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On designing an assorted control charting approach to monitor process
dispersion: an application to hard-bake process
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Mathematics, Statistics and Physics, Qatar University, Doha, Qatar

ABSTRACT
The monitoring of process variability is an important feature to get optimal output from a pro-
cess. Control charts are vital tools used for efficient process monitoring. The commonly used
types of charts include Shewhart, cumulative sum and exponentially weighted moving aver-
age (EWMA) control charts. This study focuses on dispersion control charts using some efficient
transformation for small and medium instabilities. We intend to propose an assorted method to
monitor a range of disturbances in process dispersion, using the well-knownmax approach. We
have used several measures to evaluate the suggested assorted control chart. Based on these
measures, we have compared the proposed assorted method with many existing charts. The
study proposal outperforms the existing counterparts in detecting various amounts of shifts
in process dispersion. Finally, a real-life application of the proposed chart is demonstrated to
monitor the flow width measurements in a hard-bake process.
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1. Introduction

A series of activities that takes some inputs and results
into some output is termed as a process. Each pro-
cess has its own dynamics that lead to a targeted
output. For instance, a manufacturing process differs
from a mechanical process in terms of procedures and
inputs/outputs. The stability of any process is one of
the major concerns for the continuity of the process.
The process stabilization is generally required imme-
diately with the beginning of mass production in any
process. Otherwise, there may be a lot of waste out-
put from theprocess that leads toprocess deterioration.
The list of such processes may include business pro-
cess, health process, banking process, among others.
One such process is the hard-bake process. The hard-
bake is a commonmethod used to stabilize the printed
features for providing optimum performance at etches
for the photoresist pattern. In this process, one poten-
tial variable of interest is flow width measurements of
wafers (X) that needs timely attention for effective per-
formance of the process. We will propose an efficient
monitoring mechanism of such a process in this study.

In a standard statistical process control (SPC) envi-
ronment, we focus on removing the assignable cause(s)
after the detection of any out of control (OoC) signals.
There are many sources of variability in the processes,
and SPC is a very handy tool to differentiate between
natural and unnatural variations. The quality of a pro-
cess is determined by different parameters such as loca-
tion, shape and dispersion. The dispersion parameter

is of prime importance as the stability of other param-
eters (like location) depends on dispersion. Generally,
dispersion charts are used for twomain reasons (i) if the
variation in the process increases, there is a possibility
thatmore defective units will be produced (ii) if the vari-
ation in the process decreases then more units will be
near the target value and hence process capability will
also increase. These changes can be quickly detected by
the dispersion charts. These charts are important while
interpreting the results of a location chart because they
assume that standard deviation remains constant.

The Shewhart range (R) chart and the Shewhart stan-
dard deviation (S) chart are used tomonitor the process
variability of small subgroup sizes [1] introduced the
cumulative sum (CUSUM) chart tomonitor process vari-
ability among different subgroups. Many authors have
evaluated the performance of CUSUM and exponen-
tially weighted moving average (EWMA) control charts
thatwerebasedon the subgroup standarddeviation (cf.
[2–9] and [10]). One-sided EWMA control chart based
on the natural log was suggested by [11] to monitor
subgroup variance [12] have proposed a CUSUM chart
based on the logarithmic transformation of the sub-
group variance [13] proposed a MaxMin EWMA chart
to monitor process variability [14] have discussed and
compared several control charts to monitor variation
in the process [15] introduced a maximum (MAX) con-
trol chart to monitor the centre and spread of the vari-
able simultaneously [16] proposed a MAX-EWMA con-
trol chart that can be used to monitor the process
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location and dispersion simultaneously. The chart was
based on plotting theMaximum (MAX) of the standard-
ized location and dispersion statistics against a single
control limit [17] extended the idea of MAX statistic to
a CUSUM control chart and showed that their proposed
method works better than the MAX-EWMA [18] pro-
posed a new two-sided S2 chart based on logarithmic
transformation for monitoring variation in the process.
A new CUSUM-S2 to monitor the process variation was
proposed by [19,20] introduced some useful control
charts for locationbasedondifferent sampling schemes
[21] useddifferentmethods to increase the sensitivity of
themixed EWMA-CUSUMcontrol charts for the location
parameter.

Inspired by these improvements and modifications,
this study proposes a new assortedmethod that can be
used to identify small, intermediate and large shifts (in
process dispersion) simultaneously. The proposal will
serve as a single charting structure, instead of having
multiple designs, and hence it will provide ease in the
implementation for practitioners.

From here on, the paper is structured as the classical
charts for dispersion and someof theirmodifications are
presented in section 2; measures used to evaluate and
compare the performance of different charts are given
in section 3; the proposed assortedmethod and its con-
struction is discussed in section 4; section 5provides the
performance of the proposed assorted method along
with its comparison with the counterparts; section 6 is
about how the proposed methods are applied in a real
situation; section 7 gives the concluding remarks.

2. The control charts for process dispersion

Shewhart, CUSUM and EWMA are the 3 classical
approaches to monitor the process dispersion. Below is
a brief outline of these and some other modified charts.
Assume X being a random variable following a normal
distribution with mean (μ0) and given a standard devi-
ation (σ0) i.e. Xij ∼ N(μ0, (δσ 2

0 )) where i = 1, 2, 3, . . . . . .
and j = 1, 2, . . . .., n. where n is the size of the ith sample.
The disturbed/dislocated dispersion in a shifted process
is denoted by σ1 and is described as σ1 = δσ0.

2.1. The Shewhart R chart

The Shewhart R chart (cf. [22]) is used to monitor the
process variability for small group sizes (sample size less
than or equal to 10). Let R1, R2, . . . . . . , Rm be the sample
ranges ofm samples.

Define R = Wσ , where σ is the notation used for
the standard deviation of the process and the standard
error of R is given as

σR = d3σ ,

where d3 is the standard error of the statistic W . The
general upper control limit (UCL) of the R chart is

UCL = R̄ + Ld3
R̄

d2

Similarly, the 3-sigma UCL of the R chart is

UCL = R̄ + 3d3
R̄

d2

The process declares an OoC if Ri > UCL. where
i = 1, 2, 3, . . . ..

2.2. The Shewhart S chart

The Shewhart S chart (cf. [22]) is used to monitor the
standard deviation (σ ) in the process. Assume that at
disposition there arem preliminary samples each of size
n, and let Si be the standard deviation of the ith sample.
Then the average ofm standard deviation is defined as

S̄ = 1
m

m∑
i=i

Si

The general and 3-sigma UCLs of the Shewhart S chart
is

UCL = S̄ + L
s̄

c4

√
1 − c42, UCL = S̄ + 3

S̄

c4

√
1 − c42

If Si fall outside theUCL, then theprocess is considered
as OoC.

2.3. The EWMA lnS2 control chart

For themonitoring of process variance, [11] applied the
EWMA scheme to the normal approximation of natural

logarithmic
(

S2

σ02

)
where σ0

2 is the IC process variance.

To enhance the efficiency for monitoring the process
variability, they re-adjust the EWMA statistic to 0 if it is
less than 0. The re-adjustment of smaller EWMA statis-
tics to 0 may improve the EWMA statistic inertia prob-
lem and increase its detection ability. They used the
following EWMA statistic

EWMAi = max{(1 − λ)EWMAi−1 + λln(S2i ), ln(σ
2
0 )}

where EWMA0 = ln(σ 2
0 ), λ is the smoothing constant,

σ 2
0 = 1 and S2i is the sample variance. The upper control

limit of the EWMA statistic is

UCL = LσEWMA

where L is the charting constant and

σEWMA =

√√√√√√√
λ

2 − λ

[
2

n − 1
+ 2

(n − 1)2

+ 4

3(n − 1)3
− 16

15(n − 1)5

]

We have OoC signals if EWMAi is greater than UCL.
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2.4. The CUSUM lnS2 control chart

[12] proposed one-sided the CUSUM lnS2 control chart
to monitor process variance. The CUSUM statistic used
in their study is given by

Ci = max{0, lnS2i − k + Ci−1}, i = 1, 2, . . . .

where C0 = u for 0≤ u < h and S2i is the sample vari-
ance. The OoC signal is issued as soon as Ci > h.

2.5. The χ -CUSUM control chart

[23] proposed the CUSUM control chart based on a chi-
square transformation for the monitoring of process

variability. They proved that
(

χ2
n
n

) 1
3
is approximately

normal distribution with mean 1 − 2/(9n) and variance
2/(9n). Furthermore, if the observations are indepen-
dentally and identically distributed N(μ, σ), then

χi =

(
S2i
σ 2
0

) 1
3 −

(
1 − 2

9(n−1)

)
√

2
9(n−1)

,

will an approximately standard normal distribution
when σ = σ0. Based on the said transformation, a
CUSUM statistic by [14] is given as

C+
i = max{0,χi − k + C+

i−1}

where C+
0 = 0 and k is the reference value. The control

limit of this statistic if h.

2.6. The Pσ CUSUM control chart

The inverse normal transformation was applied by [14]
to design a Pσ CUSUM control chart. The following
statistic is used in this study

C+
i = max{0, Vi − k + C+

i−1}

where

Vi = φ−1

{
Fχ2

n−1

(
(n − 1)S2i

σ 2
0

)}
,

φ−1(.) is the inverse cumulative distribution function
(CDF) of the normal distribution, Fχ2

n−1
(.) is the CDF of

chi-square distribution with n − 1 degrees of freedom.

2.7. The CUSUMR control chart

[1] proposed a CUSUM chart, based on the subgroup
range, to monitor the process variability. The plotting
statistic used in this study is Sr = ∑r

i=1 (xi − k). The
quantity k is called the reference value and h is the
control limit for the chart.

2.8. The CUSUM S control chart

[2] proposed a CUSUM S control chart to monitor the
process dispersion. The statistic used in this study is
given as follows:

Ci = max{0, Si − k + Ci−1}, i = 1, 2, . . . .

where Si is the sample standard deviation, C0 = 0 and
k is the reference value. Immediate corrective action is
taken if Ci > h, where h is the decision interval.

3. Performance evaluation

This section gives a brief framework of the measures
used for the evaluation of proposed and other control
charts under discussion. Let X be a random variable
that follows a normal distribution i.e. Xij ∼ N(μ0, (δσ 2

0 )),
i = 1, 2, . . . . . . .. and j = 1, 2, . . . ., n. Here it should be
observed: δ = 1 corresponds to a situation where the
process is in control (IC); δ �= 1 corresponds to an OoC
situation.

From the above notations, we can define the shift
as δ = σ1

σ0
where σ0 and σ1 are IC and OoC standard

deviations, respectively, and n is the sample size.
Using these terms, some performance measures are

discussed hereafter.
Run Length (RL): It is the number of observed

subgroups before a signal is received by the chart.
(1 ≤ RL < ∞). The value of RL is desired to be large
under IC situation. On the contrary, when the process
is OoC, we want the value of RL to be small.

Average run length (ARL): A very well-known mea-
sure to determine the effectiveness of a chart is named
ARL. It is the average number of observed subgroups
before a signal is received by the chart. In addition, ARL
is classified into two types, the IC ARL that is denoted
by ARL0 and the OoC ARL that is denoted by ARL1. ARL0
of a chart requires to bemaximized because it indicates
the average number of subgroups until a false alarm is
received. On the contrary ARL1 needs to be minimized
as it tells us about how quickly a chart detects the OoC
situation.

Standard deviation run length (SDRL): The con-
sistency of RL is studied by SDRL. Mathematically,
RL =

√
E(RL2) − (ARL)2.

Extra quadratic loss (EQL): It is the weighted aver-
age ARL of a chart in a given interval of shifts from δmin

to δmax (see [24] for more details). Mathematically , EQL
is defined as

EQL = 1
δmax − δmin

∫ δmax

δmin

δ2ARL(δ)dδ.

Sequential extra quadratic loss (SEQL): SEQL relates
to a certain shift (say δi) of the EQL, mathematically
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described as

SEQLi = 1
δi − δmin

∫ δi

δmin

δ2ARL(δ)dδ,

where i = 2, 3, . . . . . . ., δmax (cf. [25]).
Relative average run length (RARL): It is the

weighted average ARL of a chart relative to the bench-
mark chart in a given interval of shifts from δmin to δmax.
It measures the efficiency of a chart in terms of its ARL
benchmark for each value of shift (cf. [24]). Mathemati-
cally, RARL is defined as

RARL = 1
δmax − δmin

∫ δmax

δmin

ARL(δ)

ARLbenchmark(δ)
dδ,

where ARL(δ) is the ARL of the chart under study and
ARLbenchmark(δ) is theARLof benchmark chart for a given
value of δ. A chart having a minimum EQL is generally
set to be the benchmark. This implies that RARL value
for the benchmark chart will always be 1 and RARL will
be greater than 1 for other charts under study.

Sequential relative average run length (SRARL):
SRARL is the RARL of chart up to a certain value of δ (say
δi), mathematically described as

RARL = 1
δi − δmin

∫ δi

δmin

ARL(δ)

ARLbenchmark(δ)
dδ,

where i = 2, 3, . . . . . . ., δmax (cf. [25]).

4. The design structure of the one-sided
S2 − Assortedk,λ chart

The design structure of the one-sided S2 − Assortedk,λ
chart is discussed in this section to monitor process
variations where the goal is to target a range of shifts
(that includes small, medium and large). The proposed
S2 − Assortedk,λ is designed for upward detection in the
process variability.

The sample variance is defined as

S2i =
∑n

i=1 (Xi − X̄i)
2

n − 1
,

We define the following statistic that may be used for
the monitoring of process variance

Vi = φ−1

{
Fχ2

n−1

(
(n − 1)S2i

σ 2
0

)}
∼ N(0, 1)

For large shifts in the process dispersion, we define a
Shewhart’s-type statistic U1i as

U1i = Vi
Cs

(1)

where cs is the control limit coefficient for the Shewhart
control chart.

For moderate shifts in the process dispersion, we
define a CUSUM type statistic U2i as

U+
2i = CUSUM+

i /hc (2)

where CUSUM+
i = max[0, Vi − k + CUSUM+

i−1] is the
CUSUM statistic and hc is its control limit.

Similarly, for small shifts in theprocess dispersion,we
define a EWMA-type statistic U3i as

U3i = EWMAi

Le
√

λ
2−λ

[1 − (1 − λ)2i]
(3)

where EWMAi = λVi + (1 − λ)EWMAi−1 is the EWMA
statistic and Le is its control limit. The value sensitivity
parameter λ lies between 0 and 1.

Finally, using the max approach, we define the plot-
ting statistic of the proposed chart as

Ui = max(U1i, U
+
2i ,U3i) (4)

Ui in Equation (4) will always have a positive value.
Accordingly, the control limit is set as

UCL = 1. (5)

For any subgroup if Ui exceeds 1, it implies an OoC
signal from the proposed assorted chart.

Justification forUCL = 1: The justification for selec-
ting 1 as UCL is outlined below:

Ui = max(U1i, U
+
2i ,U3i) (cf. Equation (4)), so Ui > 1

indicates the following:

(i) either U1i > 1 (cf. Equation (1)) ⇒ the Shewhart
statistic Vi has exceeded its control limits that are
denoted by cs;

(ii) and/or U+
2i > 1 (cf. Equation (2)) ⇒ the CUSUM

statistic CUSUMi has exceeded its control limits that
are denoted by hc;

(iii) and/or U3i > 1 (cf. Equation (3)),⇒ the EWMA
statistic EWMAi has exceeded its control limits that
are denoted by Le;

The design parameters S2 − Assorted are k and λ i.e.
these two quantities identify how sensitive the pro-
posed chart is for a different amount of shifts. The
amount of shift and the corresponding optimal design
parameters are portrayed in Table 1.

Table 1. Ranges of sensitivity parameters for different cate-
gories of shift for the S2 − Assorted chart.

Category of shift

Sensitivity parameter Small Medium Large

� 0.05 to 0.15 0.16 to 0.25 0.4 to 1
k 0.1 to 0.25 0.26 to 0.5 More than 0.5



JOURNAL OF TAIBAH UNIVERSITY FOR SCIENCE 69

After choosing the design parameters, the next task
is to set the three limit coefficients (hc, Le, and cs) so
that the overall ARL of the chart is fixed at the desired
level. For the said purpose we have implemented the
following criteria:

Objective: The objective is to minimize EQL.
Constraints: The constraints are overall ARL0 is fixed

at the desired level and ARLs of three individual charts
(i.e. Shewhart, CUSUM and EWMA) are equal. Mathe-
matically, ARL0 = such that ARLShewhart = ARLEWMA =
ARLCUSUM.

For an IC situation, we need to adjust the limits coef-
ficients (hc, Le and cs)of S2 − Assortedk,λ chart under the
said criteria to fix ARL0 at 200. For the said purpose, we
have chosen 15 combinations of the design parame-
ters k and λ covering a wide range of shifts. For a fixed
ARL0 = 200 the three limit coefficients are selected in
such a way that equal contribution is coming from all
the three charts i.e. the individual ARL0 values for three
charts are exactly the same. Fifteen combinations of
the design parameters and the corresponding control
limit coefficients are given in Table 2, where the optimal
choice of parameters is indicatedbybold values and the
overall ARL0 is fixed at 200.

Special Cases: Following charts are a special case of
the proposed S2 − Assortedk,λ:

• Shewhart’s (S2) chart, when hc and Le approach ∞;
• CUSUM (S2) chart, when cs and Le approach ∞;
• EWMA (S2) chart, when cs and hc approach ∞.
• Combined Shewhart’s CUSUM (S2) chart, when Le

approaches ∞.
• Combined Shewhart’s EWMA (S2) chart,when hc appr-

oaches ∞.

It is to be mentioned that the current study is
designed under normality; however, one may extend it
for other distributional environments, such as Weibull,
Burr, Power, etc. (cf. [26,27] and [28])

Table 2. Charting constant at ARL0 = 200.

ARL0 = 200

Case k λ hc Le cs

1 0.1 0.25 11.3000 2.7000 2.8230
2 0.40 11.3000 2.7900 2.8300
3 0.55 11.3000 2.8000 2.8300

4 0.25 0.25 6.9500 2.7000 2.8300
5 0.40 6.9500 2.7900 2.8300
6 0.55 6.9500 2.8020 2.8300

7 0.5 0.05 4.2490 2.2150 2.8350
8 0.4 4.2470 2.7900 2.8300
9 0.55 4.2100 2.7950 2.8200

10 1 0.05 2.2298 2.2100 2.8295
11 0.15 2.2260 2.5700 2.8100
12 0.55 2.2160 2.7400 2.7600

13 1.5 0.05 1.3700 2.3500 2.7000
14 0.15 1.3900 2.5400 2.8000
15 0.25 1.3900 2.6000 2.8100

5. Performance evaluations

This section discusses the efficiency assessments and
comparisons of the S2 − Assortedk,λ chart and some
existing charts. The existing charts comprise Shewhart R,
Shewhart S,EWMA lnS2,CUSUM lnS2,CUSUMR,χCUSUM,
Pσ CUSUM, and CUSUM S charts. A number of per-
formance measures including ARL, EQL, SEQL, RARL, and
SRARL have been used. To evaluate these measures, we
addressed severalOoC situations in anattempt toevalu-
ate thesemeasures by considering variable shifts (small,
moderate and large) ranging from 1 to 3.

The algorithm for the computation of these mea-
sures is given as follows:

(i) A random sample of size n is generated from
a normal distribution with mean μ and variance
σ 2;

(ii) set the control limit coefficients using implementa-
tion criteria given in Section 4;

(iii) calculate the plotting statisticUi using Equation (4);
(iv) based on the choices of λ and k, execute RL oper-

ational measure using steps (i)–(iii), (cf. Tables 1
and 2);

(v) calculate the ARL and SDRL by repeating step (vi)
and generating a distribution of RLs;

Furthermore, [25] discussed theprocedure to calculate
SEQL and SRARL.

5.1. Performance evaluation of the proposed
S2 − Assortedk,λ chart

This section provides the assessment of the proposed
S2 − Assortedk,λ chart in terms of measures like ARL and
EQL.Many (k, λ)pairs are studied at different levels of δ1.
The results are given in Table 3 at ARL0 =200. We have
presented the ARL graphs in Figure 1 and Table 3. The
findings support the following:

• The case 10 is the optimal choice because it has a
minimum ARL1 for varying shifts (cf. Figure 1(d)) and
EQL = 20.18 (cf. Table 3). The charting constants of
this case are (hc = 2.2298, Le = 2.2100, cs = 2.8295)
with sensitivity parameters k = 1.00 and λ = 0.05 at
ARL0 = 200.

• Four different types of charts are portrayed in
Figure 1: Figure 1(a) shows a contrast of ARL values at
ARL0 = 200 with λ=0.40 and varying k (k = 0.1, k =
0.25 and k = 0.5) for shift (δ) ranges from 1.05 to
1.5. Figure 1(b) shows a contrast of ARL values at
ARL0 = 200with the fixed value k=1.00 and varying
λ(λ = 0.05, λ = 0.15 andλ = 0.55) for shift (δ) ranges
from 1.05 to 1.5. Different k and λ are used for vari-
ous amounts of shifts andvice versa (cf. Figure 1(c,d)).
The results depicted that the S2 − Assorted1.00,0.05
has a minimum ARL1.
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Table 3. ARL and EQL of the S2 − Assorted chart for Case 1 to Case 15.

Shift 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1.01 154.87 158.59 158.34 163.28 161.69 163.52 159.05 177.45 170.15 154.82 163.32 176.85 160.78 171.29 168.52
1.02 126.47 129.92 129.80 133.59 132.53 135.68 128.38 148.82 144.22 125.48 136.22 153.76 134.06 140.80 143.79
1.03 102.98 106.54 107.77 111.60 110.63 114.43 106.60 123.77 122.23 101.06 113.73 134.89 110.78 117.45 119.06
1.04 88.86 89.94 93.05 95.42 93.76 95.72 89.05 109.53 103.41 87.49 97.20 114.46 92.76 101.07 104.67
1.05 74.01 77.01 77.13 79.35 81.89 80.29 74.06 91.45 90.83 74.01 81.80 98.48 76.28 84.04 87.44
1.10 39.77 40.54 40.74 40.63 41.21 41.24 38.32 47.76 47.02 37.88 41.96 52.81 38.18 41.59 45.39
1.15 25.22 25.88 26.58 24.65 24.72 25.44 23.80 27.75 27.45 23.15 25.32 32.01 23.90 25.16 26.92
1.20 17.59 18.36 19.01 17.06 17.49 17.66 16.61 18.31 18.09 16.27 17.33 21.38 16.70 16.92 17.80
1.25 13.25 13.74 14.22 12.70 12.93 13.06 12.49 13.24 13.44 12.04 12.39 14.82 12.55 12.25 12.88
1.30 10.36 10.76 11.34 9.85 10.21 10.38 9.99 10.08 10.27 9.24 9.54 11.03 10.04 9.77 10.07
1.35 8.31 8.72 9.30 8.14 8.22 8.51 8.21 8.15 8.03 7.75 7.82 8.68 8.35 7.83 8.03
1.40 6.93 7.28 7.67 6.81 6.82 7.08 6.98 6.69 6.72 6.38 6.55 6.99 7.04 6.59 6.58
1.45 5.88 6.18 6.42 5.80 5.89 6.06 5.94 5.79 5.83 5.35 5.67 5.80 6.06 5.66 5.59
1.50 5.13 5.30 5.49 5.10 5.13 5.27 5.26 5.02 4.94 4.80 4.94 5.09 5.34 4.98 4.89
1.55 4.51 4.69 4.79 4.49 4.50 4.65 4.63 4.43 4.42 4.25 4.36 4.42 4.67 4.36 4.32
1.60 4.01 4.08 4.21 4.06 4.05 4.13 4.17 3.97 3.96 3.85 3.92 3.96 4.22 4.01 3.88
1.65 3.69 3.69 3.84 3.63 3.66 3.72 3.81 3.62 3.53 3.44 3.56 3.52 3.76 3.61 3.53
1.70 3.36 3.36 3.43 3.35 3.31 3.36 3.49 3.31 3.26 3.11 3.24 3.20 3.44 3.31 3.22
1.75 3.06 3.10 3.15 3.08 3.04 3.08 3.17 3.00 3.00 2.90 2.97 2.94 3.14 3.05 2.97
1.80 2.87 2.87 2.88 2.88 2.80 2.87 2.96 2.84 2.79 2.64 2.73 2.73 2.98 2.81 2.79
1.85 2.69 2.68 2.63 2.67 2.62 2.65 2.78 2.64 2.61 2.53 2.58 2.54 2.73 2.61 2.57
1.90 2.50 2.45 2.56 2.52 2.50 2.50 2.58 2.46 2.46 2.32 2.41 2.37 2.54 2.48 2.44
1.95 2.40 2.34 2.37 2.38 2.33 2.34 2.47 2.33 2.29 2.22 2.32 2.24 2.40 2.32 2.28
2.00 2.24 2.22 2.27 2.23 2.18 2.21 2.31 2.19 2.21 2.10 2.19 2.12 2.26 2.20 2.17
EQL 21.27 21.83 22.30 21.57 21.71 22.00 21.17 23.19 22.90 20.18 21.58 24.64 21.42 21.85 22.44

Figure 1. ARL comparison of the S2 − Assorted k,λ chart for: (a) varying values of k and fixed λ at ARL0 = 200; (b) varying values
of λ and fixed k at ARL0 = 200; (c) varying values of λ and k at ARL0 = 200; (d) varying values of k and λ at ARL0 = 200.
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Figure 2. Run length curves of the S2 − Assorted k,λ chart for: (a) varying values of δ for Case 10.

• To get further insight, Figure 2 presents run-length
curves for Case 10 (optimal choice) at different levels
of shift (δ). Figure 2 shows that for the proposed S2 −
Assorted chart, the probability for shorter run lengths
increases as the shift level gets higher. This helps in
quicker detection with an increase in the magnitude
of shifts.

• The sensitivity of the proposed S2 − Assortedk,λ chart
improves with a reduction in λ at a particular selec-
tion of k and it is valid for all k attributes.

• The sensitivity of the proposed S2 − Assortedk,λ chart
improves with a reduction in k at a particular selec-
tion of λ and it is valid for all values of λ (cf. Table 3).

5.2. Comparative analysis

The efficiency assessments and contrasts of the S2 −
Assortedk,λ with contending charts including
Shewhart R, Shewhart S, EWMA lnS2, CUSUM lnS2,
CUSUM R, χ CUSUM, Pσ CUSUM, and CUSUM S are dis-
cussed in this section. The comparative assessment is
based on two techniques: firstly, based on individual
measures (such asARL); secondly, based onoverallmea-
sures (such as SEQL, EQL, RARL and SRARL). In addition
to assessing thesemeasures, we have discussed distinct
OoC scenarios by considering the different amounts of
shift (δ) (cf. Table 4)

• The S2 − Assorted1.00,0.05 chart has minimum EQL
value (i.e. 25.56), so it is considered as a benchmark
chart. The EQL′s of other competing charts includ-
ing Shewhart R, Shewhart S, EWMA lnS2, CUSUM lnS2,
CUSUM R, CUSUM S, χCUSUM and the Pσ CUSUM

Table 4. Performance comparison based onARL, EQL andRARL
of the S2 − Assorted and other competing charts.

δ1

Chart 1.10 1.20 1.30 1.40 1.50 2.00

S2 − Assorted ARL 37.87 16.27 9.74 6.89 5.09 2.21
SEQL 122.91 78.77 59.16 48.11 40.99 25.56
SRARL 1 1 1 1 1 1

Shewhart-R ARL 68.75 30.72 16.55 10.20 6.96 2.40
SEQL 141.68 102.69 80.50 66.37 56.66 34.65
SRARL 1.40 1.63 1.68 1.66 1.61 1.42

Shewhart-S ARL 65.10 28.30 15.10 9.20 6.30 2.40
SEQL 139.43 99.59 77.44 63.52 54.04 32.96
SRARL 1.36 1.54 1.57 1.54 1.49 1.32

EWMA lnS2 ARL 43.00 18.10 11.00 7.60 6.00 3.20
SEQL 126.01 82.53 62.46 51.03 43.66 28.40
SRARL 1.06 1.09 1.10 1.11 1.11 1.21

CUSUM lnS2 ARL 42.94 18.07 10.75 7.63 5.98 3.18
SEQL 125.94 82.46 62.34 50.89 43.55 28.32
SRARL 1.07 1.09 1.09 1.10 1.11 1.21

CUSUM R ARL 40.40 17.60 10.82 7.81 6.13 3.13
SEQL 125.34 81.22 61.42 50.27 43.12 28.14
SRARL 1.03 1.05 1.06 1.08 1.09 1.20

CUSUM S ARL 38.80 16.85 10.36 7.50 5.85 3.01
SEQL 123.77 79.69 60.08 49.09 42.06 27.33
SRARL 1.01 1.02 1.03 1.04 1.05 1.16

χ CUSUM ARL 41.04 17.17 10.23 7.26 5.66 2.90
SEQL 125.17 81.18 61.12 49.78 42.52 27.34
SRARL 1.04 1.06 1.05 1.05 1.06 1.13

Pσ CUSUM ARL 41.04 17.15 10.21 7.24 5.65 2.98
SEQL 125.37 81.27 61.17 49.81 42.54 27.42
SRARL 1.04 1.06 1.05 1.05 1.06 1.14

charts are 34.65, 32.96, 28.40, 28.32, 28.14, 27.33,
27.34 and 27.42, respectively (cf. Table 4).

• Because the S2 − Assorted1.00,0.05 is conceived as a
benchmark chart, so its RARL is equal to 1. All con-
tending charts have RARLs (1.42, 1.32, 1.21, 1.21, 1.20,
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1.16, 1.13 and 1.14) (cf. Table 4) greater than 1, which
shows the superiority of the proposed charts.

• As we have seen that the proposed S2 −
Assorted1.00,0.05 chart has lowest EQL(25.56). To
check the sensitivity of the S2 − Assorted1.00,0.05
chart and competing charts such as Shewhart R,
Shewhart S, theEWMA lnS2, theCUSUM lnS2, the
CUSUM R, the CUSUM S, theχCUSUM and the Pσ

CUSUM on each amount of shift, we should deter-
mine Sequential Extra Quadratic Loss (SEQL). The
SEQL′s demonstrates that the efficiency of the pro-
posed S2 − Assorted1.00,0.05 chart is superior to others
competing for charts for a varying amount of shifts
(cf. Table 4). For example, at δ = 1.30 the SEQL val-
ues of the S2 − Assorted1,0.05, Shewhart R, Shewhart S,
the EWMA lnS2, the CUSUM lnS2, the CUSUM R, the
CUSUM S, theχCUSUM and thePσ CUSUM are 9.74,
16.55, 15.10, 11.00, 10.75, 10.82, 10.36, 10.23 and
10.21, respectively. The results advocate that the
detection ability of the S2 − Assorted1.00,0.05 chart
based on ARL, SEQL, EQL, SRARL and RARL is supe-
rior to all aforementioned charts discussed in this
research.

6. An application

This section gives a real-life implementation of the pro-
posed chart where the manufacturing of semiconduc-
tors is going on. An outline of the process related to
photolithography is given and finally the application
of proposed assorted and some classical methods is
explained.

6.1. Hard-Bake process

The hard-bake is a well-known procedure used to sta-
bilize the printed topographies for providing optimum
performance at etches for the photoresist pattern. The
temperature of hard-bake differs but always remains
less than 200 C0 depending on the resistance. The
removal of the solvent is ensured by the final bake step.
This improves the bonding in wet plating processes so
that the resistance is increased against plasma etches.
The objective is to minimize the delay between hard-
bake and plating so that the rehydration of the sub-
strate can be prevented. A repetition of the hard-bake
process before etch is optional if the delay after bake is
more than 1 h. Sometimes in manufacturing processes,
thehard-bake substrates are stored in adryboxbecause
letting the material move from hard-bake to etch is less
practical (cf. [29]).

An image of a spin coating photoresist process is
shown in Figure 3, where five quality characteristics of
interest namely resist dispenser, photoresist, resist flies,
wafer (width flow measurements) and vacuum chuck is
labelled (cf. [30]).

Figure 3. A pictorial display of a spin coating photoresist.

6.2. An application of quality control

In this section,weuse adataset extracted fromsemicon-
ductor manufacturing of a hard-bake process to moni-
tor flow width measurements of wafers. In an applica-
tion, it was observed that the flow width measurement
of wafers is the main variable of interest in this study
(cf. [22], as shown in Figure 3. The dataset consists of 25
samples of size 5 each. The application of the proposed
chart on the said dataset is outlined in the following
steps:

First, we constructed the following control charts
of hard-bake measurements process data with their
respective settings (such that ARL0 = 200) as listed
below:

Theproposed S2 − Assorted1.00,0.05 chartwith chart-
ing constant (hc = 2.2298, Le = 2.2100 and cs =
2.8295) and UCL = 1;
The S2 Shewhart chart with control limit coef-
ficient (K = 3.84) and upper control limits (UCL
= 0.07277);
The S2 CUSUM chart with k = 1.0, control limit coef-
ficient (h = 1.88) and (UCL = 1.88);
The S2 EWMA chart with λ = 0.05 and L = 1.81 and
UCL = 0.2898.

Figure 4 portrays the graphical display of the charts
under discussion on hard-bake measurements data.
None of the charts shows any false alarms for the first
25 in-control samples.

6.3. Application through data perturbation

To address various possible factors of OoC situations,
we manipulated the dataset by data perturbation (cf.
[31] and [32]). We used a range of distortions (1.1σ , 1.5σ
and 2σ ) to perturb the data and applied the proposed
S2 − Assorted1.00,0.05 and S2 Shewhart, S2 CUSUM charts
and S2 EWMA charts. Figures 5–7 and Table 5 demon-
strate the graphic and tabular depiction and detection
abilities of the resulting charts.
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Figure 4. Graphical representation of the S2Assorted, S2 Shewhart, S2 CUSUM and S2 EWMA charts.

Figure 5. Graphical comparison at shift = 1.1σ .

The results of our finding are outlined as follows:

• The S2 − Assorted1.00,0.05 chart detected a single
OoC signal for (1.1σ) shift at sample number 45
(cf. Figure 5).

• The S2 Shewhart and S2 CUSUM charts did not detect
any OoC signal for (1.1σ) shift (cf. Figure 5).

• The S2 EWMA chart captured 5 OoC signals
for (1.1σ) shift at sample numbers 40–46
(cf. Figure 5).

• The S2 − Assorted1.00,0.05 chart detected 19 OoC
points for (1.5σ) shift at sample numbers 31–50
(cf. Figure 6).

• The S2 Shewhart chart detected two OoC signal for
(1.5σ) shift at sample number 41 and45 (cf. Figure 6).

• The S2 CUSUM chart detected 17 OoC points for
(1.5σ) shift at sample numbers 37, 39 and 41–50
(cf. Figure 6).

• The S2 EWMA chart captured 19OoCpoints for (1.5σ)

shift at sample numbers 31–50 (cf. Figure 6).
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Figure 6. Graphical comparison at shift = 1.5σ .

Figure 7. Graphical comparison at shift = 2σ .

Table 5. Detection summary through data perturbation.

Control chart OOC detection No. of signals False alarms Shift

S2 Assorted 1 1 0 1.1σ
S2 Shewhart 0 0 0 1.1σ
S2 CUSUM 0 0 0 1.1σ
S2 EWMA 5 6 0 1.1σ
S2 Assorted 19 19 0 1.5σ
S2 Shewhart 2 2 0 1.5σ
S2 CUSUM 17 17 0 1.5σ
S2 EWMA 19 19 0 1.5σ
S2 Assorted 24 24 0 2σ
S2 Shewhart 13 13 0 2σ
S2 CUSUM 25 25 0 2σ
S2 EWMA 22 22 0 2σ

• The S2 − Assorted1.00,0.05 chart detected 24 OoC
points for (2σ) shift (cf. Figure 7).

• The S2 Shewhart chart detected 13 OoC signal for
(2σ) shift (cf. Figure 7).

• The S2 CUSUM chart efficiently detected 25 OoC
points for (2σ) shift (cf. Figure 7).

• The S2 EWMA chart detected 22 OoC points for (2σ)

shift (cf. Figure 7).

The above analyses indicate that the proposed chart
is very effective in detecting a range of shifts in the
process dispersion.
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Thepossible explanation for theseOoC signalsmight
be the inclusion of special cause(s) in the hard-bake
process such as substrate preparation, photoresist coat-
ing, edge bead removal, exposure, post exposure bake,
developing the image and hard bake. These special
cause variations can be possibly the result of external
variables including temperature, gas flow and chemical
composition. Fixing the issues with these variables in a
timely manner is very important because it may dam-
age the whole process and as a result waste of time and
cost etc.

7. Summary and conclusions

Control charts have a central position among all the
tools included in the SPC tool kit. These charts are clas-
sified based on the size of the shift they target.The
Shewhart R and the Shewhart S are the fundamen-
tal control charts for detecting large shifts, while the
CUSUM lnS2 and the EWMA lnS2 charts are used for
moderate and smaller shift in variation. In this study,
we proposed an assorted (S2 − Assortedk,λ) charting
mechanism to detect smaller to larger shifts in process
variability as a single chart. The efficiency of the S2 −
Assortedk,λ chart is assessed by using the well-known
measures such as ARL, EQL, SEQL, and RARL and com-
pared with Shewhart R, Shewhart S, EWMA lnS2, CUSUM
lnS2, CUSUM R, χCUSUM, Pσ CUSUM and CUSUM S
charts.

A thorough result assessment advocated that the
S2 − Assortedk,λ chart is effective for all kinds of shifts.
The performance of the S2 − Assortedk,λ control chart
at k = 1.0 and λ = 0.05 is best in terms of different
run lengthproperties. Because, the S2 − Assorted1.00,0.05
chart has lowest EQL, it is therefore considered a
benchmark chart. The RARL of contending charts are
more than 1 which indicates that the performance
of the S2 − Assorted1.00,0.05 chart is best among the
Shewhart R, Shewhart S, EWMA lnS2, CUSUM lnS2,
CUSUM R, χCUSUM, Pσ CUSUM and CUSUM S charts.
Furthermore, SEQL is calculated to investigate the per-
formance of the aforementioned charts at different
amounts of shifts and it also supports the proposed
chart. The scope of the current study may be extended
in other directions as well such as profiles monitor-
ing, non-parametric design structures and multivariate
control charts.
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