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Abstract 
Safety is the number one issue in the deployment of any vehicle technology. This leads to two 
interconnected challenges. First, how to ensure safety without having a significant negative 
impact in traffic flow. Second, how will varying penetrations of autonomous vehicles (AVs) 
impact safety and efficiency in mixed traffic. To address these issues, we start by proposing a 
risk metric that takes into account the severity of a collision that would happen under a worst-
case scenario and the time the vehicle is exposed to such a collision. With this definition, we 
propose an autonomous lane changing procedure in which the vehicle behaves as if it was 
simultaneously on both lanes. This ensure that the vehicle never puts itself in a collision prone 
situation. Given the conservative nature of this approach, which can negatively impact traffic 
flow, we include the possibility of the AV accepting risks in its gap acceptance decision process. 
We extend this approach to a scenario with connected and autonomous vehicles (CAV), which 
can cooperate to generate lane change gaps through communications. In this case, a CAV in the 
destination lane also behaves as if it was simultaneously on two lanes, thus generating the gap 
for the incoming vehicle. We perform extensive micro simulations using the commercial 
software VISSIM with varying percentages of AVs and CAVs, different vehicle inputs, and several 
accepted risk values. Results indicate that, while AVs need to accept small risks in order to 
achieve the same traffic flow efficiency as humans, CAVs can improve both safety and efficiency 
without having to accept any risks. Our results indicate that AVs and CAVs still behave safely in 
mixed fleets, but they do not bring significant improvements in traffic flow. 
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Highway Safety and Traffic Flow Analysis of Mixed traffic 
with Connected and Non-Connected Vehicles 

Executive Summary 
This project addresses the important topic of safety along an evolutionary deployment path 
where vehicles will eventually become autonomous and connected with each other and 
infrastructure. Along this path vehicles with different levels of automation and connectivity will 
have to co-exist and safety needs to be well understood and impact of safety measures on 
traffic flow need to be analyzed. In today’s driving environment drivers perform vehicle 
maneuvers competing for space and time in order to improve their travel time. This practice 
often puts them in a risky situation for a short period of time. During that short time period a 
neighboring vehicle maneuver or lack of it may lead into collision. Autonomous vehicles (AVs) 
cannot be designed to take such obvious risks due to liability issues. This is particularly 
challenging when performing lane changes and merging in dense traffic environments. One 
important question is how to find a space to merge into without placing any vehicle in a 
collision prone situation. And, moreover, what is the traffic flow impact of doing so? To tackle 
this issue, we start by adopting a safety definition based on a worst-case braking scenario. We 
then define risk based on how much the vehicle violates the safe gap and for long it does so. 
Next, we propose a decentralized controller-agnostic approach for lane changes that 
guarantees safety. Moreover, we include the possibility to accept some level of risk in our lane 
changing approach so we can study how risk-taking impacts traffic flow. In our method, the 
merging vehicle operates as having two possible leaders, one in its own lane and one in the 
destination lane till the lane change maneuver is completed. We then consider connected and 
autonomous vehicles (CAVs), which can cooperate with each other to generate lane changing 
gaps. After the merging vehicle requests the creation of a safe gap in the destination lane, the 
future following vehicle in the destination lane cooperates by acting as if the merging vehicle 
has already changed lanes. We evaluate our approach through extensive simulations in VISSIM. 
We vary the number of vehicles entering the network, the types of vehicle in the network 
(human, autonomous or connected and autonomous), the percentages of each type of vehicle, 
and the accepted risks. We conclude that AVs which behave conservatively can have a negative 
impact in traffic flow of a highway. They can present similar flow as humans once they start 
accepting small lane changing risks. CAVs, thanks to cooperation, can be safe and efficient 
without having to accept any risks. The biggest challenge is in mixed traffic. Our simulations 
indicate that the AVs and CAVs still behave as expected around human driven vehicles. 
However, they only have significant positive impact on the general highway safety at high 
penetrations. 
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Introduction 
The first priority of Autonomous Vehicles (AVs) is to improve safety in traffic [1]. However, the 
conservative AV behavior required to ensure safety may be detrimental for traffic flow. This 
safety/traffic flow trade-off is not always evident in scenarios that consider only longitudinal 
vehicle movement [2]. The challenge of ensuring safety without having a negative impact on 
traffic flow only becomes apparent when AVs need to perform lane change and merging 
maneuvers. This fact is corroborated by the literature on lane changing and merging algorithms 
that explicitly take into account the maneuver’s impact on traffic, such as [3], [4], [5]. 
Therefore, we must focus on lane changes if our goal is to obtain safe and efficient AVs. 

Lane changing is one of the most challenging maneuvers performed in traffic. It requires that 
the driver pay attention to several surrounding vehicles while adjusting the vehicle’s 
longitudinal and lateral velocities. It is especially difficult to perform safe lane changes in 
congested environments, where multiple vehicles might be competing for the same space and 
relative velocities between lanes may be high. Therefore, it is not surprising that, while 
autonomous longitudinal control technologies, such as Adaptive Cruise Control (ACC) and 
emergency braking are already mature, autonomous lane changing is still an open challenge. So 
far, most of the research has focused on topics such as trajectory planning, lateral control and 
identification of acceptable lane change gaps. All of these subjects are necessary towards the 
goal of creating vehicles capable of performing autonomous lane changes. However, they alone 
do solve the issue of maneuvering in vehicle-dense environments. Humans deal with this 
difficult situation by sometimes putting themselves at risk for short periods of time. One 
approach for autonomous vehicles is to use information from the current traffic scenario to 
estimate surrounding drivers’ intentions and make a decision based on the computed 
probabilities of collision [6]. Such methods tend to be computationally expensive and require 
either assumptions on “common” human behavior or on lots of data. Alternatively, one can opt 
for being conservative, and assuming some predefined worst-case scenario might happen at 
any time. This yields more assuredly safe behavior. The downside is a vehicle that might block 
traffic when trying to change into a lane with fast heavy traffic flow. Both approaches can 
benefit from vehicle connectivity. If communications from vehicle to vehicle (V2V) or from 
vehicle to infrastructure (V2I) is possible, autonomous vehicles no longer have to rely only on 
their sensors to make decisions. Moreover, once communication is established, cooperation 
becomes possible. Therefore, connectivity allows one to envision a system where safety is 
greatly improved without compromising traffic flow. In either connected or non-connected 
case, most published papers either measure the safety of a single maneuver or study the effect 
of a certain policy on traffic flow. As pointed out by the survey in [7], very few studies analyze 
the trade-off between safety and traffic flow. 

To close this gap, we propose two risk-aware vehicle controllers, one non-connected and one 
connected. Both are based on a worst-case scenario assumption, and they have a parameter 
which allows them to take measurable risks. The main difference is that the connected 
controller can request cooperation from vehicles at the destination lane. We run extensive 
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simulations in the microssimulator VISSIM to compare safety and traffic flow of different levels 
of penetrations of these technologies and of different risk acceptance levels. 

The rest of this report is organized as follows. Section 2 contains a literature review. Next, in 
section 3 we review the most commonly used risk assessment criteria for measuring safety, and 
we propose our own metric. Then, sections 4 and 5 present the non-connected and connected 
controllers respectively. The simulation framework, the main results and their analysis are 
shown in section 6. Finally, section 7 summarizes the main findings.  

Literature Review 

In this section, we analyze first the relevant literature in risk assessment and then the works 
which deal with safety and efficiency analysis of autonomous vehicles (AVs) and connected 
autonomous vehicles (CAVs). Whenever necessary, we highlight the differences of an existing 
work to ours. 

Risk Assessment 
Autonomous vehicles must avoid collisions. To do so, they must be able to identify situations 
that might lead to a collision. Therefore, the safety analysis of vehicle maneuvers starts by 
defining how to assess risk. [6] divides risk assessment techniques in growing complexity as: 
physics based, maneuver-based and interaction-aware. The increased complexity allows less 
conservative behaviors at the cost of higher computation times. In practice, the vehicle 
controller’s need for real-time risk assessment along with the goal of estimating safety in a 
simulation scenario with thousands of vehicles make physics-based methods the best choice for 
our work. Thus, this review does not address maneuver-based or interaction aware methods. 
Risk assessment methods in the transportation field are commonly referred to as Surrogate 
Safety Measures (SSMs), given their capability of predicting situations with high risk of collision. 
In what follows we first present the most used SSMs. This review is mostly based on the surveys 
[8] and [9]. 

One of the simplest, oldest. and most adopted SSMs is Time-To-Collision (TTC) [10]. It measures 
the time it will take for two vehicles to collide in case they maintain their current speeds. 
Mathematically: 

TTC = {

𝑑

𝑣𝑖 − 𝑣𝑖−1
, if 𝑣𝑖 > 𝑣𝑖−1

∞, otherwise

 

where 𝑑 is the distance between two vehicles, 𝑣𝑖  is vehicle 𝑖’s speed, and vehicle 𝑖 − 1 is ahead 
of vehicle 𝑖. Many studies (see [9], table 2 for examples) focus on determining desirable or 
minimum safe TTC. Others have proposed extensions to TTC, such as the Modified TTC which 
considers constant accelerations [11]. Time Exposed Time-to-Collision (TET) and Time 
Integrated Time-to-Collision (TIT) were proposed by [12]. TET is defined as total time TTC is 
below safe threshold value, while TIT is integral of the TTC profile when TTC is below the safe 



Highway Safety and Traffic Flow Analysis of Mixed traffic with Connected and Non-Connected Vehicles 

3 
 

threshold value. All the TTC-based metrics suffer from the same issue [13,14]: they can only 
capture dangerous situations when vi−vi−1 is positive (or when current accelerations lead to 
positive relative velocity in the case of MTTC). To exemplify why this is an issue, picture the 
situation where one vehicle is following another at high speed, small inter-vehicle distance, and 
close to zero negative relative velocity. In this case, the TTC indicates no risk. However, a small 
velocity variation from either vehicle could quickly lead to a very low TTC. This fast variation 
would leave the following vehicle with little time to respond to a high-risk scenario. 

Another simple time-based SSM is time headway. It describes the elapsed time between the 
moment a leading vehicle passes a point on the road and the moment the following vehicle 
passes the same point. Mathematically: 

𝐻 = 𝑡ℓ − 𝑡𝑓 

where 𝑡ℓ and 𝑡𝑓 denote the time at which the leading and following vehicles, respectively, pass 

a certain fixed location on the road. Time headway has been extensively used to evaluate the 
safety of human car following behavior, with the recommended value in seconds varying from 
country to country [15]. The matter of defining desired time headway for autonomous vehicles 
has also been discussed in the literature. In [16], the minimum time headway to guarantee 
spacing error attenuation on a string of vehicles with first-order actuator dynamics was found. 
This result was extended to CAVs with faulty communications by [17]. While these findings are 
important in the design of longitudinal controllers, they do not provide any safety guarantees in 
terms of collision avoidance. The approach from [18] presented a method and assumptions to 
derive a collision-free headway based on a worst-case braking scenario. 

The most commonly used deceleration based SSM is the Deceleration Rate to Avoid Crash 
(DRAC) [19]: 

DRAC = {
(𝑣𝑖 − 𝑣𝑖−1)

2

2𝑑
, if 𝑣𝑖 > 𝑣𝑖−1

0, otherwise

 

where 𝑑(𝑡) is the distance between two vehicles, 𝑣𝑖  is vehicle 𝑖’s speed, and vehicle 𝑖 − 1 is 
ahead of vehicle 𝑖. Other deceleration based SSMs are the deceleration to bring relative speed 
to zero, and the Criticality Index Function (CIF) [20]. The Crash Potential Index is the probability 
that DRAC exceeds the vehicle’s maximum available deceleration rate (MADR) [21]: 

CPI =
∑ 𝑃𝑁
𝑡=0 (𝐷𝑅𝐴𝐶(𝑡) > 𝑀𝐴𝐷𝑅)𝛥𝑡

𝑇
 

where 𝑃(𝐴) is probability of event 𝐴, 𝑁 is the total number of intervals, 𝛥𝑡 is observation 
time interval, and 𝑇 is total observation time (𝑇 = 𝑁𝛥𝑡). MADR is often modeled as a 
truncated normal distribution. All these metrics suffer from the same issue as TTC, because 
they are also only defined for scenarios where vehicles are in collision route. 
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Some works focused on AVs proposed their own risk assessment techniques, which are then 
used to guide decision making, trajectory planning or vehicle control methods. In [22], the 
vehicle following risk was defined as the safe gap divided by the current gap. The authors then 
expanded the same concept to define lateral risks. This definition, as well as most of the SSMs 
described before, does not differentiate between severe or light collisions. The work in [23] 
addressed collision severity by defining the risk between two vehicles as the sum of their 
individual kinetic energies and of a “cross term” which depends on their relative velocity. A 
similar concept is used in [24] where the severity of a collision was defined as an exponential 
function of the ego vehicle’s kinetic energy. These definitions of severity follow from the 
intuitive notion that kinetic energy is related to collision severity. Nonetheless, the literature of 
accident analysis has long established that the main predictor of injury in a crash is the 
magnitude of the velocity change experienced by a vehicle during the crash [25–27]. This metric 
is known as Delta-V. Details on how to compute Delta-V can be found in [28]. Both [14] and [13] 
argue for incorporating Delta-V to risk assessment techniques. In section 3, we expand the 
approach from [18] to compute headway values that yield, in the worst-case scenario, a 
collision with bounded Delta-V. This risk metric can be easily integrated in lane changing gap 
acceptance methods. 

Longitudinal Adjustments and Gap Acceptance for Lane Changing and 
Merging 
We start by reviewing works on gap acceptance and longitudinal adjustments which implicitly 
define safety as the lack of collisions. Then we present previous works that used risk 
assessment techniques to view safety in a non-binary way. 

With a focus on determining lane change safety, the work in [29] used a sinusoidal lateral 
acceleration model alongside constant speed assumptions to compute longitudinal safe gaps 
between an ego vehicle and the surrounding vehicles before starting the lane change. Then, in 
[30], the possibility of emergency braking during the lateral movement is taken into account 
when determining safe distances. These results were used in [31] to analyze safety of platoon 
maneuvers. More recently, works [32] and [33] applied the results from [29] to propose safe 
multi-vehicle lane change planning. By including the possibility of lateral evasive maneuvers, 
less conservative safe gaps were computed in [34]. A different approach was taken in [35], 
where, instead of measuring and checking for safe gaps, vehicles consider a maneuver to be 
safe based on the deceleration they will force on their future follower. Still dealing with 
maneuver feasibility, perception uncertainty was explicitly included in [36] and [37]. 

Building on these results, other studies addressed the issue of generating the necessary gaps 
when these do not exist. To guarantee maneuver safety and feasibility in busy traffic scenarios, 
numerous solutions rely on Connected Autonomous Vehicles (CAVs). These vehicles can 
communicate either with other vehicles (V2V) or with the infrastructure (V2I) through 
standards such as Dedicated Short-Range Communications (DSRC) [38]. After establishing a 
connection, they can cooperate with each other to overcome the previously described 
difficulties. This idea was already applied in cooperative merging [4], where highway vehicles 
make space for on-ramp incomers. Despite the success of these methods, they cannot be 
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directly applied to the more general case of lane changes. The fact that merging must occur 
within a predefined area often yields procedures that depend on the existence of a roadside 
unit which can communicate to vehicles, perform a centralized optimization, and determine the 
merging order [39]. The main idea we borrow from this domain, as will be seen later, is the one 
of virtual vehicles [40]. 

In [41], a vehicle in the destination lane uses a Linear Quadratic Regulator (LQR) to increase the 
distance to its leader and generate the necessary gap for the lane changing vehicle. Both [42] 
and [43] create the safe gaps by changing the setpoint of the constant time headway controller 
already in place. Instead of collaboration, the authors of [44] propose that vehicles negotiate 
based on their cost functions to decide whether to accelerate or decelerate before a lane 
change. However, none of these approaches discussed how to keep the lane changing vehicle 
at the proper position to initiate the maneuver, which means they are not suited for congested 
scenarios. The work in [45] adopted a nonlinear longitudinal controller derived from artificial 
potential fields, but it makes simplifying assumptions that do not hold in congested 
environments. In the approach of [46], the lane changing vehicle and of the vehicle generating 
gap have access to each other’s MPCs in order to minimize the maneuver’s impact on traffic. 

Defining safety as the lack of accidents is intuitive, but it is not practical for the study of the 
macroscopic effects of autonomous vehicles in traffic. First, as noted by the survey in [47], 
accidents are rare events, which means both simulations and real-life tests would have to run 
for enormous amounts of time to provide an estimate of the number of crashes produced or 
avoided by a new technology. Second, in vehicle dense environments, the AV must be able to 
differentiate between more or less risky actions to be able to avoid collision-prone situations. 
Risk can be included in cost functions when lane changing decisions are formulated as 
optimization [22,48] or game theory [49–52] problems. Safety was assessed based on violation 
of a safety distance [22, 51, 52], time headway [50], or a combination of approaching speed and 
distance [48, 49]. In all these cases, the goal was to minimize the final risk, but we cannot 
determine beforehand what is the maximum risk accepted by a vehicle. It is therefore not 
possible to evaluate how risk acceptance would impact these methods. The approach from [53] 
defined risk as the probability of collision, and the AV decided which maneuver to take based 
on an accepted risk value. It is not clear if the approach can be extended lane changing in 
congested scenarios, where vehicles must continuously adjust their speeds and check for 
available lane change gaps. Moreover, none of the works mentioned here studied how their 
methods would impact traffic on a macroscopic scale. 

Safety/Efficiency Trade-Off of AVs and CAVs 
Once a method to deal with congested scenarios is shown to create safe behavior, we must also 
evaluate its impact on traffic flow. Numerous works have used risk assessment techniques 
along with AV and CAV models to study the impact of such technologies on traffic. A recent 
review of the topic can be found in [54]. The effects on safety and flow of longitudinally 
automated vehicles have been studied on roundabouts by [55], T-junctions by [56], 
intersections by [57] and highways by [58] and [59]. Each of these studies presented its own 
longitudinal controller, but they did not include methods specific to automated lane changes. In 
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[2], the effects of autonomous vehicles with and without communications on traffic flow were 
analyzed in depth, but safety was not evaluated and cooperative lane changing is not 
considered. The work from [60] analyzed the influence of longitudinal behavior, lane change 
intention and gap acceptance of vehicles with no automation, partial automation, and 
conditional automation (as defined by SAE International) on traffic flow. However, the authors 
did not use a verified traffic simulator and there was no safety analysis. Using the simulator 
PELOPS, [61] evaluated how safety measurements varied under different market penetrations 
of automated vehicles, but traffic flow results were not presented. Furthermore, the proposed 
automated vehicles did not operate in high vehicle density scenarios. [62] used the traffic 
simulator VISSIM along with the Surrogate Safety Assessment Model (SSAM) software, 
described in [63], to inspect the impacts of platoon forming CAVs on a highway. Results showed 
that CAVs reduced the number of conflicts considerably at the cost of an increased travel times. 

VISSIM is also used in [64] to investigate how lane change recommendation signs together with 
cooperative lane changing can improve throughput on a highway with one closed lane. Safety 
evaluation is restricted to the analysis of acceleration and speed variations. The VISSIM scenario 
in [65] and [66] includes highways, signalized intersections, and priority junctions. Together, 
these two papers studied safety, as measured by the number of conflicts in SSAM, and traffic 
flow impacts of increasing market penetration of CAVs with cooperative lane changing 
capabilities. They concluded, in contrast with [62], that CAVs improved total system travel time, 
at the cost of more conflicts between human-driven vehicles and CAVs. Both [62,65] used the 
SSAM [63] to evaluate safety. However, SSAM defines a conflict as “a scenario where two road 
users will likely collide without evasive action”. Our proposed risk metric, on the other hand, 
has positive values whenever a vehicle is in a position that could lead to a collision if the worst-
case scenario happens. Moreover, [65] mentions that SSAM is not suitable to analyze safety 
between interacting AVs. Last, none of these works analyzed how risk-acceptance would impact 
traffic flow. 

Risk Assessment Criteria 
As noted in [67], each risk assessment technique has its advantages and shortcomings. Given 
that AVs are expected to actively avoid collision-prone situations, we need a metric that not 
only identifies imminent collision risk, but that also ensures that the vehicle has enough time 
and space to avoid collisions in a worst-case scenario. Moreover, since we intend to study how 
risk-taking affects traffic, the metric must have continuous values. To fulfill these requirements, 
we propose the following. 

Definition 1. The risk at any time 𝑡 equals the severity of a collision that would occur at some 
time 𝑡𝑐 > 𝑡 in case a predefined worst-case braking scenario occurs. If there would be no 
collision under the worst-case braking scenario, then the risk is zero. 

In the remainder of this section, we define a worst-case braking scenario and present the 
resulting safe gap. We then apply the definition of Delta-V to compute the severity of collisions 
that might happen in case the safe gap is not respected. We focus on vehicle following for most 
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of the section and present the modifications needed to extend the approach to lane changing 
at the end. 

Worst-case Braking Scenario and Safe Gap 
Let the ego vehicle E be following a leading vehicle ℓ as illustrated by Figure 1.  

Figure 1 Illustration of a vehicle following scenario. 

The gap between the vehicles is: 

𝑔(𝑡) = 𝑥ℓ(𝑡) − 𝑙ℓ − 𝑥𝐸(𝑡) 

where 𝑥𝐸, 𝑥ℓ are the ego and leading vehicles, respectively, front-bumper positions, and 𝑙ℓ is 
the leading vehicle’s length. Following from the risk definition, a safe vehicle following gap is 
the distance between two vehicles that allows the ego vehicle to achieve full stop under a 
worst-case braking scenario. We define the worst-case braking scenario as in Figure 2. It 
represents the situation where the leading vehicle, ℓ, undergoes emergency braking and how 
the ego vehicle, E, responds. It represents the situation where the leading vehicle, ℓ, undergoes 
emergency braking and how the ego vehicle, 𝐸, responds. At 𝑡0, the leader applies maximum 
deceleration 𝑑ℓ, and it keeps this deceleration until full stop, which happens at 𝑡ℓ. At 𝑡0, the 
following vehicle might have some positive acceleration 𝑎‾𝐸. After a time interval 𝜏𝑑, that 
includes perception, communication (in the case of connected vehicles) and computation 
delays, the following vehicle is aware that its preceding vehicle has started an emergency 
braking maneuver. It responds by applying maximum braking, characterized by a maximum jerk 
𝑗𝐸 and a maximum deceleration 𝑑𝐸. The negative jerk phase lasts for a time interval 𝜏𝑗. We 

assume that the initial inter-vehicle gap is big enough so that the vehicles do not collide before 
the following vehicle achieves its maximum deceleration. Last, the following vehicle decelerates 
at 𝑑𝐸 until it achieves full-stop at time 𝑡𝐸. The interval 𝜏𝑑 is used to differentiate between 
human, autonomous and connected followers. Human drivers present the highest delays. Both 
autonomous and connected vehicles have considerably faster reaction times than humans. 
While autonomous vehicles have to rely only on their own sensors to identify if the leader is 
performing an emergency braking maneuver, connected vehicles can know about it after a 
single communication delay. Therefore, connected vehicles achieve the lowest values of 𝜏𝑑. 
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Figure 2 Worst-case braking scenario acceleration profiles. The numbers identify each of the 
relevant time intervals. 

The vehicle following gap changes over time following: 

𝑔(𝑡) = 𝑔0 + 𝛥𝑔(𝑡0, 𝑡)

𝛥𝑔(𝑡0, 𝑡) = (𝑣ℓ(𝑡0) − 𝑣𝐸(𝑡0))(𝑡 − 𝑡0) + ∫ ∫ (𝑎ℓ(𝜏) − 𝑎𝐸(𝜏))
𝜆

𝑡0

𝑡

𝑡0

(𝜏)d𝜏λ
 ( 1 ) 

where 𝑡0 is the initial time, 𝑔0 = 𝑔(𝑡0), 𝑣ℓ(𝑡0), 𝑣𝐸(𝑡0) are the initial speeds of vehicles ℓ and 𝐸, 
respectively, and 𝑎ℓ(𝑡), 𝑎𝐸(𝑡) are their respective accelerations. The gap 𝑔(𝑡0) is considered 
safe if 𝑔(𝑡𝐸) > 0, where 𝑡𝐸 is the time the ego vehicle achieves full stop. Therefore, we need to 
solve: 

𝑔0 > −𝛥𝑔(𝑡0, 𝑡), 𝑡 ∈ [𝑡0, 𝑡𝐸]

𝑔0 > max
𝑡∈[𝑡0,𝑡𝐸]

− 𝛥𝑔(𝑡0, 𝑡)
 

Solving for the worst-case scenario, we get: 

𝑔0
∗ =

{
 
 

 
 
(𝑣𝐸(𝑡0) + 𝜆1)

2

2𝑑𝐸
−
𝑣ℓ
2(𝑡0)

2𝑑ℓ
+ 𝜆0, if 𝑡𝐸 ≥ 𝑡ℓ,

(𝑣ℓ(𝑡0) − 𝑣𝐸(𝑡0) − 𝜆1)
2

2(𝑑𝐸 − 𝑑ℓ)
+ 𝜆0, if 𝑡𝐸 < 𝑡ℓ and 𝑑ℓ < 𝑑𝐸

0, otherwise

 ( 2 ) 

where 

𝜆0 = −
𝑎‾𝐸 + 𝑑𝐸

2
(𝜏𝑑

2 + 𝜏𝑑𝜏𝑗 +
𝜏𝑗
2

3
) ( 3 ) 

λ1 = (𝑎‾𝐸 + 𝑑𝐸) (𝜏𝑑 +
𝜏𝑗

2
), ( 4 ) 
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and 𝜏𝑗 = (𝑎‾𝐸 + 𝑑𝐸)/𝑗𝐸. We note that the condition 𝑡𝐸 ≥ 𝑡ℓ can be expressed in terms of the 

initial conditions and relative braking capability: 

𝑣𝐸(𝑡0) + 𝜆1
𝑑𝐸

≥
𝑣ℓ(𝑡0)

𝑑ℓ
 

In [18], we made use of the vehicle’s free-flow speed and assumed a bound on 𝑣ℓ(𝑡0) − 𝑣𝐸(𝑡0) 
to find a desired gap: 

𝑔𝑑(𝑡0) = ℎ𝑣𝐸(𝑡0) + 𝑐 ≥ 𝑔0
∗ ( 5 ) 

such that 𝑔𝑑(𝑡0) > 𝑔0
∗ for any 𝑡0. The value ℎ is known as the time headway, and 𝑐 is the 

desired distance at low speeds. The advantage of using linear safety constraints is twofold. 
First, they are less sensitive to noise in the measurement of 𝑣𝐸(𝑡), and they are independent of 
any noise in the measurement of 𝑣ℓ(𝑡). Second, these constraints are simple enough to be 
easily integrated in existing longitudinal controllers. Next, we can define the severity of a 
collision if the safe gap is not respected. 

Severity of Collision 
If the inter-vehicle gap between the ego vehicle E and its leader ℓ is such that there is a collision 
under the worst-case braking scenario, the collision severity can be estimated by a measure 
called Delta-V [13, 14, 25, 27, 28]. Delta-V is defined as the magnitude of the difference in the 
vehicle’s velocity right before and right after the impact. If we assume a purely longitudinal 
perfectly inelastic collision, the sum of Delta-Vs for both vehicles is: 

Delta-V(𝑡𝑐) = 𝑣𝐸(𝑡𝑐) − 𝑣ℓ(𝑡𝑐) ( 6 ) 

where 𝑣𝐸 , 𝑣ℓ are the speeds of the ego and leading vehicles, and 𝑡𝑐 is the collision time. The 
assumption of perfectly inelastic collision is common for longitudinal collisions [68,69]. We also 
note that a collision can only occur when 𝑣𝐸(𝑡𝑐) ≥ 𝑣ℓ(𝑡𝑐), thus Delta-V(𝑡𝑐) is always non-
negative. Applying the worst-case scenario definition, we can find 𝑣𝐸(𝑡𝑐) and 𝑣ℓ(𝑡𝑐) based on 
the initial gap 𝑔0 and on the velocities at the start of the braking scenario 𝑣𝐸(𝑡0) and 𝑣ℓ(𝑡0). 
From kinematics, we know that the ego vehicle’s longitudinal speed at the collision time 𝑡𝑐 is: 

𝑣𝐸(𝑡𝑐) = {

𝑣𝐸(𝑡0) + 𝑎‾𝐸𝑡𝑐, if 𝑡𝑐 < 𝜏𝑑
𝑣𝐸(𝑡0) + 𝑎‾𝐸𝑡𝑐 − 1 2⁄ 𝑗𝐸(𝑡𝑐 − 𝜏𝑑)

2, if 𝜏𝑑 ≤ 𝑡𝑐 < 𝜏𝑑 + 𝜏𝑗

𝑣𝐸(𝑡0) + 𝑎‾𝐸 (𝜏𝑑 +
𝜏𝑗

2
) − 𝑑𝐸 (𝑡𝑐 − 𝜏𝑑 −

𝜏𝑗

2
) , if 𝜏𝑑 + 𝜏𝑗 ≤ 𝑡𝑐 < 𝑡𝐸

 ( 7 ) 

where 𝑎‾𝐸, 𝑗𝐸 and 𝑑𝐸 are, respectively, the ego vehicle’s longitudinal initial acceleration, 
maximum jerk, and maximum deceleration. Time intervals 𝜏𝑑 and 𝜏𝑗 represent the reaction 

delay and the negative jerk phase respectively, and 𝑡𝐸 is the time it takes for vehicle 𝐸 to 
achieve full stop. Following the same reasoning, the leader’s speed at collision time is 
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𝑣ℓ(𝑡𝑐) = {
0, if 𝑡ℓ < 𝑡𝑐
𝑣ℓ(𝑡0) − 𝑑ℓ𝑡𝑐, if 𝑡ℓ ≥ 𝑡𝑐

 ( 8 ) 

where 𝑑ℓ is the leader’s maximum deceleration and 𝑡ℓ is the time it takes for vehicle ℓ to 
achieve full stop. The computation of 𝑡𝑐  is detailed in the Appendix. An example of Delta-V 
versus initial gap for the worst-case braking scenario with parameters as in Table 1 is illustrated 
in Figure 3. 

Table 1 Parameters of Delta-V Computation Example 

𝒗𝑬(𝒕𝟎) 𝒗𝓵(𝒕𝟎) 𝝉𝒅 𝒅𝓵 𝒂𝑬(𝒕𝟎) 

90 km/h 90 km/h 0.2 s 8 𝑚/𝑠2 0.6 𝑚/𝑠2 
 

Now that the worst-case scenario and the severity metric have been clearly defined, Definition 
1 leads to the following risk metric: 

𝑟(𝑡0) = Delta-V(𝑡𝑐), assuming the worst-case braking scenario starts at 𝑡0 

for any 𝑡0. 

As previously mentioned, we focus on risk taking during lane changes, since the safety/ 
efficiency trade-off is only seen when we include these maneuvers. Thus, we will now show 
how to expand the obtained results to lane changing and we will define the risk metric used in 
simulations. 

Figure 3 Delta-V as a function of the initial gap under the worst-case scenario 
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Extension to Lane Changing and Merging 
When a vehicle has the intention to perform a lane change, it must observe gaps to three 
surrounding vehicles: the leader in the origin lane ℓ𝑜, the leader in the destination lane ℓ𝑑, and 
to the follower in the destination lane 𝑓𝑑. The situation is illustrated in Figure 4. We assume 
that, if either of the leaders (at origin or destination lane) performs emergency braking during 
the ego vehicle’s lane change, the ego vehicle responds like in the vehicle following case (as 
illustrated in Figure 2). Similarly, if the ego vehicle performs an emergency braking, the follower 
at the destination lane, 𝑓𝑑, also responds as in the vehicle following case. The main difference is 
that the ego vehicle has to consider the loss in braking capability during lateral movement. 
Therefore, the value of 𝑑𝐸 in all the safe gap and risk computations between 𝐸 and either ℓ𝑜 or 
ℓ𝑑 has to be reduced. Lateral evasive maneuvers that the ego vehicle could take to avoid 
collision are intentionally disregarded. We do this in order to keep the worst-case scenario 
simple and with few assumptions. The last factor to consider is the possible significant relative 
velocity between the ego vehicle and vehicles in the destination lane. Taking all these points 
into account, we conclude that a lane change starting at time 𝑡0 is collision free with respect to 
the worst-case braking scenario of Figure 2 if the three gaps indicated in Figure 4 satisfy: 

𝑔(𝑡0) ≥ 𝑔∗(𝑡0) + 𝛥𝑔(𝑡0, 𝑡lc) 

where 𝑔0
∗ is computed as in Eq.( 2 )( 2 ), 𝑡lc is the time when the lane change is completed, and 

𝛥𝑔(𝑡0, 𝑡lc) represents the inter-vehicle gap variation during the lane change maneuver 
assuming constant speeds. We can assume constant speeds during lane changing because the 
term 𝑔∗(𝑡0) already takes the worst-case braking scenario into account. Moreover, the result 
from Eq. ( 5 ) can be applied again leading to: 

𝑔(𝑡0) ≥ ℎ𝑣𝐸(𝑡0) + 𝑐 + 𝛥𝑔(𝑡0, 𝑡lc) 

It is important to highlight that 𝑔0
∗ and ℎ between the ego vehicle and either of the leaders 

must be computed assuming a reduced value for the ego vehicle’s maximum braking. During a 
lane change, we always compute the risk between 𝐸 and the three surrounding vehicles 
following Eqs. ( 6 ) to ( 8 ) 

Figure 4 The ego vehicle must check three gaps before deciding whether a lane change is safe. 

To compare the risk taken by human driven vehicles, AVs and CAVs during lane changing, one 
must take the time a vehicle is exposed to collision into account. Assuming the lane change 
maneuver starts at 𝑡0 and ends at 𝑡lc, the total risk of each lane change is measured by: 



Highway Safety and Traffic Flow Analysis of Mixed traffic with Connected and Non-Connected Vehicles 

12 
 

𝑅 = ∑ ∫ 𝑟𝑘

𝑡lc

𝑡0𝑘={ℓ𝑜,ℓ𝑑,𝑓𝑑}

(𝜏)d𝜏 

where 𝑟𝑘(𝑡) denotes the risk between the lane change vehicle and one of its surrounding 
vehicles. Let there be 𝑁 lane changes during a simulation, each one with a risk 𝑅𝑖, where 𝑖 =
{1,…𝑁}. If 𝑅𝑖 > 0, we call that a risky lane change. In section 6 we use the number of risk lane 
changes during a simulation as a risk assessment metric. Moreover, we compute the median 
value of 𝑅 among the risky lane changes. 

The equations presented so far can be used to evaluate the risks taken by a vehicle in a 
simulation setting, but they have some shortcomings in terms of applicability. First, we note 
that the Delta-V computation demands exact knowledge of the states and braking capabilities 
of both vehicles. Moreover, it depends nonlinearly on parameters which we cannot expect to 
know with great precision. Last, the example in Figure 3 shows that small gaps lead to the same 
Delta-V as gaps close to the safe gap value. This ignores the fact that collisions at high speeds 
may have harder to predict consequences than collisions with equal Delta-V at lower speeds. 
These issues make the theoretical computation of Delta-V unsuitable for any real-world 
application and for integration in commonly used longitudinal controllers. In the next section 
we present the necessary assumptions to obtain an upper bound on severity that is 
independent of the leader velocity and the current gap. 

Risk Factors for Autonomous Vehicles 
In this section we propose control algorithms for autonomous vehicles that receive risk as a 
parameter. We start by showing how risk acceptance impacts the desired time headway and 
the lane changing gaps. Then, we propose the risk-taking lane changing method. After that, we 
present the implementation of longitudinal controllers used in the simulations. We end the 
section with a note on how autonomous vehicles behave in mixed traffic. 

Time Headway and Lane Changing Gaps with Risk 
As noted in section 3, the computation of the theoretical value of Delta-V has some 
shortcomings which prevent it from being used outside simulation environments or in vehicle 
controllers. We want to be able to conservatively upper bound the severity with a formula that 
is independent of the leader velocity and current gap. It is also desirable that the upper bound 
decreases with the initial time headway. To obtain that, we follow an approach similar to [18]. 
First, let there be a free-flow speed 𝑉𝑓 ≥ 𝑣𝐸(𝑡), ∀t. Next, let (1 − 𝜌)𝑣𝐸(𝑡0) ≤ 𝑣ℓ(𝑡0) ≤ 𝑣𝐸(𝑡0), 

where 0 ≤ ρ ≤ 1. The upper bound on 𝑣ℓ(𝑡0) is a conservative assumption. The lower bound is 
determined by parameter ρ, which describes the maximum proportional relative speed 
difference between vehicles. The value of ρ is a design parameter and should be related to how 
closely the vehicle following controller is able to track the leading vehicle’s speed. After tedious 
algebra, we can overestimate Delta-V squared as: 
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Delta-V2(𝑡𝑐) ≤ {

(𝜌2𝑉𝑓 + 2𝜌𝜆1)𝑣𝐸(𝑡0) + 𝜆1
2 − 2𝑑𝐸(1 − 𝛾)(𝑔0 − 𝜆0), if 𝛾 < 𝛤

(
𝛾 − (1 − 𝜌)2

𝛾
𝑉𝑓 + 2𝜆1)𝑣𝐸(𝑡0) + 𝜆1

2 − 2𝑑𝐸(𝑔0 − 𝜆0), if 𝛾 ≥ 𝛤
 

where 𝜆0 and 𝜆1 are as in Eqs. ( 3 ) and ( 4 ), and: 

𝛾 = 𝑑ℓ/𝑑𝐸

𝛤 = (1 − 𝜌)
𝑉𝑓

𝑉𝑓 + 𝜆1

 

We note that the upper bound on Delta-V2 is a linear function of the ego 
vehicle’s velocity. (a)               (b) 

Figure 5 shows examples of the theoretical Delta-V and its upper bound. The parameters are as 

in Table 1 and 𝑉𝑓 = 108 𝑘𝑚/ℎ, 𝜌 = 0.1. 

(a)               (b) 

Theoretical 
Upper Bound 

Theoretical 
Upper Bound 

Figure 5 Theoretical Delta-V (solid blue) and its upper bound (dashed red) as a function of the 
initial gap under the worst-case scenario. In (a), the leader can brake harder than the ego 
vehicle: 𝒅𝑬  =  𝒅𝓵/𝟏. 𝟐. In (b), the ego vehicle can brake harder than the leader: 𝒅𝑬  =  𝒅𝓵/𝟎. 𝟖        

Let 𝑟𝑎 be the accepted risk. By setting 𝑟𝑎 equal to the upper bound of Delta-V, we can obtain a 
reference gap 𝑔𝑟(𝑡): 

𝑔𝑟(𝑡) =

{
 
 

 
 

1

(1 − 𝛾)𝑑𝐸
(
𝜌2

2
𝑉𝑓 + 𝜌𝜆1 −

𝑟𝑎
2

2𝑉𝑓
)𝑣𝐸(𝑡0) +

𝜆1
2

2(1 − 𝛾)𝑑𝐸
+ 𝜆0, if 𝛾 < 𝛤

1

𝑑𝐸
(
𝛾 − (1 − 𝜌)2

2𝛾
𝑉𝑓 + 𝜆1 −

𝑟𝑎
2

2𝑉𝑓
)𝑣𝐸(𝑡0) +

𝜆1
2

2𝑑𝐸
+ 𝜆0, if 𝛾 ≥ 𝛤

 

This can be written as: 

𝑔𝑟(𝑡) = ℎ(𝑟𝑎)𝑣𝐸(𝑡) + 𝑐 

where ℎ(𝑟𝑎) is the time headway measured in seconds. Setting: 
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ℎ(𝑟𝑎) =

{
 
 
 

 
 
 

1

(1 − 𝛾)𝑑𝐸
(
𝜌2

2
𝑉𝑓 + 𝜌𝜆1 −

𝑟𝑎
2

2𝑉𝑓
) , if 𝛾 < 𝛤

1

𝑑𝐸
(
𝛾 − (1 − 𝜌)2

2𝛾
𝑉𝑓 + 𝜆1 −

𝑟𝑎
2

2𝑉𝑓
) , if 𝛾 ≥ 𝛤 and 𝛾 > (1 − 𝜌)2

1

𝑑𝐸
(𝜆1 −

𝑟𝑎
2

2𝑉𝑓
) , if 𝛾 ≥ 𝛤 and 𝛾 ≤ (1 − 𝜌)2

𝑐 =

{
 
 

 
 𝜆1

2

2(1 − 𝛾)𝑑𝐸
+ 𝜆0, if 𝛾 < 𝛤

𝜆1
2

2𝑑𝐸
+ 𝜆0, if 𝛾 ≥ 𝛤

 

guarantees 𝑟(𝑡) ≤ 𝑟𝑎, ∀𝑡. Following the same argument, lane change gaps which respect: 

𝑔(𝑡0) ≥ ℎ(𝑟𝑎)𝑣𝐸(𝑡0) + 𝑐 + 𝛥𝑔(𝑡0, 𝑡lc), 

yield a lane change risk of at most 𝑟𝑎. It is important to highlight that ℎ(𝑟𝑎) for lane changing 
between the ego vehicle and the two leaders must be computed assuming a reduced value for 
the ego vehicle’s maximum braking. 

Risk-Taking in Lane Changes 
This section presents the control-agnostic lane changing method that guarantees bounded risk 
at all times. We focus on two aspects of the vehicle behavior: the longitudinal adjustment 
before starting a lane change and the gap acceptance decision. Under this framework, we view 
merging as a particular case of lane changing which must occur before a predefined position. 
The intention to make lane changes is assumed to come from a higher-level decision algorithm 
which chooses desired lanes based on perceived speed gains (for discretionary lane changes) or 
on routing requirements (for mandatory lane changes). Our proposed approach ensures that, if 
the worst-case braking scenario takes place by any vehicle involved, the collision severity is at 
most some accepted risk value 𝑟𝑎. We assume that an AV:  

• reliably measures its own velocity and acceleration as well as the relative velocity 
between itself and the surrounding vehicles illustrated in Figure 4; 

• can conservatively estimate the maximum acceleration of vehicles in its vicinity thanks 
to computer vision algorithms and databases. For example, the AV should be able to 
differentiate a truck from a passenger vehicle. 

The AV does not have any knowledge about surrounding vehicles’ accelerations. Since the gap 
acceptance algorithm ensures that vehicles only perform lane changes when safety constraints 
are respected, the challenge of designing trajectories is greatly simplified and existing 
approaches, such as the ones described in [71,72], can be used. 

The AV’s lane changing, and longitudinal adjustment decision process is summarized by the 
flowchart of Figure 6. Once the ego vehicle E has lane change intention, it sets an accepted risk 
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value ra. After setting the risk, the vehicle checks whether the three surrounding gaps shown in 
Figure 4 yield a risk of at most ra, i.e., whether they satisfy inequality (27). It is important to 
highlight three points at this step. First, E can set 𝑟𝑎 = 0, which means only collision-free gaps 
will be accepted. Second, E could choose different values of 𝑟𝑎  for each surrounding vehicle. 
Last, E must take into account its reduced braking capability to estimate the safe gaps, and that 
it estimates the safe gaps using conservative assumptions on other vehicle’s braking 
capabilities. If the gaps accepted, the lane change maneuver can be completed. If not, we check 
whether there is a leader in the destination lane (ℓd). Let us first assume ℓd exists. In this case, 
the vehicle must decide whether to overtake or to merge behind the destination lane leader.  

 

  

Figure 7 Virtual leader illustration. Solid arrows indicate real leaders, and dashed arrows 
indicate virtual leaders. 

Figure 6 Autonomous vehicle flowchart for longitudinal adjustment and gap acceptance. 
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To make this decision, the vehicle considers the desired speeds at the origin and destination 
lanes. Let the desired speed at the origin lane be: 

𝑣𝑜(𝑡) = {
𝑉𝑓 , 𝑔𝑜(𝑡) ≥ 𝐺

𝑣ℓ𝑜(𝑡), 𝑔𝑜(𝑡) < 𝐺
 

where 𝑉𝑓 is the free-flow speed, 𝑣ℓ𝑜(𝑡) is the velocity of the origin lane leader, 𝑔𝑜(𝑡) is the gap 

between the ego vehicle and the origin lane leader, and 𝐺 is a gap threshold. The desired speed 
at the destination lane equals the destination lane leader velocity 𝑣ℓ𝑑(𝑡). Then, we decide to 

overtake ℓ𝑑,  if 𝑣𝑜(𝑡) > 𝑣ℓ𝑑(𝑡) + 𝛿𝑣
adjust ℓ𝑑,  otherwise,

 

where 𝛿𝑣 is a positive constant. Lower values of 𝛿𝑣 mean the ego vehicle tries to perform 
overtaking maneuvers that take longer time. If the vehicle decides to merge behind ℓ𝑑, it must 
perform longitudinal adjustments that simultaneously keep it at a safe distance from the origin 
lane leader and create the safe gap to the destination lane leader. To do this, the ego vehicle 
sets the destination lane leader, ℓ𝑑, as a virtual leader. A virtual leader is a vehicle that is 
longitudinally ahead of the ego vehicle, but in a different lane. Conversely, we call real leader 
the vehicle that is longitudinally ahead of the ego vehicle and on the same lane. This is 
illustrated in Figure 7. The ego vehicle then computes two desired accelerations: one relative to 
the real leader, 𝑢𝑟(𝑡), and one relative to the virtual leader, 𝑢𝑣(𝑡). It chooses: 

𝑢(𝑡) = min[𝑢𝑟(𝑡), 𝑢𝑣(𝑡)] 

as its desired acceleration. This procedure guarantees that the ego vehicle creates a safe gap 

between itself and ℓ𝑑 while keeping a safe distance to ℓ𝑜. One should note that, since the ego 

vehicle and ℓ𝑑 are on different lanes, their initial gap might be very small or even negative. 

Therefore, differently from a regular longitudinal controller, the virtual following controller 

must react smoothly in cases of small gaps. We present one possible implementation of a 

virtual vehicle following controller later on. If there is no destination lane leader, the ego 

vehicle continues computing its acceleration based on the origin lane leader alone. Periodically, 

while performing longitudinal adjustments, the ego vehicle has the choice to change the 

accepted risk value. After that, it checks again whether the gaps satisfy the risk constraint and 

repeats the decision process. We note that, at any point, the higher-level decision algorithm 

might decide that there is no more lane change intention, and the ego vehicle will go back to 

regular lane keeping. 

Longitudinal Controllers 
We briefly describe the implemented longitudinal controllers. It is important to note that the 
proposed approach be used with other longitudinal controllers, but we must have a concrete 
implementation to run simulations. We call “real vehicle following controller” the controller 
used to keep a safe distance from the vehicle at the origin lane. It is presented for 
completeness and to help highlight the necessary modifications when dealing with virtual 
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leaders. We then propose one possible implementation of the virtual vehicle following 
controller, that is, the controller used to create and keep the desired lane changing gaps. 

Real Vehicle Following Controller 
For completeness, we present the real vehicle following controller implemented for 
simulations, which is based on well-known controllers [70, chapter 6] [73]. It is a switched 
controller that operates either in velocity control mode or in gap control mode based on how 
far away the real leader is. Mathematically: 

𝑢𝑟(𝑡) = {
𝑘1𝑒𝑣(𝑡) + 𝑘2∫ 𝑒𝑣

𝑡

𝑡0

(𝜏)d𝜏 + 𝑘3�̇�𝑣(𝑡), if 𝑔(𝑡) > 𝐺(𝑡)

𝑘4𝑒𝑔(𝑡) + 𝑘5𝑒𝑣(𝑡), if 𝑔(𝑡) ≤ 𝐺(𝑡)

 ( 9 ) 

where 𝑢𝑟(𝑡) is the desired acceleration relative to the real leader, 𝑘𝑖, 𝑖 = {1, … ,5} are gains, 
𝑒𝑔(𝑡), 𝑒𝑣(𝑡) are the gap and velocity errors respectively, 𝑔(𝑡) is the gap to the real leader, and 

𝐺(𝑡) is a gap threshold. The errors are defined as: 

𝑒𝑔(t) = 𝑔(𝑡) − ℎ(𝑟𝑎)𝑣𝐸(𝑡) − 𝑐, ( 10 ) 

𝑒𝑣(t) = 𝑣𝑟(𝑡) − 𝑣𝐸(𝑡) ( 11 ) 

where ℎ(𝑟𝑎) is the time headway that yields a risk of at most 𝑟𝑎, 𝑐 is a positive constant, 𝑣𝐸(𝑡) 
and 𝑎𝐸(𝑡) are the ego vehicle’s velocity and acceleration respectively. The reference velocity is 

𝑣𝑟(𝑡) = {
𝑉𝑓 , if 𝑔(𝑡) > 𝐺(𝑡)

𝑣ℓ(𝑡), if 𝑔(𝑡) ≤ 𝐺(𝑡)
 ( 12 ) 

where 𝑉𝑓 is the free-flow velocity, and 𝑣ℓ(𝑡) is the real leader’s velocity. The threshold is: 

𝐺(𝑡) = ℎ(𝑟𝑎)𝑉𝑓 + 𝑐 −
𝑘5
𝑘4
𝑒𝑣(𝑡) 

which ensures that 𝑢𝑟(𝑡) ≥ 0 at the transition from velocity to gap control. 

Virtual Vehicle Following Controller 
In typical longitudinal controllers, the ego vehicle uses a velocity controller when the leader 
does not exist or when it is far away. If the leader is close, the ego vehicle uses a gap controller 
to keep the ego vehicle at a desired distance from its leader. If we applied this controller when 
computing the desired acceleration relative to a virtual leader, the ego vehicle could be subject 
to an unnecessary strong braking since the initial inter-vehicle gap could be very small or even 
negative. Therefore, we propose a virtual vehicle following controller where the switching 
happens in the inverse way. That is, if the gap between the vehicle and its virtual leader is 
small, the vehicle adopts a velocity controller whose set-point is a fraction of the virtual leader’s 
velocity. This avoids the undesired strong braking, while guaranteeing that the gap between 
vehicles will increase. When the gap reaches a threshold value, the ego vehicle can switch to 
gap control and perform finer gap adjustments. We implement it as: 
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𝑢𝑣(𝑡) = {
𝑘1𝑒𝑣(𝑡) + 𝑘2∫ 𝑒𝑣

𝑡

𝑡0

(𝜏)d𝜏 + 𝑘3�̇�𝑣(𝑡), if 𝑔(𝑡) ≤ 𝐵(𝑡)

𝑘4𝑒𝑔(𝑡) + 𝑘5𝑒𝑣(𝑡), if 𝑔(𝑡) > 𝐵(𝑡)

 

where 𝑢𝑣(𝑡) is the desired acceleration relative to the virtual leader, 𝑘𝑖, 𝑒𝑔(𝑡) and 𝑒𝑣(𝑡) are as 

in Eq.( 9 ), 𝑔(𝑡) is the gap to the virtual leader, and 𝐵(𝑡) is a gap threshold. The reference 
velocity used to compute 𝑒𝑣(𝑡) is 

𝑣𝑟(𝑡) = {
𝜇𝑣ℓ(𝑡), if 𝑔(𝑡) ≤ 𝐵(𝑡)

𝑣ℓ(𝑡), if 𝑔(𝑡) > 𝐵(𝑡)
 ( 13 ) 

where 𝑣ℓ(𝑡) is the virtual leader’s velocity and 0 < 𝜇 < 1. The threshold is: 

𝐵(𝑡) = ℎ𝑣𝐸(𝑡) + 𝑐 −
𝑘5
𝑘4
𝑒𝑣(𝑡) 

which ensures that 𝑢𝑣(𝑡) = 0 at the transition from velocity to gap control. 

Behavior in Mixed Traffic 
Since the autonomous vehicle has no way of detecting whether surrounding vehicles are 
autonomous or human-driven, it behaves the same way as described above in mixed traffic. If 
the autonomous vehicle knows it is in an all-autonomous scenario, it can assume surrounding 
vehicles have low reaction times, thus decreasing the required gap to future followers at the 
destination lane. If we assume the autonomous vehicles can be visually identified, then the 
autonomous vehicle with intention to change lanes can take that into consideration when 
looking for appropriate lane change gaps. 

Risk Factors for Connected Vehicles 
In this section we propose control algorithms for connected and autonomous vehicles (CAVs) 
that receive risk as a parameter. The formulas relating risk acceptance to desired time headway 
and to lane changing gaps are the same as in the previous section. The main difference from AV 
to CAV is that the latter can communicate and, therefore, cooperate. In what follows, we 
propose a cooperative lane changing method that can also take an accepted risk value as a 
parameter. After that, we present the implementation of longitudinal controllers used in the 
simulations. We end the section with a note on how CAVs behave in mixed traffic. 

Risk-Taking in Cooperative Lane Changes 
This section presents the control-agnostic cooperative lane changing method that guarantees 

bounded risk at all times. Moreover, it ensures that suitable lane change gaps at the destination 

lane are generated thanks to cooperation. As with AVs, we focus on the longitudinal 

adjustments and on the gap acceptance decision. We assume that, in addition to having the 

capabilities of an AV, the CAV: 
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• has access to surrounding vehicles’ acceleration, desired time headway, and maximum 
braking through communications; 

• is altruistic, that is, it always cooperates once a cooperation request is received; 

• has a free-flow speed 𝑉𝑓 ≤ 𝑉𝑚𝑎𝑥, where 𝑉𝑓 is chosen by the vehicle’s user, and 𝑉𝑚𝑎𝑥 is 

the maximum legal speed of the road. 

The CAV’s safe lane changing and longitudinal adjustment decision process is summarized by 

the flowchart of Figure 8. Compared to the AV flowchart of Figure 6, this one has two extra 

processes: Broadcast cooperation request and Receive surrounding vehicles’ parameters. The 

goal of these actions is to inform other vehicles about E’s intentions so can then cooperate to 

generate the gaps that satisfy E’s risk constraints. The initial steps are the same: the ego vehicle 

checks if the current gaps satisfy the risk constraints using conservative assumptions about the 

surrounding vehicles’ braking capabilities. If not, the following two steps are still as in the AV 

case: we check whether there is a leader in the destination lane and, if yes, whether E should 

try to overtake it. By design E only tries to overtake ℓd if its own desired speed is greater than 

ℓd’s speed. Therefore, we expect the overtaking maneuver to happen without any need of 

cooperation from ℓd. If the vehicle decides to merge behind ℓd, it must, as in the AV case, set ℓd 

as a virtual leader and perform longitudinal adjustments following Eq. (29). There are two cases 

in which E requests cooperation (how each surrounding vehicle cooperates is explained in the 

next paragraph): if there is no destination lane leader, or if E decides to adjust and merge 

behind the destination lane leader. In both cases, we want to ensure that 𝑓𝑑  keeps a 

longitudinal distance to E that allows E to perform the lane change. If the follower at the 

destination lane (𝑓𝑑) exists, it responds by sending back its own desired time headway while ℓd 

responds with its own maximum braking. This allows the ego vehicle to use less conservative 

estimations of the risks. If we had not assumed that CAVs are altruistic, 𝑓𝑑  would also have to 

reply stating whether it is willing to cooperate. However, the decision problem of when to 

cooperate is out of the scope of this work. 

The three green vehicles illustrated in Figure 9 (𝑓𝑑, ℓd, ℓo) cooperate with the lane change 

maneuver in different ways. The follower at the destination lane (𝑓𝑑) adopts the lane changing 

vehicle as a virtual leader as illustrated in Figure 9. In this case, virtual following ensures that 

the cooperating vehicle creates the desired gap for the lane changing vehicle to move into 

without compromising the safety between the cooperating vehicle (𝑓𝑑) and its real leader (ℓd). 

The leader at either the origin (ℓo) or destination lane (ℓd) cooperates by increasing its free-flow 

speed to the maximum legal value on the road. Thus, if the cooperating vehicle has no leader, it 

will accelerate and increase the gap to the lane changing vehicle. 
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We must address the possibility of a vehicle receiving multiple cooperation requests. There is 
no conflict if all requests come from vehicles longitudinally behind the cooperating vehicle - it 
will just keep the maximum legal speed as its free-flow speed. If at least one request comes 
from a vehicle longitudinally ahead, we ignore requests issued from vehicles longitudinally 
behind. In other words, the cooperating vehicle chooses the role of destination lane follower 
over all others. There is also the case where both requests come from vehicles longitudinally 
ahead, that is, there is one lane changing vehicle ahead to our left and another ahead to our 

Figure 8 Virtual leader examples. Solid arrows indicate real leaders, and dashed arrows 
indicate virtual leaders. The vehicle with lane change intention, 𝑬, sets the destination lane 
leader, 𝓵𝒅, as virtual leader while the destination lane follower, 𝒇𝒅, sets 𝑬 as its virtual 
leader. 

Figure 9 Connected and autonomous vehicle flowchart detailing the lane changing and 
longitudinal adjustment process.  
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right. In this situation, the cooperating vehicle adopts two virtual leaders. Consequently, it 
computes three distinct desired acceleration values and chooses the minimum. 

Longitudinal Controllers Implementation 
Again, we briefly describe the longitudinal controllers used in simulations for completeness, 
since other longitudinal controllers could be use together with the proposed approach. 

Real Vehicle Following Controller 
The real vehicle following controller implemented for simulations is a switched controller that 
operates either in velocity control mode or in gap control mode based on how far away the real 
leader is. The main difference from the AV controller is that it can use knowledge about the 
leading vehicle’s acceleration [74]. Moreover, thanks to communications, a CAV can make less 
conservative assumptions about the leading vehicles braking capabilities, which leads to smaller 
time headway values when compared to AVs. The controller is: 

𝑢𝑟(𝑡) = {
𝑘1𝑒𝑣(𝑡) + 𝑘2∫ 𝑒𝑣

𝑡

𝑡0

(𝜏)d𝜏 + 𝑘3�̇�𝑣(𝑡), if 𝑔(𝑡) > 𝐺(𝑡)

𝑘4𝑒𝑔(𝑡) + 𝑘5�̇�𝑔(𝑡) + 𝑘6𝑒𝑣(𝑡) + 𝑘7𝑒𝑎(𝑡), if 𝑔(𝑡) ≤ 𝐺(𝑡)

 ( 14 ) 

where 𝑢𝑟(𝑡) is the desired acceleration relative to the real leader, 𝑘𝑖, 𝑖 = {1, … ,7} are gains, 
𝑒𝑔(𝑡), 𝑒𝑣(𝑡) and 𝑒𝑎(𝑡) are the gap, velocity and acceleration errors respectively, 𝑔(𝑡) is the gap 

to the real leader, and 𝐺(𝑡) is a gap threshold. The gap and velocity errors are as in ( 10 ) and ( 
11 ) respectively, and 

𝑒𝑎(𝑡) = �̇�𝑟(𝑡) − 𝑎𝐸(𝑡) 

where 𝑣𝑟(𝑡) is the reference speed defined in ( 12 ), and 𝑎𝐸(𝑡) is the ego vehicle’s acceleration 
respectively. The threshold is: 

𝐺(𝑡) = ℎ𝑉𝑓 + 𝑐 −
1

𝑘4
(𝑘5�̇�𝑔(𝑡) + 𝑘6𝑒𝑣(𝑡) + 𝑘7𝑒𝑎(𝑡)) 

which ensures that 𝑢𝑟(𝑡) ≥ 0 at the transition from velocity to gap control. 

Virtual Vehicle Following Controller 

As in the AV controllers, we need a virtual vehicle following controller that ensures smooth gap 
increase even if the initial gap is close to zero. Therefore, we follow a similar approach to define 
the CAV virtual vehicle following controller. We implement it as: 

𝑢𝑣(𝑡) = {
𝑘1𝑒𝑣(𝑡) + 𝑘2∫ 𝑒𝑣

𝑡

𝑡0

(𝜏)d𝜏 + 𝑘3�̇�𝑣(𝑡), if 𝑔(𝑡) ≤ 𝐵(𝑡)

𝑘4𝑒𝑔(𝑡) + 𝑘5�̇�𝑔(𝑡) + 𝑘6𝑒𝑣(𝑡) + 𝑘7𝑒𝑎(𝑡), if 𝑔(𝑡) > 𝐵(𝑡)
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where 𝑢𝑣(𝑡) is the desired acceleration relative to the virtual leader, 𝑘𝑖, 𝑒𝑔(𝑡), 𝑒𝑣(𝑡) and 𝑒𝑎(𝑡) 

are as in Eq. ( 14 ), 𝑔(𝑡) is the gap to the virtual leader, and 𝐵(𝑡) is a gap threshold. The 
reference velocity used to compute 𝑒𝑣(𝑡) is as in ( 13 ). The threshold is: 

𝐵(𝑡) = ℎ𝑣𝐸(𝑡) + 𝑐 −
1

𝑘4
(𝑘5�̇�𝑔(𝑡) + 𝑘6𝑒𝑣(𝑡) + 𝑘7𝑒𝑎(𝑡)) 

which ensures that 𝑢𝑣(𝑡) = 0 at the transition from velocity to gap control. 

Behavior in Mixed Traffic 
We assume that a CAV periodically broadcasts messages looking for other connected vehicles in 
its surroundings. While the connected vehicle does not identify any other connected vehicle 
around, it behaves as an autonomous vehicle. If a connected vehicle is following another 
connected vehicle, it can adopt a smaller reference gap and use the control law in ( 14 ). When 
changing lanes, if the CAV does not receive replies from the surrounding vehicles, it follows the 
AV behavior outlined in the flowchart of Figure 6. 

Safety/Efficiency Trade-Off Evaluations 

Simulator and Evaluation Metrics 
We use PTV’s traffic simulator VISSIM to evaluate how the proposed algorithms affect traffic 
flow and safety on a highway. We let VISSIM’s own algorithm dictate the behavior of human 
drivers (see [75] for details). The software allows users to define vehicle behaviors through a 
C++ coded Dynamic Linked Library (DLL). We make use of this to implement our method. As 
stated before, our focus is not on lane choice, so VISSIM decides if a vehicle has lane change 
intention. From VISSIM output files, we compute the highway input flow at every 30 𝑠, and we 
compute the instantaneous risk for each vehicle at every 0.1 𝑠. To evaluate safety, we count the 
number of risky intervals with risk greater than 1. Moreover, we compute the risk 𝑅𝑖 of each 
risky interval and the total risk of each simulation. The described simulation framework is 
summarized in Figure 10. 

We create a challenging scenario where lots of lane changes must happen in a relatively short 
stretch of a highway that allows us to evaluate the performance of AVs and CAVs at different 
levels of congestion and obtain insights on the safety vs. traffic flow trade-off as we vary the 
values of accepted risk. The scenario, illustrated in Figure 11, is composed of a 2-lane highway 
with an in ramp and an off ramp. Vehicles trying to merge into the highway or to take the off 
ramp have 500m to do so. Vehicles that start on the highway’s left lane, stay on the highway. 
They can end the simulation at either one of the highway lanes. 10% of vehicles that start on 
the highway’s right lane take the off ramp, and all vehicles that start on the in-ramp merge into 
the highway. We measure the traffic flow at the start of the merging segment. 

We evaluate each studied scenario in terms of efficiency and safety. Efficiency is measured by 
two variables: completed lane changes and traffic flow. As described in section 3, we measure 
safety by counting the number of risky lane changes and by computing the median risk value of 
the risky lane changes.  
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Experiment 1: uniform vehicle fleets 

In the first set of experiments, we assume that all the vehicles in the simulation are either: 

1. Human driven vehicle (HDV): vehicle behavior is dictated entirely by VISSIM. 

2. Autonomous Vehicle (AV): the vehicle’s behavior is as described in section 4. Moreover, 
if a vehicle is stopped waiting for a suitable lane change gap for over 45 𝑠, we give 
control back to VISSIM. This is similar to having an autonomous vehicle request the 
driver to take over when it does not know what to do. 

3. Connected and Autonomous Vehicle (CAV): the vehicle behavior is as described in 
section 5. In this case, the cooperative behavior guarantees no vehicle gets “stuck" 

Figure 11 Simulation set-up: VISSIM simulates vehicles on the highway, the DLL controls AVs 
and CAVs, and a separate code evaluates the simulation results after they finish. 

Figure 10 The vehicle flow is from the left to the right. All vehicles that start on lane 1 stay on 
the highway, 10% of vehicles that start on lane 2 take the off ramp, and all vehicles that start 
lane 3 move into the highway. Vehicle counting sensors are indicated by gray vertical 
rectangles. 
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waiting for an appropriate lane change gap, so there is no need to hand control back to 
VISSIM in any case. 

To compare uncongested and congested cases, we run 30-minute simulations with inputs of 
1000 and 2000 vehicles per lane per hour. To analyze the effects of risk acceptance, we define 
risk categories as in Table 2 in the simulations which contain AVs or CAVs. Therefore, there are 
18 scenarios, each of which is run 10 times to account for the randomness of traffic simulations. 
The results are summarized in Table 3 and Table 4. We highlight that the accepted risk is used 
in the computation of the accepted lane change gaps, which, by design, overestimates the 
actual risk. The number of risk lane changes and the median risk per lane change our computed 
using the exact risk formulas, i.e., Eqs. ( 7 ) and ( 8 ). 

The safety metrics are further detailed in  (a) (b) 
 (c) (d) 
 (e) (f) 
            (g)                  (h) 

Figure 12, which shows histograms of the total lane change risk for human driven vehicles (

 (a) (b) 
 (c) (d) 
 (e) (f) 
            (g)                  (h) 

Figure 12b), for AVs with varying values of accepted risk ( (a) (b) 
 (c) (d) 
 (e) (f) 
            (g)                  (h) 

Figure 12 a, c, e, g), and CAVs with varying values for accepted risks ( (a) (b) 
 (c) (d) 
 (e) (f) 
            (g)                  (h) 

Figure 12 d, f, h). We do not show the case of CAVs with zero accepted risk because this 
scenario does not create any risky lane changes. The flow results are further detailed in the 
box plots of  

(a)  

(b)  

Figure 13. In a box plot the four quartiles of the data can be quickly identified. The two middle 
quartiles (from 25% to 75% of the data) are indicated by a colored box, and the whiskers 
represent the minimum and maximum values except for outliers, which are displayed as 
diamonds. 
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Table 2 Risk Categories 

Category Accepted collision severity in the worst-case scenario (𝒌𝒎/𝒉) 

Safe 0 

Low 36 

Medium 72 

High 108 
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Table 3 Lane Change Risks and Flow Results at 3000 Vehicles per Hour 

Vehicle 
type 

Risk 
Category 

Mean number of risky 
lane changes 

Median lane 
change risk (m) 

Median flow 
(vehs/h) 

Completed 
lane changes 

HDV - 417 33 2880 569 

AV 

Safe 1.6 3.3 2640 190 

Low 1.9 8.4 2880 536 

Medium 293 5.1 2880 1039 

High 433 7.2 2880 1248 

CAV 

Safe 0 0 3000 539 

Low 0.1 0.55 3000 933 

Medium 185 3.5 2880 1309 

High 258 3.7 2880 1423 

 

 

Table 4 Lane Change Risks and Flow Results at 6000 Vehicles per Hour 

Vehicle 
type 

Risk 
Category 

Mean number of risky 
lane changes 

Median lane 
change risk (m) 

Median flow 
(vehs/h) 

Completed 
lane changes 

HDV - 526 7 4080 810 

AV 

Safe 0.11 1.0 4440 155 

Low 1.1 1.5 4680 185 

Medium 34 2.4 4440 329 

High 37 1.9 4440 351 

CAV 

Safe 0 0 4680 394 

Low 0.2 13 4680 434 

Medium 54 7.7 4800 480 

High 52 10 4800 481 
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 (a) (b) 

 (c) (d) 

 (e) (f) 

            (g)                  (h) 

Figure 12 Risks of lane changes for human driven vehicles, and for AVs and CAVs with varying 
accepted risk values. Parameters of each figure are: (a) 100% AV, safe, (b) 100% human 
driven, (c) 100% AV, low risk, (d) 100% CAV, low risk, (e) 100% AV, medium risk, (f) 100% CAV, 
medium risk, (g) 100% AV, high risk, (h) 100% CAV, high risk. 
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(c)  

(d)  

Figure 13 Distribution of traffic flow measurements for each scenario. The colored boxes 
contain 50% of the data that is closest to the median value. The whiskers represent the 
minimum and maximum values except for outliers, which are represented by black diamonds. 
In (a), the total vehicle input is 3000 vehicles per hour. In (b), the total vehicle input is 6000 
vehicles per hour. 
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Let us start by evaluating the safety of human driving. Regarding flows, the median value of 
2880 in the scenarios with input of 3000 vehicles per hour confirms the absence of congestion 
in this case. Similarly, the median flow of 4080 in the simulations with 6000 vehicles per hour 
confirm that there is congestion. Regarding the safety evaluation, it is important to remember 
that our risk was defined to be zero only when it is possible to avoid collision under the worst-
case braking scenario. Moreover, we take into consideration the reduced braking capabilities of 
the vehicles during lateral maneuver. Therefore, it is not surprising that that most of the lane 
changes completed by human drivers produced some risk (73% and 64% on the uncongested 
and congested scenarios respectively). It is interesting to note that the median risk in the 
congested scenario is much lower than in the uncongested scenario. This happens because, in 
the congested scenario, the vehicles are traveling at slower velocities and the relative velocity 
between lanes is also smaller, which creates less high-risk situations. This result agrees with 
previous findings [76]. 

Next let us evaluate the safety/ efficiency trade-off of autonomous vehicles. It is clear that AVs 
that take no risks are, as expected, much safer than human driven vehicles. The few risky lane 
changes are caused when two vehicles decide to move into the same lane (one coming from 
the right and the other from the left) at the exact same simulation time step. Since we are not 
considering evasive maneuvers in this work, when this happens, they both proceed with their 
maneuvers and may end up at close distance from one another. The increased safety comes at 
a clear cost in efficiency in the uncongested scenario. When the AV does not take any risk in a 
scenario where there might be high relative velocity between lanes, it sometimes gets stuck in 
a lane. This causes some congestion on that lane, which is then reflected by the lower median 
flow. In the congested case, this effect is not seen. In a congestion, relative velocities between 
lanes are smaller, making it easier for the AV to perform lane changes. More importantly, as 
can be seen be the flow variance in the box plot of  

(e)  

(f)  

Figure 13b, human driven vehicles lead to stop and go behavior, which is prejudicial for the 
flow. Since the AVs are equipped with controllers that are string-stable, they lead to a more 
constant flow. 

As soon as the AVs accept low risks, there is no more flow decrease in the uncongested 
scenario. Furthermore, the number of completed lane changes also gets close to the case of 
human driven vehicles. It is interesting to note that, at the low risk, the number of risky lane 
changes is still close to zero (it is below 1% of the completed lane changes). This confirms that 
the safe category is indeed very conservative. On the other hand, increasing the accepted risk 
leads to significantly more risky maneuvers without any gain in flow. The number of completed 
lane changes also increases sharply (it almost doubles from low to medium risk). This value is 
driven by discretionary lane changes, that is, vehicles trying to move to a faster moving lane. 
We also note that, as is the case with human drivers, the median lane change risk is much 
higher in the uncongested scenario. 
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We can see CAVs are in general safer than AVs even when both accept the same risk value. This 
occurs because CAVs can better estimate risks thanks to communication. Moreover, thanks to 
cooperation, the CAVs always lead to equal or higher flow than both human driven and 
autonomous vehicles. The CAV’s extended capabilities also mean that there is not much room 
for efficiency improvement by accepting risks. In the uncongested case, the median flow 
actually decreases at higher accepted risk values. This happens because vehicles that cut in 
force others to decelerate, which negatively impacts flow. 

Given that it will take a considerable amount of time for all vehicles to be automated, the 
second set of simulations evaluates the impacts of varying penetration levels of AVs and CAVs 
on the same scenarios. 

Experiment 2: mixed traffic 
We now focus on the effects of AVs and CAVs in mixed traffic. To do that, we vary the 

penetration of AVs and CAVs by increments of 25%. Analysis of the results of experiment 1 

showed that AVs and CAVs perform better than humans in the congested scenario even 

without taking any risks. Moreover, we noticed that accepting the highest value of risk did not 

bring any noticeable advantages. Therefore, we choose to focus on the uncongested scenario, 

and we only simulate zero, low and medium accepted risks. The safety and efficiency results are 

summarized in Table 5. We repeated the results from uniform fleets, i.e., all human driven 

vehicles (HDVs), all AVs and all CAVs, for easier comparison. The more detailed safety results 

are shown in the histograms of  (a) (b) 
 (c) (d) 
 (e) (f) 
 (g) (h) 

Figure 14. 

At low penetrations, AVs and CAVs working at all risk levels increase the number of risky lane 
changes when compared to the 100% HDVs case by around 30%. At the same time, the median 
lane change risk decreases by a smaller margin (between 6% and 12%). We also see that the 
number of completed lane changes increases considerably from 569 to more than 800. We 
conclude that the percentage of risky lane changes among the total completed lane changes 
actually decreases from 73% to around 65%. Upon further examination, we find that from 90% 
to 99% of the risky maneuvers when the AVs and CAVs are in the safe category come from 
human driven vehicles. After looking at simulation videos, we see that the conservative 
behavior of AVs and CAVs when looking for gaps makes HDVs perform more lane changes for 
two reasons. First, AVs and CAVs smoothly brake when looking for gaps. HDVs following these 
AVs or CAVs might see that the neighboring lane is traveling faster and, without being restricted 
by the same safety rules, change lanes before the AV or CAV. At the same time, when looking 
for gaps, the AVs and CAVs tend to create large gaps ahead of them, which are also used by 
HDVs. As the penetration levels increase, the risk acceptance starts having bigger impacts in the 
results. However, we still see a big gap from the results with 75% penetration of either AV or 
CAV and 100% penetration. These results imply that small numbers of AVs and CAVs do not 
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bring significant advantages to the general traffic, and that the main benefits are only reaped at 
full automation. This conclusion should be taken with a grain of salt, since VISSIM’s model of 
human drivers is only calibrated to interact with other human drivers. 
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Table 5 Lane Change Risks and Flow Results at 3000 Vehicles per Hour and Varying AV and 
CAV Penetration 

Fleet 
composition 

Risk 
Category 

Mean number of 
risky lane changes 

Median lane 
change risk (m) 

Median flow 
(vehs/h) 

Completed 
lane changes 

100% HDV - 417 33 2880 569 

25% AV 

Safe 536 31 2880 827 

Low 541 30 2880 838 

Medium 542 29 2880 825 

50% AV 

Safe 360 28 2880 641 

Low 406 27 2880 768 

Medium 486 22 2880 860 

75% AV 

Safe 201 22 2880 494 

Low 209 23 2880 632 

Medium 394 13 2880 894 

100% AV 

Safe 1.6 3.3 2640 190 

Low 1.9 8.4 2880 536 

Medium 293 5.1 2880 1039 

25% CAV 

Safe 544 30 2880 837 

Low 523 31 2880 819 

Medium 547 29 2880 815 

50% CAV 

Safe 499 25 2880 946 

Low 504 27 2880 1005 

Medium 642 22 2880 1106 

75% CAV 

Safe 279 18 2880 803 

Low 307 18 3000 1015 

Medium 628 13 2880 1408 

100% CAV 

Safe 0 0 3000 539 

Low 0.1 0.55 3000 933 

Medium 195 3.5 2880 1309 
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 (a) (b) 

 (c) (d) 

 (e) (f) 

 (g) (h) 

Figure 14 Risks of lane changes for varying penetrations of AVs and CAVs. To the left, mixed 
traffic of humans and AVs with penetrations of 25%, 50%, 75% and 100% in plots (a), (c), (e) 
and (g) respectively. To the right, mixed traffic of humans and CAVs with penetrations of 25%, 
50%, 75% and 100% in plots (b), (d), (f) and (h) respectively. 
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Conclusion 
In this work we have studied the trade-off between safety and efficiency of AVs and CAVs in 
highways with mixed traffic. We defined a risk assessment metric that considers both the 
severity of a collision that would happens under a worst-case braking scenario and the time the 
vehicle is exposed to a possible collision. We use this metric, together with the concept of 
virtual vehicles, in an approach for lane changing longitudinal adjustments and gap acceptance. 
This method can be used to ensure that the AV is never in a collision prone situation. Moreover, 
the proposed method can take risk as a parameter so that the AV behaves less conservatively if 
that is desired. We then extended this approach to CAVs, which can make use of 
communications to request that vehicles in the destination lane cooperate to generate 
acceptable lane change gaps. 

We studied our proposed approaches through extensive simulations. We analyzed how 
different factors impact safety, measured by the number of risky lane changes and their median 
risk, and efficiency, measured by the number of completed lane changes and traffic flow. We 
varied the number of vehicles entering the network, the types of vehicles and their penetration 
percentages as well as the accepted risks. Our mains conclusions are: 

• AVs can be too conservative, which negatively impacts flow. However, accepting low 
risks makes a fleet made only of AVs as efficient as the human driven fleet. 

• The cooperation used by CAVs allow this type of vehicle to improve both safety and 
efficient simultaneously. 

• The biggest challenge lies in mixed traffic. At low penetrations, both AVs and CAVs 
behave safely around humans, but they do not have a significant impact on macroscopic 
metrics. 

The last conclusion indicates two important directions of research. The first is the modeling of 
how humans will behave around AVs and CAVs. Since we know that micro simulators such as 
VISSIM are not calibrated for this scenario, the simulation results may not accurately reflect 
reality. The second is the design of AVs and CAVs that are not only safe, but that also help 
human drivers behave more safely. 
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Data Management Plan  

Products of Research 
This study did not collect any data. All results are obtained from simulations in the commercial 
software VISSIM. 

Data Format and Content 
Not applicable. 

Data Access and Sharing 
Further details about the results obtained in this study can be obtained by contacting the 
authors at fvallada@usc.edu. 

Reuse and Redistribution 
The results from this work have no restrictions concerning reuse and redistribution by the 
general public. 
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Appendix: Collision Time Computation 

In this appendix, we show how to compute the collision time under the worst-case braking 
scenario. From here on, we use the notation 𝑔0 = 𝑔(𝑡0) and 𝛥𝑣0 = 𝑣ℓ(𝑡0) − 𝑣𝐸(𝑡0), and we 
assume, without loss of generality, 𝑡0 = 0. We find 𝑡𝑐 by solving: 

𝑔(𝑡𝑐) = 0

−𝛥𝑔(𝑡, 𝑡𝑐) = 𝑔0
 

where 𝛥𝑔(𝑡, 𝑡𝑐) is as defined in Eq.( 1 ). The collision might occur during any of the 4 numbered 
time intervals shown in Figure 2. During each of them, the leading vehicle might be either at full 
stop or still decelerating by the time the collision occurs. 

1. The collision occurs before the ego vehicle realizes the leader is braking, that is, 𝑡𝑐 < 𝜏𝑑 
if 

𝑔0 < 𝜏𝑑 [
𝑎‾𝐸 + 𝑑ℓ
2

𝜏𝑑 − 𝛥𝑣0]. (A. 1) 

  The collision time and severity also depends on how fast the leading vehicle achieves full 
stop. If the leader is already traveling at slow speeds at 𝑡0, it is possible that 𝑡ℓ < 𝜏𝑑. If 

𝑔0 < 𝑡ℓ [
𝑎‾𝐸 + 𝑑ℓ
2

𝑡ℓ − 𝛥𝑣0], (A. 2) 

  the collision happens when the leader is still braking. Otherwise, the collision happens 
when the leader is at full stop. With this we can compute the collision time: 

  tc  =

{
 
 

 
 
−vE(0)  + (vE

2(0) + a̅E  (2 g0 +
vℓ
2(0)

dℓ
))

1

2

�̅�𝐸

⁄
 , if (A. 1) is true and (A.2) is false

Δv0  +  (Δv0
2 +  2g0 (a̅E + dℓ))

1

2

�̅�𝐸 + 𝑑ℓ
⁄ ,  if (A.1), (A.3) are true 

  

  We note that the first case above is only possible if 𝑡ℓ < 𝜏𝑑. 

2. The collision occurs between 𝜏𝑑 and 𝜏𝑑 + 𝜏𝑗  if inequality (A. 1) is false and 

𝑔0 < (𝜏𝑑 + 𝜏𝑗) [
𝑎‾𝐸 + 𝑑ℓ
2

(𝜏𝑑 + 𝜏𝑗) − 𝛥𝑣0] −
𝑗𝐸
6
𝜏𝑗
3. (A. 3) 

  Again, we have to consider the possibility of the leader achieving full stop before 
collision. If: 

𝑔0 < 𝑡ℓ [
𝑎‾𝐸 + 𝑑ℓ
2

𝑡ℓ − 𝛥𝑣0] −
𝑗𝐸
6
𝜏𝑗
3 (A. 4) 

  the collision happens before the leader is at full stop. The collision time is: 
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𝑡𝑐   = {
root of (A.5),  if (A.1) is false, (A.3) is true, and (A.4) is false
root of (A.6),  if (A.1) is false and (A.3), (A.4) are true

 

  where the equations are: 

𝑗𝐸
6
𝑡𝑐
3 −

1

2
[𝑎‾𝐸 + 𝑗𝐸𝜏𝑑]𝑡𝑐

2 + [
𝑗𝐸𝜏𝑑

2

2
− 𝑣𝐸(0)] 𝑡𝑐 + 𝑔0 −

𝑗𝐸𝜏𝑑
3

6
+
𝑣ℓ
2𝑑ℓ

= 0 (A. 5) 

𝑗𝐸
6
𝑡𝑐
3 −

1

2
[𝑎‾𝐸 + 𝑑ℓ + 𝑗𝐸𝜏𝑑]𝑡𝑐

2 + [
𝑗𝐸𝜏𝑑

2

2
+ 𝛥𝑣0] 𝑡𝑐 + 𝑔0 −

𝑗𝐸𝜏𝑑
3

6
= 0 (A. 6) 

3. The collision occurs after the ego vehicle achieves maximum deceleration but before it 
achieves full stop, i.e., 𝜏𝑑 + 𝜏𝑗 ≤ 𝑡𝑐 < 𝑡𝐸 if: 

𝑔0 < 𝑔∗(𝑡0). (A. 7) 

  For the collision to occur in this interval with a leader that is still braking, it is necessary 
that: 

𝑔0 < 𝑡ℓ [
|𝑑ℓ − 𝑑𝐸|

2
𝑡ℓ − 𝛥𝑣0 + 𝜆1] + 𝜆0 (A. 8) 

  Otherwise, the collision occurs when the leader is already at full stop. The collision time 
is: 

𝑡𝑐  =

{
  
 

  
 Δv0  −  λ1  ± ((λ1  −  Δv0)

2  +  2(g0 − λ0)(dℓ  −  dE))
1
2

dℓ − dE
⁄ ,

  if (A.3) is false, (A.7) is true, and (A.8) is true

 λ1 + vE(0) − ((𝑣𝐸(0) + λ1)
2 −  2(g0 + 𝑣ℓ

2(0) 2𝑑ℓ ⁄ − λ0)dE)
1
2

dE
⁄ ,

if (A.3) is false and (A.7), (A.8) are true

 

4. If inequality (A. 7)is false, there is no collision. 
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	Abstract 
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	This project addresses the important topic of safety along an evolutionary deployment path where vehicles will eventually become autonomous and connected with each other and infrastructure. Along this path vehicles with different levels of automation and connectivity will have to co-exist and safety needs to be well understood and impact of safety measures on traffic flow need to be analyzed. In today’s driving environment drivers perform vehicle maneuvers competing for space and time in order to improve th
	 
	Introduction 
	The first priority of Autonomous Vehicles (AVs) is to improve safety in traffic [1]. However, the conservative AV behavior required to ensure safety may be detrimental for traffic flow. This safety/traffic flow trade-off is not always evident in scenarios that consider only longitudinal vehicle movement [2]. The challenge of ensuring safety without having a negative impact on traffic flow only becomes apparent when AVs need to perform lane change and merging maneuvers. This fact is corroborated by the liter
	Lane changing is one of the most challenging maneuvers performed in traffic. It requires that the driver pay attention to several surrounding vehicles while adjusting the vehicle’s longitudinal and lateral velocities. It is especially difficult to perform safe lane changes in congested environments, where multiple vehicles might be competing for the same space and relative velocities between lanes may be high. Therefore, it is not surprising that, while autonomous longitudinal control technologies, such as 
	To close this gap, we propose two risk-aware vehicle controllers, one non-connected and one connected. Both are based on a worst-case scenario assumption, and they have a parameter which allows them to take measurable risks. The main difference is that the connected controller can request cooperation from vehicles at the destination lane. We run extensive 
	simulations in the microssimulator VISSIM to compare safety and traffic flow of different levels of penetrations of these technologies and of different risk acceptance levels. 
	The rest of this report is organized as follows. Section 2 contains a literature review. Next, in section 3 we review the most commonly used risk assessment criteria for measuring safety, and we propose our own metric. Then, sections 4 and 5 present the non-connected and connected controllers respectively. The simulation framework, the main results and their analysis are shown in section 6. Finally, section 7 summarizes the main findings.  
	Literature Review 
	In this section, we analyze first the relevant literature in risk assessment and then the works which deal with safety and efficiency analysis of autonomous vehicles (AVs) and connected autonomous vehicles (CAVs). Whenever necessary, we highlight the differences of an existing work to ours. 
	Risk Assessment 
	Autonomous vehicles must avoid collisions. To do so, they must be able to identify situations that might lead to a collision. Therefore, the safety analysis of vehicle maneuvers starts by defining how to assess risk. [6] divides risk assessment techniques in growing complexity as: physics based, maneuver-based and interaction-aware. The increased complexity allows less conservative behaviors at the cost of higher computation times. In practice, the vehicle controller’s need for real-time risk assessment alo
	One of the simplest, oldest. and most adopted SSMs is Time-To-Collision (TTC) [10]. It measures the time it will take for two vehicles to collide in case they maintain their current speeds. Mathematically: TTC={𝑑𝑣𝑖−𝑣𝑖−1,if 𝑣𝑖>𝑣𝑖−1∞,otherwise 
	where 𝑑 is the distance between two vehicles, 𝑣𝑖 is vehicle 𝑖’s speed, and vehicle 𝑖−1 is ahead of vehicle 𝑖. Many studies (see [9], table 2 for examples) focus on determining desirable or minimum safe TTC. Others have proposed extensions to TTC, such as the Modified TTC which considers constant accelerations [11]. Time Exposed Time-to-Collision (TET) and Time Integrated Time-to-Collision (TIT) were proposed by [12]. TET is defined as total time TTC is below safe threshold value, while TIT is integral
	threshold value. All the TTC-based metrics suffer from the same issue [13,14]: they can only capture dangerous situations when vi−vi−1 is positive (or when current accelerations lead to positive relative velocity in the case of MTTC). To exemplify why this is an issue, picture the situation where one vehicle is following another at high speed, small inter-vehicle distance, and close to zero negative relative velocity. In this case, the TTC indicates no risk. However, a small velocity variation from either v
	Another simple time-based SSM is time headway. It describes the elapsed time between the moment a leading vehicle passes a point on the road and the moment the following vehicle passes the same point. Mathematically: 𝐻=𝑡ℓ−𝑡𝑓 
	where 𝑡ℓ and 𝑡𝑓 denote the time at which the leading and following vehicles, respectively, pass a certain fixed location on the road. Time headway has been extensively used to evaluate the safety of human car following behavior, with the recommended value in seconds varying from country to country [15]. The matter of defining desired time headway for autonomous vehicles has also been discussed in the literature. In [16], the minimum time headway to guarantee spacing error attenuation on a string of vehic
	The most commonly used deceleration based SSM is the Deceleration Rate to Avoid Crash (DRAC) [19]: DRAC={(𝑣𝑖−𝑣𝑖−1)22𝑑,if 𝑣𝑖>𝑣𝑖−10,otherwise 
	where 𝑑(𝑡) is the distance between two vehicles, 𝑣𝑖 is vehicle 𝑖’s speed, and vehicle 𝑖−1 is ahead of vehicle 𝑖. Other deceleration based SSMs are the deceleration to bring relative speed to zero, and the Criticality Index Function (CIF) [20]. The Crash Potential Index is the probability that DRAC exceeds the vehicle’s maximum available deceleration rate (MADR) [21]: CPI=∑𝑃𝑁𝑡=0(𝐷𝑅𝐴𝐶(𝑡)>𝑀𝐴𝐷𝑅)𝛥𝑡𝑇 
	where 𝑃(𝐴) is probability of event 𝐴, 𝑁 is the total number of intervals, 𝛥𝑡 is observation time interval, and 𝑇 is total observation time (𝑇=𝑁𝛥𝑡). MADR is often modeled as a truncated normal distribution. All these metrics suffer from the same issue as TTC, because they are also only defined for scenarios where vehicles are in collision route. 
	Some works focused on AVs proposed their own risk assessment techniques, which are then used to guide decision making, trajectory planning or vehicle control methods. In [22], the vehicle following risk was defined as the safe gap divided by the current gap. The authors then expanded the same concept to define lateral risks. This definition, as well as most of the SSMs described before, does not differentiate between severe or light collisions. The work in [23] addressed collision severity by defining the r
	Longitudinal Adjustments and Gap Acceptance for Lane Changing and Merging 
	We start by reviewing works on gap acceptance and longitudinal adjustments which implicitly define safety as the lack of collisions. Then we present previous works that used risk assessment techniques to view safety in a non-binary way. 
	With a focus on determining lane change safety, the work in [29] used a sinusoidal lateral acceleration model alongside constant speed assumptions to compute longitudinal safe gaps between an ego vehicle and the surrounding vehicles before starting the lane change. Then, in [30], the possibility of emergency braking during the lateral movement is taken into account when determining safe distances. These results were used in [31] to analyze safety of platoon maneuvers. More recently, works [32] and [33] appl
	Building on these results, other studies addressed the issue of generating the necessary gaps when these do not exist. To guarantee maneuver safety and feasibility in busy traffic scenarios, numerous solutions rely on Connected Autonomous Vehicles (CAVs). These vehicles can communicate either with other vehicles (V2V) or with the infrastructure (V2I) through standards such as Dedicated Short-Range Communications (DSRC) [38]. After establishing a connection, they can cooperate with each other to overcome the
	directly applied to the more general case of lane changes. The fact that merging must occur within a predefined area often yields procedures that depend on the existence of a roadside unit which can communicate to vehicles, perform a centralized optimization, and determine the merging order [39]. The main idea we borrow from this domain, as will be seen later, is the one of virtual vehicles [40]. 
	In [41], a vehicle in the destination lane uses a Linear Quadratic Regulator (LQR) to increase the distance to its leader and generate the necessary gap for the lane changing vehicle. Both [42] and [43] create the safe gaps by changing the setpoint of the constant time headway controller already in place. Instead of collaboration, the authors of [44] propose that vehicles negotiate based on their cost functions to decide whether to accelerate or decelerate before a lane change. However, none of these approa
	Defining safety as the lack of accidents is intuitive, but it is not practical for the study of the macroscopic effects of autonomous vehicles in traffic. First, as noted by the survey in [47], accidents are rare events, which means both simulations and real-life tests would have to run for enormous amounts of time to provide an estimate of the number of crashes produced or avoided by a new technology. Second, in vehicle dense environments, the AV must be able to differentiate between more or less risky act
	Safety/Efficiency Trade-Off of AVs and CAVs 
	Once a method to deal with congested scenarios is shown to create safe behavior, we must also evaluate its impact on traffic flow. Numerous works have used risk assessment techniques along with AV and CAV models to study the impact of such technologies on traffic. A recent review of the topic can be found in [54]. The effects on safety and flow of longitudinally automated vehicles have been studied on roundabouts by [55], T-junctions by [56], intersections by [57] and highways by [58] and [59]. Each of thes
	[2], the effects of autonomous vehicles with and without communications on traffic flow were analyzed in depth, but safety was not evaluated and cooperative lane changing is not considered. The work from [60] analyzed the influence of longitudinal behavior, lane change intention and gap acceptance of vehicles with no automation, partial automation, and conditional automation (as defined by SAE International) on traffic flow. However, the authors did not use a verified traffic simulator and there was no safe
	VISSIM is also used in [64] to investigate how lane change recommendation signs together with cooperative lane changing can improve throughput on a highway with one closed lane. Safety evaluation is restricted to the analysis of acceleration and speed variations. The VISSIM scenario in [65] and [66] includes highways, signalized intersections, and priority junctions. Together, these two papers studied safety, as measured by the number of conflicts in SSAM, and traffic flow impacts of increasing market penet
	Risk Assessment Criteria 
	As noted in [67], each risk assessment technique has its advantages and shortcomings. Given that AVs are expected to actively avoid collision-prone situations, we need a metric that not only identifies imminent collision risk, but that also ensures that the vehicle has enough time and space to avoid collisions in a worst-case scenario. Moreover, since we intend to study how risk-taking affects traffic, the metric must have continuous values. To fulfill these requirements, we propose the following. 
	Definition 1. The risk at any time 𝑡 equals the severity of a collision that would occur at some time 𝑡𝑐>𝑡 in case a predefined worst-case braking scenario occurs. If there would be no collision under the worst-case braking scenario, then the risk is zero. 
	In the remainder of this section, we define a worst-case braking scenario and present the resulting safe gap. We then apply the definition of Delta-V to compute the severity of collisions that might happen in case the safe gap is not respected. We focus on vehicle following for most 
	of the section and present the modifications needed to extend the approach to lane changing at the end. 
	Worst-case Braking Scenario and Safe Gap 
	Let the ego vehicle E be following a leading vehicle ℓ as illustrated by 
	Let the ego vehicle E be following a leading vehicle ℓ as illustrated by 
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	Figure
	Figure 1 Illustration of a vehicle following scenario. 
	The gap between the vehicles is: 𝑔(𝑡)=𝑥ℓ(𝑡)−𝑙ℓ−𝑥𝐸(𝑡) 
	where 𝑥𝐸, 𝑥ℓ are the ego and leading vehicles, respectively, front-bumper positions, and 𝑙ℓ is the leading vehicle’s length. Following from the risk definition, a safe vehicle following gap is the distance between two vehicles that allows the ego vehicle to achieve full stop under a worst-case braking scenario. We define the worst-case braking scenario as in 
	where 𝑥𝐸, 𝑥ℓ are the ego and leading vehicles, respectively, front-bumper positions, and 𝑙ℓ is the leading vehicle’s length. Following from the risk definition, a safe vehicle following gap is the distance between two vehicles that allows the ego vehicle to achieve full stop under a worst-case braking scenario. We define the worst-case braking scenario as in 
	Figure 2
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	. It represents the situation where the leading vehicle, ℓ, undergoes emergency braking and how the ego vehicle, E, responds. It represents the situation where the leading vehicle, ℓ, undergoes emergency braking and how the ego vehicle, 𝐸, responds. At 𝑡0, the leader applies maximum deceleration 𝑑ℓ, and it keeps this deceleration until full stop, which happens at 𝑡ℓ. At 𝑡0, the following vehicle might have some positive acceleration 𝑎‾𝐸. After a time interval 𝜏𝑑, that includes perception, communica

	Figure 2 Worst-case braking scenario acceleration profiles. The numbers identify each of the relevant time intervals. 
	Figure
	The vehicle following gap changes over time following: 
	𝑔(𝑡)=𝑔0+𝛥𝑔(𝑡0,𝑡)𝛥𝑔(𝑡0,𝑡)=(𝑣ℓ(𝑡0)−𝑣𝐸(𝑡0))(𝑡−𝑡0)+∫∫(𝑎ℓ(𝜏)−𝑎𝐸(𝜏))𝜆𝑡0𝑡𝑡0(𝜏)d𝜏λ 
	𝑔(𝑡)=𝑔0+𝛥𝑔(𝑡0,𝑡)𝛥𝑔(𝑡0,𝑡)=(𝑣ℓ(𝑡0)−𝑣𝐸(𝑡0))(𝑡−𝑡0)+∫∫(𝑎ℓ(𝜏)−𝑎𝐸(𝜏))𝜆𝑡0𝑡𝑡0(𝜏)d𝜏λ 
	𝑔(𝑡)=𝑔0+𝛥𝑔(𝑡0,𝑡)𝛥𝑔(𝑡0,𝑡)=(𝑣ℓ(𝑡0)−𝑣𝐸(𝑡0))(𝑡−𝑡0)+∫∫(𝑎ℓ(𝜏)−𝑎𝐸(𝜏))𝜆𝑡0𝑡𝑡0(𝜏)d𝜏λ 
	𝑔(𝑡)=𝑔0+𝛥𝑔(𝑡0,𝑡)𝛥𝑔(𝑡0,𝑡)=(𝑣ℓ(𝑡0)−𝑣𝐸(𝑡0))(𝑡−𝑡0)+∫∫(𝑎ℓ(𝜏)−𝑎𝐸(𝜏))𝜆𝑡0𝑡𝑡0(𝜏)d𝜏λ 
	𝑔(𝑡)=𝑔0+𝛥𝑔(𝑡0,𝑡)𝛥𝑔(𝑡0,𝑡)=(𝑣ℓ(𝑡0)−𝑣𝐸(𝑡0))(𝑡−𝑡0)+∫∫(𝑎ℓ(𝜏)−𝑎𝐸(𝜏))𝜆𝑡0𝑡𝑡0(𝜏)d𝜏λ 
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	where 𝑡0 is the initial time, 𝑔0=𝑔(𝑡0), 𝑣ℓ(𝑡0), 𝑣𝐸(𝑡0) are the initial speeds of vehicles ℓ and 𝐸, respectively, and 𝑎ℓ(𝑡), 𝑎𝐸(𝑡) are their respective accelerations. The gap 𝑔(𝑡0) is considered safe if 𝑔(𝑡𝐸)>0, where 𝑡𝐸 is the time the ego vehicle achieves full stop. Therefore, we need to solve: 𝑔0>−𝛥𝑔(𝑡0,𝑡), 𝑡∈[𝑡0,𝑡𝐸]𝑔0>max𝑡∈[𝑡0,𝑡𝐸]−𝛥𝑔(𝑡0,𝑡) 
	Solving for the worst-case scenario, we get: 
	𝑔0∗={    (𝑣𝐸(𝑡0)+𝜆1)22𝑑𝐸−𝑣ℓ2(𝑡0)2𝑑ℓ+𝜆0,if 𝑡𝐸≥𝑡ℓ,(𝑣ℓ(𝑡0)−𝑣𝐸(𝑡0)−𝜆1)22(𝑑𝐸−𝑑ℓ)+𝜆0,if 𝑡𝐸<𝑡ℓ and 𝑑ℓ<𝑑𝐸0,otherwise 
	𝑔0∗={    (𝑣𝐸(𝑡0)+𝜆1)22𝑑𝐸−𝑣ℓ2(𝑡0)2𝑑ℓ+𝜆0,if 𝑡𝐸≥𝑡ℓ,(𝑣ℓ(𝑡0)−𝑣𝐸(𝑡0)−𝜆1)22(𝑑𝐸−𝑑ℓ)+𝜆0,if 𝑡𝐸<𝑡ℓ and 𝑑ℓ<𝑑𝐸0,otherwise 
	𝑔0∗={    (𝑣𝐸(𝑡0)+𝜆1)22𝑑𝐸−𝑣ℓ2(𝑡0)2𝑑ℓ+𝜆0,if 𝑡𝐸≥𝑡ℓ,(𝑣ℓ(𝑡0)−𝑣𝐸(𝑡0)−𝜆1)22(𝑑𝐸−𝑑ℓ)+𝜆0,if 𝑡𝐸<𝑡ℓ and 𝑑ℓ<𝑑𝐸0,otherwise 
	𝑔0∗={    (𝑣𝐸(𝑡0)+𝜆1)22𝑑𝐸−𝑣ℓ2(𝑡0)2𝑑ℓ+𝜆0,if 𝑡𝐸≥𝑡ℓ,(𝑣ℓ(𝑡0)−𝑣𝐸(𝑡0)−𝜆1)22(𝑑𝐸−𝑑ℓ)+𝜆0,if 𝑡𝐸<𝑡ℓ and 𝑑ℓ<𝑑𝐸0,otherwise 
	𝑔0∗={    (𝑣𝐸(𝑡0)+𝜆1)22𝑑𝐸−𝑣ℓ2(𝑡0)2𝑑ℓ+𝜆0,if 𝑡𝐸≥𝑡ℓ,(𝑣ℓ(𝑡0)−𝑣𝐸(𝑡0)−𝜆1)22(𝑑𝐸−𝑑ℓ)+𝜆0,if 𝑡𝐸<𝑡ℓ and 𝑑ℓ<𝑑𝐸0,otherwise 
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	where 
	𝜆0=−𝑎‾𝐸+𝑑𝐸2(𝜏𝑑2+𝜏𝑑𝜏𝑗+𝜏𝑗23) 
	𝜆0=−𝑎‾𝐸+𝑑𝐸2(𝜏𝑑2+𝜏𝑑𝜏𝑗+𝜏𝑗23) 
	𝜆0=−𝑎‾𝐸+𝑑𝐸2(𝜏𝑑2+𝜏𝑑𝜏𝑗+𝜏𝑗23) 
	𝜆0=−𝑎‾𝐸+𝑑𝐸2(𝜏𝑑2+𝜏𝑑𝜏𝑗+𝜏𝑗23) 
	𝜆0=−𝑎‾𝐸+𝑑𝐸2(𝜏𝑑2+𝜏𝑑𝜏𝑗+𝜏𝑗23) 
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	λ1=(𝑎‾𝐸+𝑑𝐸)(𝜏𝑑+𝜏𝑗2), 
	λ1=(𝑎‾𝐸+𝑑𝐸)(𝜏𝑑+𝜏𝑗2), 
	λ1=(𝑎‾𝐸+𝑑𝐸)(𝜏𝑑+𝜏𝑗2), 
	λ1=(𝑎‾𝐸+𝑑𝐸)(𝜏𝑑+𝜏𝑗2), 
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	and 𝜏𝑗=(𝑎‾𝐸+𝑑𝐸)/𝑗𝐸. We note that the condition 𝑡𝐸≥𝑡ℓ can be expressed in terms of the initial conditions and relative braking capability: 𝑣𝐸(𝑡0)+𝜆1𝑑𝐸≥𝑣ℓ(𝑡0)𝑑ℓ 
	In [18], we made use of the vehicle’s free-flow speed and assumed a bound on 𝑣ℓ(𝑡0)−𝑣𝐸(𝑡0) to find a desired gap: 
	𝑔𝑑(𝑡0)=ℎ𝑣𝐸(𝑡0)+𝑐≥𝑔0∗ 
	𝑔𝑑(𝑡0)=ℎ𝑣𝐸(𝑡0)+𝑐≥𝑔0∗ 
	𝑔𝑑(𝑡0)=ℎ𝑣𝐸(𝑡0)+𝑐≥𝑔0∗ 
	𝑔𝑑(𝑡0)=ℎ𝑣𝐸(𝑡0)+𝑐≥𝑔0∗ 
	𝑔𝑑(𝑡0)=ℎ𝑣𝐸(𝑡0)+𝑐≥𝑔0∗ 
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	such that 𝑔𝑑(𝑡0)>𝑔0∗ for any 𝑡0. The value ℎ is known as the time headway, and 𝑐 is the desired distance at low speeds. The advantage of using linear safety constraints is twofold. First, they are less sensitive to noise in the measurement of 𝑣𝐸(𝑡), and they are independent of any noise in the measurement of 𝑣ℓ(𝑡). Second, these constraints are simple enough to be easily integrated in existing longitudinal controllers. Next, we can define the severity of a collision if the safe gap is not respect
	Severity of Collision 
	If the inter-vehicle gap between the ego vehicle E and its leader ℓ is such that there is a collision under the worst-case braking scenario, the collision severity can be estimated by a measure called Delta-V [13, 14, 25, 27, 28]. Delta-V is defined as the magnitude of the difference in the vehicle’s velocity right before and right after the impact. If we assume a purely longitudinal perfectly inelastic collision, the sum of Delta-Vs for both vehicles is: 
	Delta-V(𝑡𝑐)=𝑣𝐸(𝑡𝑐)−𝑣ℓ(𝑡𝑐) 
	Delta-V(𝑡𝑐)=𝑣𝐸(𝑡𝑐)−𝑣ℓ(𝑡𝑐) 
	Delta-V(𝑡𝑐)=𝑣𝐸(𝑡𝑐)−𝑣ℓ(𝑡𝑐) 
	Delta-V(𝑡𝑐)=𝑣𝐸(𝑡𝑐)−𝑣ℓ(𝑡𝑐) 
	Delta-V(𝑡𝑐)=𝑣𝐸(𝑡𝑐)−𝑣ℓ(𝑡𝑐) 
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	where 𝑣𝐸, 𝑣ℓ are the speeds of the ego and leading vehicles, and 𝑡𝑐 is the collision time. The assumption of perfectly inelastic collision is common for longitudinal collisions [68,69]. We also note that a collision can only occur when 𝑣𝐸(𝑡𝑐)≥𝑣ℓ(𝑡𝑐), thus Delta-V(𝑡𝑐) is always non-negative. Applying the worst-case scenario definition, we can find 𝑣𝐸(𝑡𝑐) and 𝑣ℓ(𝑡𝑐) based on the initial gap 𝑔0 and on the velocities at the start of the braking scenario 𝑣𝐸(𝑡0) and 𝑣ℓ(𝑡0). From kinemat
	𝑣𝐸(𝑡𝑐)={𝑣𝐸(𝑡0)+𝑎‾𝐸𝑡𝑐,if 𝑡𝑐<𝜏𝑑𝑣𝐸(𝑡0)+𝑎‾𝐸𝑡𝑐−12⁄𝑗𝐸(𝑡𝑐−𝜏𝑑)2,if 𝜏𝑑≤𝑡𝑐<𝜏𝑑+𝜏𝑗𝑣𝐸(𝑡0)+𝑎‾𝐸(𝜏𝑑+𝜏𝑗2)−𝑑𝐸(𝑡𝑐−𝜏𝑑−𝜏𝑗2),if 𝜏𝑑+𝜏𝑗≤𝑡𝑐<𝑡𝐸 
	𝑣𝐸(𝑡𝑐)={𝑣𝐸(𝑡0)+𝑎‾𝐸𝑡𝑐,if 𝑡𝑐<𝜏𝑑𝑣𝐸(𝑡0)+𝑎‾𝐸𝑡𝑐−12⁄𝑗𝐸(𝑡𝑐−𝜏𝑑)2,if 𝜏𝑑≤𝑡𝑐<𝜏𝑑+𝜏𝑗𝑣𝐸(𝑡0)+𝑎‾𝐸(𝜏𝑑+𝜏𝑗2)−𝑑𝐸(𝑡𝑐−𝜏𝑑−𝜏𝑗2),if 𝜏𝑑+𝜏𝑗≤𝑡𝑐<𝑡𝐸 
	𝑣𝐸(𝑡𝑐)={𝑣𝐸(𝑡0)+𝑎‾𝐸𝑡𝑐,if 𝑡𝑐<𝜏𝑑𝑣𝐸(𝑡0)+𝑎‾𝐸𝑡𝑐−12⁄𝑗𝐸(𝑡𝑐−𝜏𝑑)2,if 𝜏𝑑≤𝑡𝑐<𝜏𝑑+𝜏𝑗𝑣𝐸(𝑡0)+𝑎‾𝐸(𝜏𝑑+𝜏𝑗2)−𝑑𝐸(𝑡𝑐−𝜏𝑑−𝜏𝑗2),if 𝜏𝑑+𝜏𝑗≤𝑡𝑐<𝑡𝐸 
	𝑣𝐸(𝑡𝑐)={𝑣𝐸(𝑡0)+𝑎‾𝐸𝑡𝑐,if 𝑡𝑐<𝜏𝑑𝑣𝐸(𝑡0)+𝑎‾𝐸𝑡𝑐−12⁄𝑗𝐸(𝑡𝑐−𝜏𝑑)2,if 𝜏𝑑≤𝑡𝑐<𝜏𝑑+𝜏𝑗𝑣𝐸(𝑡0)+𝑎‾𝐸(𝜏𝑑+𝜏𝑗2)−𝑑𝐸(𝑡𝑐−𝜏𝑑−𝜏𝑗2),if 𝜏𝑑+𝜏𝑗≤𝑡𝑐<𝑡𝐸 
	𝑣𝐸(𝑡𝑐)={𝑣𝐸(𝑡0)+𝑎‾𝐸𝑡𝑐,if 𝑡𝑐<𝜏𝑑𝑣𝐸(𝑡0)+𝑎‾𝐸𝑡𝑐−12⁄𝑗𝐸(𝑡𝑐−𝜏𝑑)2,if 𝜏𝑑≤𝑡𝑐<𝜏𝑑+𝜏𝑗𝑣𝐸(𝑡0)+𝑎‾𝐸(𝜏𝑑+𝜏𝑗2)−𝑑𝐸(𝑡𝑐−𝜏𝑑−𝜏𝑗2),if 𝜏𝑑+𝜏𝑗≤𝑡𝑐<𝑡𝐸 
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	where 𝑎‾𝐸, 𝑗𝐸 and 𝑑𝐸 are, respectively, the ego vehicle’s longitudinal initial acceleration, maximum jerk, and maximum deceleration. Time intervals 𝜏𝑑 and 𝜏𝑗 represent the reaction delay and the negative jerk phase respectively, and 𝑡𝐸 is the time it takes for vehicle 𝐸 to achieve full stop. Following the same reasoning, the leader’s speed at collision time is 
	𝑣ℓ(𝑡𝑐)={0,if 𝑡ℓ<𝑡𝑐𝑣ℓ(𝑡0)−𝑑ℓ𝑡𝑐,if 𝑡ℓ≥𝑡𝑐 
	𝑣ℓ(𝑡𝑐)={0,if 𝑡ℓ<𝑡𝑐𝑣ℓ(𝑡0)−𝑑ℓ𝑡𝑐,if 𝑡ℓ≥𝑡𝑐 
	𝑣ℓ(𝑡𝑐)={0,if 𝑡ℓ<𝑡𝑐𝑣ℓ(𝑡0)−𝑑ℓ𝑡𝑐,if 𝑡ℓ≥𝑡𝑐 
	𝑣ℓ(𝑡𝑐)={0,if 𝑡ℓ<𝑡𝑐𝑣ℓ(𝑡0)−𝑑ℓ𝑡𝑐,if 𝑡ℓ≥𝑡𝑐 
	𝑣ℓ(𝑡𝑐)={0,if 𝑡ℓ<𝑡𝑐𝑣ℓ(𝑡0)−𝑑ℓ𝑡𝑐,if 𝑡ℓ≥𝑡𝑐 
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	where 𝑑ℓ is the leader’s maximum deceleration and 𝑡ℓ is the time it takes for vehicle ℓ to achieve full stop. The computation of 𝑡𝑐 is detailed in the Appendix. An example of Delta-V versus initial gap for the worst-case braking scenario with parameters as in 
	where 𝑑ℓ is the leader’s maximum deceleration and 𝑡ℓ is the time it takes for vehicle ℓ to achieve full stop. The computation of 𝑡𝑐 is detailed in the Appendix. An example of Delta-V versus initial gap for the worst-case braking scenario with parameters as in 
	Table 1
	Table 1

	 is illustrated in 
	Figure 3
	Figure 3

	. 

	Table 1 Parameters of Delta-V Computation Example 
	𝒗𝑬(𝒕𝟎) 
	𝒗𝑬(𝒕𝟎) 
	𝒗𝑬(𝒕𝟎) 
	𝒗𝑬(𝒕𝟎) 
	𝒗𝑬(𝒕𝟎) 

	𝒗𝓵(𝒕𝟎) 
	𝒗𝓵(𝒕𝟎) 

	𝝉𝒅 
	𝝉𝒅 

	𝒅𝓵 
	𝒅𝓵 

	𝒂𝑬(𝒕𝟎) 
	𝒂𝑬(𝒕𝟎) 



	90 km/h 
	90 km/h 
	90 km/h 
	90 km/h 

	90 km/h 
	90 km/h 

	0.2 s 
	0.2 s 

	8 𝑚/𝑠2 
	8 𝑚/𝑠2 

	0.6 𝑚/𝑠2 
	0.6 𝑚/𝑠2 




	 
	Figure 3 Delta-V as a function of the initial gap under the worst-case scenario 
	Figure 3 Delta-V as a function of the initial gap under the worst-case scenario 
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	Now that the worst-case scenario and the severity metric have been clearly defined, Definition 1 leads to the following risk metric: 𝑟(𝑡0)=Delta-V(𝑡𝑐), assuming the worst-case braking scenario starts at 𝑡0 
	for any 𝑡0. 
	As previously mentioned, we focus on risk taking during lane changes, since the safety/ efficiency trade-off is only seen when we include these maneuvers. Thus, we will now show how to expand the obtained results to lane changing and we will define the risk metric used in simulations. 
	Extension to Lane Changing and Merging 
	When a vehicle has the intention to perform a lane change, it must observe gaps to three surrounding vehicles: the leader in the origin lane ℓ𝑜, the leader in the destination lane ℓ𝑑, and to the follower in the destination lane 𝑓𝑑. The situation is illustrated in 
	When a vehicle has the intention to perform a lane change, it must observe gaps to three surrounding vehicles: the leader in the origin lane ℓ𝑜, the leader in the destination lane ℓ𝑑, and to the follower in the destination lane 𝑓𝑑. The situation is illustrated in 
	Figure 4
	Figure 4

	. We assume that, if either of the leaders (at origin or destination lane) performs emergency braking during the ego vehicle’s lane change, the ego vehicle responds like in the vehicle following case (as illustrated in 
	Figure 2
	Figure 2

	). Similarly, if the ego vehicle performs an emergency braking, the follower at the destination lane, 𝑓𝑑, also responds as in the vehicle following case. The main difference is that the ego vehicle has to consider the loss in braking capability during lateral movement. Therefore, the value of 𝑑𝐸 in all the safe gap and risk computations between 𝐸 and either ℓ𝑜 or ℓ𝑑 has to be reduced. Lateral evasive maneuvers that the ego vehicle could take to avoid collision are intentionally disregarded. We do thi
	Figure 2
	Figure 2

	 if the three gaps indicated in 
	Figure 4
	Figure 4

	 satisfy: 𝑔(𝑡0)≥𝑔∗(𝑡0)+𝛥𝑔(𝑡0,𝑡lc) 

	where 𝑔0∗ is computed as in Eq.
	where 𝑔0∗ is computed as in Eq.
	( 2 )
	( 2 )

	( 2 )
	( 2 )

	, 𝑡lc is the time when the lane change is completed, and 𝛥𝑔(𝑡0,𝑡lc) represents the inter-vehicle gap variation during the lane change maneuver assuming constant speeds. We can assume constant speeds during lane changing because the term 𝑔∗(𝑡0) already takes the worst-case braking scenario into account. Moreover, the result from Eq. 
	( 5 )
	( 5 )

	 can be applied again leading to: 𝑔(𝑡0)≥ℎ𝑣𝐸(𝑡0)+𝑐+𝛥𝑔(𝑡0,𝑡lc) 

	It is important to highlight that 𝑔0∗ and ℎ between the ego vehicle and either of the leaders must be computed assuming a reduced value for the ego vehicle’s maximum braking. During a lane change, we always compute the risk between 𝐸 and the three surrounding vehicles following Eqs. 
	It is important to highlight that 𝑔0∗ and ℎ between the ego vehicle and either of the leaders must be computed assuming a reduced value for the ego vehicle’s maximum braking. During a lane change, we always compute the risk between 𝐸 and the three surrounding vehicles following Eqs. 
	( 6 )
	( 6 )

	 to 
	( 8 )
	( 8 )

	 

	Figure
	Figure 4 The ego vehicle must check three gaps before deciding whether a lane change is safe. 
	To compare the risk taken by human driven vehicles, AVs and CAVs during lane changing, one must take the time a vehicle is exposed to collision into account. Assuming the lane change maneuver starts at 𝑡0 and ends at 𝑡lc, the total risk of each lane change is measured by: 
	𝑅=∑∫𝑟𝑘𝑡lc𝑡0𝑘={ℓ𝑜,ℓ𝑑,𝑓𝑑}(𝜏)d𝜏 
	where 𝑟𝑘(𝑡) denotes the risk between the lane change vehicle and one of its surrounding vehicles. Let there be 𝑁 lane changes during a simulation, each one with a risk 𝑅𝑖, where 𝑖={1,…𝑁}. If 𝑅𝑖>0, we call that a risky lane change. In section 6 we use the number of risk lane changes during a simulation as a risk assessment metric. Moreover, we compute the median value of 𝑅 among the risky lane changes. 
	The equations presented so far can be used to evaluate the risks taken by a vehicle in a simulation setting, but they have some shortcomings in terms of applicability. First, we note that the Delta-V computation demands exact knowledge of the states and braking capabilities of both vehicles. Moreover, it depends nonlinearly on parameters which we cannot expect to know with great precision. Last, the example in 
	The equations presented so far can be used to evaluate the risks taken by a vehicle in a simulation setting, but they have some shortcomings in terms of applicability. First, we note that the Delta-V computation demands exact knowledge of the states and braking capabilities of both vehicles. Moreover, it depends nonlinearly on parameters which we cannot expect to know with great precision. Last, the example in 
	Figure 3
	Figure 3

	 shows that small gaps lead to the same Delta-V as gaps close to the safe gap value. This ignores the fact that collisions at high speeds may have harder to predict consequences than collisions with equal Delta-V at lower speeds. These issues make the theoretical computation of Delta-V unsuitable for any real-world application and for integration in commonly used longitudinal controllers. In the next section we present the necessary assumptions to obtain an upper bound on severity that is independent of the

	Risk Factors for Autonomous Vehicles 
	In this section we propose control algorithms for autonomous vehicles that receive risk as a parameter. We start by showing how risk acceptance impacts the desired time headway and the lane changing gaps. Then, we propose the risk-taking lane changing method. After that, we present the implementation of longitudinal controllers used in the simulations. We end the section with a note on how autonomous vehicles behave in mixed traffic. 
	Time Headway and Lane Changing Gaps with Risk 
	As noted in section 3, the computation of the theoretical value of Delta-V has some shortcomings which prevent it from being used outside simulation environments or in vehicle controllers. We want to be able to conservatively upper bound the severity with a formula that is independent of the leader velocity and current gap. It is also desirable that the upper bound decreases with the initial time headway. To obtain that, we follow an approach similar to [18]. First, let there be a free-flow speed 𝑉𝑓≥𝑣𝐸(
	Delta-V2(𝑡𝑐)≤{(𝜌2𝑉𝑓+2𝜌𝜆1)𝑣𝐸(𝑡0)+𝜆12−2𝑑𝐸(1−𝛾)(𝑔0−𝜆0),if 𝛾<𝛤(𝛾−(1−𝜌)2𝛾𝑉𝑓+2𝜆1)𝑣𝐸(𝑡0)+𝜆12−2𝑑𝐸(𝑔0−𝜆0),if 𝛾≥𝛤 
	where 𝜆0 and 𝜆1 are as in Eqs. 
	where 𝜆0 and 𝜆1 are as in Eqs. 
	( 3 )
	( 3 )

	 and 
	( 4 )
	( 4 )

	, and: 𝛾=𝑑ℓ/𝑑𝐸𝛤=(1−𝜌)𝑉𝑓𝑉𝑓+𝜆1 

	We note that the upper bound on Delta-V2 is a linear function of the ego vehicle’s velocity. 
	We note that the upper bound on Delta-V2 is a linear function of the ego vehicle’s velocity. 
	(a)               (b) 
	(a)               (b) 
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	Figure 5
	Figure 5
	 shows examples of the theoretical Delta-V and its upper bound. The parameters are as in 
	Table 1
	Table 1

	 and 𝑉𝑓=108 𝑘𝑚/ℎ, 𝜌=0.1. 

	(a)               (b) 
	Figure 5 Theoretical Delta-V (solid blue) and its upper bound (dashed red) as a function of the initial gap under the worst-case scenario. In (a), the leader can brake harder than the ego vehicle: 𝒅𝑬 = 𝒅𝓵/𝟏.𝟐. In (b), the ego vehicle can brake harder than the leader: 𝒅𝑬 = 𝒅𝓵/𝟎.𝟖        
	Let 𝑟𝑎 be the accepted risk. By setting 𝑟𝑎 equal to the upper bound of Delta-V, we can obtain a reference gap 𝑔𝑟(𝑡): 𝑔𝑟(𝑡)={    1(1−𝛾)𝑑𝐸(𝜌22𝑉𝑓+𝜌𝜆1−𝑟𝑎22𝑉𝑓)𝑣𝐸(𝑡0)+𝜆122(1−𝛾)𝑑𝐸+𝜆0,if 𝛾<𝛤1𝑑𝐸(𝛾−(1−𝜌)22𝛾𝑉𝑓+𝜆1−𝑟𝑎22𝑉𝑓)𝑣𝐸(𝑡0)+𝜆122𝑑𝐸+𝜆0,if 𝛾≥𝛤 
	This can be written as: 𝑔𝑟(𝑡)=ℎ(𝑟𝑎)𝑣𝐸(𝑡)+𝑐 
	where ℎ(𝑟𝑎) is the time headway measured in seconds. Setting: 
	ℎ(𝑟𝑎)={      1(1−𝛾)𝑑𝐸(𝜌22𝑉𝑓+𝜌𝜆1−𝑟𝑎22𝑉𝑓),if 𝛾<𝛤1𝑑𝐸(𝛾−(1−𝜌)22𝛾𝑉𝑓+𝜆1−𝑟𝑎22𝑉𝑓),if 𝛾≥𝛤 and 𝛾>(1−𝜌)21𝑑𝐸(𝜆1−𝑟𝑎22𝑉𝑓),if 𝛾≥𝛤 and 𝛾≤(1−𝜌)2𝑐={    𝜆122(1−𝛾)𝑑𝐸+𝜆0,if 𝛾<𝛤𝜆122𝑑𝐸+𝜆0,if 𝛾≥𝛤 
	guarantees 𝑟(𝑡)≤𝑟𝑎, ∀𝑡. Following the same argument, lane change gaps which respect: 𝑔(𝑡0)≥ℎ(𝑟𝑎)𝑣𝐸(𝑡0)+𝑐+𝛥𝑔(𝑡0,𝑡lc), 
	yield a lane change risk of at most 𝑟𝑎. It is important to highlight that ℎ(𝑟𝑎) for lane changing between the ego vehicle and the two leaders must be computed assuming a reduced value for the ego vehicle’s maximum braking. 
	Risk-Taking in Lane Changes 
	This section presents the control-agnostic lane changing method that guarantees bounded risk at all times. We focus on two aspects of the vehicle behavior: the longitudinal adjustment before starting a lane change and the gap acceptance decision. Under this framework, we view merging as a particular case of lane changing which must occur before a predefined position. The intention to make lane changes is assumed to come from a higher-level decision algorithm which chooses desired lanes based on perceived sp
	• reliably measures its own velocity and acceleration as well as the relative velocity between itself and the surrounding vehicles illustrated in 
	• reliably measures its own velocity and acceleration as well as the relative velocity between itself and the surrounding vehicles illustrated in 
	• reliably measures its own velocity and acceleration as well as the relative velocity between itself and the surrounding vehicles illustrated in 
	• reliably measures its own velocity and acceleration as well as the relative velocity between itself and the surrounding vehicles illustrated in 
	Figure 4
	Figure 4

	; 


	• can conservatively estimate the maximum acceleration of vehicles in its vicinity thanks to computer vision algorithms and databases. For example, the AV should be able to differentiate a truck from a passenger vehicle. 
	• can conservatively estimate the maximum acceleration of vehicles in its vicinity thanks to computer vision algorithms and databases. For example, the AV should be able to differentiate a truck from a passenger vehicle. 


	The AV does not have any knowledge about surrounding vehicles’ accelerations. Since the gap acceptance algorithm ensures that vehicles only perform lane changes when safety constraints are respected, the challenge of designing trajectories is greatly simplified and existing approaches, such as the ones described in [71,72], can be used. 
	The AV’s lane changing, and longitudinal adjustment decision process is summarized by the flowchart of 
	The AV’s lane changing, and longitudinal adjustment decision process is summarized by the flowchart of 
	Figure 6
	Figure 6

	. Once the ego vehicle E has lane change intention, it sets an accepted risk 

	value ra. After setting the risk, the vehicle checks whether the three surrounding gaps shown in 
	value ra. After setting the risk, the vehicle checks whether the three surrounding gaps shown in 
	Figure 4
	Figure 4

	 yield a risk of at most ra, i.e., whether they satisfy inequality (27). It is important to highlight three points at this step. First, E can set 𝑟𝑎=0, which means only collision-free gaps will be accepted. Second, E could choose different values of 𝑟𝑎 for each surrounding vehicle. Last, E must take into account its reduced braking capability to estimate the safe gaps, and that it estimates the safe gaps using conservative assumptions on other vehicle’s braking capabilities. If the gaps accepted, the la

	Figure 6 Autonomous vehicle flowchart for longitudinal adjustment and gap acceptance. 
	Figure 6 Autonomous vehicle flowchart for longitudinal adjustment and gap acceptance. 
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	Figure 7 Virtual leader illustration. Solid arrows indicate real leaders, and dashed arrows indicate virtual leaders. 
	Figure 7 Virtual leader illustration. Solid arrows indicate real leaders, and dashed arrows indicate virtual leaders. 
	Figure

	Figure
	  
	To make this decision, the vehicle considers the desired speeds at the origin and destination lanes. Let the desired speed at the origin lane be: 𝑣𝑜(𝑡)={𝑉𝑓,𝑔𝑜(𝑡)≥𝐺𝑣ℓ𝑜(𝑡),𝑔𝑜(𝑡)<𝐺 
	where 𝑉𝑓 is the free-flow speed, 𝑣ℓ𝑜(𝑡) is the velocity of the origin lane leader, 𝑔𝑜(𝑡) is the gap between the ego vehicle and the origin lane leader, and 𝐺 is a gap threshold. The desired speed at the destination lane equals the destination lane leader velocity 𝑣ℓ𝑑(𝑡). Then, we decide to overtake ℓ𝑑, if 𝑣𝑜(𝑡)>𝑣ℓ𝑑(𝑡)+𝛿𝑣adjust ℓ𝑑, otherwise, 
	where 𝛿𝑣 is a positive constant. Lower values of 𝛿𝑣 mean the ego vehicle tries to perform overtaking maneuvers that take longer time. If the vehicle decides to merge behind ℓ𝑑, it must perform longitudinal adjustments that simultaneously keep it at a safe distance from the origin lane leader and create the safe gap to the destination lane leader. To do this, the ego vehicle sets the destination lane leader, ℓ𝑑, as a virtual leader. A virtual leader is a vehicle that is longitudinally ahead of the ego 
	where 𝛿𝑣 is a positive constant. Lower values of 𝛿𝑣 mean the ego vehicle tries to perform overtaking maneuvers that take longer time. If the vehicle decides to merge behind ℓ𝑑, it must perform longitudinal adjustments that simultaneously keep it at a safe distance from the origin lane leader and create the safe gap to the destination lane leader. To do this, the ego vehicle sets the destination lane leader, ℓ𝑑, as a virtual leader. A virtual leader is a vehicle that is longitudinally ahead of the ego 
	Figure 7
	Figure 7

	. The ego vehicle then computes two desired accelerations: one relative to the real leader, 𝑢𝑟(𝑡), and one relative to the virtual leader, 𝑢𝑣(𝑡). It chooses: 𝑢(𝑡)=min[𝑢𝑟(𝑡),𝑢𝑣(𝑡)] 

	as its desired acceleration. This procedure guarantees that the ego vehicle creates a safe gap between itself and ℓ𝑑 while keeping a safe distance to ℓ𝑜. One should note that, since the ego vehicle and ℓ𝑑 are on different lanes, their initial gap might be very small or even negative. Therefore, differently from a regular longitudinal controller, the virtual following controller must react smoothly in cases of small gaps. We present one possible implementation of a virtual vehicle following controller lat
	Longitudinal Controllers 
	We briefly describe the implemented longitudinal controllers. It is important to note that the proposed approach be used with other longitudinal controllers, but we must have a concrete implementation to run simulations. We call “real vehicle following controller” the controller used to keep a safe distance from the vehicle at the origin lane. It is presented for completeness and to help highlight the necessary modifications when dealing with virtual 
	leaders. We then propose one possible implementation of the virtual vehicle following controller, that is, the controller used to create and keep the desired lane changing gaps. 
	Real Vehicle Following Controller 
	For completeness, we present the real vehicle following controller implemented for simulations, which is based on well-known controllers [70, chapter 6] [73]. It is a switched controller that operates either in velocity control mode or in gap control mode based on how far away the real leader is. Mathematically: 
	𝑢𝑟(𝑡)={𝑘1𝑒𝑣(𝑡)+𝑘2∫𝑒𝑣𝑡𝑡0(𝜏)d𝜏+𝑘3𝑒̇𝑣(𝑡),if 𝑔(𝑡)>𝐺(𝑡)𝑘4𝑒𝑔(𝑡)+𝑘5𝑒𝑣(𝑡),if 𝑔(𝑡)≤𝐺(𝑡) 
	𝑢𝑟(𝑡)={𝑘1𝑒𝑣(𝑡)+𝑘2∫𝑒𝑣𝑡𝑡0(𝜏)d𝜏+𝑘3𝑒̇𝑣(𝑡),if 𝑔(𝑡)>𝐺(𝑡)𝑘4𝑒𝑔(𝑡)+𝑘5𝑒𝑣(𝑡),if 𝑔(𝑡)≤𝐺(𝑡) 
	𝑢𝑟(𝑡)={𝑘1𝑒𝑣(𝑡)+𝑘2∫𝑒𝑣𝑡𝑡0(𝜏)d𝜏+𝑘3𝑒̇𝑣(𝑡),if 𝑔(𝑡)>𝐺(𝑡)𝑘4𝑒𝑔(𝑡)+𝑘5𝑒𝑣(𝑡),if 𝑔(𝑡)≤𝐺(𝑡) 
	𝑢𝑟(𝑡)={𝑘1𝑒𝑣(𝑡)+𝑘2∫𝑒𝑣𝑡𝑡0(𝜏)d𝜏+𝑘3𝑒̇𝑣(𝑡),if 𝑔(𝑡)>𝐺(𝑡)𝑘4𝑒𝑔(𝑡)+𝑘5𝑒𝑣(𝑡),if 𝑔(𝑡)≤𝐺(𝑡) 
	𝑢𝑟(𝑡)={𝑘1𝑒𝑣(𝑡)+𝑘2∫𝑒𝑣𝑡𝑡0(𝜏)d𝜏+𝑘3𝑒̇𝑣(𝑡),if 𝑔(𝑡)>𝐺(𝑡)𝑘4𝑒𝑔(𝑡)+𝑘5𝑒𝑣(𝑡),if 𝑔(𝑡)≤𝐺(𝑡) 

	( 9 ) 
	( 9 ) 




	where 𝑢𝑟(𝑡) is the desired acceleration relative to the real leader, 𝑘𝑖, 𝑖={1,…,5} are gains, 𝑒𝑔(𝑡), 𝑒𝑣(𝑡) are the gap and velocity errors respectively, 𝑔(𝑡) is the gap to the real leader, and 𝐺(𝑡) is a gap threshold. The errors are defined as: 
	𝑒𝑔(t)=𝑔(𝑡)−ℎ(𝑟𝑎)𝑣𝐸(𝑡)−𝑐, 
	𝑒𝑔(t)=𝑔(𝑡)−ℎ(𝑟𝑎)𝑣𝐸(𝑡)−𝑐, 
	𝑒𝑔(t)=𝑔(𝑡)−ℎ(𝑟𝑎)𝑣𝐸(𝑡)−𝑐, 
	𝑒𝑔(t)=𝑔(𝑡)−ℎ(𝑟𝑎)𝑣𝐸(𝑡)−𝑐, 
	𝑒𝑔(t)=𝑔(𝑡)−ℎ(𝑟𝑎)𝑣𝐸(𝑡)−𝑐, 

	( 10 ) 
	( 10 ) 



	𝑒𝑣(t)=𝑣𝑟(𝑡)−𝑣𝐸(𝑡) 
	𝑒𝑣(t)=𝑣𝑟(𝑡)−𝑣𝐸(𝑡) 
	𝑒𝑣(t)=𝑣𝑟(𝑡)−𝑣𝐸(𝑡) 
	𝑒𝑣(t)=𝑣𝑟(𝑡)−𝑣𝐸(𝑡) 

	( 11 ) 
	( 11 ) 




	where ℎ(𝑟𝑎) is the time headway that yields a risk of at most 𝑟𝑎, 𝑐 is a positive constant, 𝑣𝐸(𝑡) and 𝑎𝐸(𝑡) are the ego vehicle’s velocity and acceleration respectively. The reference velocity is 
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	where 𝑉𝑓 is the free-flow velocity, and 𝑣ℓ(𝑡) is the real leader’s velocity. The threshold is: 𝐺(𝑡)=ℎ(𝑟𝑎)𝑉𝑓+𝑐−𝑘5𝑘4𝑒𝑣(𝑡) 
	which ensures that 𝑢𝑟(𝑡)≥0 at the transition from velocity to gap control. 
	Virtual Vehicle Following Controller 
	In typical longitudinal controllers, the ego vehicle uses a velocity controller when the leader does not exist or when it is far away. If the leader is close, the ego vehicle uses a gap controller to keep the ego vehicle at a desired distance from its leader. If we applied this controller when computing the desired acceleration relative to a virtual leader, the ego vehicle could be subject to an unnecessary strong braking since the initial inter-vehicle gap could be very small or even negative. Therefore, w
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	where 𝑢𝑣(𝑡) is the desired acceleration relative to the virtual leader, 𝑘𝑖, 𝑒𝑔(𝑡) and 𝑒𝑣(𝑡) are as in Eq.
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	, 𝑔(𝑡) is the gap to the virtual leader, and 𝐵(𝑡) is a gap threshold. The reference velocity used to compute 𝑒𝑣(𝑡) is 
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	where 𝑣ℓ(𝑡) is the virtual leader’s velocity and 0<𝜇<1. The threshold is: 𝐵(𝑡)=ℎ𝑣𝐸(𝑡)+𝑐−𝑘5𝑘4𝑒𝑣(𝑡) 
	which ensures that 𝑢𝑣(𝑡)=0 at the transition from velocity to gap control. 
	Behavior in Mixed Traffic 
	Since the autonomous vehicle has no way of detecting whether surrounding vehicles are autonomous or human-driven, it behaves the same way as described above in mixed traffic. If the autonomous vehicle knows it is in an all-autonomous scenario, it can assume surrounding vehicles have low reaction times, thus decreasing the required gap to future followers at the destination lane. If we assume the autonomous vehicles can be visually identified, then the autonomous vehicle with intention to change lanes can ta
	Risk Factors for Connected Vehicles 
	In this section we propose control algorithms for connected and autonomous vehicles (CAVs) that receive risk as a parameter. The formulas relating risk acceptance to desired time headway and to lane changing gaps are the same as in the previous section. The main difference from AV to CAV is that the latter can communicate and, therefore, cooperate. In what follows, we propose a cooperative lane changing method that can also take an accepted risk value as a parameter. After that, we present the implementatio
	Risk-Taking in Cooperative Lane Changes 
	This section presents the control-agnostic cooperative lane changing method that guarantees bounded risk at all times. Moreover, it ensures that suitable lane change gaps at the destination lane are generated thanks to cooperation. As with AVs, we focus on the longitudinal adjustments and on the gap acceptance decision. We assume that, in addition to having the capabilities of an AV, the CAV: 
	• has access to surrounding vehicles’ acceleration, desired time headway, and maximum braking through communications; 
	• has access to surrounding vehicles’ acceleration, desired time headway, and maximum braking through communications; 
	• has access to surrounding vehicles’ acceleration, desired time headway, and maximum braking through communications; 

	• is altruistic, that is, it always cooperates once a cooperation request is received; 
	• is altruistic, that is, it always cooperates once a cooperation request is received; 

	• has a free-flow speed 𝑉𝑓≤𝑉𝑚𝑎𝑥, where 𝑉𝑓 is chosen by the vehicle’s user, and 𝑉𝑚𝑎𝑥 is the maximum legal speed of the road. 
	• has a free-flow speed 𝑉𝑓≤𝑉𝑚𝑎𝑥, where 𝑉𝑓 is chosen by the vehicle’s user, and 𝑉𝑚𝑎𝑥 is the maximum legal speed of the road. 


	The CAV’s safe lane changing and longitudinal adjustment decision process is summarized by the flowchart of 
	The CAV’s safe lane changing and longitudinal adjustment decision process is summarized by the flowchart of 
	Figure 8
	Figure 8

	. Compared to the AV flowchart of 
	Figure 6
	Figure 6

	, this one has two extra processes: Broadcast cooperation request and Receive surrounding vehicles’ parameters. The goal of these actions is to inform other vehicles about E’s intentions so can then cooperate to generate the gaps that satisfy E’s risk constraints. The initial steps are the same: the ego vehicle checks if the current gaps satisfy the risk constraints using conservative assumptions about the surrounding vehicles’ braking capabilities. If not, the following two steps are still as in the AV cas

	The three green vehicles illustrated in 
	The three green vehicles illustrated in 
	Figure 9
	Figure 9

	 (𝑓𝑑, ℓd, ℓo) cooperate with the lane change maneuver in different ways. The follower at the destination lane (𝑓𝑑) adopts the lane changing vehicle as a virtual leader as illustrated in 
	Figure 9
	Figure 9

	. In this case, virtual following ensures that the cooperating vehicle creates the desired gap for the lane changing vehicle to move into without compromising the safety between the cooperating vehicle (𝑓𝑑) and its real leader (ℓd). The leader at either the origin (ℓo) or destination lane (ℓd) cooperates by increasing its free-flow speed to the maximum legal value on the road. Thus, if the cooperating vehicle has no leader, it will accelerate and increase the gap to the lane changing vehicle. 

	  
	 
	Figure
	Figure 8 Virtual leader examples. Solid arrows indicate real leaders, and dashed arrows indicate virtual leaders. The vehicle with lane change intention, 𝑬, sets the destination lane leader, 𝓵𝒅, as virtual leader while the destination lane follower, 𝒇𝒅, sets 𝑬 as its virtual leader. 
	Figure 8 Virtual leader examples. Solid arrows indicate real leaders, and dashed arrows indicate virtual leaders. The vehicle with lane change intention, 𝑬, sets the destination lane leader, 𝓵𝒅, as virtual leader while the destination lane follower, 𝒇𝒅, sets 𝑬 as its virtual leader. 
	Figure

	Figure 9 Connected and autonomous vehicle flowchart detailing the lane changing and longitudinal adjustment process.  
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	We must address the possibility of a vehicle receiving multiple cooperation requests. There is no conflict if all requests come from vehicles longitudinally behind the cooperating vehicle - it will just keep the maximum legal speed as its free-flow speed. If at least one request comes from a vehicle longitudinally ahead, we ignore requests issued from vehicles longitudinally behind. In other words, the cooperating vehicle chooses the role of destination lane follower over all others. There is also the case 
	right. In this situation, the cooperating vehicle adopts two virtual leaders. Consequently, it computes three distinct desired acceleration values and chooses the minimum. 
	Longitudinal Controllers Implementation 
	Again, we briefly describe the longitudinal controllers used in simulations for completeness, since other longitudinal controllers could be use together with the proposed approach. 
	Real Vehicle Following Controller 
	The real vehicle following controller implemented for simulations is a switched controller that operates either in velocity control mode or in gap control mode based on how far away the real leader is. The main difference from the AV controller is that it can use knowledge about the leading vehicle’s acceleration [74]. Moreover, thanks to communications, a CAV can make less conservative assumptions about the leading vehicles braking capabilities, which leads to smaller time headway values when compared to A
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	where 𝑢𝑟(𝑡) is the desired acceleration relative to the real leader, 𝑘𝑖, 𝑖={1,…,7} are gains, 𝑒𝑔(𝑡), 𝑒𝑣(𝑡) and 𝑒𝑎(𝑡) are the gap, velocity and acceleration errors respectively, 𝑔(𝑡) is the gap to the real leader, and 𝐺(𝑡) is a gap threshold. The gap and velocity errors are as in 
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	 respectively, and 𝑒𝑎(𝑡)=𝑣̇𝑟(𝑡)−𝑎𝐸(𝑡) 

	where 𝑣𝑟(𝑡) is the reference speed defined in 
	where 𝑣𝑟(𝑡) is the reference speed defined in 
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	, and 𝑎𝐸(𝑡) is the ego vehicle’s acceleration respectively. The threshold is: 𝐺(𝑡)=ℎ𝑉𝑓+𝑐−1𝑘4(𝑘5𝑒̇𝑔(𝑡)+𝑘6𝑒𝑣(𝑡)+𝑘7𝑒𝑎(𝑡)) 

	which ensures that 𝑢𝑟(𝑡)≥0 at the transition from velocity to gap control. 
	Virtual Vehicle Following Controller 
	As in the AV controllers, we need a virtual vehicle following controller that ensures smooth gap increase even if the initial gap is close to zero. Therefore, we follow a similar approach to define the CAV virtual vehicle following controller. We implement it as: 𝑢𝑣(𝑡)={𝑘1𝑒𝑣(𝑡)+𝑘2∫𝑒𝑣𝑡𝑡0(𝜏)d𝜏+𝑘3𝑒̇𝑣(𝑡),if 𝑔(𝑡)≤𝐵(𝑡)𝑘4𝑒𝑔(𝑡)+𝑘5𝑒̇𝑔(𝑡)+𝑘6𝑒𝑣(𝑡)+𝑘7𝑒𝑎(𝑡),if 𝑔(𝑡)>𝐵(𝑡) 
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	, 𝑔(𝑡) is the gap to the virtual leader, and 𝐵(𝑡) is a gap threshold. The reference velocity used to compute 𝑒𝑣(𝑡) is as in 
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	. The threshold is: 𝐵(𝑡)=ℎ𝑣𝐸(𝑡)+𝑐−1𝑘4(𝑘5𝑒̇𝑔(𝑡)+𝑘6𝑒𝑣(𝑡)+𝑘7𝑒𝑎(𝑡)) 

	which ensures that 𝑢𝑣(𝑡)=0 at the transition from velocity to gap control. 
	Behavior in Mixed Traffic 
	We assume that a CAV periodically broadcasts messages looking for other connected vehicles in its surroundings. While the connected vehicle does not identify any other connected vehicle around, it behaves as an autonomous vehicle. If a connected vehicle is following another connected vehicle, it can adopt a smaller reference gap and use the control law in 
	We assume that a CAV periodically broadcasts messages looking for other connected vehicles in its surroundings. While the connected vehicle does not identify any other connected vehicle around, it behaves as an autonomous vehicle. If a connected vehicle is following another connected vehicle, it can adopt a smaller reference gap and use the control law in 
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	. When changing lanes, if the CAV does not receive replies from the surrounding vehicles, it follows the AV behavior outlined in the flowchart of 
	Figure 6
	Figure 6

	. 

	Safety/Efficiency Trade-Off Evaluations 
	Simulator and Evaluation Metrics 
	We use PTV’s traffic simulator VISSIM to evaluate how the proposed algorithms affect traffic flow and safety on a highway. We let VISSIM’s own algorithm dictate the behavior of human drivers (see [75] for details). The software allows users to define vehicle behaviors through a C++ coded Dynamic Linked Library (DLL). We make use of this to implement our method. As stated before, our focus is not on lane choice, so VISSIM decides if a vehicle has lane change intention. From VISSIM output files, we compute th
	We use PTV’s traffic simulator VISSIM to evaluate how the proposed algorithms affect traffic flow and safety on a highway. We let VISSIM’s own algorithm dictate the behavior of human drivers (see [75] for details). The software allows users to define vehicle behaviors through a C++ coded Dynamic Linked Library (DLL). We make use of this to implement our method. As stated before, our focus is not on lane choice, so VISSIM decides if a vehicle has lane change intention. From VISSIM output files, we compute th
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	. 

	We create a challenging scenario where lots of lane changes must happen in a relatively short stretch of a highway that allows us to evaluate the performance of AVs and CAVs at different levels of congestion and obtain insights on the safety vs. traffic flow trade-off as we vary the values of accepted risk. The scenario, illustrated in 
	We create a challenging scenario where lots of lane changes must happen in a relatively short stretch of a highway that allows us to evaluate the performance of AVs and CAVs at different levels of congestion and obtain insights on the safety vs. traffic flow trade-off as we vary the values of accepted risk. The scenario, illustrated in 
	Figure 11
	Figure 11

	, is composed of a 2-lane highway with an in ramp and an off ramp. Vehicles trying to merge into the highway or to take the off ramp have 500m to do so. Vehicles that start on the highway’s left lane, stay on the highway. They can end the simulation at either one of the highway lanes. 10% of vehicles that start on the highway’s right lane take the off ramp, and all vehicles that start on the in-ramp merge into the highway. We measure the traffic flow at the start of the merging segment. 

	We evaluate each studied scenario in terms of efficiency and safety. Efficiency is measured by two variables: completed lane changes and traffic flow. As described in section 3, we measure safety by counting the number of risky lane changes and by computing the median risk value of the risky lane changes.  
	 
	Figure 10 The vehicle flow is from the left to the right. All vehicles that start on lane 1 stay on the highway, 10% of vehicles that start on lane 2 take the off ramp, and all vehicles that start lane 3 move into the highway. Vehicle counting sensors are indicated by gray vertical rectangles. 
	Figure 10 The vehicle flow is from the left to the right. All vehicles that start on lane 1 stay on the highway, 10% of vehicles that start on lane 2 take the off ramp, and all vehicles that start lane 3 move into the highway. Vehicle counting sensors are indicated by gray vertical rectangles. 
	Figure

	Figure 11 Simulation set-up: VISSIM simulates vehicles on the highway, the DLL controls AVs and CAVs, and a separate code evaluates the simulation results after they finish. 
	Figure 11 Simulation set-up: VISSIM simulates vehicles on the highway, the DLL controls AVs and CAVs, and a separate code evaluates the simulation results after they finish. 
	Figure
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	Experiment 1: uniform vehicle fleets 
	In the first set of experiments, we assume that all the vehicles in the simulation are either: 
	1. Human driven vehicle (HDV): vehicle behavior is dictated entirely by VISSIM. 
	1. Human driven vehicle (HDV): vehicle behavior is dictated entirely by VISSIM. 
	1. Human driven vehicle (HDV): vehicle behavior is dictated entirely by VISSIM. 

	2. Autonomous Vehicle (AV): the vehicle’s behavior is as described in section 4. Moreover, if a vehicle is stopped waiting for a suitable lane change gap for over 45 𝑠, we give control back to VISSIM. This is similar to having an autonomous vehicle request the driver to take over when it does not know what to do. 
	2. Autonomous Vehicle (AV): the vehicle’s behavior is as described in section 4. Moreover, if a vehicle is stopped waiting for a suitable lane change gap for over 45 𝑠, we give control back to VISSIM. This is similar to having an autonomous vehicle request the driver to take over when it does not know what to do. 

	3. Connected and Autonomous Vehicle (CAV): the vehicle behavior is as described in section 5. In this case, the cooperative behavior guarantees no vehicle gets “stuck" 
	3. Connected and Autonomous Vehicle (CAV): the vehicle behavior is as described in section 5. In this case, the cooperative behavior guarantees no vehicle gets “stuck" 


	waiting for an appropriate lane change gap, so there is no need to hand control back to VISSIM in any case. 
	waiting for an appropriate lane change gap, so there is no need to hand control back to VISSIM in any case. 
	waiting for an appropriate lane change gap, so there is no need to hand control back to VISSIM in any case. 


	To compare uncongested and congested cases, we run 30-minute simulations with inputs of 1000 and 2000 vehicles per lane per hour. To analyze the effects of risk acceptance, we define risk categories as in 
	To compare uncongested and congested cases, we run 30-minute simulations with inputs of 1000 and 2000 vehicles per lane per hour. To analyze the effects of risk acceptance, we define risk categories as in 
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	 in the simulations which contain AVs or CAVs. Therefore, there are 18 scenarios, each of which is run 10 times to account for the randomness of traffic simulations. The results are summarized in 
	Table 3
	Table 3

	 and 
	Table 4
	Table 4

	. We highlight that the accepted risk is used in the computation of the accepted lane change gaps, which, by design, overestimates the actual risk. The number of risk lane changes and the median risk per lane change our computed using the exact risk formulas, i.e., Eqs. 
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	 and 
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	. 

	The safety metrics are further detailed in 
	The safety metrics are further detailed in 
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	, which shows histograms of the total lane change risk for human driven vehicles (
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	b), for AVs with varying values of accepted risk (
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	 a, c, e, g), and CAVs with varying values for accepted risks (
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	 d, f, h). We do not show the case of CAVs with zero accepted risk because this scenario does not create any risky lane changes. The flow results are further detailed in the box plots of 
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	Figure 13
	Figure 13
	. In a box plot the four quartiles of the data can be quickly identified. The two middle quartiles (from 25% to 75% of the data) are indicated by a colored box, and the whiskers represent the minimum and maximum values except for outliers, which are displayed as diamonds. 

	Table 2 Risk Categories 
	Category 
	Category 
	Category 
	Category 
	Category 

	Accepted collision severity in the worst-case scenario (𝒌𝒎/𝒉) 
	Accepted collision severity in the worst-case scenario (𝒌𝒎/𝒉) 


	Safe 
	Safe 
	Safe 

	0 
	0 


	Low 
	Low 
	Low 

	36 
	36 


	Medium 
	Medium 
	Medium 

	72 
	72 


	High 
	High 
	High 

	108 
	108 




	 
	  
	 
	Table 3 Lane Change Risks and Flow Results at 3000 Vehicles per Hour 
	Vehicle type 
	Vehicle type 
	Vehicle type 
	Vehicle type 
	Vehicle type 

	Risk Category 
	Risk Category 

	Mean number of risky lane changes 
	Mean number of risky lane changes 

	Median lane change risk (m) 
	Median lane change risk (m) 

	Median flow (vehs/h) 
	Median flow (vehs/h) 

	Completed lane changes 
	Completed lane changes 



	HDV 
	HDV 
	HDV 
	HDV 

	- 
	- 

	417 
	417 

	33 
	33 

	2880 
	2880 

	569 
	569 


	AV 
	AV 
	AV 

	Safe 
	Safe 

	1.6 
	1.6 

	3.3 
	3.3 

	2640 
	2640 

	190 
	190 


	TR
	Low 
	Low 

	1.9 
	1.9 

	8.4 
	8.4 

	2880 
	2880 

	536 
	536 


	TR
	Medium 
	Medium 

	293 
	293 

	5.1 
	5.1 

	2880 
	2880 

	1039 
	1039 


	TR
	High 
	High 

	433 
	433 

	7.2 
	7.2 

	2880 
	2880 

	1248 
	1248 


	CAV 
	CAV 
	CAV 

	Safe 
	Safe 

	0 
	0 

	0 
	0 

	3000 
	3000 

	539 
	539 


	TR
	Low 
	Low 

	0.1 
	0.1 

	0.55 
	0.55 

	3000 
	3000 

	933 
	933 


	TR
	Medium 
	Medium 

	185 
	185 

	3.5 
	3.5 

	2880 
	2880 

	1309 
	1309 


	TR
	High 
	High 

	258 
	258 

	3.7 
	3.7 

	2880 
	2880 

	1423 
	1423 




	 
	 
	Table 4 Lane Change Risks and Flow Results at 6000 Vehicles per Hour 
	Vehicle type 
	Vehicle type 
	Vehicle type 
	Vehicle type 
	Vehicle type 

	Risk Category 
	Risk Category 

	Mean number of risky lane changes 
	Mean number of risky lane changes 

	Median lane change risk (m) 
	Median lane change risk (m) 

	Median flow (vehs/h) 
	Median flow (vehs/h) 

	Completed lane changes 
	Completed lane changes 



	HDV 
	HDV 
	HDV 
	HDV 

	- 
	- 

	526 
	526 

	7 
	7 

	4080 
	4080 

	810 
	810 


	AV 
	AV 
	AV 

	Safe 
	Safe 

	0.11 
	0.11 

	1.0 
	1.0 

	4440 
	4440 

	155 
	155 


	TR
	Low 
	Low 

	1.1 
	1.1 

	1.5 
	1.5 

	4680 
	4680 

	185 
	185 


	TR
	Medium 
	Medium 

	34 
	34 

	2.4 
	2.4 

	4440 
	4440 

	329 
	329 


	TR
	High 
	High 

	37 
	37 

	1.9 
	1.9 

	4440 
	4440 

	351 
	351 


	CAV 
	CAV 
	CAV 

	Safe 
	Safe 

	0 
	0 

	0 
	0 

	4680 
	4680 

	394 
	394 


	TR
	Low 
	Low 

	0.2 
	0.2 

	13 
	13 

	4680 
	4680 

	434 
	434 


	TR
	Medium 
	Medium 

	54 
	54 

	7.7 
	7.7 

	4800 
	4800 

	480 
	480 


	TR
	High 
	High 

	52 
	52 

	10 
	10 

	4800 
	4800 

	481 
	481 
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	Figure
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	            (g)                  (h) 
	Figure 12 Risks of lane changes for human driven vehicles, and for AVs and CAVs with varying accepted risk values. Parameters of each figure are: (a) 100% AV, safe, (b) 100% human driven, (c) 100% AV, low risk, (d) 100% CAV, low risk, (e) 100% AV, medium risk, (f) 100% CAV, medium risk, (g) 100% AV, high risk, (h) 100% CAV, high risk. 
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	(c)  
	(c)  
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	Figure


	(d)  
	(d)  


	Figure 13 Distribution of traffic flow measurements for each scenario. The colored boxes contain 50% of the data that is closest to the median value. The whiskers represent the minimum and maximum values except for outliers, which are represented by black diamonds. In (a), the total vehicle input is 3000 vehicles per hour. In (b), the total vehicle input is 6000 vehicles per hour. 
	 
	  
	Let us start by evaluating the safety of human driving. Regarding flows, the median value of 2880 in the scenarios with input of 3000 vehicles per hour confirms the absence of congestion in this case. Similarly, the median flow of 4080 in the simulations with 6000 vehicles per hour confirm that there is congestion. Regarding the safety evaluation, it is important to remember that our risk was defined to be zero only when it is possible to avoid collision under the worst-case braking scenario. Moreover, we t
	Next let us evaluate the safety/ efficiency trade-off of autonomous vehicles. It is clear that AVs that take no risks are, as expected, much safer than human driven vehicles. The few risky lane changes are caused when two vehicles decide to move into the same lane (one coming from the right and the other from the left) at the exact same simulation time step. Since we are not considering evasive maneuvers in this work, when this happens, they both proceed with their maneuvers and may end up at close distance
	Next let us evaluate the safety/ efficiency trade-off of autonomous vehicles. It is clear that AVs that take no risks are, as expected, much safer than human driven vehicles. The few risky lane changes are caused when two vehicles decide to move into the same lane (one coming from the right and the other from the left) at the exact same simulation time step. Since we are not considering evasive maneuvers in this work, when this happens, they both proceed with their maneuvers and may end up at close distance
	 
	 


	(e)  
	(e)  
	(e)  
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	(f)  
	(f)  
	(f)  



	Figure 13
	Figure 13
	b, human driven vehicles lead to stop and go behavior, which is prejudicial for the flow. Since the AVs are equipped with controllers that are string-stable, they lead to a more constant flow. 

	As soon as the AVs accept low risks, there is no more flow decrease in the uncongested scenario. Furthermore, the number of completed lane changes also gets close to the case of human driven vehicles. It is interesting to note that, at the low risk, the number of risky lane changes is still close to zero (it is below 1% of the completed lane changes). This confirms that the safe category is indeed very conservative. On the other hand, increasing the accepted risk leads to significantly more risky maneuvers 
	We can see CAVs are in general safer than AVs even when both accept the same risk value. This occurs because CAVs can better estimate risks thanks to communication. Moreover, thanks to cooperation, the CAVs always lead to equal or higher flow than both human driven and autonomous vehicles. The CAV’s extended capabilities also mean that there is not much room for efficiency improvement by accepting risks. In the uncongested case, the median flow actually decreases at higher accepted risk values. This happens
	Given that it will take a considerable amount of time for all vehicles to be automated, the second set of simulations evaluates the impacts of varying penetration levels of AVs and CAVs on the same scenarios. 
	Experiment 2: mixed traffic 
	We now focus on the effects of AVs and CAVs in mixed traffic. To do that, we vary the penetration of AVs and CAVs by increments of 25%. Analysis of the results of experiment 1 showed that AVs and CAVs perform better than humans in the congested scenario even without taking any risks. Moreover, we noticed that accepting the highest value of risk did not bring any noticeable advantages. Therefore, we choose to focus on the uncongested scenario, and we only simulate zero, low and medium accepted risks. The saf
	We now focus on the effects of AVs and CAVs in mixed traffic. To do that, we vary the penetration of AVs and CAVs by increments of 25%. Analysis of the results of experiment 1 showed that AVs and CAVs perform better than humans in the congested scenario even without taking any risks. Moreover, we noticed that accepting the highest value of risk did not bring any noticeable advantages. Therefore, we choose to focus on the uncongested scenario, and we only simulate zero, low and medium accepted risks. The saf
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	. We repeated the results from uniform fleets, i.e., all human driven vehicles (HDVs), all AVs and all CAVs, for easier comparison. The more detailed safety results are shown in the histograms of 
	 (a) (b) 
	 (a) (b) 


	 (c) (d) 
	 (c) (d) 

	 (e) (f) 
	 (e) (f) 

	 (g) (h) 
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	Figure 14
	. 

	At low penetrations, AVs and CAVs working at all risk levels increase the number of risky lane changes when compared to the 100% HDVs case by around 30%. At the same time, the median lane change risk decreases by a smaller margin (between 6% and 12%). We also see that the number of completed lane changes increases considerably from 569 to more than 800. We conclude that the percentage of risky lane changes among the total completed lane changes actually decreases from 73% to around 65%. Upon further examina
	bring significant advantages to the general traffic, and that the main benefits are only reaped at full automation. This conclusion should be taken with a grain of salt, since VISSIM’s model of human drivers is only calibrated to interact with other human drivers. 
	  
	Table 5 Lane Change Risks and Flow Results at 3000 Vehicles per Hour and Varying AV and CAV Penetration 
	Fleet composition 
	Fleet composition 
	Fleet composition 
	Fleet composition 
	Fleet composition 

	Risk Category 
	Risk Category 

	Mean number of risky lane changes 
	Mean number of risky lane changes 

	Median lane change risk (m) 
	Median lane change risk (m) 

	Median flow (vehs/h) 
	Median flow (vehs/h) 

	Completed lane changes 
	Completed lane changes 



	100% HDV 
	100% HDV 
	100% HDV 
	100% HDV 

	- 
	- 

	417 
	417 

	33 
	33 

	2880 
	2880 

	569 
	569 


	25% AV 
	25% AV 
	25% AV 

	Safe 
	Safe 

	536 
	536 

	31 
	31 

	2880 
	2880 

	827 
	827 


	TR
	Low 
	Low 

	541 
	541 

	30 
	30 

	2880 
	2880 

	838 
	838 


	TR
	Medium 
	Medium 

	542 
	542 

	29 
	29 

	2880 
	2880 

	825 
	825 


	50% AV 
	50% AV 
	50% AV 

	Safe 
	Safe 

	360 
	360 

	28 
	28 

	2880 
	2880 

	641 
	641 


	TR
	Low 
	Low 

	406 
	406 

	27 
	27 

	2880 
	2880 

	768 
	768 


	TR
	Medium 
	Medium 

	486 
	486 

	22 
	22 

	2880 
	2880 

	860 
	860 


	75% AV 
	75% AV 
	75% AV 

	Safe 
	Safe 

	201 
	201 

	22 
	22 

	2880 
	2880 

	494 
	494 


	TR
	Low 
	Low 

	209 
	209 

	23 
	23 

	2880 
	2880 

	632 
	632 


	TR
	Medium 
	Medium 

	394 
	394 

	13 
	13 

	2880 
	2880 

	894 
	894 


	100% AV 
	100% AV 
	100% AV 

	Safe 
	Safe 

	1.6 
	1.6 

	3.3 
	3.3 

	2640 
	2640 

	190 
	190 


	TR
	Low 
	Low 

	1.9 
	1.9 

	8.4 
	8.4 

	2880 
	2880 

	536 
	536 


	TR
	Medium 
	Medium 

	293 
	293 

	5.1 
	5.1 

	2880 
	2880 

	1039 
	1039 


	25% CAV 
	25% CAV 
	25% CAV 

	Safe 
	Safe 

	544 
	544 

	30 
	30 

	2880 
	2880 

	837 
	837 


	TR
	Low 
	Low 

	523 
	523 

	31 
	31 

	2880 
	2880 

	819 
	819 


	TR
	Medium 
	Medium 

	547 
	547 

	29 
	29 

	2880 
	2880 

	815 
	815 


	50% CAV 
	50% CAV 
	50% CAV 

	Safe 
	Safe 

	499 
	499 

	25 
	25 

	2880 
	2880 

	946 
	946 


	TR
	Low 
	Low 

	504 
	504 

	27 
	27 

	2880 
	2880 

	1005 
	1005 


	TR
	Medium 
	Medium 

	642 
	642 

	22 
	22 

	2880 
	2880 

	1106 
	1106 


	75% CAV 
	75% CAV 
	75% CAV 

	Safe 
	Safe 

	279 
	279 

	18 
	18 

	2880 
	2880 

	803 
	803 


	TR
	Low 
	Low 

	307 
	307 

	18 
	18 

	3000 
	3000 

	1015 
	1015 


	TR
	Medium 
	Medium 

	628 
	628 

	13 
	13 

	2880 
	2880 

	1408 
	1408 


	100% CAV 
	100% CAV 
	100% CAV 

	Safe 
	Safe 

	0 
	0 

	0 
	0 

	3000 
	3000 

	539 
	539 


	TR
	Low 
	Low 

	0.1 
	0.1 

	0.55 
	0.55 

	3000 
	3000 

	933 
	933 


	TR
	Medium 
	Medium 

	195 
	195 

	3.5 
	3.5 

	2880 
	2880 

	1309 
	1309 




	 
	  
	 (a) (b) 
	Figure
	Figure
	Figure
	Figure
	 (c) (d) 
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	Figure 14 Risks of lane changes for varying penetrations of AVs and CAVs. To the left, mixed traffic of humans and AVs with penetrations of 25%, 50%, 75% and 100% in plots (a), (c), (e) and (g) respectively. To the right, mixed traffic of humans and CAVs with penetrations of 25%, 50%, 75% and 100% in plots (b), (d), (f) and (h) respectively. 
	 
	 
	  
	Conclusion 
	In this work we have studied the trade-off between safety and efficiency of AVs and CAVs in highways with mixed traffic. We defined a risk assessment metric that considers both the severity of a collision that would happens under a worst-case braking scenario and the time the vehicle is exposed to a possible collision. We use this metric, together with the concept of virtual vehicles, in an approach for lane changing longitudinal adjustments and gap acceptance. This method can be used to ensure that the AV 
	We studied our proposed approaches through extensive simulations. We analyzed how different factors impact safety, measured by the number of risky lane changes and their median risk, and efficiency, measured by the number of completed lane changes and traffic flow. We varied the number of vehicles entering the network, the types of vehicles and their penetration percentages as well as the accepted risks. Our mains conclusions are: 
	• AVs can be too conservative, which negatively impacts flow. However, accepting low risks makes a fleet made only of AVs as efficient as the human driven fleet. 
	• AVs can be too conservative, which negatively impacts flow. However, accepting low risks makes a fleet made only of AVs as efficient as the human driven fleet. 
	• AVs can be too conservative, which negatively impacts flow. However, accepting low risks makes a fleet made only of AVs as efficient as the human driven fleet. 

	• The cooperation used by CAVs allow this type of vehicle to improve both safety and efficient simultaneously. 
	• The cooperation used by CAVs allow this type of vehicle to improve both safety and efficient simultaneously. 

	• The biggest challenge lies in mixed traffic. At low penetrations, both AVs and CAVs behave safely around humans, but they do not have a significant impact on macroscopic metrics. 
	• The biggest challenge lies in mixed traffic. At low penetrations, both AVs and CAVs behave safely around humans, but they do not have a significant impact on macroscopic metrics. 


	The last conclusion indicates two important directions of research. The first is the modeling of how humans will behave around AVs and CAVs. Since we know that micro simulators such as VISSIM are not calibrated for this scenario, the simulation results may not accurately reflect reality. The second is the design of AVs and CAVs that are not only safe, but that also help human drivers behave more safely. 
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	Appendix: Collision Time Computation 
	In this appendix, we show how to compute the collision time under the worst-case braking scenario. From here on, we use the notation 𝑔0=𝑔(𝑡0) and 𝛥𝑣0=𝑣ℓ(𝑡0)−𝑣𝐸(𝑡0), and we assume, without loss of generality, 𝑡0=0. We find 𝑡𝑐 by solving: 𝑔(𝑡𝑐)=0−𝛥𝑔(𝑡,𝑡𝑐)=𝑔0 
	where 𝛥𝑔(𝑡,𝑡𝑐) is as defined in Eq.
	where 𝛥𝑔(𝑡,𝑡𝑐) is as defined in Eq.
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	. The collision might occur during any of the 4 numbered time intervals shown in 
	Figure 2
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	. During each of them, the leading vehicle might be either at full stop or still decelerating by the time the collision occurs. 

	1. The collision occurs before the ego vehicle realizes the leader is braking, that is, 𝑡𝑐<𝜏𝑑 if 
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	  The collision time and severity also depends on how fast the leading vehicle achieves full stop. If the leader is already traveling at slow speeds at 𝑡0, it is possible that 𝑡ℓ<𝜏𝑑. If 
	  The collision time and severity also depends on how fast the leading vehicle achieves full stop. If the leader is already traveling at slow speeds at 𝑡0, it is possible that 𝑡ℓ<𝜏𝑑. If 


	𝑔0<𝑡ℓ[𝑎‾𝐸+𝑑ℓ2𝑡ℓ−𝛥𝑣0], 
	𝑔0<𝑡ℓ[𝑎‾𝐸+𝑑ℓ2𝑡ℓ−𝛥𝑣0], 
	𝑔0<𝑡ℓ[𝑎‾𝐸+𝑑ℓ2𝑡ℓ−𝛥𝑣0], 
	𝑔0<𝑡ℓ[𝑎‾𝐸+𝑑ℓ2𝑡ℓ−𝛥𝑣0], 
	𝑔0<𝑡ℓ[𝑎‾𝐸+𝑑ℓ2𝑡ℓ−𝛥𝑣0], 

	(A. 2) 
	(A. 2) 
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	2. The collision occurs between 𝜏𝑑 and 𝜏𝑑+𝜏𝑗 if inequality 
	2. The collision occurs between 𝜏𝑑 and 𝜏𝑑+𝜏𝑗 if inequality 
	(A. 1)
	(A. 1)

	 is false and 



	𝑔0<(𝜏𝑑+𝜏𝑗)[𝑎‾𝐸+𝑑ℓ2(𝜏𝑑+𝜏𝑗)−𝛥𝑣0]−𝑗𝐸6𝜏𝑗3. 
	𝑔0<(𝜏𝑑+𝜏𝑗)[𝑎‾𝐸+𝑑ℓ2(𝜏𝑑+𝜏𝑗)−𝛥𝑣0]−𝑗𝐸6𝜏𝑗3. 
	𝑔0<(𝜏𝑑+𝜏𝑗)[𝑎‾𝐸+𝑑ℓ2(𝜏𝑑+𝜏𝑗)−𝛥𝑣0]−𝑗𝐸6𝜏𝑗3. 
	𝑔0<(𝜏𝑑+𝜏𝑗)[𝑎‾𝐸+𝑑ℓ2(𝜏𝑑+𝜏𝑗)−𝛥𝑣0]−𝑗𝐸6𝜏𝑗3. 
	𝑔0<(𝜏𝑑+𝜏𝑗)[𝑎‾𝐸+𝑑ℓ2(𝜏𝑑+𝜏𝑗)−𝛥𝑣0]−𝑗𝐸6𝜏𝑗3. 

	(A. 3) 
	(A. 3) 




	  Again, we have to consider the possibility of the leader achieving full stop before collision. If: 
	  Again, we have to consider the possibility of the leader achieving full stop before collision. If: 
	  Again, we have to consider the possibility of the leader achieving full stop before collision. If: 


	𝑔0<𝑡ℓ[𝑎‾𝐸+𝑑ℓ2𝑡ℓ−𝛥𝑣0]−𝑗𝐸6𝜏𝑗3 
	𝑔0<𝑡ℓ[𝑎‾𝐸+𝑑ℓ2𝑡ℓ−𝛥𝑣0]−𝑗𝐸6𝜏𝑗3 
	𝑔0<𝑡ℓ[𝑎‾𝐸+𝑑ℓ2𝑡ℓ−𝛥𝑣0]−𝑗𝐸6𝜏𝑗3 
	𝑔0<𝑡ℓ[𝑎‾𝐸+𝑑ℓ2𝑡ℓ−𝛥𝑣0]−𝑗𝐸6𝜏𝑗3 
	𝑔0<𝑡ℓ[𝑎‾𝐸+𝑑ℓ2𝑡ℓ−𝛥𝑣0]−𝑗𝐸6𝜏𝑗3 

	(A. 4) 
	(A. 4) 




	  the collision happens before the leader is at full stop. The collision time is: 
	  the collision happens before the leader is at full stop. The collision time is: 
	  the collision happens before the leader is at full stop. The collision time is: 


	𝑡𝑐 ={root of (A.5),  if (A.1) is false, (A.3) is true, and (A.4) is falseroot of (A.6), if (A.1) is false and (A.3), (A.4) are true 
	  where the equations are: 
	  where the equations are: 
	  where the equations are: 


	𝑗𝐸6𝑡𝑐3−12[𝑎‾𝐸+𝑗𝐸𝜏𝑑]𝑡𝑐2+[𝑗𝐸𝜏𝑑22−𝑣𝐸(0)]𝑡𝑐+𝑔0−𝑗𝐸𝜏𝑑36+𝑣ℓ2𝑑ℓ=0 
	𝑗𝐸6𝑡𝑐3−12[𝑎‾𝐸+𝑗𝐸𝜏𝑑]𝑡𝑐2+[𝑗𝐸𝜏𝑑22−𝑣𝐸(0)]𝑡𝑐+𝑔0−𝑗𝐸𝜏𝑑36+𝑣ℓ2𝑑ℓ=0 
	𝑗𝐸6𝑡𝑐3−12[𝑎‾𝐸+𝑗𝐸𝜏𝑑]𝑡𝑐2+[𝑗𝐸𝜏𝑑22−𝑣𝐸(0)]𝑡𝑐+𝑔0−𝑗𝐸𝜏𝑑36+𝑣ℓ2𝑑ℓ=0 
	𝑗𝐸6𝑡𝑐3−12[𝑎‾𝐸+𝑗𝐸𝜏𝑑]𝑡𝑐2+[𝑗𝐸𝜏𝑑22−𝑣𝐸(0)]𝑡𝑐+𝑔0−𝑗𝐸𝜏𝑑36+𝑣ℓ2𝑑ℓ=0 
	𝑗𝐸6𝑡𝑐3−12[𝑎‾𝐸+𝑗𝐸𝜏𝑑]𝑡𝑐2+[𝑗𝐸𝜏𝑑22−𝑣𝐸(0)]𝑡𝑐+𝑔0−𝑗𝐸𝜏𝑑36+𝑣ℓ2𝑑ℓ=0 

	(A. 5) 
	(A. 5) 



	𝑗𝐸6𝑡𝑐3−12[𝑎‾𝐸+𝑑ℓ+𝑗𝐸𝜏𝑑]𝑡𝑐2+[𝑗𝐸𝜏𝑑22+𝛥𝑣0]𝑡𝑐+𝑔0−𝑗𝐸𝜏𝑑36=0 
	𝑗𝐸6𝑡𝑐3−12[𝑎‾𝐸+𝑑ℓ+𝑗𝐸𝜏𝑑]𝑡𝑐2+[𝑗𝐸𝜏𝑑22+𝛥𝑣0]𝑡𝑐+𝑔0−𝑗𝐸𝜏𝑑36=0 
	𝑗𝐸6𝑡𝑐3−12[𝑎‾𝐸+𝑑ℓ+𝑗𝐸𝜏𝑑]𝑡𝑐2+[𝑗𝐸𝜏𝑑22+𝛥𝑣0]𝑡𝑐+𝑔0−𝑗𝐸𝜏𝑑36=0 
	𝑗𝐸6𝑡𝑐3−12[𝑎‾𝐸+𝑑ℓ+𝑗𝐸𝜏𝑑]𝑡𝑐2+[𝑗𝐸𝜏𝑑22+𝛥𝑣0]𝑡𝑐+𝑔0−𝑗𝐸𝜏𝑑36=0 

	(A. 6) 
	(A. 6) 




	3. The collision occurs after the ego vehicle achieves maximum deceleration but before it achieves full stop, i.e., 𝜏𝑑+𝜏𝑗≤𝑡𝑐<𝑡𝐸 if: 
	3. The collision occurs after the ego vehicle achieves maximum deceleration but before it achieves full stop, i.e., 𝜏𝑑+𝜏𝑗≤𝑡𝑐<𝑡𝐸 if: 
	3. The collision occurs after the ego vehicle achieves maximum deceleration but before it achieves full stop, i.e., 𝜏𝑑+𝜏𝑗≤𝑡𝑐<𝑡𝐸 if: 


	𝑔0<𝑔∗(𝑡0). 
	𝑔0<𝑔∗(𝑡0). 
	𝑔0<𝑔∗(𝑡0). 
	𝑔0<𝑔∗(𝑡0). 
	𝑔0<𝑔∗(𝑡0). 

	(A. 7) 
	(A. 7) 




	  For the collision to occur in this interval with a leader that is still braking, it is necessary that: 
	  For the collision to occur in this interval with a leader that is still braking, it is necessary that: 
	  For the collision to occur in this interval with a leader that is still braking, it is necessary that: 


	𝑔0<𝑡ℓ[|𝑑ℓ−𝑑𝐸|2𝑡ℓ−𝛥𝑣0+𝜆1]+𝜆0 
	𝑔0<𝑡ℓ[|𝑑ℓ−𝑑𝐸|2𝑡ℓ−𝛥𝑣0+𝜆1]+𝜆0 
	𝑔0<𝑡ℓ[|𝑑ℓ−𝑑𝐸|2𝑡ℓ−𝛥𝑣0+𝜆1]+𝜆0 
	𝑔0<𝑡ℓ[|𝑑ℓ−𝑑𝐸|2𝑡ℓ−𝛥𝑣0+𝜆1]+𝜆0 
	𝑔0<𝑡ℓ[|𝑑ℓ−𝑑𝐸|2𝑡ℓ−𝛥𝑣0+𝜆1]+𝜆0 

	(A. 8) 
	(A. 8) 




	  Otherwise, the collision occurs when the leader is already at full stop. The collision time is: 
	  Otherwise, the collision occurs when the leader is already at full stop. The collision time is: 
	  Otherwise, the collision occurs when the leader is already at full stop. The collision time is: 


	𝑡𝑐 ={      Δv0 − λ1 ±((λ1 − Δv0)2 + 2(g0−λ0)(dℓ − dE))12dℓ−dE⁄,  if (A.3) is false, (A.7) is true, and (A.8) is true λ1+vE(0)−((𝑣𝐸(0)+ λ1)2− 2(g0+𝑣ℓ2(0)2𝑑ℓ ⁄−λ0)dE)12dE⁄,if (A.3) is false and (A.7), (A.8) are true 
	4. If inequality 
	4. If inequality 
	4. If inequality 
	4. If inequality 
	(A. 7)
	(A. 7)

	is false, there is no collision. 
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