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Abstract
A coproduct structure on symplectic cohomology

Lea Kenigsberg

Symplectic cohomology is an algebraic invariant which encodes dynamical information of
Liouville manifolds; that is, open symplectic manifolds satisfying certain convexity conditions at
infinity. In this work we define and investigate a new algebraic structure on symplectic
cohomology, the coproduct. To exhibit the non triviality of this structure we study it in the case of
complements of smooth divisors. Under certain technical conditions, the symplectic cohomology
of such manifolds is particularly amenable to computations via a Morse-Bott model. We define
the Morse-Bott coproduct and use it to illustrate that the coproduct structure on the symplectic

cohomology of the cotangent bundle of a 3 sphere is not trivial.
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Chapter 1: Introduction

1.1 Background

Liouville manifolds, W, are a class of open symplectic manifolds which at infinity look like the
cylinder Y x [0, c0) for some contact manifold Y. Examples of such symplectic manifolds include
cotangent bundles of smooth manifolds and affine varieties.

Symplectic cohomology is the Floer theory associated to a system of Hamiltonians

H :S'xW >R

which are linear of slope 7 in the cylindrical end. The dynamics of such Hamiltonians are related
to the periodic orbits of the Reeb flow on Y, and symplectic cohomology is one way in which they
can be studied.

The symplectic cochain complex SC*(W, H™) is generated by periodic orbits of the Hamilto-
nian vector field Xy-, and the differential counts perturbed J holomorphic cylinders interpolating
between the orbits. Using continuation maps, also defined using perturbed J holomorphic cylin-
ders, one can define

SH*(W) = lim SH*(W, H").

.
Symplectic cohomology admits a rich structure, including a Batalin Vilkovisky (BV) operation
and a product structure. Morally speaking, the BV operation rotates the periodic orbits, and the

product structure counts perturbed J holomorphic maps from the upside down pair of pants surface.



1.2 A survey of coproducts and motivation

By considering the Riemann surface, X, with 2 negative punctures and one positive puncture,

one can define a coproduct structure:
V:SH*(W) —> SH*(W)® SH* (W)
by counting maps u : ¥ — W satisfying:
(du — Xu, ® B)OD = 0.

Here H, is a family of Hamiltonians parameterized by X, and S is a 1-form satisfying certain
conditions which ensure that the solutions do not escape to infinity. As was pointed out by Seidel
in [2], see also [3], this coproduct structure is highly degenerate. In particular, it vanishes in all
degrees n # 0. It is not completely trivial in general, however. For cotangent bundles 7*M, it is

proved in [3] that the coproduct satisfies

Here y (M) is the Euler characteristic of M, [1] is the unit of SH*(T*M), and [ag] can be thought
of as a generator of H" (M) via the inclusion H*(M) — SH*(T*M).

One can define a secondary operation parameterized by £ x [ as is done in [4] for cotangent
bundles and more generally in [5, 6], see Figure 1.1. This operation interpolates between two
degenerate operations, each of which maps one of the outputs to a constant orbit. This operation
is not defined on SH* (W), however, since the non trivial boundary terms prevent it from being a
chain map. Let SH' (W) be defined as the quotient of SH*(W) by the subcomplex generated by
constant orbits. Then a non trivial coproduct operation, V', only exists on the high energy part

SH*(W).



Figure 1.1: A 1 parameter family of coproduct operations.

Given the product, *, and the coproduct, V', one would like to investigate identities such as
VI(A*B) Z V' (A)«B+A+V"B.
Note however, that the product structure on SH*(W) does not descend to a product on SH* (W),

and hence the interplay between the product and coproduct can not be studied.

Remark 1. For a spinned manifold M, Viterbo’s isomorphism [/] identifies the symplectic coho-
mology of the cotangent bundle, SH*(T*M), with the homology of the free loop space, H.(LM).
H.(LM) admits a rich structure obtained by the concatenation, cutting, and rotation of loops.
Under Viterbo’s isomorphism, the pair-of-pants product on symplectic homology is identified with
the Chas-Sullivan [8] string topology product, and the coproduct V™ can be identified with the
Goresky-Hingston [9] coproduct on the relative homology H.(LM /M).

For loop spaces, the natural evaluation LM — M gives a splitting
H.(LM)=H.,(LM/M)®H.(M)
which allows for an extension of the coproduct to an operation
H.(LM) - H.(LM)® H.(LM)

as is done in [10]. Among other applications, such an extension allows one to study the interplay



between the product and the coproduct.

No such splitting exists on the symplectic cohomology of Liouville domains however, which
inspired a search for a Floer theory associated to Liouville domains which admits both a product
and a coproduct structure. One solution was offered in [ ]], where it is shown that for a class
of Weinstein Domains, the coproduct and product both extend to a reduced version of symplectic

cohomology.

1.3 Results

The first goal of this paper is to define a new coproduct on SH*(W) by implementing the
following idea: the BV operator is trivial on constant orbits. Therefore, by "gluing" this operator
to the negative ends of the secondary coproduct constructed in [12], we rid of the boundary terms

and consequently obtain an operation parameterized by S°:

Theorem. Let W be a Liouville domain. There exists a graded commutative coproduct structure
of degree 2n — 3:
A:SH*(W) —» SH*(W)® SH* (W)

The second goal of this paper is to compute this structure in an example and illustrate that
it is not trivial. Symplectic cohomology is notoriously difficult to compute. In [13], Diogo and
Lisi use a split Morse-Bott construction to compute the symplectic cohomology of complements
of smooth divisors satisfying monotonicity conditions. Such manifolds, W, can be written as
X\D for a closed symplectic manifold (X, Q) and a smooth symplectic submanifold D Poincaré
dual to a positive multiple of Q. In these settings the curves defining operations on symplectic
cohomology can be related to Gromov-Witten invariants of D and Gromov-Witten invariants in X
relative to D, which are easier to compute. The comparison of the split Morse-Bott model with the
standard definition of symplectic cohomology goes through an intermediate construction, denoted
the Morse-Bott symplectic cohomology.

We define the Morse-Bott coproduct and the Morse-Bott split coproduct, see Figures 5.2 and



6.2. We prove that under monotonicity conditions the Morse-Bott split coproduct moduli spaces

consist of the simplest configurations:

Theorem. Assume that (X,Qy) is spherically monotone with monotonicity constant Tx and as-
sume that D < X is Poincaré dual to KQx with tx > K > 0. Then the moduli spaces of
split Morse-Bott cascades contributing to the coproduct consist of Morse flowlines in the contact

boundary Y as well as pair of pants in the symplectization Y x [0, o).
We use this model to show that the coproduct does not vanish for an element of 7*S>:

Theorem. Let U be a generator of SH*(T*S?), and 1 € SH(T*S?) denote the unit of the ring.
Then

AU) =1®1.

Aside from proving that A gives a non-trivial operation, this computation demonstrates that A
detects the constant orbits. Indeed, note that the unit of SH°(T*S?) can be thought of as a generator

of H%(S%) via the inclusion of constant orbits H* (M) — SH*(T*M).



Chapter 2: Symplectic cohomology of Liouville manifolds

2.1 Settings

In this section we review the definition of symplectic cohomology. For an informal exposition

see [2]. For more detailed expositions, see [ 14, 3]. Our object of study will be Liouville domains:

Definition 2 (Liouville domains). A Liouville domain, (W, 5V_V), is a compact manifold with bound-
ary together with a one form « such that da is a symplectic form on W, and such that the Liouville

vector field, Z, defined by da(Z,) = a is transverse and points outwards along ow.

This implies that the form «|,; is a contact form on OW with Reeb vector field R, defined
uniquely by a(R,) = 1 and ker da|;;; = R,. Let ¢ be the flow of Z. We parameterize a neighbor-
hood of OW in W by:

G:0W x [-6,0] > W, (t,w)— ¢'(w)

The completion of W, denoted W, is obtained by attaching a cylindrical end: W = 0W x R* ug W

with symplectic form:

da on W
Q =
d(e'a) on oW xRt

with ¢ being the R coordinate. We set r = e’. Let

S(a) = {T € R|3 a closed periodic orbit of period T of R, }.



We assume that the closed Reeb orbits are transversally non-degenerate. This means that:

det(I— dgy|, £(y(0))) # 0

for all Reeb orbits x;. Here & denotes the contact distribution. We now define the class of Hamilto-

nians that appear in the definition of symplectic cohomology:

Definition 3 (admissible Hamiltonians). Let H denote the class of Hamiltonians H : S' x W — R

satisfying:
* H|y is a fixed C? small Morse function.

e on oW xRY, H = h(t,r) depends only on the cylindrical variable r and the S' coordinate

t. In addition, o,(h (t,r)) > 0.
s forr =1, H=1r,7¢8S(a)andt > 0.

* the I- periodic orbits of H are non-degenerate.

We will sometimes write H, to to indicate the time dependence of H. We denote the slope
of H by 1y, and sometimes use the notation H” to indicate the slope. There is a partial order on
admissible Hamiltonians where H < K if the slope of K is greater or equal to the slope of H.

For H € H let P(H) denote the set of 1 periodic orbits of the Hamiltonian vector field Xp,
defined by

du, = Q(—, Xn,).

t

To such orbits one can assign a cohomological Conley-Zehnder index, defined in §2.3 and denoted

by deg(x).

The action of a 1 periodic orbit x € P (H) is defined by:

Ap(x) = Ll —x*a + H(t,x(t))dt.



Let (W) denote the space of time dependent almost complex structures compatible with Q
and adapted to the contact form « in the cylindrical end. The last conditions means that: J € J (W)

satisfies dr o J = —a, and J is any time dependent da compatible almost complex structure on &.

2.2 Symplectic cohomology

We follow the conventions and notation introduced in [14]. Given an admissible Hamiltonian

H, the Floer co-chain complex associated to H is given in degree i by the formula:

CFF(W:;H,J)= @ ol
XEP deg(x)=i
Here the orientation line oy is a one-dimensional real vector space associated to x, defined as the
determinant line of a certain linearization of Floer’s equation. The definition of oy is recalled in
§2.3 following [14, §1.7]. We let |o,| denote the rank 1 free Abelian group generated by the two
orientations on 0, modulo the relation that the sum of the orientations is zero.

We now recall the definition of the moduli spaces which in dimension O define the differential:

Definition 4. Let M (x_,x1, H,J) denote the moduli space of finite energy maps u : S' x R — W

satisfying the Floer Equation:

(du — Xy, @ dt) V) =0, 2.1)
and such that
li 1) = t).
Mfﬁw"‘(s ) =x4(t)

Here x(t) € P(H).

For generic choice of Hamiltonian H and Almost complex structure J, the moduli space

M(x_,x4+,H,J) is smooth and admits a Gromov Floer compactification [15]. It admits an R ac-

tion by translations, and the quotient is denoted by M(x_,x, H,J) and is of dimension deg(x) —

8



deg(y) — 1. When deg(x) = deg(y) + 1, every solution u € M(x_,x;,H,J) determines an
isomorphism of orientation lines

dy 0y, — 0,

The differential on the cochain complex CF*(W; H, J) is defined by:

d(|oy, |) = D > d, (2.2)

X_—
deg(x 1) =deg(x—)—1 ““ME=+)

Using standard techniques in Floer theory, one can show that d*> = 0 and that HF*(W; H, J)
only depends on the slope of H [15, 3]. To define symplectic cohomology one defines continuation
maps

K:HF*(W;H*,J") > HF*(W;H™,J") (2.3)

as follows: given admissible pairs (H, ,J, ) and (H,",J,"), with H," < H,”, we consider a family

of Hamiltonians parameterized by the cylinder S' x R satisfying:

H' fors>0
Hs,t =

H; fors «0

subject to the condition that ds(H,;) < 0. We also consider a family of almost complex structures

parameterized by S! x R and satisfying:

J fors >0
Js,t =

J; fors <0

Then K (x_,x,, H~, H") is the moduli space of finite energy maps u : S' x R — W satisfying:

55(1/[) + Js,,(ﬁlu — XS,I) =0 (24)



and

I+
—
~
N—

lim u(s,t)
|s|—>00

x
Here x4 (1) € P(HY).

Remark 5. The purpose of the condition 05(Hy;) < 0 is to ensure that the solutions are contained

in a compact subset of W. See Lemma 11 for a more statement.
For generic data K(x_,x;,H ,H +) are smooth and admit a standard Gromov-Floer compact-
ification. The count of rigid elements define maps

K:HF*(H",J") > HF*(H ,J")

which are independent of the choice of homotopy and complex structures. Symplectic cohomology

is defined as the colimit over all linear Hamiltonians:

SH*(W) = lim HF*(W,H").
HeHT™

2.3 Grading conventions

We recall the construction of orientation lines and grading conventions from [ 14, §1.4]. A path
W¥(r) in Sp(2n) starting at the identity is non-degenerate if ¥(1) does not have 1 as an eigenvalue.
After parameterizing if necessary, we can associate to such a path a loop of symmetric matrices
S(t) satisfying:

W(r) = JoS(t)¥(r).

10



Such a loop is non-degenerate if ¥(7) is non-degenerate. We equip C with positive (resp. negative)

cylindrical coordinates:

(—0,0) x S' - C
(s t) N eisiZn’it.

To a non-degenerate loop we associate the space O+ (S) consisting of operators of the form:

Dy : WhP(C,C") — LP(C,C")

where S € C%(C,gl(2n)) satisfies:

S(eST2) = §(1) for s » 0, if Dy € O4(S)
S(e 572" = S(1) for s < 0, if Dy € O_(S)

The spaces O+ (S) consist of Fredholm operators and are contractible. To each operator D, we
assign a line bundle det(Dy) = det(coker” D, ) ® det(kerD, ), and hence get a trivial line bundle
over the spaces O+ (S).

Let # denote the set of 1 periodic orbits of H. We assume ¢{(W) = 0, and hence K =
AZPT*W is trivializable as a complex bundle with complex structure J. We fix one such trivial-
ization. Given x € P, we choose a trivialization £() of x*TW so that the induced trivialization of
x*K agrees with the restriction of the trivialization above.

For every periodic orbit x(¢) of H the Hamiltonian flow () gives a path of symplectic matrices

Dy(t) : Ty0)W — Ty(;)W. Using the trivialization above one gets:

—1
RZn ﬂ Tx(O)W Dy (1) Tx(t)W £(1) RZn

11



and hence a path of symplectic matrices ¥, starting at the identity. The assumption that H was non
degenerate implies that W, does not have 1 as an eigenvalue.
Given x € P, we denote by S, the loop of symmetric matrices associated with x and by Di an

element in O+ (S,). We let 6 = det(D;/—Lx). We define
deg(x) = ind(D, ).

Since the spaces O are contractible, this determinant line is independent of choices. We let oy
(resp. 0]) be the Z graded Abelian group generated by the two orientations of §; (resp. §;) and

relation that their sum vanishes. Note that there is a canonical isomorphism [ 14, Lemma 1.4.8]:

oy ® o) — Z. (2.5)

12



Chapter 3: The Hamiltonian coproduct

In this section we introduce the operation

A: SH*(W) — SH*(W) ® SH*(W),

and prove some of its properties.

3.1 Moduli spaces

We will construct a family of Hamiltonians parameterized by X x S! x S! x I. Here X is the pair
of pants surface with two negative ends and one positive end. We will use ® = (81,6,) € S! x S!
to vary the choice of asymptotic markers at the negative ends; this will induce the "gluing" of
the BV operation. The parameter w € [ is used to vary the slope of the Hamiltonians at the
negative ends. That is, near the boundary of the interval we will choose the data so that the slope
of the Hamiltonian will be very small at one of the negative ends. This will force a solution to be
degenerate in that it will map that end to a constant orbit. In this sense, the parameter w is used
to interpolate between the degenerate operations which map one of the negative ends to a constant
orbit. This construction is based on the construction of interpolating 1—forms in [5].

Let ¥ denote a sphere with one positive puncture and two negative punctures defined as follows:
a cylindrical end at a puncture is a biholomorphic identification of a neighborhood of that puncture

with one of the following:

* Positive interior puncture: Z* = [0, 0) x S! with complex coordinate z = s + it

* Negative interior puncture: Z~ = (—o0,0] x S! with complex coordinate z = s + it

13



v

Figure 3.1: The interpolation function o

Let « : (0,1] — [0, 0) be a stretching profile defined as in [5] and satisfying

lim «(r) = 0.
lim «(r)

We will use « to force the solutions near the boundary of S' x S! x I to degenerate and have outputs

in constant orbits.

Let o¢ : [0, 1] — [0, 1] be a smooth function satisfying:

-

€ forO<s<

ENT

oe(s) =9 s for%ésé

Wi

1 for%ésgl

\

and such that o is strictly increasing on [1, 1] and [, 3], see Figure 3.1. We use o to ensure that

the Hamiltonians near the boundary of S! x S§' x I do not have degenerate orbits.

We parameterize the unit interval with coordinates w = (wy, w;) such that wp + w; = 1, w; €

0,1).

Definition 6 (Coproduct data, see Figure 3.2). To define the coproduct we fix the following Floer

data:

1. An admissible Hamiltonian H?, and admissible Hamiltonians H; ,i € {1,2} satisfying

14



H? < H..
2. € < 1, such that et; is smaller than the period of any Reeb orbit of R,.

3. A family of Hamiltonians H, e, parameterized by ¥ x S' x S' x (0, 1), linear for r > 1,

and satisfying the following conditions:

(a) In a neighborhood of infinity at the positive cylindrical end:

0
Hz,®,w = Hz

(b) In a neighborhood of infinity at the ith negative end, with coordinates

(s,t) € (—0,0] x S :

oc(w))H'  for —R >5> —R — «(w;)
Hz,@,w =

wai fors < —R — k(w;)

4. A family of almost complex structures J, o, € J which only depends on t in a neighborhood

of the positive puncture, and such that in a neighborhood of the ith negative puncture:

JZ,@,&) = Jt+9i,u)

5. A 1 form B on X satisfying d(H; e ,8) < 0, and such that B restricts to dt in the neighbor-

hood of the punctures.

Remark 7. The condition d(H, e ,B) < 0 means that for every w € W and every v € TZ,
d(H,0.,(W)B)(v, jv) < 0. This condition will ensure the compactness of the moduli space. Such
a family and B exist if we assume H? < H; .

Note also that we use cohomological conventions: the surface X receive an input at the positive

end, and emits outputs at the negative punctures.

15



K(w) K(wr)

Figure 3.2: Coproduct data

Definition 8. Given coproduct data as in 6, the moduli space of coproduct curves
Mo w(x05 X1, x2)

consists of finite energy maps

(U, w,0): T > W

satisfying:

(du = Xu,, o, ®B) "D =0

and

sli)rgo u(€o(s +it)) = xo(t)

in the positive puncture, and

lim u(e(s +it)) = x;(t + 6;)

§——00

16
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in the negative punctures. Here x; € P(H").

The moduli spaces Mg, can be expressed as the zero locus of a Fredholm operator surjectivity,
of which is well understood in the current setup and follows from an infinite dimensional Sard-
Smale theorem, and the fact that H; ¢, and J, g, are allowed to depend on all parameters. For

details see [3, §16]:

Lemma 9. For a generic choice of data H, e, and J, ¢ o, and admissible Hamiltonians H',i €

{0, 1,2}, the moduli space Me .,(x0; X1,x2) is smooth of dimension
deg(x1) + deg(x2) — deg(xo) — 2n + 3

3.2 Orientations

Lemma 10. If ue, is a solution of the Floer equation (3.1), then ue , induces an isomorphism
det(Dyg ) ® 0xy = 05, ® 0y,

which is canonical up to multiplication by a positive real number.

Proof. Given a solution ug,, of (3.1), we can choose a trivialization of u

®’wTW so that when

restricting to the neighborhoods of the three punctures we get the fixed trivialization & of x}TW.

With respect to this trivialization, and up to a rotation by 6;, the linearization of (3.1) in the negative

+

cylindrical ends agrees with D Va,

in the complement of a disk.

We will now glue D$x1 and Df;xz to D, 0,,) to obtain an operator in OT(S,). We equip
the plane with positive cylindrical coordinates and choose two negative real numbers S (w) <
—R — «k(w1) — 1 and Sp(w) < —R — k(wy) — 1 . We remove the ends €(S' x (—0,S;)),i = 1,2
from X, and glue the complements to disks in C by identifying S;(w) x S! in the ith negative

end to —S;(w) x S' € C. We do this identification while rotating if necessary, to account for the

parameters (61, 6,).

17



By Lemma 2.3.12 of [14] there is a canonical isomorphism of determinant lines:

Dy, #Dy #det(D(,0.)) = det(Dy, ) @det(Dy, ) ®det(D0.0))-

x2 X1

The lemma now follows by appealing to (2.5) and the fact that O (S,,) is contractible.

O

We now explain how to orient Mg, (x0;x1,x2). Given a solution ue , € Me (X0;x1,x2), the

linearization of (3.1) gives an operator:

Dy, : WP (Z,ufy ,TW) - R®L"(Z,ul ,TW @ Q"' (X))

Uoe,w
Taking the derivative with respect to the parameterizing variables (®, w) gives a Fredholm map:
To,S' ®Ty,S' ®TR* @ WP (Z,uy ,TM) »> R® LY (Z,ufy ,TM @ Q% (2)). (3.2)

Here we think of the unit interval as embedded in R? with coordinates w = (wp, w;) and tangent
space the kernel of the map R? — R, (xq,x1) — xo + X1.

The Floer data H; ¢, and J; g, 1s said to be regular if (3.2) is surjective. This means that
To,S' ® Ty, S' ® T,R?* — R® coker(Dyg,,)

is surjective which can be achieved for generic data.
The tangent space of Mg, at ue,, is the kernel of the operator in (3.2), hence there is a short

exact sequence:

Tuo,Mow — To,S' ®Ty,S' ®T,R* @ ker(Dy,,,) — R® coker(Dy,,,)
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which induces an isomorphism:

det(T,, ,Me.) ® det(R) ® det(coker(D,,,,))

—det(Tp,S") @ det(Ty,S") @ det(T,R*) ® det(ker(Dy, ,,)),
and hence an isomorphism:
det(T, ,Me,w) ® det(R) — det(Ty,S") @ det(Tp,S") ® det(T,R*) @ det(Dye ). (3.3)

To obtain an orientation of 7,

1e.,/Me, We use the orientation for det(D,, ) from the gluing

above and fix an orientation for 7y, S !"and T,R? which induces an orientation on TR.

Assuming regularity, the moduli space Me ., (x0; X1, x2) is hence smooth of dimension
deg(xo) — deg(x1) — deg(xz) + 2n — 3.

When deg(xg) = deg(x1) + deg(x2) — 2n + 3 the moduli spaces have dimension 0 and (3.7)
descends to an isomorphism:

A0y, = 0y, @ 0y,

3.3 Compactness

In this subsection we first state a maximum principle for coproduct curves, which shows that
coproduct curves are contained in a compact set. We then describe the Gromov-Floer compactifi-

cation of Mg .

Lemma 11 (Maximum Principle, following [16]). Finite energy solutions to the Floer equations

(3.1) are contained in the compact set of r < 1in W.
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Proof. For u : £ — W a solution of the Floer equation the energy is defined as
Ew) = | du — Xio., ®61
where the norm is with respect to the metric w(—, J). Alternatively,
E(u) = Lu*w —u*dH, 04 A B.
Note that because of the dependence of H, g, on z € X, we have the expression:
u*dH, 0, = du*H, 0,) — dH,0.u-

Where with the second term on the right we mean the derivative of H, g, with respect to the

parameterizing variable z. Now let ' > 1 be a regular value of the function r(u(z)) such that
X ={zeZr(u(z)) = r'}

is non empty. Note that since the periodic orbits lie below r < 1, ¥’ is a compact Riemann surface

with boundary. Then:
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Eu)|y =] uw—u"dH,0u A B

!/

uww—du*H,eu) AB+dH, 0., N B

/

w'ow—du*H,eu) AB+dH, 006 A B—d(H,0uPB)

/

N
o g g

u*w—du*H,eup)

/

u*rd —u*H, e .p
Z/

y urd —u*(azewr)B

r f /l(du — X 0.0 ®ﬁ)
ox/

ST

r’f JoA(du — Xp o, ®B) o (i)
ox’

<0

/

The first inequality follows from the condition d(H, e ,8) < 0. The last inequality follows from
the fact that 1o J = dr, dr(X Hz,@,w) = 0, and that if v € Y/ is a positively oriented tangent vector,
then —iv points outwards and hence dr o du(—iv) < 0.

It follows that the energy of u restricted to X’ is zero, and hence u is contained in a regular
level set. Note that this conclusion does not depend on the regular level set, which are dense in the

interval (1, r"), and hence ¥’ must be empty. mi

Remark 12. We will also need to allow for the following modifications. We will relax the condition
of linearity and consider instead Hamiltonians which for some r > rq satisfy —rH'(r)+ H(r) < 0.
In this case, one still has u*HB < A(Xy ® B), [, Lemma 19.5].

One can also allow ¥ to have negative punctures x;, in which case the additional contribution

t0 §o5 u*rd — u*H, @ 0B is given by Y} Ap(y,) < 0.
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Gromov Floer compactification:

The moduli spaces Mg, (x0; X1, x2) admit a Gromov-Floer compactification by broken solu-
tions. Away from the ends, the energy estimates force local C* hence uniform convergence, thus
breaking can only occur at the ends. At an end, a Floer trajectory can break off leading to boundary
strata consisting of fiber products of Floer cylinders and coproduct curves. There will also be terms
coming from the limits w — (0, 1), (1,0). These boundary strata correspond to moduli spaces of
degenerate coproduct curves, where the slope of the Hamiltonian is small at one of the negative
ends, followed by a hybrid continuation-II cylinders. The later being solutions u : ' x R — W
satisfying a continuation equation for s » 0, and the BV equation for s « 0. See Figure 3.3.

As usual in Floer theory, we will use moduli spaces of dimension 1 to show that the coproduct
curves define a chain map and descends to an operation on symplectic cohomology. In order
to achieve this, we will show that the boundary strata that correspond to the compactification of
the interval are empty in low dimensions. We now make this argument explicit by defining the
relevant moduli spaces. Starting with the degenerate coproduct operation, and following with a

hybrid continuation-II operation.

3.3.1 A degenerate coproduct operation:

Definition 13. In the following we fix i € {1,2} and let j = 3 — i. To define the boundary terms

we fix the following data:

* An admissible Hamiltonian H of slope T, a small € such that €t is smaller than the period
of any Reeb orbit of R,, and a family of linear Hamiltonians H, g, parameterized by ¥ x § !

satisfying:

1. In a neighborhood of infinity at the positive end:

HZ,O[ - Hl‘
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o

46,

Figure 3.3: Configurations at the boundary of the interval

2. In a neighborhood of infinity at the i’th cylindrical end:

H;p, = Hi1g

3. In a neighborhood of infinity at the j’th end:

Hz,éi =€eH

* a family of admissible almost complex structures J; g, parameterized by 2 x S Usuch that
Joo, = Ji in a neighborhood of the positive puncture and the j'th negative puncture, and

J:0; = Ji+o, in a neighborhood of the i’th negative puncture.

* A one form B on T satisfying d(H,,8) < 0, and such that B restricts to dt in the neighbor-

hood of the punctures.

The moduli space of degenerate coproduct curves

M, (x03x1,x2)
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consists of finite energy maps

(U, w,0;): 2> W

satisfying:
(du — Xn,,, ®B) Y =0 (3.4)

and

sli)nolo u(eo(s +it)) = xo(1)
lim u(e,-(s + lt)) = )Cl'(l + 91)

§——00

lim u(e;(s +it)) = x;(¢)

§——00

where x; € P(H,).
The transversality results in [3, §16] apply here and show that :

Lemma 14. For a generic choice of data H,y. and 7. g,, the moduli space Mgy, (xo;x1,x2) are

regular for all triple of orbits x¢, x1, x> and this space is smooth of dimension
deg(xy) + deg(x2) — deg(xo) — 2n + 1.

Moreover, the maximum principle Lemma 11 applies, and the solutions of (3.4) are contained

in the compact set of r < 1 in W.

3.3.2 A Continuation-II operation:

We now define moduli spaces of maps u : S! x R — W which satisfy a continuation equation

for s » 0, and the BV equation for s « 0.
Definition 15. Let
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o H* be admissible Hamiltonians satisfying H~ > H*

* Js: a family of admissible almost complex structures, which are independent of s in a neigh-

borhood of the punctures.

s a family of admissible Hamiltonians parameterized by (t,s,60) € R x S! x S! satisfying:

H'  fors>0

Hsy =
H_, fors<0
and s.t. Os(Hg9) < 0.
The moduli space of continuation - 11 cylinders
N(x_,x4)
consists of pairs (u,0) : S x R — W satisfying:
@s(u) + Js’[(alu — Xs,t,e) =0 (35)

satisfying

sll)rrogu(s, 1) = x4 (1)

lim u(s,t,0) = x_(t)

§——00

The methods of [15] apply here to show that:

Lemma 16. For a generic choice of data the moduli spaces N (x_, x.) are smooth of dimension:

deg(x_) — deg(xy) — 1.
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The moduli spaces N (x_, x ) admit a Gromov-Floer compactification by boundary strata cor-

responding to fiber products N (x_, y) x M(y,x4) and M(x_,y") x N(y',x5).

Lemma 17. For constant orbits x ., and for regular data, the moduli spaces N (x_,x.) of dimen-

sion O are empty.

Proof. An energy estimate implies that x_ is a constant orbit, and the maximum principle Lemma
11 implies that the solutions are contained in the interior of W, where the Hamiltonians H * are
time independent and hence 6 independent. By rescaling H; if necessary, we can assume that the
solutions are regular and time independent by [3, §15, claim 5], hence do not depend on 6 and

can’t be rigid. O

Compactness in low dimensions:

Let H, ¢, be the family of Hamiltonians used to define the coproduct (8). Let H, g, be its

pointwise limit as w = (w1, w2) — (1,0).

Lemma 18. In dimension 1, the Gromov-Floer compactification of Me . (X0;x1,X2) consists of

the following strata:
1. M(xo,xg) X M@,w(xg;xl,xz)
2. Moo (xo;x],x2) x M(x],x1)

3. Mew(xo;x1,x5) x M(x5,x2)

Proof. Away from the ends the energy estimates force C* local and hence uniform convergence.
Therefore, breaking can only happen at the ends. A Floer trajectory can break off, leading to terms
asin (1), (2), (3). Breaking can also happen at the boundary of the interval, where a continuation-
I cylinder can break off. These terms correspond to the limits w = (wy,wy) — (1,0),(0, 1) and
can be written as the fiber products M(H)i x N, where the superscript indicates dimension. Note that
when the slope of the Hamiltonian is sufficiently small, its only periodic orbits are constant and
hence Lemma 17 implies that the boundary strata corresponding to the limits as w — (0, 1), (1, 0)

are empty. O
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3.4 Definition of the coproduct

As is explained in §3.2, in dimension zero each u € Mg, defines an isomorphism:
Ayt 0xy = 0y, @ 0y,

which define the coproduct:

Definition 19. Given regular data the coproduct
1:CF(H°) - CF*(H") ® CF*(H?)
is the sum over all rigid elements:

A= > A,

deg(xo)=deg(x;)+deg(x2)—2n+3
ueMe, o (X03x1.X2)

Proposition 20. The coproduct satisfies:
dod—dod=0 (3.6)

where by convention d(a) ® ay) = da; ® ap + (—l)deg(“l)al ® das

Proof. Consider the compactification of the moduli space in dimension 1. By Lemma (18), the

boundary consists of the following strata:
1. M(x0,x,) x Me,u(x(:x1,X2)
2. Me,w(xo: x|, x2) x M(x,x1)
3. Me.w(x0;x1,x5) x M(x5,x2)

We interpret the first contribution as A o d, while the last two contribute to d o A. To show (3.6),

we just need to confirm the signs. We consider the signs of the terms in case (3). Let ug #v
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be a broken curve lying in the boundary of Me . (x0;x1,x2). Floer’s gluing map parameterizes a
neighborhood of this curve by a gluing parameter p » 0. Let D, , and D, denote the linearization

of the Floer equation at ug , resp. v. We check the sign of the glued operator D, #D, with the

Ue,w

signs of a nearby curve. Given an element ug ., of Me ., (x0;Xx1,x5), det(D,, ) is oriented to that

there is an isomorphism:

det(Dy, ) @ det(Dy, ) — det(Dy, ) ® det(Dy, ) (3.7)
’ *0 *1 x)
or equivalently,
det(Dy, ) ®det(Dy,,) @ det(Dy, ) — det(Dy, ) (3.8)
*1 ’ X0 X

2

The differential gives a map:

det(D,) ® det(Dy, /) — det(Dy, ). 3.9

Xy x2

We substitute (3.8) in (3.9) to obtain:

det(D,) ® det(Dy, )@ det(D,,,,) @det(Dy, ) — det(Dy, ). (3.10)

\le *0 x2

We transpose det(D,) ® det(Dy, ) which introduces a sign change of deg(x;), and obtain:

1

det(Dy) @ det(Dy, ) ® det(Dy, ) — det(Dy ) @det(Dy, ). (3.11)

0 lle 2

We can now compare this to an element w = ug ,#,v. The orientation on D,, is given by

det(D,,) ® det(Dy, ) — det(Dy, ) ®det(Dy, ) (3.12)

*0 X1 *2

The curve ug, is rigid so det(D,, ) is canonically trivial, but det(D,) is spanned by the transla-

ue,w
tion vector Js. The gluing procedure sends J; to 0, (ue #,v). This gives rise to a tangent vector

which points outwards in Mg, and hence shows up with a negative sign. A similar analysis for
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the other two elements proves the claim. O

Proposition 21. The coproduct

A: CF(HY) — CF*(H') ® CF*(H?)

does not depend on the choice of Floer data.

Proof. This is a cobordism argument using the fact that the space of coproduct data is connected.
Indeed, the space of almost complex structures is contractible so we can interpolate between any
two choices of families. In the complement of the infinite ends the condition d(H,,B) < 0 is
local in z and convex in both 5 and H, . Over the negative ends, we can again simply interpolate

between any two choices of coproduct data by a straight line homotopy. O

Given regular data as in (8) it follows from the two propositions above that the coproduct

descends to a well defined operation:

A:HF*(H) - HF*(H") @ HF*(H?).

Remark 22. The data defining the moduli spaces Me, is parameterized by ¥ x S' x S! x (0, 1).
We can choose our data so that in the region where the slope of the Hamiltonians is very small the
Hamiltonians are independent of (s,t). By [5, Lemma 3.2], in this situation one of the negative
ends maps to a constant orbit, i.e. a solution will lie in the interior of W where H is a fixed Morse
function. So we can in fact choose the data so that near each boundary of the interval, and in
the corresponding cylindrical end where the slope is small, the Hamiltonians and almost complex
structures are independent of t and hence of 0. This corresponds to collapsing the tori §' x S' x 0
and S' x S' x 0 to » x ' x 0 and S' x x x 1, respectively. We thus obtain a moduli space

parameterized by ¥ x S°.
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The coproduct on symplectic cohomology

In order to show that the coprodcut descends to an operation
SH*(W) — SH*(W) ® SH*(W),

we need to investigate its interaction with continuation maps.

To show that the diagram

HF*(Hy) ——~— HF*(K,)

\ l (3.13)

HF*(K\) @ HF*(K>)

commutes we choose a family of coproduct data H* J? o > Parameterized by u € [0, c0) such
Z,9,w

z,0,w’
that:

catu=0H “® is a choice of coproduct data
Z,U,w

A:HF*(H°) — HF*(K|) ® HF*(K).

* For each u > 0, there exist S, tending to co with u, such that in the positive cylindrical end

Hy fors = S,
z2,0,w

Kofors < S, —1
We consider the moduli space Mg) w(xo; x1, x7) of finite energy solutions of

(du—Xge @8OV =0 (3.14)

(z.0.0)
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which is a smooth manifold with boundary. In dimension 1, the boundary strata consist of elements

in Me ,(x0; X2, x3) representing the operation
A:HF*(H®) — HF*(K,) ® HF*(K;),

as well as broken curves (u,v) in the fiber product of K(xg,%9) x Me »(Xo;x2,x3) representing
the composition

HF*(Hy) S HF*(Ko) & HF*(K)) ® HF*(K>).

Since the continuation and coproduct operations are independent of choices, we obtain that dia-

gram (3.13) commutes. This shows that the co-product descends to a map:
SH*(W) > HF*(K|) ® HF*(K3).

Similarly, by concatenating the data and Hamiltonians we can obtain a commutative diagram:

HF*(Hy) —%— HF*(H,) ® HF(K)

|1 \ Lo (3.15)

HF*(K)) ® HF*(Hy) —2% HF*(K|) ® HF*(K>)

The bottom triangle show that the co-product descends to a map
HF*(Hy) — HF*(K,) ® SH*(W)

while the top triangle shows that the coproduct descends to a map:
HF*(Hy) —> SH*(W)® HF*(K3)

Together, we obtain that the coproduct commutes with continuation maps, and hence descends to

SH*(W).
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Graded co-commutativity

The sphere with three punctures at 0, 1, co admits a rotation which fixes 0 and switches 1 and

c0. Given Floer data parameterizing the coproduct
A CF*(HQ) — CF*(Hl) ® CF*(Hz),

we pull back this data under the rotation. Note that this rotation does not fix the choice of asymp-
totic marker at the positive puncture, but all such choices are homotopic, and since the space of

coproduct data is connected, we obtain the operation
A:CF*(Hy) — CF*(H,) ® CF*(H>).

In order to determine the signs, we consider (3.3). The orientation of each 7, S ! factor is preserved
but the order is flipped. On the other hand, the orientation of (0,1) is reversed. The sign contribution
of these two cancel. In addition we compare the orientation on det(D,) using (3.7). Permuting

det(D,,) and det(D,,) introduces a sign of (—1)%8(1)deg(2) tooether we obtain that
A=7104
where 7(a ® b) = (—1)%s(@deb)p @ ¢

3.5 On co-associativity and co-Jacobi identities

In this section we will consider whether the coproduct is co-associative and satisfies a co-Jacobi

identity. Co-associativity in this context means that the following diagram commutes:

SH*(W) > SH*(W) ® SH*(W)

lz ll“ . (3.16)

SH* (W) ® SH*(W) Ly SH*(W) ® SH*(W) @ SH*(W)
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The graded co-Jacobi identity given by:

0=(1+0c+0c?)o((IdxA)od),

where o is the permutation which carries the labels (i,i + 1,i +2) to (i + 1,i + 2,1).

We will define an operation, N, whose non vanishing will be an obstruction for co-associativity
and co-Jacobi to hold. The arguments follow the ideas in [ 14, §2.5].

To define N, we consider the open 2-simplex, consisting of (w;, w2, w3), Y, w; = 1, and denoted
by A. We fix a Riemann surface S with four punctures zg, z1, 22, 23, along with a choice of a positive

cylindrical end at zg, and negative cylindrical ends at z1, 72, z3. We choose the following Floer data:

e An admissible Hamiltonian H°, and admissible Hamiltonians H’,i € {1,2, 3}, satisfying

HY < H'.
* ¢ small such that e7; is smaller than the period of any Reeb orbit of R,,.

* A family of Hamiltonians H, e, parameterized by M x (S!)* x A satisfying the following

conditions:

1. In a neighborhood of infinity at the positive cylindrical end:

Figure 3.4: Two representations of families of Floer data defining N
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2. In a neighborhood of infinity at the ith cylindrical end, with coordinates (s, t)

oe(w))H!  for —R>s>—R — k(w)
Hz,@,w =

Hf+9i fors < —R — k(w;)

* A family of almost complex structures J; ¢, € J which near the positive puncture satisfy:

Jz,@,w = Jl'-‘r@i’

and in a neighborhood of the it/ negative puncture:
Jz,@,w = Jt+9i,a)-

* A one form B on X satisfying d(H, e ,8) < 0, and such that j restricts to dt in the neigh-

borhood of the punctures.

Definition 23. Given Floer data as above, the moduli space Me ., (x0;x1,Xx2,X3) consists of finite
energy maps

(u,w,0): 8 > W

satisfying:

(du — Xu,, o, ®B) "D =0 (3.17)

and

Sggloou(e,-(s +it)) = x;(t + 6;).

Here x; € P(H").

The methods of subsections 3.3 and 3.4 extend to show that these moduli spaces admit a

Gromov-Floer compactification, and descend to a well defined operation:
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i»a: xd J’\

Figure 3.5: A decomposition of N

N: SH*(W) — SH*(W) Q@ SH*(W) ® SH*(W).

Lemma 24. With Z/2 coefficients, the operation N satisfies:
N=(0+0c+0c?)o((Idx2A)od),

where o is the permutation which carries the labels (i,i + 1,i +2) to (i + 1,i + 2,i).

Sketch of proof: The operation N is obtained by counting solutions to the parameterized Floer
equation on the complement of any 4 points on the sphere, with asymptotic markers moving at
each puncture. All such choices are equivalent, so we fix one such choice with a positive puncture
zo at oo, and 3 negative punctures (zi,2z2,23). We represent this on the plane with the negative
punctures on the positive x axis. The (S')* family of asymptotic markers is represented by a
family of arrows. See Figure 3.4, left.

By rotating the plane, we get an equivalent family of Riemann surfaces, where the asymptotic
marker at oo is constant, and z;, z3 each rotates once around the origin, see Figure 3.4, right. This
family decomposes as the sum of 3 operations, as in Figure 3.5. (Technically there are more terms,
corresponding to an S' x S! choice of asymptotic markers at a given puncture, but those yield
operations which are trivial on SH*(W)).

Note that the first operation on the left of Figure 3.5 is further equivalent to the operation in

Figure 3.6, which we will relate to (4 x Id) o A. The main difference is that the data for the
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composition (A x Id) o A is parameterized by the open cube

{(s1,82,53,84) €I x I,s1 + 50 =1,53+ 54 = 1}

while N is parameterized by the open simplex A. However, there is a natural homeomorphism
I x I — A given by (s, 52, 53,54) — (81,5253, 5254). The underlying Riemann surface defining
the operation (A x Id) oA lies in the boundary of the space of complex structures on the complement
of 4 marked points in S2. This space is connected, and we choose an interval connecting it to the
Riemann surface defining the operation in 3.6, while simultaneously interpolating between the
Floer data, as is done in [5, §2.4] (for weighted 1 forms). A cobordism argument now implies that
the two operations are chain homotopic. Applying the same argument to the remaining terms in

3.5, and counting with Z/2 coefficients, gives the desired equation:

N=(0+0c+c?)o((IdxA)od). (3.18)
O
/// | ¢ V\ \\\\
ks
< 4

Figure 3.6: A further simplification

Remark 25. For complements of smooth divisors satisfying the monotonicity conditions of §4,
it follows from Lemma 61 that all the operations on the right in (3.18) are in fact trivial, so the

coproduct is co-associative for trivial reasons.
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Chapter 4: Set up for Morse-Bott cohomologies

We now recall from [ | 3] how to compute symplectic cohomology in certain cases. The compu-
tation involves the construction of Morse-Bott and Morse-Bott split symplectic cohomologies. The
class of symplectic manifolds considered are Liouville domains with a contact boundary which ad-
mits a Reeb vector field generating an S I action. For these contact manifolds, the Reeb orbits are
easy to identify, and come in Morse-Bott families.

In order to define the Morse-Bott symplectic complex one considers time independent Hamil-
tonians which are O in the interior of W, and in the cylindrical end only depend on the cylindrical
coordinate, see Figure 4.1. Such Hamiltonians pick up the Morse-Bott non-degenerate families of
Reeb orbits, as well as a degenerate family of constant orbits in the interior of W. This degen-
erate critical manifold is further perturbed by a C, small Morse function. Roughly speaking, the
Morse-Bott chain complex is generated by the critical points of this Morse function as well as the
Morse-Bott manifolds of non constant orbits. The differential counts moduli spaces of Morse-Bott
cascades, see Figure 5.1 .

The generators of the Morse-Bott split chain complex are the same as the ones in the non-split
case. However, the moduli spaces defining the differential are augmented Morse-Bott cascades, see
Figure 6.1. These are obtained from the Morse-Bott cascades by a neck stretching type procedure.

The curves arising in the differential of the split Morse-Bott chain complex can then related to
relative Gromov-Witten invariants and are more amenable to explicit computations.

We now precisely define the classes of Liouville manifolds, almost complex structures, and
Hamiltonians for which invariants in symplectic cohomology can be computed via Morse-Bott

split symplectic cohomology.
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Liouville domains

We consider Liouville domains (W, da) such that « restricted to ¥ = dW has a Reeb vector
field generating a free S' action. Such Liouville domains arise as complements of smooth divisors.
More precisely, let D be the quotient of 0W by the S! action, and Qp be the symplectic form
induced from da. Then by [13, Lemma 2.2] there exists a compact symplectic manifold (X, Qy),
with D < X, such that Qy|p = Qp, (X \ D,Qx) is symplectomorphic to (W ~. dW, da) and
[D] € Hy,_2(X; Q) is Poincaré dual to [KQx] € H*(X; Q) for some K > 0.

We will restrict to the case where (X, D) is a monotone pair. This implies that there exists a

constant 7y > K such that for each spherical homology class A we have Qx (A) = 7x{c1(TX), A).

Almost complex structures and neck stretching:

Let ND denote the symplectic normal bundle to D in X. Given a hermitian connection on ND,
we can lift an almost complex structure Jp on D to an almost complex structure on ND denoted
by a bundle almost complex structure. By [13, Lemma 2.2] there exist a neighbourhood U of the

0-section in ND and a symplectic embedding ¢: U — X.
Definition 26 (admissible complex structures).

* An almost complex structure Jy on the symplectization R xY is admissible if Jy is cylindrical

and Reeb-invariant and is compatible with the symplectic form de'a.

* An Q-compatible almost complex structure Jy on (W, da) is admissible if Jy is cylindrical

and Reeb-invariant on W\W, and is compatible with the symplectic form de'a.

* An admissible almost complex structure Jx on X is an almost complex structure which is
compatible with Q and its restriction to ¢(U) is a lift (using the hermitian connection) of an

almost complex structure Jp.

By [13, Lemma 2.5, 2.6] there exists a diffeomorphism ¢ : W — X ~. D which relates admissi-

ble complex structures on X, W, and D as follows: the pushforward ¢ ..Jy extends to an admissible
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almost complex structure on X and conversely ¢ *Jx is an admissible almost complex structure on
W. Moreover, if Jx is an extension of ¢, Jw, then Jx|,, is given by restricting Jy to a copy ¢ X Y
and taking the quotient by the Reeb action.

For the purpose of relating the split and non split Morse-Bott moduli spaces, [13, Lemma
2.7] constructs a family of almost complex structures J, on W, which are cylindrical outside of a
compact set, and such that (W, J,) converges as k — o0 to a split manifold whose upper level is

(R x Y, Jy) and lower level is (W, Jy).

Remark 27. For the purpose of defining the split Morse-Bott coproduct curves, we will also con-
sider almost complex structures Jy on R x Y which are admissible outside of a compact set K, and
in a compact set commute with the projection map: np(Jyé) = Jpnp (&) for an almost complex

structure Jp on D and any vector &.

Admissible Hamiltonians:

Instead of using autonomous Hamiltonians with quadratic growth as in [13], we will use au-
tonomous Hamiltonians with linear growth. In order to import the computations from [17], we will
construct a cofinal system of Hamiltonians which approximate a quadratic, see Figure 4.1. More

specifically, let i, : (0, +00) — R be a smooth function satisfying:
1. he(p) =0forp < 2;
2. h.(p) > 0forp > 2;

3. hy(p) >0for2 <p<t1+2

4. h.(p) = tforp >1+2;

9,

. fortg < 71, hyy = hyy forp < 79 + 2

An admissible Hamiltonian Hr: R x Y — R is given by H.(r,y) = h.(e") for 7 ¢ S(1). We

also allow for positive scalings of H-.
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A(ve)

Figure 4.1: Admissible Hamiltonians, and the action of periodic orbits

Since the Hamiltonian H.(r,y) = 0 for all » < In2, we can extend it by O in the interior of W.
We denote the limits as T — oo by hq, and Ho, respectively. Note that H, is a Hamiltonian with
quadratic growth.

The Hamiltonian vector field Xy, is given by AL, (e”)R where R is the Reeb vector field gen-

erated by «. Hence the periodic orbits of Hy, come in two flavors:

1. Morse-Bott critical submanifolds of periodic orbits: for each k € Z_ we obtain a Y family of
non constant periodic orbits Y contained in the sublevel by x ¥, where b, satisfies i/, (e?*) =

k.

2. Constant orbits:

Wo = {w e W|dH(w) = 0}.

The orbits are Morse-Bott non-degenerate, except at the boundary of the support of dH. We de-

noted by dW, the degenerate orbits, and by W, the interior of W, .

Auxiliary data

In order to define the Morse-Bott chain complexes we will need to perturb the Morse-Bott
manifolds of orbits. In order to do so, we fix a Morse function fp : D — R and a gradient like

vector field Zp. The flow of Zp is denoted by ®,. Given a critical point p, its stable and unstable
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manifolds, with respect to the negative gradient, are defined by:

W(p) = {g € D| lim ®_,(q) = p},W*(p) = {q € D| lim ®;(¢q) = p}.

The moduli spaces defining the various operations will be constructed as fiber products over
evaluation maps. In order to ensure transversality, we will consider suitable perturbations of the
function fp. For fp a Morse function, we consider the space of perturbations C°(fp) consisting
of functions f : D — R satisfying || f||¢ < o0 and f(x) = 0 in a neighborhood of the critical
points of fp, as in [18, Ch. 8]. For € sufficiently small, the critical points of fp + f coincide.

The contact distribution ¢ defines a connection on the S! bundle S' — ¥ — D, and we can
lift the vector field Zp to a horizontal vector field 7.Zp on Y. We consider a Morse function
fr : Y — R and a gradient like vector field Zy, so that the flowlines of Zy project to flowlines
of Zp. To construct such functions fy we perturb 7* fp in small neighborhoods of the critical S 1
manifolds. It follows that the critical points of fy lie above the critical points of fp, and that the
gradient flow of fy preserves the fiber. We assume for simplicity that fy has only two critical points
for each critical point of fp. We denote the space of all choices fy by X(fp). For a fixed fy, we
denote the space of perturbations of fy, projecting to a perturbation of fp, by C°(fy, fp).

For each critical point p of fp we denote the two critical points above p by p and p, where the
fiberwise Morse index of p is 1 and of p is O.

We also fix a Morse function fy and a gradient like vector field Zy such that Zy restricted to

Y x (—¢, o) is the constant vector field or.

41



Chapter 5: Morse-Bott theory

5.1 Morse-Bott symplectic cohomology

We first recall the main constructions and ideas underlying the Morse-Bott symplectic coho-

mology. For thorough details, see [19].

The chain complex:

The Morse-Bott chain complex associated to Hy, is given by:

Sc*<W,Hoo>=<® &) Z<ﬁk,ﬁk>>@( D Z<x>>- 5.

k>0 peCrit(fp) xeCrit(fw)

Grading:

To be consistent with the grading conventions introduced above we will differ from the con-
ventions introduced by [19]. Our grading is n minus the grading in [19]. Please see [§3.1 13] for
an explanation of the following formulas.

Let M(p) denote the Morse index of a critical point p of fp and M(p) the Morse index of a
lift to a critical point of fy, where p is p or p.

Recall the constant K such that [D] € H,,_»(X; Q) is Poincaré dual to [KQyx] € H*>(X;Q) for
some K > 0, and the constant 7y > K such that for each spherical homology class A we have
Qx(A) = tx(c1(TX), A).

For a critical point p of fy of multiplicity k we define:

Tx—K

pl=2n—M(p)—1-2 k (5.2)
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where 7y is the monotonicity constant of X.

For x a critical point of fiy we define:

x| = —M(x)

We also have gradings for Reeb orbits for which Floer curves converge at augmentation punctures.

If y is a k fold cover of a the fiber S' — Y — D then its index is defined as:

Tx—K
K

ly|=—-2+2 k (5.3)

The differential:

We now recall from [13] the construction of the Morse-Bott differential which counts Morse-

Bott cascades. Recall that we have Morse-Bott non-degenerate orbits as well as degenerate ones.

Definition 28. Let Jy be an admissible almost complex structure and H, an admissible Hamil-
tonian. Let S_,S+ denote Morse-Bott families of orbits. We require that Sy # S_ unless

S, = S_ = Wy. The moduli space of Morse-Bott Floer cylinders
M(S_, S, Hy)

consists of finite energy non trivial maps v : R x S' — W satisfying:

05y + Jw (0 — X ) =0 (5.4)
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Figure 5.1: A Morse-Bott differential cascade

and

lim v(s,1) € S¢
§—00

Sgr_noo v(s,t) e S_

There are two evaluation maps:

—~

evy - M(S_,S+,H;) = S+ (5.5)

given by v — v(£00,0). We will refer to both maps as ev to ease notation.
In the following M is one of the Morse-Bott manifolds of orbits ¥ or Wo. Let A denote the

diagonal M x M. Given a Morse function f, we also consider the flow diagonal Ay in M x M

defined as:

Ar = {(my1,my) € (M\crit(f))zlﬂt > 0, ¢, (my) = my}
(In the notation Ay, f stands for flow).

Definition 29. Let q_, g1 be generators of the chain complex. The moduli space of Morse-Bott
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cylinders with zero cascades

Mo(q+.9-, Hy)

consists of a Morse flowline of fy or fw asymptotic to q+ at +o0 and to q— at —0.

The moduli space of Morse-Bott cylinders with N cascades

MN(q*’ q+, HT)

is the fiber product over the evaluation maps:

o~ o~

M(S_,Sy—2,H;) x ... x M(S1,S+,H;) X W*(q+).

W (g_) x
(4-) x ok

We also have cascades which are missing their initial or final flowline, or both, and will be used in
the definition of the coproduct:

M\N(q_, S1), Hy) is the fiber product

M(S_, Sy—2,Hy) % ... x M(S5, 81, Hy).

Wi(q-) x
A Ar Ay

M\N(SN_I, q+H-) is the fiber product

M(Sy—1,Sn-2,Hy) X ... x M(82,S+,Hr) x W"(q+).
Ar Ay A

and /Y/[\N(SN,l, So, Hz) is the fiber product

/Y/(\(SNfl,SN,Q,HT) X ... X M\(Sl,So,HT).
Ay Ay

Remark 30. In the above definition the choice of Morse function fy is fixed, and the fiber product
is taken over evaluation maps to the diagonal and flow diagonal of fy. In []3], transversality
is proved for the configurations arising in the Morse-Bott differential cascades for a fixed such

choice. In the definition of the coproduct we will instead consider a choice of perturbation fl’/ of
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[y for each ith sublevel. In this case the ith fiber product is taken over the diagonals and flow

diagonals of f;.

Moduli spaces of 0 cascades correspond to Morse flow lines and admit an R action. The moduli
spaces of N cascades admits an action of RV by domain translations. We denote the quotient by
these actions by Mo(q—, g+, Hr), My(q—, g+, Hy) respectively.

The following Lemma follows from the transversality techniques in [19]. More precisely,
transversality for evaluation maps and curves which are contained in the symplectization is proved
in [19, §5]. Transversality for curves which aren’t contained in the symplectization is obtained by

perturbing Jy in the interior.

Lemma 31. For a generic choice of an admissible almost complex structure the moduli spaces

Mn(q-,q+,Hy) are smooth of dimension |q| — |q—| — 1.

We now recall the convergence properties of the Morse-Bott moduli spaces in the presence of
degenerate orbits. For Morse-Bott non-degenerate orbits, the maximum principle and the asymp-
totic behavior at the cylindrical ends, gives that finite energy curves will converge exponentially to
Hamiltonian orbits at the positive and negative ends, and the limit is unique.

However, this is not the case for degenerate orbits: given any sequence sy — 100, there exists
a subsequence, also denoted by s, and a Hamiltonian orbit y(¢) such that v(e(sk, ) — y(¢). This
limit may depend on the initial sequence, and any two limits are connected by a family of periodic
orbits of the same action, see [19, Lemma 4.3] which is stated without proof. Hence degenerate
orbits could pose a problem.

In [19] it 1s implicitly assumed that the moduli spaces of Morse-Bott cascades are compact.
Assuming such compactness, we now recall from [ 13, §4] some properties of our setup which rule
out degenerate orbits as asymptotic orbits of sublevels.

In the following let v : § — W be a finite energy solution of
(du — Xp, @ B) OV = 0 (5.6)
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where S is a Riemann surface with one positive cylindrical puncture, and m negative punctures,
¥ is any parameterizing family of Hamiltonians, and S satisfies d(Hyf) < 0. This description
includes the moduli spaces defining the differential, as well as moduli spaces defining continuation
maps, coproduct curves, and the BV operator defined below.

Using energy considerations, the following lemma shows that there are no non-trivial finite
energy curves satisfying (5.6) which are asymptotic, in a positive cylindrical end, to a degenerate
constant orbit. We denote a positive parameterization of a cylindrical end by €, (s,#) : [0, 0] x

st 8.

Lemma 32. [/3, Lemma 4.6] Let v be a finite energy solution of (5.6). Suppose that for sy — 0,

v(ey(sg,t) — x € Wy. Then v is constant.

The following [ 13, Lemma 4.8] uses the properties of the flow and shows that a cascade does
not contain any levels which are asymptotic to degenerate orbits in a negative end. This Lemma ap-

plies to the Floer cascades defining the differential, as well as BV cascades and coproduct cascades.

Lemma 33. Floer cascades do not contain sublevels v; with limy_, o, v;(e_(s,t)) = x; € OW,.

Given g_, g+, with |g1| = 1 4 |g_|, generators of the chain complex for H, the differential
0 : CF*(Hy, Jw) — CF*(Hx, Jy)

is defined as the Z/2 count of O-dimensional cascades:

0q+ = Y #My(q-.q+. He)g . (5.7)
N
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Continuation cascades:

Given two admissible Hamiltonians H; < H, to define the moduli spaces corresponding to the

continuation map we choose a family of admissible Hamiltonians parameterized by R such that

H, fors>0
H; = (5.8)

Hy fors « Q.

Definition 34. Let Sy, denote the spaces of connected manifolds of orbits for H;. The moduli space

of Morse-Bott continuation cylinders
K(S1,So, Hi, Hp)
consists of finite energy maps satisfying:
Osv + Jy(0v — Xg,) = 0; (5.9)

such that limg_,o v(s,t) € Sg,; lims—_o v(s,1) € Sq,.

Definition 35. Let g1 € S1, qo € So be generators of the chain complex for H;, the moduli space of

continuation cylinders with 1 cascade K\(q1, qo, H1, Hy) is the fiber product:

Wy(q1) >A<7<(51,SO,H1,H0) X Wy (qo0)

The moduli space of continuation cylinders with N cascades

Kn(g+,q—. H)

is the fiber product:
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Wy (q1) X K(Sny» Sn,» Hi, Ho) x Muo(Sny» qo, Ho)
f

with Ny + No=N — 1

Continuation cylinders are already considered in [ 3] where it is shown [ |3, Lemmas 5.3, and

5.4] that the Z/2 count of 0 dimensional cascades defines an operation:

K : HF*(H,,Jw) — HF*(Ho, Jw)

As above, SH*(W) is defined as the colimit over all admissible Hamiltonians H- :

SH*(W) = lim HF*(W,H,)
HeH,

The fact that this definition of SH*(W) using linear Hamiltonians agrees with the one given
using quadratic Hamiltonians given in [ 3] follows from [3, Lemma 18.1]. The main point is that
we are using a cofinal system of Hamiltonians which approximate a quadratic, and that the curves

defining the differential lie in the region where the Hamiltonians are in fact quadratic.

5.2 The BV operator

It will be constructive to consider the moduli spaces corresponding to the Morse-Bott BV

operator, II.

Definition 36. Ler S, S_ denote Morse-Bott families of orbits. The moduli space of Morse-Bott

BV cylinders

Mo(S_, S+, Hy)

consists of pairs (6,v) where v : R x S' — W is a finite energy non constant map satisfying:

Osv + JW(8,v — XHT) =0
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and

lim v(s,7) € Sy
§—00

lim v(s,t+6)eS_

§——00

Note that My(S_, S, H;) admit an R action which is free unless all maps are constant.

Definition 37. Let q_, g+ be generators of the chain complex. The moduli space of Morse-Bott

BYV cylinders with 1 cascade

Mao,1(q-,q+,Hr)

is the fiber product:

W(g-) x MolS- S+, He) x W'la-)

The moduli space of Morse-Bott BV cylinders with N cascades, N > 2

M@,N(q—a q-i-aHT)

is the fiber product:

Wy(gq-) A Mo(S_, Sy, Hy) x My_1(S1,9+, Hr)
f

Assuming the Gromov-Floer compactification of the Morse-Bott cascades moduli spaces, Lem-
mas (32) and (33) above apply here to rule out cascades with levels which are asymptotic to de-
generate constant orbits.

We prove transversality for the split II moduli spaces below. The proof extends to Morse-Bott
cascades that are contained in the symplectization. For curves and cascades which are not con-
tained in the symplectization, the proof is easier (by perturbing J in the interior of W). Combining

the two, we obtained transversality for the Morse-Bott moduli spaces.
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Figure 5.2: A coproduct cascade

The moduli spaces M\Q,N(q,, q+,H:),N > 1, admit a free R action by domain translations,
unless M\g consists of constant maps. Let My n(qg—,q+,H:) be M\Q,N(q_, q+,H;) mod the R
action when appropriate.

Given g_, g4, with |g4+| + 1 = |g_|, generators of the chain complex for H;, we define the BV

operator, I1, (5.1) as the Z/2 count of rigid curves:

g, =) #(Myo(g—.q+:Hr))g-. (5.10)
N
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5.3 Coproduct

Moduli spaces

We describe the moduli spaces of cascades that contribute to the Morse-Bott coproduct. Recall

the functions «, o:

k:(0,1] — [0,0)

lim «(r) = @
lim «(r)

and o : [0, 1] — [0, 1] satisfying:

( 0 1
SR
€ for s )
1 2
Oe(s) =< s for§<s<§
| fora<s<l
\ 4
and such that o is strictly increasing on [1,1] and [3,2]. As above, w = (w1, w;), satisfy

Wi +wy=1,w;€(0,1),and ® = (6,6,) € S' x SL.
Let H, be an admissible Hamiltonian of slope 7, and J an admissible almost complex structure.

Let € « 1, such that et is smaller than the period of any Reeb orbit of R,. To define the coproduct

curves we will fix:

1. A family of Hamiltonians H, ,, parameterized by X x (0, 1) satisfying:

* In a neighborhood of infinity at the positive cylindrical end:
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* In a neighborhood of infinity at the ith cylindrical end:

oe(wi))Hy for —R>5> —R — k(w;)

H: for =R —k(w;)) —1=25>—0

* H,,(r,y) only depends on the coordinate r.

2. A family of almost complex structures J,, parameterized by z € 2, and admissible for » < 0

andr > 17+ 2.

3. A one form B on X satisfying d(H, ) < 0, and such that 3 restricts to dt in the neighbor-

hood of the punctures.

Recall that in the definition of the coproduct we glue the BV operation to the negative ends.
This corresponds to varying the asymptotic marker in the cylindrical ends. When we consider
Morse-Bott cascades, we need to allow for potential Morse-Bott breaking before gluing the BV
operator. Consequently, we have three types of coproduct moduli spaces that will contribute to the

Morse-Bott coproduct cascades.
Definition 38. Ler S;,i € {0, 1,2}, denote Morse-Bott families of orbits of Hy.

* My(S1, 82,80, H, ) is the space of pairs (v, w) where v is a finite energy map v : ¥ — W

satisfying
(du — Xy, , ®B) ) =0 (5.11)

and

lim v(e(s, 1) € S;
|s|]—00

* My.o(S1, 82,80, H ) is the space of tuples (v, ©®, w) where v is a finite energy map v : T —
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W satisfying
(du — Xy, , ®B) ) =0 (5.12)

and

sll)rrolo v(eo(s,t) € Sp

lim v(e(s, 0;) € S;

§——00

o Letie {1,2},j =3 —i. My, (S1,S2,50, H; ) is the space of a tuples (0;, v, w) such that:

v : X — W is a finite energy map satisfying
(du = Xp,, ®B)"" =0,

and

lim v(€p(s,t)) € So

§—00

lim v(e(s, 0;) € S;

§——00
Iim v(e;(s,t) e S,
§——00 ( ]< ) ]
The definition of the Morse-Bott coproduct with N cascades will involve fiber products over
evaluation maps. To ensure transversality to evaluation maps we will perturb the Morse functions

by considering perturbations of fy which project to perturbations of fp.

Definition 39. Let g;,i = 0, 1,2 be generators of the Morse-Bott chain complex of H;. For j €
{0,...,N + 1} we fix a choice of perturbation f; € C5 (fv, fp)- The moduli space of coproducts

with N cascades

Mo.n (90591, 92)
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consists of the fiber products:

1.
w? X
I(QI)A
W;(q2) A Moo (S1,52, 80, H 1) X Mn—-1(So, g0, Hz)
f
2.
MQ],N] (ql’ SI,H‘r) X
Ay
MQQ,NZ(QZ9 S2’ HT) AX Mw(Sla SZ’ SO’ HZ,(/.)) AX MN()(SO’ CIO’ HT)
f f
with No+ N1 + Ny =N — 1
3.
Wis(‘]i)z

Mg, n;(q), S, Hr) X Mg, (Si, S;, S0, Hz ) X M, (So, qo, Hz)
r !

with No + Nj = N — 1

Where the stable/unstable manifolds of q; are given with respect to the perturbations f;, and the

Jth fiber product is taken over the diagonal/flow diagonal of f; .

Remark 40. One should also consider coproduct curves with outputs in constant orbits in the

interior of W (for which the same transversality and compactness results apply). However, it is
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clear that there are no such rigid curves since the S* action fixes the constant orbits, and so we do

not define them.

5.3.1 Definition of the Morse-Bott coproduct

We discuss the regularity and compactness of the Morse-Bott coproduct moduli spaces.

Transversality for the split coproduct moduli spaces is proved in §7. The proof extends to
Morse-Bott cascades that are contained in the symplectization. For curves and cascades which
are not contained in the symplectization, the proof is easier (by perturbing J in the interior of W).
Combining the two, we obtained transversality for the Morse-Bott moduli spaces.

In order to establish compactness, we need to consider the convergence properties of cascades
in the presence of degenerate orbits. The results of this section are contingent upon the compact-
ness of the moduli space introduced in [19], in particular [ 19, Lemma 4.3]. Once such compact-
ness is established, Lemmas 32 and 33 apply to rule out degenerate orbits as asymptotic orbits, and
breakings of cascades at degenerate orbits.

As in the Hamiltonian case in order to establish that the coproduct moduli spaces define a chain
map, we also need to consider terms coming from the compactification of the interval, consisting of
fiber products of moduli spaces of degenerate coproduct curves, where the slope of the Hamiltonian
is small at one of the negative ends, followed by a hybrid continuation-II cylinders. We now define
the relevant moduli spaces. Starting with the degenerate coproduct curves, and following with a

hybrid continuation-II moduli spaces.

degenerate Morse-Bott coproduct curves

Let H; be an admissible Hamiltonian. In the following we fix i € {1,2} and let j = 3 —i. To

define the degenerate coproduct operation we fix:

1. A family of admissible Hamiltonians H' 2 parameterized by X satisfying:

* In a neighborhood of infinity at the positive cylindrical end as well as the it/ cylindrical
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end:

H. = H,
* In a neighborhood of infinity at the jth cylindrical end:
H. = eH,
2. A family of almost complex structures J,, parameterized by z € X, which are admissible for

r<Qandr >r1+2.

3. A one form B on X satisfying d(H,8) < 0, and such that 3 restricts to df in the neighborhood

of the punctures.

Definition 41. In the following we fixi € {1,2} and let j = 3 —i. Let Sy and S; denote Morse-Bott

Jfamilies of orbits of H, and let S ; denote Wo.

o M(S1, S2, So, HL) is the space finite energy maps v : & — W satisfying
(du — X ® B)") =0 (5.13)
and

lim v(ek(s,1)) € Sk
|s|—a0

* My, (1,82, S0, H') is the space of tuples (v,0,) where v : & — W is a finite energy map
satisfying

(du — X ® B)") =0 (5.14)
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and

lim v(eo(s,1)) € So

§—00

lim V(E,'(S,Gl') € S,‘

§——00

lim v(ei(s,t) €S,

§——00

A Morse-Bott continuation-II operation:

To define hybrid continuation-II Morse-Bott cylinders. We fix:
+ H* be admissible Hamiltonians satisfying H~ > H*

* a family of admissible Hamiltonians parameterized by s € R satisfying:

H" fors>0
H; =

H™  fors «0

and s.t. d5(Hy) < 0.

Definition 42. Let S; denote the spaces of connected manifolds of orbits for H;. We denote by

N (81, So) the moduli space of pairs (6,v) where v is a finite energy map satisfying:

Osv + Jy(é‘tv — XH_;) =0;

and

Ylgglo v(s, 1) € Sy,

lim v(s,t+6)€ S,

§——00
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A degenerate coproduct operation:

Definition 43. Fixi € {1,2} andlet j = 3—1i. Let qo and q; be generators of the Morse-Bott chain
complex of H; and qj be a generator in the interior of W. Let So and S; denote Morse-Bott families
of orbits of Hy, and let S; denote the interior of W. The moduli space of degenerate Morse-Bott

coproduct curves with N cascades

M v (q03 415 92)

consists of the fiber products:

W*(qi)x
A

Ws(q]> z N(W’ S]) ZMGi(Si, Sj’ SOaHi) AX MN—Z(SO’ q()’HT)
f

Z

Mo, v, (i, Si, Hr) %
Ay

W*(q;) X NW,S;) X M(S:.S;. S0, HL) X Mu,(So, qo, Hr)
)

with No + N; = N — 2

Assuming the convergence properties of cascades in the presence of degenerate orbits, Lemmas
32 and 33 apply to rule out degenerate orbits as asymptotic orbits. As in the Hamiltonian case, the
moduli spaces Mé N(qo; q1,q>) are empty in low dimensions, and the analogue of Lemma 18

holds.
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With these assumptions, the moduli spaces of coproduct cascades yield a well defined operation
A:CF*(H;) —» CF*(H,) ® CF*(H;)
given by the Z/2 count of rigid elements:

A= Z #+Mo.n(q1,92.90)

deg(qo)=deg(q1)+deg(q2)+2n+3
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Chapter 6: Morse-Bott split theory

6.1 Morse-Bott split symplectic cohomology

We recall the construction of the Morse-Bott split symplectic complex. The generators for the

chain complex are given as in the Morse-Bott construction:

SC*(W»HOO):(@ D Z<ﬁk,ﬁk>>@< D Z<x>>, 6.1)
fp)

k>0 peCrit( xeCrit( fw)

with grading conventions as described in §5.

The split Morse-Bott differential:

We recall from [13] the definition of the moduli spaces corresponding to the Morse-Bott split
differential, the idea is as follows: the Morse-Bott split moduli spaces are obtained from the Morse-
Bott moduli spaces by stretching the neck along a copy of Y. Consequently one should consider
cascades of augmented Floer curves, with an upper level in the symplectization R x Y and aug-
mentation planes in W.

At a negative puncture, the upper level curves might be asymptotic to a Reeb orbit at negative
infinity where the Hamiltonian is zero. In this region, we need to use the SFT definition for the
energy of a curve, rather than the Hamiltonian definition. Consequently, we get the notion of

hybrid energy which we recall now from [13]:

Definition 44. Consider a Hamiltonian H: R x Y — R so that dH has support in [R, ) x Y, for
some R € R.
Let Oy be the set of all non-decreasing smooth functions y: R — [0, 00) such that y(r) = e”

forr > R.
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The hybrid energy Er of v: R x S'\I' — R x Y solving Floer’s equation (6.3) is given by:

Egr(v) = supf v (d(ya) —dH A dt). (6.2)
yed JRxS1

We recall the definition of augmented curves appearing in the definition of the split Morse-Bott
differential cascades. There are two definitions reflecting the fact that a negative output can be in

the symplectization R x Y or in the interior W.

Definition 45. Let S_, S denote Morse-Bott families of orbits of Hr in R x Y. The moduli space

of augmented Floer curves

—~

M(S_, Sy, Hy)
consists of tuples (v, [U;],T) where

1. v:R x S\I' — R x Y, is a finite energy map satisfying

Osv + Jy(0v — Xg(v)) = 0; (6.3)
2. T ={z1,....2} = R x Sl is a (possibly empty) finite subset.
3. A choice of cylindrical ends ¢; : (—0,0] x S — R x S"\{z1,..., 2z} of neighborhoods of
the z;, and such that
lim v(gi(s,.)) = (=0, 7:(.))
§——00

where the y; are periodic Reeb orbits in Y ;

4. for each Reeb orbit y; above, U; : C — W is asymptotic to (+00,7;). We consider U; up to

the action of Aut(C).
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lim v(s,7) € S¢
§—00

lim v(s,7) e S_

§——00

We denote by MF (S_, Sy, H;) the space of unaugmented upper levels in the symplectization con-

sisting of pairs (v,T") and satisfying the above conditions (but missing the augmentation planes).

Definition 46. Let S denote a Morse-Bott family of orbits in R x Y. The moduli space of aug-

mented Floer curves a plane in W

—~

MW, S, H)
consists of tuples (vo, v1, |[U;|,T") where
1. (vi1, U], T) satisfy conditions 1 — 4 of Definition 45
2. vo: Rx S > Wis Jw-holomorphic;
3. limg oo vi(s,t) € 4y
4. limg_,_o,vi(s,.) = (—00,¥(-)), for some Reeb orbity inY;
5. limg_ 1o vo(s,.) = (+90,¥(+)), where y is the same Reeb orbit;
6. limg_,_o vo(s,.) e W
The definition of split Floer cylinders with cascades is now:

Definition 47. Let q_, g be generators of the chain complex. The moduli space of split cylinders

with zero cascades

M\O(Q-f—’ q—, H)

consists of a Morse flowline of fy or fw asymptotic to q+ at +c0 and to q_— at —0.
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The moduli space of split cylinders with N cascades

—~

My (q-.q+. Hr)
consists of elements of the fiber product:

WS(g) x MOS_, Sy_o, Hz) % ... x MO(S1, S84, Hy) x W'(q..)
A Ar Ag A

Notice that if S— = W, then the bottom-most level is a split Floer cylinder as in Definition (46).

/(ZX,(Q_, g+, H;) admits an RV action if ¢_ is an orbit in R x ¥, and an RV*! action if g_ is
a constant orbit. To see this, note that a cascade connecting a non constant orbit to a constant one
contains an extra cylinder in W, refer to Figure 6.1, left. We denote the quotient by the appropriate
action by M (q—,q+, Hy).

Given g_, g+, with |g+| = 1 + |g—|, generators of the chain complex for H, the Morse- Bott
split differential

0: CF*(H;) — CF*(H,)

is defined as the Z/2 count of 0 dimensional cascades:

0qs = ) #M(q-.q+. He)q- (6.4)
N

Split Morse-Bott continuation cascades

The moduli spaces defining the split continuation cascades are defined analogously to the split
differential cascades. We use a parameterizing family of Hamiltonians Hy: given two admissible

Hamiltonians H; < Hj, choose a family of admissible Hamiltonians parameterized by R such that

H; fors>0
H; = (6.5)

Hy fors «0
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and satisfying 0s(H;) < 0. We first define continuation moduli spaces with inputs and outputs in

non-constant orbits.

Definition 48. Let S; denote spaces of connected manifolds of orbits for H; in R x Y. We denote

by K“(S1, S0, H1, Hy) the moduli space of tuples (v, [U;],T") where

s v: R x S\I' — R x Y satisfying the continuation equation

o5V + Jy<atv — XHS> = 0; (6.6)

* ([U;],T) satisfy conditions 2 — 4 of Definition 45
o limg_, v(s,1) € So; limg—,_on (s, 1) € Sy.
We now define continuation cylinders with outputs in constant orbits:

Definition 49. Let S| denote a space of connected manifolds of orbits for Hy in R x Y. We denote

by K*(W,S1, Hy, Hy) tuples (vo, vi|[U;],T), where

vi : R x S\I' — R x Y is a finite energy map satisfying the continuation equation

Osv + Jy(&tv — XHS) = 0. (6.7)

* ([Ui],T) satisfy conditions 2 — 4 of Definition 45

vo: Rx S' = Wis Jw—holomorphic;

limg o0 vi(s,2) € S1;

lim_, o vi(s,.) = (—00,(:)), for some Reeb orbity inY;

limg_, 4o vo(s,.) = (+00,(:)), where 7y is the same Reeb orbit;

o limg_,_onvo(s,t) eW
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Definition 50. Let q| € S1, qo € So be generators of the chain complex for H;, the moduli space of

split continuation cylinders with 1 cascade
K (q1, 90, Hi, Ho)

is the fiber product:

W5 (q1) cha(SI’SO’Hl,HO) >A< Wy (q0)

The moduli space of split continuation cylinders with N cascades
7(]‘\11(61-%5 q—, Hl’ HO)

is the fiber product:

My, (q1,Sn,, H1) x K*(Sn,» Sn,, Hi, Ho) X M, (Sny» g0, Ho)
f f
with Ny + No =N — 1
The following is proved in §7:

Proposition 51. For a generic choice of data Jyw and Hj, the moduli space 7?;’“(61+, q—,H), Hp)

is a manifold of dimension |q+| — |g—| + N — 1.

The moduli spaces ‘]A(;’“(qu, q—,Hy, Hy) admit a free RN—1 action by domain translations on
the non-continuation levels and we denote the quotient by K ;:,“ (q+,q—,Hy, Hp).

As above, the Z/2 count of rigid elements defines a map:
K :HF*(H) — HF*(H,)
and SH*(W) is defined as the colimit over admissible Hamiltonians H :
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4k

Figure 6.1: Configurations contributing to the differential in the monotone case. The line segments
represent flowlines of a Morse function in the contact boundary Y or in interior of W.

SH*(W) = lim HF*(W, H).
HeH;

In [19] it is proved that in the monotone case the split differential has 3 contributions. Given

p.q € crit(fp) and x € crit(fy) the following are potential contributions to the differential (see

Figure 6.1):

Theorem 52. [/9, §6] Assume that (X, Qyx) is spherically monotone with monotonicity constant
Tx and assume that D — X is Poincaré dual to KQx with vy > K > 0.
Then, SH*(W) well-defined, and does not depend on choices of data.

Any Floer cascade appearing in the differential is of the following configuration:
1. A Morse trajectory inY orin W;

2. A Floer cascade in the symplectization connecting two nonconstant orbits. It has length 1
and no augmentation punctures: the cylinder in R x Y projects to a non-trivial sphere in %,

and is asymptotic to Hamiltonian orbits at + 0.

3. A Floer cascade in the symplectization with one augmentation puncture connecting two
nonconstant orbits. The cylinder in R x Y projects to a trivial sphere in D. It is asymptotic

to Hamiltonian orbits at +o0 and to a Reeb orbit y in —o0 X Y at the augmentation puncture.
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The augmentation plane has index zero.

4. A Floer cascade of length 1 connecting a nonconstant orbit to a constant orbit. The cylinder
in R x Y is asymptotic to a Hamiltonian orbit at +o0 and to a Reeb orbit y in —o0 x Y.
It has no augmentation punctures and projects to a trivial sphere in D. It is followed by a

holomorphic plane in W of index 1 which converges to the same orbit y at +0.

6.2 The Morse-Bott split BV operator

As in the Morse-Bott split differential, the moduli spaces defining the BV operator come in two
flavors: the ones connecting two non constant orbits in the symplectization, and those that connect
a nonconstant orbit in the symplectization, and a constant orbit in the W. We will see in Lemma

(57) that the only relevant moduli spaces are in fact those of constant curves.

Definition 53. Let S_, S denote Morse-Bott families of orbits of Hr in R x Y. The moduli space

of augmented BV curves

MG(S-, S, Hy)

is the space of tuples (v, [U;], T, 6) where (v, [U;],T') satisfy conditions 1 — 4 of Definition 45 and

linolO v(s, 1) e Sy (6.8)
lim v(s,t+6) € S_ (6.9)
§—>—00

We denote by M\g (S_, Sy, H;) the space of unaugmented upper levels in the symplectization con-

sisting of tuples (v, T, 0) satisfying the above conditions.

Definition 54. Let S be a Morse-Bott family of orbits in R x Y. The moduli space of augmented
BV curves with a plane in W

ME(W., S, H,)
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is the space of tuples (vo, v1, [U;], T, 0) where (vo,vi, [U;],T') satisfy conditions 1 — 5 of (46) and

lim vo(s,t+0)eW

§——00

We can now define the moduli space of BV-cascades:

Definition 55. Given g_ € S_, g+ € S generators of the chain complex, the moduli space of BV

cylinders with 1 cascade

—~

Mg,l(q*’ qu’HT)

is the fiber product:

W(g=) x M(S_. S He) x W(g-)
The moduli space of BV cylinders with N cascades, N > 2

—~

Mg,N(CZ—, C]+,HT)

is the fiber product:

W3(g_) x
Y(Q)A

MZ<S79 Sl9 HT) AX M]L:]_1<Sl’ q+, HT)
f
Transversality for simple Morse-Bott differential cascades is discussed in [19, §5]. It consists
of proving transversality for augmented curves in the symplectization, as well as transversality for
evaluation maps. There are no new phenomena in the moduli spaces arising in the definition of the
the BV-cascades. In the monotone case, the simple moduli spaces, denoted M;f\’, (q—,q+,H;), are

sufficient for defining the BV operator. We review the definition and prove the following Lemma

in §7.

Lemma 56. For a generic choice of almost complex structure Jy, M\; ’X,(q_, q+, Hy) is a manifold

of dimension |q+| — |q—| + N if g— is a generator inR x Y and |q+| — |q—| + N + 1 if g_ is a
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generator in the interior of W.

Let g_ be a nonconstant orbit. Then the moduli space M\g v(@->q+,H;) admits a free RN
action by domain translations if S_ # §;; otherwise it admits a free RN—1 action. In both
cases we denote the quotient by Mg’ v(@—.q+,H;). If g is a constant orbit, the moduli spaces
M\Z,N(q_, g+, H;) admit an R¥*! action, and we denote the quotient by Mg y(q-. g+, Hr).

As in the case of the differential, a slight modification of SFT compactness and gluing argu-
ments imply that the moduli spaces of split coproduct cascades admit a compactification by broken

Morse flow lines and Floer curves and SFT type buildings.

We define the BV operator, II, on the chain complex (5.1) as the Z/2 count of rigid curves:

Og, = >, #(Myolg—.q4:He)x. (6.10)
lg+|=lg—|—1

This following Lemma is a slight generalization of [19, Prop 6.2]:

Lemma 57. The I structure on (5.1) is given by :
N(px) = kpr, M(pr) =0

Proof. Lemma 6.1 of [19] establishes that the Fredholm index of a plane in W appearing as an
augmentation plane is non negative, and is at least 2 if multiply covered. Consider a cascade with
N levels and k augmentation planes appearing in a rigid BV-cascade from g to ¢;. We first assume
that this is not a 1 cascade projecting to a constant sphere in D.

Let Aj,..., Ay € Hy(D) denote the homology classes of the projections to D, let By, ..., By €
H,(X) denote the homology classes corresponding to the augmentation planes. Let y;,i = 2,...,k
denote the limits at the augmentation punctures, and let k; denote their multiplicities. Let A =

SV A
(TD),A)

We have kg —Zlekj = KQx(A) = K<C'TX 7. We also have for j > 2, k; = BjeD =
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KQx(Bj). Notice then that |y;|o = 2{c1(TX),B;) — 2B ¢ D — 2. We therefore have:

0=qo| — |g1] + 1

K k
= i(q0) + M(q0) — i(q1) — M(q1) + 22— (ko - > k)
j=1
_k & (6.11)
+2TXK D kit
j=2
k
=i(qo) + M(p) —i(q1) — M(q1) + 2c1(TD), A) + 2k + Z lyilo + 1.
j=2

Recall that for each j = 2,...,k, |y;|o = 0.

Consider the chain of pearls in D obtained by projecting this cascade to D. By transversality
for chain of pearls Lemma 71 after [13, §5.3], if this is a simple chain of pearls, it has Fredholm
index

Ip = M(qo) + 2{c1(TD),A) — M(q1) + 2k + N — 1.

If the chain of pearls is not simple, by monotonicity, we have that the index is at least as large as
the index of the underlying simple chain of pearls.

Let Ny be the number of Floer cylinders that project to constant curves in D, let Ny denote the
number of BV cylinders projecting to constant curves, and let N; be the number of cylinders that
project to non-constant curves in D. N = Ny + N1 + Nqn. Each Floer cylinder that projects to a
constant curve in D must have at least one augmentation puncture. Hence Ny < k.

By transversality for simple chains of pearls, we obtain the inequality

Ip = 2N + 2k + Nn

by considering the 2-dimensional automorphism group for the N; non-constant spheres, the 2k-
parameter family of moving augmentation marked points on the domains, and moving the constant

BV sphere along the flow of D.
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Combining with Equation (6.11), we obtain

k
0=i(qo) —i(q1)+ (Up—N+1)+ > |yjlo+1
j=2
k

> (i(qo0) —i(q1)) + 2Ny + 2k — N + Z lvilo+2
=

k
= (i(q0) —i(q1) + 1) + Ny + k + (k = No) + 1 + ) |yjlo.
i=

Observe now that each term on the right-hand-side of the inequality is non-negative and we obtain
0 < 1, which is impossible. This means that the only possible configurations are those projecting
to constant spheres. In particular, we must have Ny = k = No = 0. Ng = 1, and i(qo) =
0,i(q1) = 1. It follows that g = py and g1 = pi.

To justify the coefficients, note that given a constant solution # mapping to an orbit of multi-

plicity k, there are exactly k values 61, - - - , 6; such that

u(s,0) = pi

u(s,0r) = pr

O

The fact the BV operator descends to cohomology can be proved by considering the boundary
of dimension 1 moduli spaces. Alternatively, in the monotone case, the Morse-Bott split differen-

tial has a lower triangular form [ 13, Theorem 9.1]:

000
« 00 (6.12)

= 0 =
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O

Figure 6.2: An augmented coproduct curve

with respect to the splitting of the chain complex as

sc*<w,Hoo>—(@ - z<m>)@(@ o z<m>)@< o z<x>> 61
) )

k>0 peCrit(fp) k>0 peCrit(fp xeCrit( fw

So we can see immediately that the terms ¢ o IT and II o ¢ both vanish.

6.3 Morse-Bott split coproduct

We now describe the moduli spaces of cascades that contributes to the split coproduct. The
definitions use the families of admissible Hamiltonians H,, and almost complex structures as
above. As usual, we parameterize the unit interval with coordinates w = (wg,w;) such that
wo + w1 = 1,w; € (0,1). Recall that ® = (61,6,) € S! x S,

Let H; be an admissible Hamiltonian of slope 7. Let € « 1, such that e7 is smaller than the

period of any Reeb orbit of R,. To define the coproduct curves we will fix:

1. A family of Hamiltonians H, , parameterized by X x (0, 1) satisfying:
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* In a neighborhood of infinity at the positive cylindrical end:

* In a neighborhood of infinity at the ith cylindrical end:

oe(wi)Hy for —R>s> —R — «k(w;)

H, for —R —k(w;) — 1 =25 > —w

* H_,(r,y) only depends on the coordinate r.

2. A family of almost complex structures J, ,, parameterized by £ x (0, 1), and satisfying the

following conditions:
* In a neighborhood of the punctures J,, = J
* J, . 1s admissible outside of a compact set K of R x Y.
* J. . 1s a lift of an almost complex structure Jp. That is, J; ,, commutes with the pro-

jection map: 7(J; &) = Jpn(£).

3. A one form B on X satisfying d(H, ) < 0, and such that S restricts to dt in the neighbor-

hood of the punctures.

Remark 58. In the choice of almost complex structures, we need to let the compact set K be
arbitrarily large. As in [3, §18], we will need to impose extra conditions on Jy in order to ensure
the maximum principle. One such solution is to impose that there exists a sequence r, — 0 such

that J satisfies the contact type condition along the hypersurfaces r = ry,.

Definition 59. Let S;,i € {0, 1,2} denote Morse-Bott families of orbits of Hr € R x Y. We define
several types of split pair of pants co-product as follows. In all of the following we require that

([U;], ) satisfy conditions 2 — 4 of Definition 45.

74



1. M%(S1, 82,80, H. ) is the space of tuples (v, w, [U;],T") where v : Z\I' — R x Y is a finite
energy map satisfying

(du— Xy, , ®B) ) =0 (6.14)

and

lim v(e(s,t) €S;
|s|]—00

2. ME(S1, 52,80, H ) is the space of tuples (v, 0, w, [Ui],T') where v : 2\I' > R x Y is a
finite energy map satisfying

(du — Xy, , ®B) ) =0

and

YILHQO v(eo(s,t) € Sp

lim v(e(s, 0;) € S;

§——00

3. Mg (81,82, S0, H ) is the space of a tuples (0;,v, w, [U;],T') such that: ¥ : E\I' - R x Y

is a finite energy map satisfying
(du — Xu, ,8) ") =0
and

lim v(eo(s,t)) € So
§—00

lim v(e(s, 0;) € S;

§——00

lim v(e;(s,t) € S;

§——00
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We denote by M* (S, Sa, So, H,.,), the space of unaugmented upper levels in the symplectization
consisting of tuples (v, T') satisfying the above conditions. We similarly define M(’f)(S 1,852,580, H; )

and Mg (1, S2, S0, He )-
The coproduct with N cascades is defined as the following fiber products:

Definition 60. Let g;,i = 0, 1,2 be generators of the Morse-Bott split chain complex of H,. For
Jj €{0,...,N + 1} we fix a choice of perturbation f)f € C(fy, fp). The moduli space of split
coproducts with N cascades

—~

Mg v(q05q1,92)

consists of the fiber products:

ws X
1(‘11)A

W;(QZ) Z( MZ)’@)(Sla S2’ SO7 HZ,(U) AX MIL:]—I (507 qo’ HT)
f

Mgl Nl (ql,SlaHT) X
B Af

MZZ,NZ(CIZ, Sz’ HT) AX MZ)(Sla S2a S()a Hz,a)) A>< MX]O(SO’ QO, HT)
f f

with No + N + N, = N — 1
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Wi(g;)x
z(%)A

gj’Nj (QJ’ S]’ HT) AX MZ),Q[ (Sl" S]’ SO’ Hz,w) AX M]‘CO(SO’ q()’ HT)
f S

with Ng + Nj = N — 1

Where the stable/unstable manifolds of q; are given with respect to the perturbations f,ﬂ, and the
Jth fiber product is taken over the diagonal/flow diagonal of f; .

P

Mg, N(qo; q1,q>) admits an RN=1 action by domain translations, if the BV levels are non con-
stant, and an R¥~2 or RV ~3 action if one or both of the BV cylinders are constant. We denote the
quotient by Mg , (qo; 41, 42)-

Transversality for the coproducts cascades is proved in §7. The compactness assumptions for
the Morse-Bott coproduct cascades, plus a slight modification of SFT compactness and gluing
arguments imply that the moduli spaces of split coproduct cascades admit a compactification by
broken Morse flow lines and Floer curves and SFT type buildings.

We define the split coproduct operator on the chain complex (5.1) as the Z/2 count of rigid

curves:

Aq0 = 2 # (M%,N(qo;ql, qz)) 91 ® q2. (6.15)
lgol=q1]+]g2|—2n+3

An explicit description of the coproduct

We will now see that in the monotone case it is sufficient to consider moduli spaces of curves

projecting to simple curves. This is a slight generalization of [19, Prop 6.2].

Lemma 61. Assume that (X,SQy) is spherically monotone with monotonicity constant tx and

assume that D < X is Poincaré dual to KQx with tx > K > 0. Then any rigid coproduct cascade
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is of the following configuration:

w? X
1(‘11)A

W3(q2) X M o(S1, 82,80, Hy ) A W3 (qo)

Moreover a rigid curve has a checked orbit as input and hatted orbits as outputs.

Proof. Lemma 6.1 of [19] establishes that the Fredholm index of a plane in W appearing as an
augmentation plane is non negative, and is at least 2 if multiply covered.

Consider a cascade with N levels and k augmentation planes appearing in the coproduct of
A(q0) = q1 ® g2. Let Ay, ..., Ay € Hy(D) denote the homology classes of the projections to D,
let By, ..., By € Hy(X) denote the homology classes corresponding to the augmentation planes.

Let y;,i = 3,...,k denote the limits at the augmentation punctures, and let k; denote their

TD)

multiplicities. Let A = Y)Y | A;. We have ko — Zle ki = KQx(A) = K<”T(X7A> We also have

for j = 3, k; = Bj ¢ D = KQx(B;). Notice then that |y;|o = 2{c{(TX),Bj) —2Bj e D — 2.

We therefore have:

0=q1| + |g2| — |qo| —2n +3

k
— i(q0) + M(q0) — Y. i(qs) — . M(gy) + 22— K ko - > k)

K ,
j=1
=K & (6.16)
+2- Zk,-+2
j=3
k
= i(q0) + M(p) = D i(gr) = Y M(qi) + 2{er(TD), A) + 2k + ) [yjlo +2.
j=3

Recall that foreach j = 3,...,k,

7/j|0>0.

Consider the chain of pearls in D obtained by projecting the upper level of this split Floer
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trajectory to D. If this is a coproduct chain of pearls, by Lemma 73 it has Fredholm index:
Ip = M(qo) + 2{c1(TD), Ay — > M(q;) + 2k + N — 1.

If the chain of pearls is not simple, by monotonicity, we have that the index is at least as large as
the index of the underlying simple chain of pearls.

Let Ny be the number of sub-level Floer cylinders that project to constant curves in D, let
Nm denote the number of BV-cylinders projecting to constant curves, and let N1 be the number
of sub-level cylinders that project to non-constant curves in D. N = Ny + Ny + N + 1. Each
Floer cylinder that projects to a constant curve in D must have at least one augmentation puncture.
Hence Ny < k.

By transversality for coproduct chains of pearls, we obtain the inequality
Ip = 2N + 2k + Nn

by considering the 2-dimensional automorphism group for the N non-constant spheres, the 2k-
parameter family of moving augmentation marked points on the domains, and moving the constant
spheres along the flowlines of D. Note that at a constant sphere, the evaluation maps are submer-
sions, so we can assume that the gradient trajectories preceding and following a constant sphere
belong to the same function fy.

Combining with Equation (6.16), we obtain

k
0 =i(q0) — ) ilg)) + (Ip =N+ 1) + ) yjlo +2
j=3
k
> (i(go) — Yi(qi)) + 2Ny + 2k =N + Y |y;lo +3

J=1

k
= (i(qo0) — Zi(%') +2)+ N+ k + (k= No) + Z 7o
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Each term on the right-hand-side of the inequality is non-negative. In particular, we must have

Ny =k = Np = 0. The last claim follows from the fact that 0 > (i(qo) — >, i(g;) + 2). m

Chain map:

The easiest way to show that the Morse-Bott coproduct descends to homology is to consider
the matrix of the differential. In the monotone case, and with respect to the splitting of the chain

complex as

SC*(W,HOO)=<6L) S5 Z<ﬁk>>@<@ ) Z<ﬁk>>@< ) Z<x>> (6.17)
) ) )

k>0 peCrit(fp k>0 peCrit(fp xeCrit( fw

the split Morse-Bott differential has a lower triangular form [ 13, Theorem 9.1]:

000
« 0 0 (6.18)

+ 0 =

This means that the differential of hatted orbits vanishes, so by (61) so do the terms (1 x ¢) o A and
(0 x 1) o A. Moreover, the differential of a checked orbit is a hatted orbit or a constant orbit, on

both of which the coproduct vanishes.

Sketch of isomorphism with the Hamiltonian coproduct

A cobordism argument first relates the Morse-Bott and split Morse-Bott moduli spaces by
neck stretching. That is, we use a family of almost complex structures J; on W such that (W, J;)
converges as [ — 0 to a split manifold whose upper level is (R x Y, Jy) and lower level is (W, Jy ),
[19, Lemma 2.7].

Then a slight modification of SFT compactness implies that a sequence of J; Floer curves will
limit to an SFT type building with levels in R x ¥ and W. The maximum principle implies that the

top Floer curve in R x Y is connected, [20, Step 1 in Proposition 5]. It follows that the only Jy-
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holomorphic levels that arise have exactly 1 positive end and multiple negative ends; transversality
for all such levels is proved in [ 13, §5], and §7. A dimension argument now implies that there are
at most two levels.

To show that the Morse-Bott and Hamiltonian complexes are quasi isomorphic one constructs
continuation maps. Given an admissible Hamiltonian H, we consider a non degenerate Hamil-
tonian H,, which is a C? Morse function in the interior of W, and is a small time dependent
perturbation of H, in a neighborhood of the periodic orbits of Xp_ .

To define the continuation cylinders, we consider a family of Hamiltonians parameterized by

the cylinder §' x R satisfying:

H; fors>0
Hs,t =

H. fors <0,

and subject to the condition that d;(H,,) < 0. In order to avoid difficulties with degenerate orbits
we also impose the following conditions. In the cylindrical end Hy;(r, y) = h.(s, ") for a function

h-(s, p) satisfying

er%(h(s,er) —h(s,e") =0
as(eri(hT(s, e") — he(s,e")) <O0.

ap

We also choose a family of almost complex structures interpolating between admissible almost
complex structures used to define HF*(H,, Jw) and HF*(H,, J).
Then by the maximum principle, [19, Lemma 5.4], the moduli space of 0 dimensional contin-

uation cascades is compact and give chain maps:

k: HF*(Hy,Jw) — HF*(H,J).
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Lemma 62. There exists a commutative diagram:

HF*(H.) —*> HF*(H,) ® HF*(H-)

L b

HF*(H,) — HF*(H.) ® HF*(H,)

Proof. Note that the continuation maps consist of a disjoint union of isolated continuation cas-
cades. By concatenating and gluing, as in section §3.4, we obtain new glued operations k#4 and
A#tk. For a large gluing parameter k#4 = k o A and A#k = A o « on the chain level. The operations
A#k and k#1 agree at the positive and negative ends and we use a cobordism to interpolate between
the two and show that they are chain homotopic.

Note that we only consider moduli spaces with inputs and outputs in non constant orbits, so
the relevant interpolation between H, and A, happen above the region where the degenerate orbits
are and hence they do not pose a problem (here we again assume the compactness of the moduli

spaces). O
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Chapter 7: Transversality

This section serves as a recap of the transversality methods in [ 19, §5]. We first recall from [19]
the necessary function spaces and Fredholm theory required to deal with Morse-Bott asymptotics
in §7.1. We then describe the decomposition of the linearized Floer operator in §7.2. In §7.3
we state and prove transversality for simple cascades. In §7.4 we define and state the analogous

transversality results for chains of pearls.

7.1 Fredholm theory

Letv: S — R x Y be a finite energy solution of
(du — Xpy ® o) =0, (7.1)
where ¥ and ® parameterize families of Hamiltonians and 1—forms, satisfying
d(HyPBo) < 0.

This description includes the moduli spaces defining the differential, as well as moduli spaces
defining continuation maps, coproduct and BV cascades. The linearization of the Floer equation

(7.1) can be identified with an operator:

D, : WoL (S V' T(R x Y)) — LPP (A T*S @ vIT(R x Y)).

Here WXP9 denotes the space of sections that exponentially decay like e 95l near the punctures.
More precisely, let £ — S be a hermitian vector bundle over a punctured Riemann surface, to-

gether with fixed trivializations at the punctures. Let 6 > 0. Then Wk’p"s(s , E) denotes the space
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of sections n of E whose representatives f : Z+ — C" in the cylindrical ends with the given

trivializations satisfy:

||€i6sf||wk»1°(zi) < 0.

Over each puncture z we obtain an asymptotic linear operator which in the cylindrical coordinates
is given by:
d

Az = _Jz(t)a - Az(t) (7.2)

where A, (t) is a loop of self adjoint matrices. Since the orbits we consider are Morse-Bott degener-
ate, the asymptotic operators are degenerate. By [19, Lemma 5.16] the Cauchy Riemann operator

D, with asymptotic operators A, is conjugate to a Cauchy Riemann operator

DS WEL(S VTR x Y) — LP(AY'T*S @ v'T(R x Y))

with perturbed asymptotic operators A, + 6, and is hence Fredholm. Its index is:

ind(Dy) = nx(S) + 2c (V' T(R x Y) + Y (CZ(A; +6)) — > (CZ(A. +6)  (7.3)
Iy r_
where ¢ is computed with respect to the chosen trivialization, and I'y denotes the set of posi-
tive/negative punctures.

In order to consider the entire family of solutions with asymptotic limits moving in Morse-Bott
families, we consider the following enlargement. To each puncture we associate a subspace of
the kernel of the corresponding asymptotic operator, which we denote by V, and write V for this
collection. Then, for each puncture z we associate a smooth bump function u, supported near and
identically 1 even nearer to its puncture. We then define

Wy (S,E) ={ue WP (E)|3e eV,

(7.4)
such that u — Z e, € WHPO(E)Y,

Since the vector spaces V, are in the kernel of D, the operator extends to an operator:
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D, : WE (SVT[R x ¥) — LY (A T*S @ v T(R x Y))

which is Fredholm with index [13, Theorem 5.18]:

ind(D,) = ny(8) + 2c1(vV*T(R x Y) + > (CZ(A; + 6) + dim(V-))

Iy
(7.5)

— Y (CZ(A; + 6) + codim(V.))
I_

7.2 A decomposition of the linear operator

By our choice of complex structures, for each p € Y, the projection np gives a complex bundle
isomorphism (&, da) = (Ty,,(, D, KQp). Letw = 7p(v).
LetV = (b,v): Z\I' > R x Y, and let { = (¢, {») under the isomorphism 7#*T(R x Y) =

(R®RR) ® w*TX. We consider the decomposition:

Daa Dab {a

Dpy Dpp | \ &b

Dﬁ((a, {b) =

The following lemma is a slight generalization of [19, Lemma 5.22] by considering the more

general Floer equation (7.1):

lle

Lemma 63. The isomorphism v*T(R x Y) =~ (R@®RR) @ w*TD induces a decomposition:

DL M

v

0 D,
where DL W:,f’6(s, R@®RR) — LPY(A®' T*S @ R ®RR), and M is a multiplication operator:

Proof. The nonlinear Floer operator takes the form of the left-hand side of the equation:

dv+J,,(V)dvoj—J, X, w®Boj— X, ,®B=0. (7.6)
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If we apply dr to the previous equation, and use the fact that dr o J, = —f(r, y)a, we get:
db — f(b,v)v*aoj+h.,(e")Boj=0.
Denote by mz: TY — & the projection along the Reeb vector field, we get
medV + J (V) medv o j = 0. (7.7)

Let g be the metric on R x Y given by g = dr? + o2 + da(-, J,4-). Let V be the Levi-Civita

connection for g. Let V be the Levi-Civita connection on TZ for the metric ws (-, J. Zzw)

In local coordinates s + it near a point z in X :

0 =0svds + 0;vdt + J, ,(—0svdt + 0,vds) — J; X0 ® (—Bsdt + Bids)
— X, 0 ® (Bsds + B,dt).
Then, it follows that the linearization Dy applied to a section ¢ of V*T(R x Y) satisfies

10074 (as> :%sg + Jz,w(v)ﬁtg + (ﬁsz,w(ﬁ))atf/

Vo (Xn, B ) = Ve(Jow(P) Xn, B (P)

Notice that Vo, = 0 since g 1s a product metric. Observe also that for any vector field V in TZ,
there is a unique horizontal lift V to Y with the property a(V) = 0. For any two vector fields V and

W in T, since da(V, W) = Kws(V, W), we have the following

—~

[V,W] = [V,W] — Kws(V,W)R.
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From this, it follows that the Levi-Civita connection V satisfies the following identities:

We also have:

— K 1
szn - EU)Z(WS, U)R - Ea’(vs)-]z,w{,

<
A
I

and similarly for V,. We then obtain the following covariant derivatives of J, ., where W is a section
of v*¢:

o S =~ 1
(V{JZ’w)ar - V«(f(r’y)R - JUUV{&" = _Ef(r’ y)Jz,w{
o~ S = 1

(Vg.]z,w)R = _Vé’(‘]z,war) - Jz,wng = —55

(VedowW = V(o oW) — I,V W

—_— K —~ K
= VyJ W — sz(ﬂ, Jow)R = Jow (VUW - ECUZ(U, W>R)

K K
= (V,Js)W — sz(n, J:wW)R — 70 y)wz(n, W)o,.

We first consider the case when ( is a section of 7*¢, and is thus the lift { = 77 of a section 1 of
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w*TX. We compute:

1074 (as) :%s{ + Jz,w@)%tév + (6(.]2#,(\7))6[\7

Vo (Xn, B ) = Ve(Jow(7) X, B (P)

—~—~—

K 1
=V,.n— EwE(Ws’ ’I)R - EQ(VS)Jz,wf

—~—~—

K 1
+ Jz,w(VWzU - Ewi(wt’ 77>R - Ea(vt>~]z,w§>

1 1
= S ybizwl — Sa(v)E

— K K

+ (VyJs)w; — sz(n,szt)R — mwz(n, Wy )0y

1 r
+ Eﬁsh;-‘rit,w ("0l

~

=D§Vn —J,wKws(wi,n)R — Kws (ws, n)R.

From this it follows that

and

Dyl (05) = —J; wKws (W, 15¢)R — Kws (ws, 130).

Note that D, is surjective except at critical points of the J map w, of which there are finitely many
if w is non-constant.

We now consider D3¢ (0g), where ¢ = (10, + {>R. Note that:

(%Rjz,wwr = (%Rf“sy))R
<§RJz,w>R = _%R<f<r’y>7l)ar

~ ~

R (]z,wW) - Jz,wVRW

(Vidzw)W
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and similarly:

(66,»]1,(0)8;’ = (%6,.f(r’ y))R
(Vo Jow)R = =5, (f(r,y) 1o,

(Vo Jo)W = 0.
By the Leibniz rule it now follows that Dy, = 0, and D, is given by:

Dl (05) =5 + Jow()& + (Vedow (7)) (@(6v)R + byd))

Vo (Xn, ,Bs) ) — V(o) Xn, ,Bi) (P)

7.3 Transversality for simple cascades

In this section we discuss transversality for simple cascades. As in the theory of J holomorphic
curves, simple here essentially means that the curves are not multiply covered. Under monotonicity
conditions on X and D, these moduli spaces will be sufficient for defining the various operations.
As usual, w = (w1, w2), 0 € S',and © = (61, 60,) € S! x S'. We start with the definition of simple
BV cascades:

Definition 64. Recall the moduli space of BV cylinders with N cascades M\g v(@-.q+,H:), Defi-

nition 55. Then the moduli space of simple BV cylinders with N cascades

Myv(a- g+, Hy)

consists of elements in Mg, v(@—>a+, Hr) for which the projection of each cylinder to D is either
somewhere injective or a constant curve in D. If the projection of v to D is constant, and v is not

a BV level then it has at least one augmentation puncture.

We now define simple coproduct cascades:
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Definition 65. Let M¢, /(g0 q1, q2, Hz 0, J; ) be the moduli space of augmented coproduct curves

with N cascades, see definition 60. The moduli space of simple coproduct curves with N cascades

ng\](qo; q1,42, Hz,w’ Jz,w)

consists of elements in Mg’ N (90591592, H; 05 J;.0) for which the projection of each non coproduct
level to D is either somewhere injective or a constant curve. If the projection of v is constant, and

v is not a coproduct or BV level it must have at least one augmentation puncture.
Lastly, we define simple continuation cascades:

Definition 66. Let 7?1‘\’, (q+,q9—, Hy, Hy) denote the moduli space of continuation cylinders with N

cascades, see Definition 50. The moduli space of simple continuation cylinders with N cascades

7(:[’“<q+’ q-—, Hl’ HO)

consists of elements in Ky,(q+,q—, Hy, Ho) for which the projection of each cylinder to D is either
somewhere injective or a constant curve in D. If the projection to D is constant, and v is not a

continuation level then it has at least one augmentation puncture.

Recall that the moduli spaces Mg’?\,(qo; 41,92, H; o, J; ) of coproduct cascades are defined

as fiber products over flow diagonals. For j € {0,..., N + 1} we consider a choice of perturbation

fleCS(fy. ).

Proposition 67. For a generic choice of almost complex structure Jw /Y/(\;:X,(q,, q+,Hy) is a
smooth manifold of dimension |q 4| —|q—|+ N if g— is a generator in R xY and |q+|—|q—|+N+1
if g— is a generator in the interior of W.
For a generic choice of J, ., a Morse function fy, and perturbation data f; € CX(fy, fp), the
moduli spaces Mg”?v(qo; q1,92, H; 0, J;.0) are manifolds of dimension |qo| — |q1| — |q2| + 2n — 3.
For a generic choice of data Jyw and Hy, the moduli space 7?;,“ (q+,q—,Hy, Hy), is a manifold

of dimension |q+| —|q—| + N — 1.
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Proof. Let v be a solution of (7.1). The linearized operator
D, : Wy (E\[LWV'T(R x ¥) — LPO(AYT*Z\T @ v*T(R x Y))

decomposes with respect to the splitting v*T(R x Y) =~ (RO®RR) ®w*TD, see Lemma 63. Recall
that V denotes the kernels of the asymptotic operators at each of the punctures. The diagonal
terms are perturbed Cauchy Riemann type operators, while the off diagonal term is a compact
perturbation. For non coproduct levels, the complex structure is cylindrical and surjectivity of the

upper diagonal term
DL WER(E\L, v (RDRR)) — LPY(AM T*E\T @ v (R D RR))

follows from automatic transversality [ 13, §5.2]. For coproduct levels surjectivity is obtained for a
generic choice of almost complex structure satisfying J, ,0r = f(r, y)R as in [3, §16].

The lower diagonal term in the decomposition above can be identified with D,,, the linearized
Cauchy-Riemann operator associated to 7p(v):

Dy, : Wyl (w*TD) — LP*(Hom"!(T(S), w*TD)).

By the choice of almost complex structures and removal of singularities, w extends to to a holo-

morphic sphere in D. Let
D,,: WP (w*TD) — L? (Hom®!(TCP!, w*TD))

be the linearized Cauchy—Riemann operator in D at the holomorphic sphere w. The operator D,,
is Fredholm independently of the weight, but D,, is only Fredholm when the weight ¢ is not an
integer multiple of 27r. For ¢ sufficiently small these operators have the same Fredholm index and

their kernels and cokernels are isomorphic by the map induced by restricting a section of w*T' D to
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S. Fora generic choice of data D, is surjective.

Since Dy is upper triangular and both diagonal terms are surjective, this establishes transver-
sality for unaugmented curves in the symplectization. We need to establish transversality for
augmented curves, this will involve transversality statements for augmentation planes, as well
as transversality for unaugmented curves together with transversality for the evaluation maps at
augmentation punctures.

We start by discussing augmentation planes. Lemma 2.4 of [13] establishes a correspondence
between finite energy Jy holomorphic planes in W and Jx holomorphic spheres in X with a single
intersection with D. The order of contact gives the multiplicity of the Reeb orbit to which the plane

converges. We recall the definition of augmentation spheres in X:

Definition 68. Let M\;‘(((B 1> .., Br);Jx) denote the moduli space of k Jx holomorphic spheres
in X, where each sphere is somewhere injective, no image of a sphere is contained in the image of
another sphere, the image of each sphere is not contained in the tubular neighbourhood ¢(U) of
D, and such that each sphere intersects D only at o € CP' with order of contact B; e D.

M\;((Bl, ..., By); Jx) admits an action by Aut(CP', ) and the quotient is denoted by
ME((B1, ..., By): Jx).

The constraints on the spheres arising as augmentation planes are justified in [ 13, Remark 6.7].

We now recall the definition of the evaluation maps. Recall the spaces of k£ punctured unaug-
mented curves in the symplectization, Méf)(S 1,82, 80, H; oy, J; ) for example. In a neighborhood
of an augmentation puncture z;, with negative cylindrical coordinates (s,7) € [—20,0] x S I asolu-
tion v(s,t) € M(’;(Sl , 82, S0, H; ,,) is asymptotic to a Reeb orbit in R x Y. Recall that Reeb orbits
project to a point in the divisor D. We denote the limit

Jim 7 (v(s.1)

at the i’th negative puncture by 7p(v(z;)). This limit exists by Gromov’s removal of singularities.
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There are natural evaluation maps at augmentation punctures:

ev: M(]f)(Sl,Sz, S0, Hz 0, J-.0) — D

v,z1s-o0szk) = (7(v(z1) - (v(zk))s

ev: M;((Bl,Bz, Ce ,Bk);JD) - Dk

(Vl, e ,Vk) —> (VI(OO),Vz(OO), ce ,Vk(OO)).

Then transversality for moduli spaces of augmented curves is now reduced to the transversality of
M5 ((B1, Ba, . .., By); Jx) and the evaluation maps above. This is proved in [ 13, Propsition 5.35 ]
for a generic choice of data.

To conclude transversality for cascades it remains to consider transversality of evaluation maps
to the the products of stable/unstable manifolds and flow diagonals in Y.

Recall that The contact distribution & defines a connection on the S! bundle S' — Y — D,
and that for each j € {0,...,N + 1} we consider a perturbation f)f € CS(fv,fp). These are
perturbations of the Morse function fy, which change its gradient vector field in the horizontal
direction. Sard-Smale’s theorem allows us to achieve transversality in the horizontal direction for
a generic choice of perturbation data.

We now consider transversality in the vertical direction. Note that the evaluation maps are
transverse to the flow diagonal at every level [13, Lemma 5.4]. For Floer levels it follows from
the Reeb-invariance of the solutions and the requirement that the cylinders are not trivial, that the
evaluation maps are submersions and hence transverse to all stable and unstable manifolds. This
is discussed in detail in [19, Prop. 5.41].

By varying the asymptotic marker at the negative puncture, we obtain that the BV moduli
spaces are S' bundles. This, coupled with the Reeb invariance of the solutions implies that the
BV moduli spaces are in fact S' x S' bundles and hence the evaluation maps are submersions and
transverse to all stable and unstable manifolds. This proves the first statement of the proposition.

We now consider coproduct levels. Since we vary the asymptotic marker at both negative ends,
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the evaluation maps are transverse to all stable manifolds. It remains to ensure transversality of the
evaluation maps at the positive end. This there are countably many such moduli spaces, this will
hold by Sard-Smale for a generic choice of Morse function fy € X(fp). This proves the second
statement of the proposition.

We now consider continuation levels. The only new case we need to consider is transversality
in the vertical direction for constant continuation curves, when the continuation map is the identity.
In this case, the evaluation maps are with respect to the stable and unstable manifolds of the same
critical point, which intersect at the critical point, and the last statement of the proposition follows.

O

7.4 Augmented spheres and chains of pearls

In order to limit the configurations arising when (X, D) is a monotone pair, it will be useful to
consider moduli spaces of chain of pearls in the divisor. By our choice of almost complex structures
and removal of singularities, curves in the symplectization project to Jp holomorphic curves in the
divisor, and augmentation planes in W correspond to planes in X with contact constraints in D.

By the choice of Morse functions on Y, a gradient like trajectory of fy projects to a gradient
like trajectory of fp. Consequently, an augmented cascade projects to a cascade in D with aug-
mentation planes in X intersecting D. Such cascades are commonly denoted chain of pearls and in
the following we define the unaugmented version.

As usual, w = (w1, wy), satisfy w + wy = 1, w; € (0, 1).

Definition 69. Let A € Hy(D,Z). Then M}

> . p(AsJp) is the moduli space of simple Jp holomor-

phic spheres in D with 2 distinguished marked points at 0 and oo plus a possibly empty collection
of k marked points {z, . . ., zx }. Simple here means that each sphere is either somewhere injective
or constant.

Let J,, denote a family of almost complex structures parameterized by (z,w) € S* x 1. Then
M3 i.p(A; J,w) is the moduli space of J, ., holomorphic spheres in D with 3 distinguished marked

points at 0, 1 and oo plus a possibly empty collection of k marked points {zg, ..., 7y}
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There are natural evaluation maps:

ev: My, p(A;Jp) > D x D

v = (v(0), v(0)).
and

ev: Mayp(A;J;) > D x D x D

v = (v(0), v(w0), v(1)).

We now describe the chain of pearls appearing in the definition of the projection of Il cascades.
Note that these will be essentially the same configurations which arise for the differential.

Recall the space of perturbations C°(fp) consisting of functions f : D — R satisfying || f||e <
o and f(x) = 0 in a neighborhood of the critical points of fp. Recall also that X denotes the fiber

product over the diagonal of f while x denotes the fiber product over the flow diagonal.
Ay

Definition 70. Let q_ and q be critical points of fp. For j € {1,...,N} we fix a choice of

perturbation f/ € CS(fp). The moduli space of simple chain of pearls with N cascades

M p((Ar, ..., AN);q—.q+p3JID)

is the fiber product

WS(g_) x M;,kN,D(AN;JD) X . X M;’th(Al;JD) < W*(q.).
A Ar As A

Here the j'th fiber product is taken over the evaluation maps to the flow diagonal or stable/unstable
manifold of f/.

We will also consider simple chains of pearls missing their initial or final flowlines, for in-
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Stance:

MZ,D((Al’ Ce »ANI)»(]l;JD)

which is defined as the fiber product:

Wi(g-) x M3, p(An3Jp) x ... x M3, p(A1;JD).
A DN A Ap o OFD

Lemma 71. [/ 3, Prop 5.26] For a generic choice of almost complex structure Jp the moduli space

MZ,D«A" s AN)3q—, q+; Ip) is smooth of dimension

M(q-)+ Y 2ci(TD), Ay — M(qy) + 2k + N — 1.
i1EN

We now describe the moduli space of coproduct chain of pearls:

Definition 72. Let g;,i = 0, 1,2 be critical points of fp. For j € {0,...,N + 1} we fix a choice
of perturbation fl]). € C5(fp).- The moduli space of simple coproduct chain of pearls with N

cascades

vip(Co (AL ... AN). q0: 91, 92:ID)

consists of elements in the fiber product:

M;I;],D(<A17 oo 9AN|)9 QI,JD)AX
f

M, p((A1, ..., AN,), q25 D) X M3i;.p(Cs Jp) X M, p((A1, ... Any), g03 D)
! !

with ki + ky + ks + ko = k.
The following lemma follows from the discussion in §7.3:

Lemma 73. For a generic choice of Jp, and collection of Morse functions fé, the moduli space
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M*

N,k,D(C’ (A1, ..., AN),q0;q1,92; Ip) is a manifold of dimension

M(qo) + Y 2(ci(TD), A;) — > M(q;) + 2{c1(TD),C) + 2k + N — 1.
JEN
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Chapter 8: Computation

In this section we illustrate that the coproduct structure is not trivial by computing it for a
cohomology class in SH*(T*S3). We work with homogeneous coordinates (zo : z1 : 22 : 23 © 24)
in CP*. Let X be the complex projective quadric Zle zl.z = z% equipped with the restriction of
the Fubini- Study symplectic form wgg. The divisor D < X is given by Zle zl.z = 0 and can be
identified with CP! x CP'. Then the completion of X \D is symplectomorphic to 7*S> [21, §4].

Recall the constant K such that [D] € Ha, »(X; Q) is Poincaré dual to [KQyx] € H*(X;Q) for
some K > 0. In this example, [D] is Poincaré dual to wps, so K = 1. Moreover, X is monotone
with monotonicity constant 7y = 3; this means that Qx(A) = 3(c¢(TX), A).

We first recap the computation of SH*(T*S3) from [17]. Recall that the generators of the

Morse-Bott chain complex associated to H* are given by:

SC*(W,H”) = (@ @D Z<ék,4k>) @( D Z<x>>- ®8.1)
fp)

k>0 peCrit( xeCrit(fw)

The divisor CP' x CP! admits a perfect Morse function Jopt xcpt With 4 critical points
q0, q;, q%, q4. Here the subscript denotes the Morse index. In this case Y is the unit cotangent
bundle UT*S?, and we choose a Morse function fj,7+gs With two critical points on ¢, §; for each
critical point of frpi, ~pi. We also choose a Morse function with critical points e, ¢ in the interior

of T*S3. Consequently,

SC* (T*SS’ HOO) = Z<e’ C> @<qi,k’ qu',k’ q/é’k’ q\ik’ q%’k’ q\%’k>
k>0

where i € 0,4 and the subscript k reflects the fact that for each k& > 0 we have a manifold of orbits

of multiplicity k.
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In this example (tx — K)/K = 2, hence the grading is given as follows:

Gik| = —4k +5—i—1
|Gik| = —4k +5—i
le] =0

el =3

In our convention the differential decreases degree and the BV operator increases degree. In [17]

Lisi computes the differential for 7*S? as follows:

v A1 A2
ddox+1 = dop T 9ok
v A A

dds o1 = Gak + qok+1
dV2 _ A A
43 k+1 = 44k T 40k+1
« N )
ddai = 3.k + 493k
o1 ~
dql] =4do1 t+e

d‘ﬁ,] = qo,1 t+ e
In this model we can thus specify generators for SH*(T*S3,Z/2) as a graded Abelian group:
SH*(T*S?,Z/2) = Z{c, do.1, €. G5 — & g G p» G0k+1 — Gk Gok+1)

8.1 Strategy for computation

We will compute the coproduct in degree —3. In this model the generators of the chain complex
in degree —3 are given by: ¢o2,¢a.1. The coproduct increases degree by 2n — 3. In our example
n = 3 and hence the coproduct of an element in degree —3 will have total degree 0. We need to

consider the following possibilities:
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1. Curves where both outputs are in degree zero. The generators for the chain complex in
degree zero are given by e, §o 1. There are no rigid curves with outputs in constant curves,
see Remark 40, so this case is reduced to counting curves which are asymptotic to goj at

both negative ends.

2. Curves with one output in degree —3 and one in degree 3. The only generator in degree 3
is given by c but again there are no curves with outputs in constant orbits so we don’t have

such contributions.

3. Curves with outputs in degrees —1, 1. The chain complex in degree 1 is generated by ¢ |
and in degree —1 by qvé , and c]% ;- We ruled out curves with checked output orbits above,

see Lemma 61.

Hence the only potential outputs up to a sign are (§o,1,§o,1) and since ko — k1 — ky = 0 ([13,
Lemma 5.43], we only need to consider curves which are asymptotic to go at the positive end,
and to §o,1 at both negative ends. These curves project to a point in D and to an orbit in ¥ hence
are contained in R x S! € ¥ x R. We will exhibit the existence of a unique transverse curve as

follows:

e We will consider a modification of the coproduct operation, A, by considering curves which
do not have the continuation-BV operation at the negative ends. We we will express the

coproduct, A, as the gluing of A’ followed by continuation-BV cylinders.

* For A/, we will consider a choice of parameterizing data such that at 7 = 1/2 it is a pullback

by a double cover from the cylinder.
» We will argue that solutions for w # (1/2, 1/2) can not occur by the maximum principal.

» For w = (1/2,1/2) the constant solution is the only solution, and this solution is regular.
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8.2 Another definition of the coproduct operation

As usual w = (wy,w;). Let Hy be an admissible Hamiltonian. Let ® : ¥ — S! x R be
a holomorphic double cover of the cylinder, with one interior branch point, and another at the
positive puncture. We consider a family of smooth 1-forms §, on X parameterized by w and

satisfying the following conditions:
* B(1/2,12) is the pullback 5®*dr
* In a neighborhood of the positive cylindrical end 5, = dt
* In a neighborhood of the ith cylindrical end 5, = w;dt
* d(Hf,) <0

We will also choose a family of almost complex structures J,,, parameterized by £ x (0, 1),

and satisfying the following conditions:

* In a neighborhood of the punctures J, ., = J
* J. . 1s admissible outside of a compact set of R x Y.

* J, . 1s alift of an almost complex structure wa. That is, J;,, commutes with the projection
map: 71p(J,w¢) = J2 7 ().
Definition 74. Let H, be an admissible Hamiltonian. Let Sy denote Morse-Bott family of orbits of
H;. Let S,,.,i € {1,2}, denote Morse-Bott families of orbits of w;H. Then M®(Sw,, Sw,» S0s Hr, J: )
is the space of tuples (v, w, [U;],T") where ([U;],T") satisfy conditions 2 — 4 of Definition 45 and

v : X\I' = R x Y is a finite energy map satisfying

(du — Xp ® Bo) @) =0 (8.2)

and

lim v(e(s,t) € S;
|s]—00
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For a generic choice of data, transversality of M®(Sy,, Sw,, S0, Hr, J: ) follows from §7. To
prove compactness of M*(Sy,,, Sw,, S0, Hr, J; ) We need to consider one new technical detail.
Note that for certain values of w = (w1, w»), the Hamiltonian w;H; may have a slope w;7 € S(2)
and hence will not be admissible. In this case w;H; will have an unbounded degenerate family of
orbits. We need to ensure that there are no curves with asymptotics to those orbits. Note that the
degenerate manifold of orbits of w;H; lies in the region where H is linear. Hence the periodic

orbits of H; lie below the degenerate orbits of wH;. The following follows from Remark 12:

Lemma 75. For H, admissible, finite energy solutions of (8.2) are contained in a compact set

r<t+2.
We now define the split augmented BV-continuation cylinders:

Definition 76. Let Sy, denote the spaces of connected manifolds of orbits for H; in R x Y. The

moduli space of split II-continuation maps
N(S1, 80, H1, Hp)

consists of tuples (0, v, [U;],T"), where

* v: R x S\I' = R x Y is a finite energy map satisfying the continuation equation

6sv + Jy(é’tv — XHS) = 0; (8.3)
* ([U;],T) satisfy conditions 2 — 4 of Definition 45.
o limg_o0 v(s,1) € Sy, limg—_o0 v(s,7 4+ 0) € Sp,.

Definition 77. Let q;,i = {0, 1,2} be generators of the split Morse-Bott chain complex of Hy. The

moduli space of split broken coproduct cascades

ML (q03 91, 92).
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Figure 8.1: The moduli spaces defining A’. The colors at the negative outputs indicate the S' family
of asymptotic markers at each end.

consists of elements in the fiber product:

W§’<q1) X Na(Sh Sa)l’ H:, (f()II_IT)A><
f

W;<q2) 2( Na<S27 Sa)z’ HT, (J)ZHT)AX
f

M(l (Sa)l s Sw27 SO’ HT’ JZ,LU)

The broken split coproduct operator, A’ on the chain complex (5.1) is defined as the Z/2 count

of rigid curves:

V)= Y #(Mlaana) i @a. (3.4)
|g0l=lq1]+[q2|=2n+3

Lemma 78. The operations A and A’ are chain homotopic.

Sketch of proof: This is a cobordism argument. We interpolate between the data and equations
defining A and A’. More precisely, we consider a family of 1 forms 3/, and a family of Hamiltoni-
ans H., , for r € (—o0, 0] satisfying:

. Hg’w satisfies conditions (1)
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Forr « 0, H; , = H; for a fixed admissible Hamiltonian H-.

d(H. pB,) <O0.

B = p for some fixed 1 form .

For r « 0, B}, satisfies:

— In the positive cylindrical end, 5], = dt.

— in the ith negative cylindrical end with cylindrical coordinates ¢;(s, 7) 3., satisfies con-

ditions (8.2) for s > r, and B, = dt for s » r.

The methods of section §7 apply to show that these moduli spaces are smooth. They admit a
compactification by broken curves. By considering the boundary of the moduli space of dimension

1 we obtain the required chain homotopy.

8.3 Conclusion of computation

Without loss of generality assume that the period of a primitive Reeb orbit is 1.

Lemma 79. Let H be an admissible Hamiltonian with slope 2 + € for € small. In dimension O the

moduli space Mé(c}o,z, do.14o.1) contains no solutions for w # (%, %)

Proof. An admissible Hamiltonian H with slope 2 + € has non constant orbits of period 1 and 2.

That is,

SCHT*S* H**) = Zle.c) @D (Gik:GikGppr G i Dopr G0
ke{1,2}

A non trivial solution u of (8.2) is asymptotic at the positive end to a Reeb orbit of multiplicity
2, and at the negative ends to multiplicity 1 Reeb orbits of the Hamiltonians w;H and w;H, w; +

w; = 1. The main point is that the multiplicity 1 periodic orbits of w;H for w; > % occur above the
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multiplicity 2 orbits of H. By the maximum principle 11, see also Remark 12, there are no such

solutions. Hence the only potential solution is the constant curve at w = (%, 1).

Lemma 80. In dimension 0 the moduli space Mé;(c}o,z, do.1» Go.1) consists of a single regular curve
).

We will consider first the moduli space M“(S,,,Sw,, S0, Hr,J; ). By the choice of data

=

atw = (%,

at w = (% %) a branched cover of a trivial cylinder over a primitive orbit is an element in
M (8w, Swy» So, He, J; o) - We now demonstrate that this solution is regular. Note that this curve
projects to a constant in D, and hence the lower diagonal term in the decomposition 7.2 is surjec-
tive, [22, Lemma 6.7.6]. We now consider the upper triangular term. Recall that the formula for

the Fredholm index of the operator
DL: Wy’ (S, RORR) — LM (A*'T*S @ R ®RR)
is given by:

ind(DE) = nx(S) + 2c1 (V' T(R x Y) + Y (CZ(A; + 8) + dim(V-))

Iy
(8.5)

— Y (CZ(A; + 6) + codim(V.)),

where in our case V, is the subspace generate by the Reeb vector field R, and n = 1.
Using the computation of the Conley-Zehnder indices from [ 13, §5.3] in (8.5), and that X(S ) =
—1 we obtain ind(DL) = 0. We will also compute an adjusted Chern number required to apply [23,

Proposition 2] . This proposition will then establish that the cokernel of D is one dimensional.

For genus 0 curves the adjusted Chern number is given by
c1(L) = ind(DL) — 2 + #T,
where [y is the number of positive punctures. In our case Iy = 2 and hence the adjusted Chern
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number is 0. Proposition 2 of [23] now implies that DL has at most one dimensional cokernel. An
application of Sard-Smale establishes transversality for a generic choice of 8, .
The moduli spaces N“(S1, So, Hr/», H) define an operation which is a composition of two

operations. The first is the continuation operation

K : HF*(H, ;) — HF*(H;)

and the second is the BV operation. Arguing as in Lemma 57, the continuation operation is an
isomorphism onto its image. The Lemma now follows by combining Lemma 57 for the structure

of the BV operation with the computation of M*(S,,,, Sw,, So, Hr, J;,) above.

Remark 81. In the computation of indices above we used a related operator with the same formula
as D% but on the space of functions with exponential growth. By [ 13, Lemma 5.20 ] these operators

have the same Fredholm index and their kernels and cokernels are isomorphic.
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