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Atherosclerosis is one of the leading causes of death in the first world countries nowadays. It is a vascular
disease that affects medium and large size arteries, involving the formation of plaques within the artery
wall. These plaques result from the accumulation of fat, cholesterol, cell debris, smooth muscle cells and
other cells and substances, and may cause temporary or definitive lack of blood supply to an organ.

This article proposes a model for cholesterol accumulation and plaque growth. The model is basically a
mass balance of low density lipoproteins (LDL) in the intima. The inflow, outflow, oxidation, and con-
sumption of LDL is modeled combining partial models and correlations available in the literature.

The model was implemented into an open source finite volume code. Assuming steady blood flow, the
code was used to predict lesion formation on a three-dimensional model of the carotid artery bifurcation,
a location greatly studied for its role in supplying blood to some parts of the brain and for being related to
strokes due to formation of atheromas. The simulation was carried out under physiologic conditions for
blood pressure and LDL blood concentration.

Results for LDL mass accumulation and intimal thickening over time, plaque shape, and location of
thicker spots are reported, showing that the proposed model approximates reasonably well the intimal
thickening obtained from post-mortem aortic fatty streaks and from B-mode ultrasonography of the car-
otid artery of healthy subjects reported by other authors.

� 2011 Elsevier B.V. All rights reserved.
1. Introduction

Atherosclerosis is an inflammatory disease that affects large and
medium-sized arteries [1]. The atherosclerotic lesion, called ather-
oma, is a focal thickening of the innermost layer of the artery wall,
or intima. These lesions consist mainly of accumulation of lipids,
endothelial and vascular smooth muscle cells (SMC), connective
tissue and debris [2]. Atheromas may cause a temporary or perma-
nent lack of blood supply to some organ and is the leading cause of
death in developed countries [3]. This is the reason why there has
been a big effort devoted to learn and understand its genesis and to
find the main risk factors for this disease [4,5].

Atheromas usually develop in arterial bifurcations or regions
with marked curvature. Four decades ago, it was proposed that
forces exerted by the blood flow on the artery wall have a major
influence on the location where these lesions appear [6,7]. Nowa-
days, researchers agree that atheromas develop in areas with com-
ll rights reserved.

.
Gessaghi).
nd Data Sciences, College of
plex flow patterns, such as recirculation and/or secondary flows,
where the endothelium is subjected to low and oscillating shear
stresses, which are thought to be the cause of the location of the
plaques [8,9]. It has been proposed that these low and oscillating
stresses may alter the permeability of the endothelium [10,11],
favoring extracellular low density lipoproteins (LDL) accumulation
and progressive oxidation in these locations. As a consequence,
much effort has been done to simulate pulsatile blood flow in these
vascular regions to obtain more accurate solutions for each specific
patient, while improving the available solution methods [12–14].

Another important event in the initiation of the atheroma is
leukocyte recruitment. Monocytes and T lymphocytes tend to
accumulate in the early atherosclerotic lesion. The monocytes be-
come macrophages in the artery wall and ingest the oxidized LDL
(LDLox) turning into foam cells, commonly found in atheromas
[15]. The evolution of the atheroma into a more complex lesion in-
volves SMC migration and proliferation as well as accumulation of
other molecules and substances. It is the extracellular matrix
rather than the cells themselves that makes up much of the volume
of an advanced atherosclerotic plaque, through the accumulation
of extracellular matrix macromolecules, such as collagen and pro-
teoglycans produced by the SMCs [15].

http://dx.doi.org/10.1016/j.cma.2011.03.001
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Nomenclature

A lumen-intima interphase area
BC boundary conditions
BL boundary layer
C concentration of LDL within the intima
Cbl bulk concentration of LDL in blood
Cw LDL concentration at the lumen-wall interphase
DC transendothelial LDL concentration difference
Ce mean endothelial concentration
CCA common carotid artery
Dbl diffusion coefficient for LDL in blood
Dm diffusion coefficient for LDL in the media
EC external carotid artery
e intimal thickness
FD flow divider
FVM finite volume method
IC internal carotid artery
IEL internal elastic lamina
Jin total flux of LDL going into the intima
Jout total flux of LDL going out of the intima
Jdiff diffusive flux of LDL going out of the intima
Jconv convective flux of LDL going out of the intima
k reaction rate of LDL oxidation
LDL Low density lipoprotein
LDLox oxidized LDL
Lp endothelial hydraulic conductivity
m mass of LDL within the intima per unit area
masymp asymptotic solution for m
mox mass of LDLox within the intima per unit area
_mcons physiologic rate of consumption of LDL per unit area in

the intima

n simulation time step
pbl blood pressure
Pd endothelial diffusive permeability
Pd0 scaling constant
p sub endothelial hydrodynamic pressure
Dp transendothelial hydrodynamic pressure difference
Dp trans membrane osmotic pressure difference
~r position vector
tn time at time step n
Dt time step interval
vf plasma filtration velocity
V total volume of the intima
Vpl volume of the intima occupied by plasma

Greek symbols
a parameter resulting from the shell mass balance
b constant in the intimal growth rate equation
c parameter resulting from the shell mass balance
d hydrodynamic boundary layer thickness
dr distance from IEL to boundary
l1 Casson asymptotic dynamic viscosity
qLDL density of LDL
qLDLox density of LDLox
re endothelial reflection coefficient
r osmotic intimal reflection coefficient
/ porosity of the intima
sy Casson yield stress
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Despite all these processes that occur, some researchers believe
that the oxidation of the accumulated LDL is the factor that initi-
ates plaque formation [16]. This is why, lately, some researchers
simulated coupled transport of LDL both in the lumen and through
the artery wall [17,18]. These works intended to predict the varia-
tion of the transendothelial LDL flux along the axial direction of an
artery with stenosis, as well as the LDL concentration in the wall.
Most of them modeled blood as a Newtonian fluid although it is
well known that its non-Newtonian character is relevant in many
situations [19]. While a Newtonian model is suitable for simulating
flows in regions with high shear rates, non-Newtonian models
such as Casson or Carreau–Yasuda give better approximations in
regions with low ones [20,21]. As lesions usually develop in areas
with low shear rates [22], the use of a non-Newtonian model
seems to be the right choice.

In the past few years some researchers tried to build mathemat-
ical models of the plaque initiation and growth. Some concentrated
on modeling the mechanism of the inflammatory response to study
the dynamic behavior of the lesion [23,24] or focusing on the local-
ization of the different molecules within the lesion to study the cap
formation [25]. However, none of these works allows the boundary
to move nor they account for the spatial variation of the endothe-
lial permeability. In this regard, Gessaghi et al. [26] proposed a
model of accumulation of LDL, not including the inflammatory re-
sponse, but including the spatial variation of the permeability
through its dependence of the wall shear stress; and used it to pre-
dict initial intimal growth rate focusing on the effect of arterial
geometry but with no actual movement of the boundary. Later Cal-
vez et al. [27] proposed a model which predicts the intimal growth
rate allowing for the boundary to move in 1-D and 2-D idealized
geometries, they also include the spatial variation of the perme-
ability through a cut-off function of the wall shear stress for the
1-D geometry and a Hill function for the 2-D geometry.

We present here a model for predicting plaque initiation and
growth due to accumulation of oxidized LDL and other non fat sub-
stances within the artery wall. From the works mentioned in the
previous paragraphs it is clear that plaque formation is a complex
phenomenon, influenced by a variety of factors and there are a few
complete mathematical models of the process. However, this work
focuses on answering the following question: may a relatively sim-
ple model which requires not much computational effort be able to
give qualitatively correct predictions of plaque formation and
growth? To help answering this question, this model intended to
capture the spatial dependence of the phenomena through the
dependence of the endothelial permeability on the wall shear
stress distribution and was implemented and tested in an idealized
three dimensional geometry of the carotid bifurcation.

The rest of the paper is organized as follows. The process for
solving this type of problems is described in the next section. In
Section 3 the model itself is explained in detail and its application
to the idealized carotid bifurcation is described in Section 4, and
the corresponding results are presented in Section 5. The discus-
sion of these results is made in Section 6 and in Section 7 the final
conclusions are shown.

2. The solution process

Solving a complete growth problem with the proposed model
requires a transient simulation which involves performing, for
each time step, the stages shown in Fig. 1 and described below.

The first stage consists in the simulation of blood flow inside the
flow domain (i.e. an artery), done by solving either analytically or



Fig. 1. Block diagram of the stages involved in the process indicating the input
parameters and output variables involved in each stage. FVM, finite volume
method; BC, boundary conditions.
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numerically the corresponding continuity and momentum equa-
tions. The flow is assumed steady, since the correlations used for
the endothelial transport coefficients do not include dynamic vari-
ations of wall shear stresses or any other parameter, making it
pointless to use more realistic pulsatile flow simulations. Although
the steady state assumption is made here as a first approximation,
we are aware that when endothelial permeability is coupled to
wall shear stress there are differences between the steady wall
shear stresses and the time-averaged unsteady results [28].
Despite it was found up to 30% difference for oxygen transport
within the recirculation area, it is also true that this difference is
lower for species with high Schmidt number, and Sc for LDL in
blood is two orders of magnitude higher than for oxygen [29].
We therefore expect that there is going to be some differences in
the wall shear stress distribution obtained but we think that
although it may affect the local intimal growth it will not signifi-
cantly affect the average intimal growth tendency after some
iterations.

With the field velocity obtained in this stage we calculate the
wall shear stresses in the endothelium, a necessary input for eval-
uating the endothelial permeability, assumed in our model to de-
pend on them.

The second stage, namely the intimal growth model, consists of
predicting plaque growth and intimal thickening, modeled as a
function of the accumulation of oxidized LDL and other non fat
substances in the intima.

The final stage involves using the rate of intimal thickening gi-
ven by the previous stage and an assumed time step to calculate
the new, remodeled, geometry of the artery.

The whole process is repeated time step after time step until a
desired final simulation time is reached.

From the point of view of the present model, a problem is com-
pletely defined by providing the initial geometry of the domain
along with the corresponding flow boundary conditions, the flow
properties of blood, the LDL concentration in the blood, and a mean
arterial pressure. A reference value for shear stress is also needed,
for reasons that will be explained later.

3. The intimal growth model

3.1. The system of equations

The model comprises two main variables that depend on space
and time, namely the intimal LDL mass accumulation per unit sur-
face area, mð~r; tÞ, and the intimal thickness, eð~r; tÞ, where~r repre-
sents positions on the endothelium.

For each point~r on the endothelium, the time evolution mð~r; tÞ
and eð~r; tÞ result from solving the following coupled first order or-
dinary differential equations:

_m ¼ a
m
e
� k mþ c; ð1Þ

_e ¼ b
k

qLDLox
m; ð2Þ

where k is a constant and where the parameters að~r; tÞ and cð~r; tÞ are
functions of the physiologic transport properties of the endothe-
lium, the intima, the media and the physiologic consumption of
the intimal cells.

Before engaging in the details of the derivation of each of these
two equations, explained in the next two sections, it is important
to note the following.

For typical constant values of e, k, a and c, it results that e
evolves very slowly, increasing less than 2% in a one year period.
This allows for the assumption that e is approximately constant
and consequently there exists an analytical solution for Eq. (1) that
is

m ¼ c
k� a

e

þm0eð
a
e�kÞt ; ð3Þ

where m0 is mass of LDL per unit area present in the intima at the
initial time. This solution shows a transient behavior with a time
constant given by 1

a
e�k. This value is actually negative and of the order

of hours, which leaves us with an asymptotic solution for times
longer than a few hours:

masymp ¼
c

k� a
e

: ð4Þ

Since the time step shown in Fig. 1 was selected to be months or
even one year, it is a good approximation to get rid of Eq. (1) and
simply replace masymp into Eq. (2) to predict the growth rate of inti-
mal thickness.

3.2. Equation for LDL mass accumulation

Eq. (1) results from a mass balance, as described below.
The rate of change of the mass of LDL per unit area inside the

intima is calculated as (see Fig. 2):

_m ¼ Jin � Jout � _mox � _mcons; ð5Þ

where Jin and Jout are the fluxes of LDL entering and leaving the in-
tima respectively, and _mox and _mcons are the rates of consumption of
LDL by oxidation and by physiologic ingestion of the wall cells per
unit area, respectively. All other reactions are neglected and all the
fluxes through the arterial wall are assumed to occur only in the ra-
dial direction.

3.2.1. Inflow
The first term, Jin, is evaluated as follows. The flux of LDL goes

through the endothelium and into the intima by two different
known pathways, one being the vesicular transport and the other



Fig. 2. Schematic illustration of the intimal growth model; the circle on the right
shows a closer look at endothelium indicating LDL concentrations at every location.
IEL, internal elastic lamina; Jin and Jout: incoming and outgoing flux of LDL mass,
respectively; _mox and _mcons: sinks representing the consumption of LDL per unit area
and time due to LDL oxidation and due to LDL physiologic ingestion by the wall
cells. All other reactions are neglected. All the fluxes through the arterial wall are
assumed to occur only in the radial direction.
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the transient or leaky junctions. On the other side, the flux of water
and other hydrophilic solutes [29,30] have inter cellular junctions
as their main pathway. It has been measured, however, that vesic-
ular transport accounts for a scarce 9% of the total LDL transport to
the intima [31]. Therefore, we model solute plasma transendothe-
lial transport, following [18,32,33], by means of the Kedem–
Katchalsky equations:

Jin ¼ PdDC þ ð1� reÞ v f Ce; ð6Þ
v f ¼ Lp Dp� reDpð Þ; ð7Þ

where vf is the filtration velocity; Lp, Pd and re are the transport
parameters of the endothelial membrane regulating plasma and
LDL flux into the intima. Defining C and Cw as the LDL concentration
within the intima and at the lumen-wall interphase respectively,
DC, Dp and Ce are defined as:

DC ¼ Cw � C; ð8Þ
Dp ¼ pbl � p; ð9Þ

Ce ¼
Cw þ C

2
� Cw

2
: ð10Þ

where pbl and p are the blood and sub endothelial hydrodynamic
pressures respectively, and its difference was assumed constant
(see Table 1).

To estimate Cw it is used a simple one-dimensional model that
balances convective and diffusive transport within the boundary
layer (BL), assuming a uniform known concentration outside the
Table 1
Parameter values used in the model.

Parameter Value References

sy 0.00864 Pa [40]a

l1 0.42 cP [40]a

qbl 1050 kg/m3 [41]
qLDL 1006–1063 kg/m3 [41]
k 1.4 � 10�4 s�1 [42]
Lp 3 � 10�12 m s�1 Pa�1 [18,32]
re 0.9979 [18,32]
Dp 70 mm Hg [32]b

d 0.012 mm [17]c

Dp 25 mm Hg [43]b

Cbl 1.2 mg/ml [43]b

Pd0 1.15 � 10�11 Pa0.11 ms�1 [38]
Dm 5 � 10�14 m2/s [38,32]
Dbl 5 � 10�12 m2/s [44]
r 0.8272 [38,32]
/ 0.96 [33]
dr 0.1 mm [38]

a Coefficients values for an hematocrite of 47%.
b Physiologic values.
c Based on Graez–Nusselt solution for a cylinder.
BL and a uniform blood pressure. This estimation is valid because
there are no reactions occurring in the lumen that can cause LDL
to appear or disappear, and because the mass transport BL on the
lumen side is very thin compared to the velocity boundary layer
(see [29]). This assumptions lead to an exponential solution for
the radial distribution of the LDL concentration in the BL. When
solving explicitly for Cw it results:

Cw � Cble
Lp
Dbl

Dpd
; ð11Þ

where Dbl is the diffusion coefficient for LDL in blood and d is the
hydrodynamic BL thickness assumed constant based on the
Graetz–Nusselt solution for a cylinder of smooth rigid walls with
dimensions similar to the common carotid artery [17] (see Table 1).

Eqs. (6) and (7) reflect that the factors that control LDL and
water flux across the endothelium are the trans membrane hydro-
dynamic and osmotic pressure differences and the LDL concentra-
tion difference. The osmotic pressure difference Dp is caused by
the presence of many different molecules in the plasma, namely
salts, proteins, lipoproteins, etc. The total osmotic pressure differ-
ence between plasma and interstitial fluids in the capillaries at
body temperature was assumed constant as suggested by others
[29,34] (see Table 1).

While Lp and re were assumed constant in the present work
(see Table 1), the endothelial diffusive permeability Pd is modeled
as a function of the wall shear stress sw, as said in the previous sec-
tion. Although it is not clear how endothelial cells sense sw, there
are a few empirical models in literature that correlate permeability
to macromolecules with different hemodynamic parameters
[11,35–37]. Following Himburg et al. [11], the shear-dependent
permeability is modeled as:

Pd ¼ Pd0jswj�0:11
; ð12Þ

where Pd0 is constant scaled so that the permeability is 2 �
10�10 m s�1 in the straight portions of the artery, which is consid-
ered a normal or reference value in the literature (see Table 1).

3.2.2. Outflow
The second term of Eq. (5), Jout, was calculated as the sum of a

diffusive and a convective flux, Jdiff and Jconv, defined as:

Jdiff ¼ �Dm
@C
@r
� Dm

C
dr
; ð13Þ

Jconv ¼ v f 1� rð Þ C; ð14Þ

where the Dm and r were assumed constant (see Table 1). Back in
2005, Prosi et al. [38] showed that both the value and the gradient
of LDL concentration within the intima are not sensible to the con-
ditions assumed at the media. In the present model, we assumed
that the concentration in the media is negligible at a distance dr
from the intima-media interphase, and thus Jconv is simply evalu-
ated as proportional to vf and C.

3.2.3. Oxidation
The third term of Eq. (5), _mox, is evaluated assuming that all LDL

that undergoes oxidation accumulates in the intima, and that this
process is an irreversible first order reaction, where the concentra-
tion of oxidative agents is much larger than the concentration of
LDL. This means that _mox results proportional to the mass of LDL
per unit area in the intima, m:

_mox ¼ k m; ð15Þ

where k is the oxidation rate.

3.2.4. Consumption
The last term, _mcons, represents a sink due to physiologic LDL

consumption by the wall cells. Not surprisingly, the results
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obtained with the model without this sink would predict accumu-
lation of LDL even in regions where it is unlikely to occur under
physiologic conditions, i.e., in the straight portions of the arteries.
To tackle this problem in a simple manner, the physiologic cell
consumption is adjusted in each particular problem to be:

_mcons ¼ ðJin � JoutÞjreference; ð16Þ

where the reference conditions correspond to the physiologic condi-
tions for Dp and Cbl (see Table 1), and to a value of sw corresponding
to straight zones of the flow domain in which there is experimental
evidence that there is no significant growth under normal physio-
logic conditions. For example, straight portions of the carotid artery
have values of sw higher than 0.5 Pa. It is important to note, how-
ever, that this particular value may be more general than simply
an example value, because it is also cited by other authors as a
threshold value, since lower wall shear stresses are associated with
reduction in several vascular wall functions such as endothelial ni-
tric oxide syntheses production, vasodilatation and endothelial cell
repair [39].

3.2.5. Closure
Finally, to close the balance it is necessary to eliminate the un-

known LDL concentration in the intima, C, by relating it to m and e.
Consider a portion of volume V of the intima, defined by a patch of
area A and the full thickness e of the intima, so that V � e A. Assum-
ing the intima as a porous medium filled completely with plasma,
the volume of the intima effectively occupied by plasma can be ex-
pressed as Vpl = V/, where / is the porosity of the intima, assumed
constant. Recalling that m is defined as LDL mass per unit area, the
concentration may then be expressed as C = m A/Vpl, which for
small e results finally in:

C ¼ m
e/

: ð17Þ

With all these assumptions Eq. (5) can be rewritten as Eq. (1),
where

a ¼ ð1� reÞ
2

� ð1� rÞ
� �

v f

/
� Pd þ

Dm

dr

� �
1
/
; ð18Þ

c ¼ Pd þ
ð1� reÞ

2
v f

� �
Cw � _mcons: ð19Þ

It should be noted that all the parameters in the model are con-
stant in space and time, except for the endothelial permeability
that for a given time varies with space through is dependence on
the wall shear stress distribution, which in turn varies also in time
following the changes in the flow pattern due to remodeling of the
arterial geometry. As a consequence, the rate of LDL mass accumu-
lation varies both in space and in time.

Table 1 shows the values adopted in the model for all the param-
eters, together with the reference to the literature where the value
was taken from. It is important to note that although the model
developed in this work is valid for lesions on its early stages, based
on the conventional histological classification [45], since in more
advanced stages other processes such as inflammation and plaque
rupture become relevant, there is no exact measure in time of when
these stages ends and the lesion evolves to the next one.

3.3. Intimal thickness equation

The rate of change of the intimal thickness or intimal growth
rate ė is modeled as proportional to the rate of accumulation of
LDLox mass per unit of lumen–intima interphase area _mox, as ex-
pressed in the following equation:

_e ¼ b
1

qLDLox

_mox: ð20Þ
By simply substituting _mox using Eq. (15) we get the final
expression, Eq. (2).

Four major assumptions are made here, the first two being that
LDLox concentration relates to LDLox volume through the LDLox
density, and that the densities of LDL and LDLox are equal. These
assumptions are based on the fact that in early lesions lipoprotein
particles appear to decorate the proteoglycan of the arterial intima,
abandoning the solution state and coalescing into aggregates
bounded to the extracellular matrix, having increased susceptibil-
ity to oxidative or other chemical modifications [15].

The third assumption is that the concentration of LDLox within
the intima remains fixed and constant, with the consequence that
changes in LDLox mass would lead directly to a corresponding
change of intimal volume.

Finally, the fourth assumption is that local relative changes in
interphase area are negligible compared to local relative changes
in thickness.

Constant b is intended to consider the contribution of additional
accumulation of non-lipidic substances. A study made by Guyton
[43] found that in lesions obtained from people that died from
causes other than atherosclerosis, approximately 50% of the total
intimal thickening of post-mortem human aortic fatty streaks
was due to lipid accumulation and the rest to collagen and other
non-lipidic substances. We set then b = 2 to account for this addi-
tional non-lipidic accumulation. It is important to note that it was
also assumed that the intima grows always toward the lumen side,
therefore reducing the arterial lumen cross-section.
4. Application to a simplified carotid

The model has been applied to a simplified carotid bifurcation.
The relevance of this artery comes from the fact that it supplies
blood to the brain and that it is prone to develop atheromas in
its bifurcation, which may cause stroke.

4.1. Implementation

The whole solution process was implemented into OpenFOAM
v1.4.1 [46], a set of libraries for developing applications involving
field operations and manipulations. OpenFoam uses finite volume
techniques to transform differential equations into algebraic
approximations.

The blood flow solver is basically simpleFoam, a freely available
application based on OpenFOAM for simulating steady incom-
pressible flows, which relays in the renowned SIMPLE algorithm
[47] to solve for the pressure and velocity fields. In order to solve
for the flow, a three-dimensional flow mesh composed of polyhe-
dral finite volumes must be constructed for discretizing the do-
main of interest.

For simulating the intima, a one-layer three-dimensional
growth mesh was defined, coincident with the surface elements
of the flow mesh. The growth model predicts discrete growth veloc-
ities for each node of this surface (growth) mesh.

The dynamic motion solver (DMS) already available in Open-
Foam was used to update the geometry and its corresponding finite
volume mesh in each time step. The DMS moves the surface mesh
nodes based on a velocity provided (in this case the intimal thick-
ness growth rate) and accommodates the rest of the mesh using a
Laplacian transformation.

Blood is assumed as a homogeneous, non-Newtonian fluid,
modeled using the Casson equation previously studied and used
by others [19,48,49], with the coefficients shown in Table 1. The
Casson model was implemented as a dynamic library in OpenFoam
and validated for a benchmark case of steady flow in a cylinder.
The velocity profile obtained numerically correlated within 5%



Fig. 3. Carotid bifurcation geometry. Arrows mark inner diameters of common
(CCA), external (EC) and internal (IC) carotid arteries and flow divider (FD).

Fig. 4. Color plot and contour lines of intimal thickness at ages of 30, 40 and
50 years old, for a person with blood pressure of 120 mm Hg, Cbl = 1.2 mg/ml and an
initial uniform intimal thickness of 50 lm at age of 20 years old. Contour line colors
values are: blue for 50 lm, light blue for 80 lm, green for 110 lm, orange for
140 lm and red for 160 lm. (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

Fig. 5. Lumen cross-section reduction after 50 years. Left: horizontal lines showing
the axial positions where the axial cuts are obtained. Right: initial and final lumen
cross-section.
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with the theoretical solution, with a 2% error in the calculation
of sw.

4.2. Description of the case

The geometry corresponds to the simplified carotid bifurcation
of reference [50]. Fig. 3 shows the initial domain used for the flow
simulations, with some relevant diameters and the so-called flow
divider (FD) indicated.

The finite volume flow mesh, generated with Netgen [51], has
484449 tetrahedral elements. The condition of flow is laminar,
with Red = 440, and assumed steady. A parabolic steady profile
was used as inlet boundary condition at the common carotid artery
(CCA). A stress free condition was used as the outlet boundary con-
dition on the internal carotid and a fixed pressure was used on the
external carotid to achieve an exit volumetric flow relation of
70:30 between the internal (IC) and external (EC) carotid arteries.
For the flow simulations the wall was assumed rigid and imperme-
able since the blood flow that permeates the endothelium is many
orders of magnitude lower that the arterial flow.

A constant time interval Dt of 6 months was selected for all the
simulation. The initial thickness of the intima was given the value
e0

i ¼ 50 lm.

5. Results

Fig. 4 shows three views (anterior, lateral and posterior) of the
carotid bifurcation, colored based on e predicted by the model for a
50 years old person who maintained physiologic conditions for the
past 30 years. The thickness e varies from 50 lm, which was the
initial value, up to 160 lm in the red spots, identified as P1, P2,
P3 and P4 on the external walls. Since trans membrane hydrody-
namic and osmotic pressures were assumed constant, the filtration
velocity results 2.4810�5mm/s which is within 7% of the value ob-
tained by Yang et al. [32]. To show more clearly the modification of
the wall thickness and the lumen cross-section, Fig. 5 shows two
arterial cuts showing the lumen cross-section reduction after
50 years. On the left the horizontal lines show the axial positions
where the axial cuts are obtained. On the right there are the initial
and final lumen cross-section.

Fig. 6(a) shows the same three views of the bifurcation, now
colored based on jswj distribution. Fig. 6(b) shows jswj along two
lines defined by the intersection of the symmetry planes and the
external walls of the bifurcation, as indicated by the black line in
the inset at the bottom right corner of the plot. There are locations
where sw is reduced up to two orders of magnitude from that
found in the CCA. The reduced shear stress zone, a consequence
of the secondary flows caused by the presence of the bifurcation it-
self and the effect of the carotid sinus on the IC, begins upstream
from the FD, spreading wider in the IC wall than in the EC wall.

To have more quantitative values of e the distribution shown in
Fig. 4 was averaged over three regions called IC plaque, EC plaque,



Fig. 6. (a) jswj distribution in the carotid bifurcation for the initial geometry. (b) jswj
along central lines on the externals walls of the EC and the IC.

Fig. 7. Integration areas defined to obtain intimal average and local maximum
values: IC plaque, EC plaque and wall.
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and wall, defined as shown in Fig. 7. Fig. 8(a) shows the time evo-
lution of the average intimal thickness, ē, for physiologic condi-
tions, for the IC and EC plaques, which shows a mostly linear
dependence with time. It is also shown for the rest of the arterial
surface, where it is clear that there has been no growth at all.

In order to measure the evolution of the thickest spots of the
plaque, it is useful to introduce the time dependent magnitude D
emax,rel, defined as the percent relative difference between the max-
imum e and the average ē. A value of D emax,rel = 0 would indicate
that the lesion has no peaks nor valleys, while increasing values
indicate increasing the presence of non-uniformity due to
privileged growth on selected thick spots. The time evolution of
Demax,rel computed for the IC and EC plaques are shown in Fig. 8(b).

Fig. 9(a) shows the total mass of LDL accumulated over time
within the intima of the IC and EC plaques, with the IC lesion
reaching a maximum of 0.023 lgr at the age of 50, and the EC le-
sion a lower value of 0.015 lgr at the same age.

The same plot, but for LDLox mass, is shown in Fig. 9(b). LDLox
mass also shows an approximately linear increase over time, pre-
dicting a rate of accumulation of about 92 lgr/year in the IC and
of 63 lgr/year in the EC.
6. Discussion

Fig. 4 shows that intimal thickening occurs on the external
walls of the bifurcation, indicated by the non blue areas and the
contour lines.
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Comparing Figs. 4 and 6(a), it is evident that the areas where
sw < 0.5 Pa coincide with the areas where growth has occurred,
as expected. Also the areas with thicker e correspond to areas of
lower sw. This indicates that, for physiologic conditions, the wall
shear dependent diffusive flux dominates over the shear indepen-
dent convective flux. Furthermore, it was previously showed by the
authors that the non Newtonian behavior of blood flow seems to
have an athero-protective effect because although the distribution
of the wall shear stress is similar in both cases, the points of lowest
value are lower for the Newtonian than for the non Newtonian
behavior, causing the initial growth rate of the wall to be relatively
higher for the former [52].

Fig. 8(a) shows that for the simulated conditions, after 20 years,
at an age of about 40, the e of the IC and EC lesions has increased to
72 lm, a 45% increase from the initial value. Guyton [43] measured
an intimal thickening of 40% in post-mortem human aortic fatty
streaks of people between 25 and 45 years old. Also Homma
et al. [53] measured the CCA intima-media thickness of 319
healthy subjects using B–Mode Ultrasonography, whose age ran-
ged between 21 to 105 years. They found a linear tendency that re-
sulted in a thickening rate of 9 lm/year (r = 0.83). In our
simulations, we observed an average intimal thickening of about
1.3 lm/year at the carotid sinus and of 5 microns/year at local
maximum, values of the same order of magnitude of that obtained
by Homma et al. [53].
As described in the previous section, the curve in Fig. 8(b)
speaks about height of the peaks of the lesions. Over the first
40 years of the simulation the thick spots tend to grow faster than
average increasing the thickness of the thick spots, a tendency that
fades out with time indicating that both lesions seem to approach
more stable shapes. The whole plaque keeps growing at the same
rate, indicated by the fact that the difference remains almost con-
stant. Inflexions in the curves, pointed with arrows, indicate the
moments when the absolute maximum changes to a different spot.
This movement of the maximum shows that as arterial geometry
changes with time so does sw distribution and consequently ė.
Since sw at these locations does not necessarily change linearly
with time, Demax,rel does not follow a linear tendency.

Finally, Fig. 9(a) and (b) show that both LDL and LDLox mass
accumulates focally in the IC and EC plaques. LDL mass increases
rapidly in the first year and then tends to an almost constant value
on both lesions, while the linear increase of the integrated LDLox
mass accumulation explains the linear tendency of the average
thickness ē.
7. Conclusion

A model for LDL accumulation and intimal thickening has been
presented. Plaque growth and intimal thickening is modeled as a
function of the accumulation of LDLox in the intima. The model
is based on a balance of LDL mass in the intima along with relations
for calculating the rate of LDL oxidation and the corresponding rate
of increase of the intimal thickness.

The model was applied to a three-dimensional simplified caro-
tid bifurcation geometry. A Finite Volume technique was used for
simulating blood flow in the artery, which was in turn used for
computing wall shear stresses, assumed by the model to control
endothelial permeability. One important result predicted by our
model, for the conditions analyzed, is that the average intimal
thickness that occurs on the external walls of the carotid bifurca-
tion follows an almost linear relation with time, although locally
thick spots do not necessarily follow the same tendency.

The model seems to include the most fundamental processes
since it reproduces adequately some qualitative aspects of the phe-
nomenon, namely, that the thickness of the wall increases signifi-
cantly in a few small areas, and that these areas are located in the
exterior walls of the carotid bifurcation.

There is not much quantitative information available to validate
our model further. However, comparison with experimental values
found by other authors is good, since it predicts growths with the
same linear tendency and with a rate of the same order of
magnitude.

It should be kept in mind, however, that the predictions of this
model are valid for lesions in its early stages, since in more ad-
vanced stages other processes not included in the present model,
such as inflammation and plaque rupture, become relevant.

In order to plan for future developments, some processes that
could be included to have a more realistic idea of the evolution
of the early lesions are, for example, macrophage migration and
accumulation, changes in endothelial permeability caused by cell
apoptosis due to hypoxia, or the effect of high density lipoproteins
causing a reverse LDL flow and reducing the LDLox concentration
within the intima.

A much more challenging task would be to include in the model
factors such as SMC migration and reproduction, inflammatory ef-
fects which causes lots of T-cells and monocytes to migrate and
accumulate, and extracellular matrix segregation. Modeling ad-
vanced lesion stages, not only requires accounting for the accumula-
tion of a great variety of substances but also the modeling of other
complex phenomena such as cup erosion or rupture and thrombosis.



V.C. Gessaghi et al. / Comput. Methods Appl. Mech. Engrg. 200 (2011) 2117–2125 2125
The authors believe that this simple model is a starting point to
study the influence of different risk factors such as arterial blood
pressure and LDL concentration in blood, and to compare their rel-
ative influence on the early lesion shape and growth rate.
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