one should control in order to conclude that a function is in a given Gevrey class (or, in particular, is real-
analytic). This is the main motivation for the present paper. In order to put in evidence the essential points in our proofs, we
state our results for the Denjoy-Carleman classes, and, for the sake of simplicity, we limit our considerations to functions
of one variable. To be definite: let M, = 1, M1, ... be a sequence of positive numbers and consider the Denjoy-Carleman
class CM

CM([a,b]) = {f € C*([a,b]) | IK > 0 such that |f™(x)| < K"*'M, ifx € [a,b], n=0,1,..}.

In what follows, we assume that the sequence M, is log-convex. That is, for j < ¢ < k, we have that

[
M; <M, M (1.1)
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We denote by N the set of all the non-negative integers while N stands for the set of positive integers. Condition (1.1)
can be equivalently stated as

M}%z < Mn—an+1a Vn e N+, (1-2)

that is, M, 1 /M,, is an increasing sequence. In particular, if M,, is log-convex then

M, isanincreasing sequence forn € N,. @.3)

For the reader convenience, we provide the proofs of the assertions (1.1) < (1.2) and (1.2) = (1.3) in Appendix A.
We will assume the additional condition that there exists m > 0 such that

i
MjsM]fMl.",fori,k>m0withi<jandj/i<k. 1.4)

Example 1.1.

(i) Our first example of a sequence satisfying (1.1) and (1.4) is M,, = n", n € N, for a suitable s > 1. This choice corre-
sponds to the Gevrey class G* (the set of all the real-analytic functions in the case s = 1). We point out that (1.4) holds
with my = 1.

(i) Our second example is My = M; =1, M, = /M3, M, = n™1(logn)"*2 (n = 3,4,...), for suitable s;,s, > 1. This
sequence is log-convex and satisfies (1.4) with m, = e%. By the Denjoy-Carleman theorem, CM([a, b]) is a quasi-
analytic class for s; = s, = 1. (We recall that a class CM([a, b]) is called quasi-analytic if for every u € C vanishing
of infinite order at a point in [a, b], it follows that u is identically zero on [a, b].)

We observe that, for s; > 1 or s, > 1, CM([a, b)) is a non-quasi-analytic class (other than Gevrey).
For the proof of the claims in (i) and (ii), we refer the interested reader to Appendix B.

Furthermore, we assume that the class CM contains the real-analytic functions on [a, b], that is, that there exists ¢ > 0
such that

M, > c"n". (1.5)
For a smooth function f : [a,b] — R, we define

F, = max |f™(x)|, neN. (1.6)
x€la,b]

Let d,, > 0 be an increasing divergent sequence of integers such that for a suitable K > 0,
Fg <K%HMy | for every n € N. 1.7)

We consider the following problem: given a function f € C*([a, b]) satisfying (1.7), under what condition on {d,}, can
we conclude that f belongs to the class CM?

First, we observe that Condition (1.7) yields some additional properties on the function f when CM is the class of
real-analytic functions, that is, M, = k¥, k € N,.. Precisely, we have the following:

Proposition 1.2. Let f € C*®([a, b]) and let CF([a, b]) be the corresponding Denjoy-Carleman class defined by the sequence
{Fp}, in (1.6). Let d, > 0 be an increasing divergent sequence of integers. Assume that Fq < Kd"“dg” for a suitable K > 0

and for every n € N. Then f is identically zero, whenever f vanishes of infinite order at a point of [a, b].

In other words, the class Cf([a, b]) is quasi-analytic (independently on the sequence d,,).
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Remark 1.3. In general, we cannot deduce that the class CF'([a, b]), given by Proposition 1.2, is contained in the class of
the real-analytic functions, this is a consequence of Theorem 1.6 with M,, = n".

If we make an additional assumption on the growth of d,,,; — d,;, we obtain the following
Theorem 1.4. Let f € C*([a, b]), assume (1.1), (1.4), (1.5), (1.7) and that there exists ¢, > 0 such that
dyi1/d, <cg, for neN. (1.8)
Then, f € CM([a, b]).

In particular, for f € C® to be in the Gevrey class G*, it is enough to control only a set of derivatives f(») where the
sequence {d,, }, satisfies (1.8).

Remark 1.5.

(i) We point out that the above result applies to both quasi-analytic and non-quasi-analytic Denjoy-Carleman classes.
(i) Theorem 1.4 is related to the Carleman problem (see [7] and [9]).

Finally, we show that Theorem 1.4 may fail in the absence of a condition on the sequence {d,;},,.

Theorem 1.6. Let {M,}, be an arbitrary sequence of positive numbers such that
1

lim supMn; = +o00. (1.9

n—+oo

Then, we can find an increasing, divergent, sequence of positive integers {d, },, and a function f € C*([a, b)), such that (1.7)
holds true but f & CM([a, b]).

2 | PROOFS
2.1 | Proof of Proposition 1.2

The proof of the Proposition 1.2 is an elementary computation based on the Taylor expansion (see, e.g., [8]). Indeed, let
Xy € [a, b], then by the Taylor formula, we find that

d
d n
|f(ol < Kd"“#lx — Xo|% < K(Ke|x —xo|)%,  Vx €[a,b],

ne

and taking the limit as n — oo in the formula above, we deduce that f(x) = 0, for every x € [a, b] with |x — x| < 1/(Ke).
Then, the conclusion follows from finitely many interactions.

2.2 | Proofof Theorem 1.4

We want to show that f € CM([a, b]) if f € C®([a, b]) and {M,,},, is a log-convex sequence such that

i
(A) M; < MM, fori,k > mywithi < jand j/i <k, for a suitable m, > 0;
(B) M,, > c"n", for a suitable ¢ > 0;
(C) Fy, < K%My (see (1.6)),
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where {d,,}, is an increasing divergent sequence of natural numbers satisfying the gap condition,

< ¢, VneN, 2.1

for a suitable positive integer c.
The idea of the proof consists in showing that the control of the derivatives of length d,, yields, by interpolation, an
estimate for the intermediate derivatives (provided that the rescaled gap (d,.;1 — d,;)/d,, is bounded, uniformly w.r.t. n).
For this purpose, we recall an estimate due to Cartan and Gorny (see, e.g., [5, 6] and [9]).

Lemma 2.1. Let g be a function m-times differentiable on the closed interval [a, b] and set G, = maXy¢[qp] | gD (x)|, for
every ¢ € N. Then, for everym € N, withm > 2, and k € {1, ..., m — 1}, one has

k

e2m\" 1% 2 \" "
Gks2<T> G, m<max{m!G0<b_a> ,Gm}> . 2.2)

Letd, < ¢ < d,,; and choose g = f) m =d,,; —d, and k = ¢ — d, in (2.2). It turns out that

1._,_k_dwm-¢ 1 _k_ t—dy
p ' m dn+1_dn’ q ' m dn+1_dn,
and
d d
n | dntr _ 23)
p q

Whence (2.2) reads as

1

t—d, - 1 1
F, <2 ez(dn+1 —d,) max (dyy1 —dp)la Fy F; q 2.4)
h ¢ —d, ((b—a)/2)f~dn " dn" dny
Now, in view of (2.1), we have that
) t—d, t—d, dy
e (dns1 — dn) (o214 8=t < 2b=dnrdnt ¢ o (B2) _ ey,
t—d, t—d, - - -
Furthermore,
l dpy1=dn f—d
(dn+1 - dn)!q < (dn+1 - dn) d < <2dn(CO - 1)) "
(b—a)/2)f~dn = ((b—a)/2)! b—a ’
and, since Fy < K%*1M, , we obtain that
¢—d 1
2d -1 n dp+1 - dp41+1 -
F, < max { 2e’(©~D 2dn(eo = 1) K&n*tIM, 200 DK » MPK ¢ M! ) (2.5)
b—a n dy dn1
We observe that by (2.3) and the fact that d,, < ¢, we have that
dp+l dpg+l
K » K ¢ =K+ and K%+l < KO+ (2.6)
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Moreover, by Assumption (A) above! and by the gap condition (2.1), we see that

1 1 1 dnt1 dp41

q p coq qd
MjMy < Mj Mg M

Whence, as a consequence of the log-convexity of {M,,},,, (1.3), and (2.3), we find that

11 dn dntr dng L
P ard ‘p €04 qt o
MandH1 <M,"M.," M," <M/M, . 2.7)
Assumption (B) yields that
N
n
_ d,
di % < — - (2.8)

Hence, taking together (2.5), (2.6), (2.7), (2.8) and using the log-convexity of {M,},, (1.3), we deduce that

) t—d,

M " (co— 1) ‘
F;, <max{2ef(co-Df —— Mg, 2¢"©~DM,M,0 tKOF
c(b—a)

3

2(c, Py
< max{ 2ef©-D A =1 2ef<00-1>Mcg KM, < CIKIMy,
c(b —a))

et [ 2(co—1)
C, =2e 1<C(b_a) M, )

Then, we conclude that there exists K; > 0 such that

where

F, < K?”Mn, for every n € N,

thatis, f € CM([a, b]). This completes our proof of Theorem 1.4.

2.3 | Proof of Theorem 1.6
The proof is based on the following result, which ensures the existence, in every class CN, of a function that attains the
bounds N;. Although different formulations are already present in the literature (see, e.g., [10] for the case of complex-

valued functions), for the sake of completeness we provide its proof.

Lemma 2.2. Let {N}; be a positive sequence satisfying (1.1). Then, there exists [ € CN([a, b]) such that

f(1)<a+b>

Proof. Set m; = N;,;/N; and observe that, by (1.1), it is an increasing sequence. We note that

> Nj, VjeN. (2.9)

1\ N;
— <L i eN. )
<mk> SR (2.10)

858017 SUOWIWOD SANEaID 3|(cedldde 8Ly Aq peusenob ae sspiie O ‘8sn JO Sa|nJ 10} A%Iq1T8UIIUO A8]1M UO (SUONIPUOD-PUE-SWLBYW0D A8 |1 AReql U [Uo//Sdiy) SUONIPUOD pue SWie | au18es *[£202/20/T0] Uo Arlqiauluo /8|1 iewnooq 7 Vedi@ IWeIsIS ealy Aq ZZT00TZ0Z BUeW/200T 0T/I0p/uod A 1M Ariq1puljuo//sdny woiy pepeojumod ‘0 ‘919222ST



MATHEMATISCHE ALBANO AND MUGHETTI

NACHRICHTEN
Indeed, (2.10) trivially holds in the case of j = k. Moreover, if j < k, we have that

ke—i
) =
my. T mg_q - My (k—) Nk ’

Finally, if j > k, we obtain

Summing up, (2.10) holds true.
Let us define

glx) = Z (sz)k (cos(2my x) + sin(2my x)).

We notice that g € CNV(I) for every interval I C R. Indeed, in light of (2.10), we get

+
g < Z @m)'2 < N, 2 = <o,

)k
Furthermore, we have that

|g(n)(())| = <Z %)(COS(H)(O) + sm(”)(O))

and, since

cos™(0) = (—=1)"/? and sin(n)(O) 0, forneven,
1

cos™(0) = 0 and sin™(0) = (=1) 2, forn odd,

we deduce that

[e5]

N
M) = Z _ kS
|g ( )l “ (2mk)k—n -

n

The conclusion follows by taking

f6):=g(x-452). el

Then, the proof of Theorem 1.6 reduces to show that given a positive sequence {M,,}, satisfying (1.9), there exist

* asequence {N,}, satisfying (1.1),
+ two divergent sequences of positive integers {d,.},, and {i,,},,

so that
Ndn =Mdn, }’120,1,...

and

(2.11)
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We point out that once the existence of such a sequence {N,},, is established, Lemma 2.2 yields the existence of a function
f € CN([a, b]) such that Ng, < Mg, . On the other hand, due to (2.11) , we have that f & CM([a, b]). In other words, in
general (if the gap (d,,1 — d,;)/d,, is suitably large), the interpolation between d,, and d,,,; does not provide the bounds
on the derivatives of f ensuring that f € CM([a, b]).

We construct inductively the sequences {N,},,, {d,,},,, and {i,.},,. For this purpose, it is useful to define

m. = Nn+1
n=—"—-
Ny

We observe that N, satisfies (1.1) if and only if m,, is an increasing sequence; furthermore, without loss of generality, we
may assume that My = N, = 1. Clearly, we have

Let us fix an arbitrary positive integer i;. We claim that there exists a positive integer d, > i, so that setting

1

my=-=m_; = (ZzioMio)g,
My, = (2.12)
we have
mj < mj,q, forj=0,..,dy — 2. (2.13)

We observe that (2.13) is equivalent to the inequality

1
1

5i0 L My, do~o Sio = do
%M, yo < | — = (%M, )0 <M,
0 ZzloMi 0 do

0

1

In view of (1.9), for every ¢ > 0 there exists d such that M;S > c. Hence, we find that

; 1
provided that ¢ > (22°M; )", that is, (2.13) holds true.
We point out that as a consequence of our construction, we have

. i
N; = (22°M,), for j =0,...,i,
dio. 2.14
i Md do~lo ( )
N; =22'M; | ——— , forj=iy+1,..do,
22°M,,
Nig s _
— =27, and Ndo = Mdo' (215)

io
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Let us show that there exist two positive integers d; > i; > d, so that setting

-

1

201 i1—d
o 3 25 M \"1
mdo -t = mil—l - Md ’
J 0

1 (2.16)
3 3 3 Md1 dy—ip
mil == mdl—l - 22i1M. ’
I
we have that
mj <mjq, forj=0,..,d; — 2. 217)

We observe that (2.17) is equivalent to

-

1 1

221\ M; %o
M : 2 2i0 y ’
d 229 M;
3 0 . o (2.18)
My, di—iy
22" M, -

As for the first inequality in (2.18), it is enough to show that

\
/N
&,
\_<
i

1

22!’1 Mi i1—dg 1
1 —i
< Md 2 (Mdo) do~o ’
0

which is equivalent to
i1 —ig
201 do—ip
2°M; > M d

Once more, by (1.9), this last inequality can be satisfied provided i; > d, is chosen suitably large. Furthermore, the second
inequality in (2.18) can be rewritten as

; di-dy
(22‘1 Mil) i1 —dy

dy—ip

ip—do
M d

k]

My, >

which can be fulfilled, due to (1.9), provided that d; > i, is large enough.
Summing up, we have constructed a sequence N, j = 0,...d,, such that m; = ;]—“ is an increasing sequence for j =

J
0,...,d;,and
Ng, = Mg, Ng =Mg, Ni/M;=2"" and N;/M; =27,
for suitable positive integers 0 < iy < dy < i} < dj.
Now, let us suppose that we have already defined d, < iy < ... < i, <d,,and N;, j = 1, ...d,, such that

s

1 . . :
m; = are increasing for j =0, ...,d, — 1,

<Ndk=Mdk’ k=0,...,l’l,

Nik i
—:22k, k=0,...,n.
M;,
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In order to complete the proof of Theorem 1.6 it suffices to show that we can find i,,11, dyq and Ny, j =d, +1,...,dy 1
such that

L dn < in+1 < dn+1’

2. mj = L are increasing for j = 0, ..., d 41,
j
3. N, =M, and Sms _ g2t
‘ dn+1 - dn+1 . - .
n+1
Set
. 1
221n+1 M, iny1—dn
M, = =ms =
) ) (2.19)
d —i
M —e=m _( M\
ln+1 = My -1 = 22in+1 M. ’
41
.
we have that
mj < mj+1, forj =0,.., d}’l+1 — 2. (220)

We observe that (2.20) reduces to verifying

-

1

22in+1 M. int1—dn
In+1
T =mg 1,
3 " (2.21)

1 1

M, dy1=int1 22 fnkrdn
dpy1 > In+1
22in+1 M; - Mdn '
n+1

We observe that the first inequality in (2.21) is equivalent to

in+1 _dn
d,—1

Iny1 = 221’,”_1

Mdnm
M,

which, by (1.9), can be satisfied provided that i,,,; > d,, is large enough. Finally, the second inequality in (2.21), can be
rewritten as
. dp+1=dn
(22ln+1 Mi +1) inp1—dn
dnt1 = dnt1—in+1

M ip41—dn
dn

which, once more by (1.9), can be satisfied provided that d,,,; > i,,; is large enough. Finally, as a consequence of (2.19)
we have:

2in+1
in+1 =m m m _ 2 Min+1
~. M4, Mg, My 1= T
Ndn n n n+1 Mdn
N n+l . . . _ Mdn+1
N, Mg, Mg 41 Mg, 1= M
dy dy
Since Ny = My, , this completes our proof of Theorem 1.6. O
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ENDNOTE

1We observe that, without loss of generality, we can take ¢, and d,, larger than the number m, in (1.4).
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APPENDIX A

Let My = 1, M1, M,, ... be a sequence of positive numbers. In this section, we consider the following assertions

ket 0o
(A) Forj < ¢ <k,M; < MJ.'H M
(B) M% <M, M,,,,forn e N,;

(C) M,; is an increasing sequence forn € N.

We show that (A) < (B)and (B) = (C).

We observe that (B) can be rephrased by requiring that M,,/M,,_; is an increasing sequence for n € N, . Indeed, dividing
both sides of the inequality in (B) by M,,_; M,,, we deduce that (B) holds if and only if M,,/M,,_, is an increasing sequence
forn e N,.

Now, let us show that (B) = (C). (B) implies that

858017 SUOWIWOD SANEaID 3|(cedldde 8Ly Aq peusenob ae sspiie O ‘8sn JO Sa|nJ 10} A%Iq1T8UIIUO A8]1M UO (SUONIPUOD-PUE-SWLBYW0D A8 |1 AReql U [Uo//Sdiy) SUONIPUOD pue SWie | au18es *[£202/20/T0] Uo Arlqiauluo /8|1 iewnooq 7 Vedi@ IWeIsIS ealy Aq ZZT00TZ0Z BUeW/200T 0T/I0p/uod A 1M Ariq1puljuo//sdny woiy pepeojumod ‘0 ‘919222ST


https://orcid.org/0000-0002-7099-4552
https://orcid.org/0000-0002-7099-4552
https://doi.org/10.1002/mana.202100122

ALBANO AND MUGHETTI MATHEMATISCHE 1
NACHRICHTEN

In particular, since M,,,;/M,, is greater or equal than each of the factors M,,/M,,_1, M,,_1/M,_, ... ,M;, we find that it is
greater or equal than the geometrical mean of these factors, that is,

Mn+1 > < Mn Mn—l ---Ml); =ME'
My, My My

n+1 1
Then, we find that M, ; > M,," , thatis, M, is an increasing sequence. This completes the proof of (B) = (C).

Now, let us consider the implication (A) = (B).
1 1

Choosing j =n —1,¢ = nand k = n + 1, the inequality in (A) can be rewritten as M,, < Mj_le +1- Then, taking the
square of both sides of the above inequality we deduce that (A) = (B).
In order to show that (B) = (A), we need the following

Lemma A.l. Let M, = 1, M, M,, ... be a sequence of positive numbers and assume that Condition (B) above holds. Then,

forevery n € N, the sequence
1

M n
N,2h— < I\/nI+h> is increasing.

n

Remark A.2. The geometrical content of the above result is that a function is convex if and only if its slope is increasing.

Proof. The proof of the lemma proceeds by induction on h. We observe that

1 1
My \ 12 S Myip\*h
M, “\ M,

is equivalent to the inequality

1 h
My MU MT (A)

forevery h € N,.
For h = 1, (A.1) reduces to (B). Now, let us suppose that the inequality (A.1) is satisfied for a suitable natural number h
and let us show that it is satisfied for 4 + 1. Indeed, (B) implies that

1 1

2 2
Mpipr <My My o (A.2)

Furthermore, by the inductive assumption, we have that
1 1 _r
My <MITMIT,
and plugging the above inequality in (A.2), we find
1 _r
My ipr < M, " M;E:[;-l:erihu‘

This last inequality yields that

h+2 1 l
M;(:;Bl < Mﬁ(h+l)Mri+h+2’
that is,
1om
My ips < MrtlJrzM::i;_;.z
and the proof of the lemma is completed. O
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We observe that (A) can be rewritten as

(A") forj <€ <k,logM, < ?logMj + ?Mk.
= =
Now, Lemma A.1 implies that for every n € N the sequence

log(My4) — log(M,)
-

Ny>h n

is increasing.

Then for j < ¢ < k, we find that

log(M,) — log(M;) - log(M;,) — log(M)
€ —j = k—j ’

that is, (A”) holds. This completes the proof of the equivalence (4) < (B).

APPENDIX B

In this section, we provide all the computations needed to justify the claims done in Example 1.

(i) Let s > 1 and M,, = n™, for n € N,.. In order to show that M,, is log-convex it suffices to show that the function
f(x) = xslogx is convex for x > 1 (it is clear that, due to the limitation s > 1, the factor s here is immaterial). Since
f @x)=s /x > 0, for x > 0, we deduce that M,, is log-convex.
Let us verify that M,, satisfies (1.4), that is, there exists m, > 0 such that
i

M; <MM], fori,k > mywithi < jand j/i < k.
In this case, (1.4) can be written as
j/8 < kJSiss, fori,k > mywithi < jand j/i <k,
that is,
Jj <ki, fori,k > mywithi < jand j/i <k,
which trivially holds true with m, = 1.
(i) Let 81,8, =1, My = M, =1, M, = /M3, and M, = n™1(logn)"™2 (n = 3,4,...). We claim that M,, is log-convex.
Recalling that the log-convexity of M,, is equivalent to the fact that the sequence M,,,;/M, is increasing, in order
to prove that M, is log-convex it suffices to verify that M) = M| =1, M), = 331/2, M = n™ (n = 3,4,..) and

M) =M =1, M) = (log 3)32/2, M!! = (logn)™ (n = 3,4,...) are separately log-convex. In light of (i) above, M/,
is log-convex and the proof reduces to show that M,/ has the same regularity.

We have that
" 144
T o 1< ogd,
MO Ml
M Mg’
2 1" "
wr Sy MR
1 2
M// MN
3 4
v S g = Mi7 = (log3)’ < M = (log4)".
2 3

In order to prove this last inequality it suffices to show that

log 3 < log4/log3. (B.1)
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Using the concavity of the logarithm, we have that
1 3 3 6
log3 <1 +-B-e)=-X< =-, B.2
08> = 08¢ e( 2 e~ 2+1/2 5 (B2)
and
1 log 4 1
1 <log4-- >1 .
0g3 < log 4 N log3 — +410g3

The inequality above and (B.2) yield

>1+ =

log4 5
log3 — 24

1
>1+§ zlog3>,

and (B.1) follows. It remains to show that (logn)"% is log-convex for n > 3. Once more, this fact can be reduced to a
one-variable problem: it suffices to verify that the function f(x) = xs, log(log(x)) is convex for x > 3. Now, f(x) =
s,(log x — 1)/[(log x)*x] > 0, for x > e, and the log-convexity of M// (and M,,) follows.

It remains to show that M, satisfies (1.4). Clearly, it suffices to verify that n*1 and (log n)"*2 satisfy separately (1.4). The
factor n1 was already treated in (i) above. Then the proof reduces to show that

(log j)7%2 < (log k)/*2(logi)/*2, for i,k > mywithi < jand j/i <k,
that is,
log j <logklogi, fori,k > mywithi < jand j/i <k. (B.3)
Now, the inequality j/i < k and the monotonicity of the logarithm imply that
log j < logi + logk.
Now, taking m, = e2, we have that
logi +logk <logilogk, fori,k > m,,

then (B.3), and this completes the proof that M,, satisfies (1.4).
Finally, the fact that the class CM([a, b]) is quasi-analytic for s; = s, = 1 while it is non-quasi-analytic for s; > 1 ors, >
1

1, follows by the Denjoy-Carleman theorem (see, e.g., [8]). Indeed, since M ,% is increasing (in view of the log-convexity
of M,,), the Denjoy-Carleman theorem can be stated as follows:
the class C¥([a, b]) is quasi-analytic if and only if

- 1
Y — =+c. (B.4)
n=1 n
M}’l
. 1) 1
Hence, since anl — behaves as
M

o0

2 %, (s1,8, 2 1),

& ni(logn)®

using the generalized integral associated with the series above, we conclude that the series in (B.4) diverges if and only if
Sl = S2 =1.
We point out that, by Lemma 2.2, the class CV([a, b]) is a proper sub-class of G*1*¢, for every £ > 0.
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