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a b s t r a c t

It is shown in this communication that the Fowler–Nordheim (FN) tunneling expression for the current–
voltage (I–V) characteristic can be analytically inverted so that an exact expression for the voltage–cur-
rent (V–I) characteristic can be obtained. The solution of the resulting implicit equation is found using the
Lambert W function, i.e. the solution of the transcendental equation wew = x. The reported expressions are
supported by experimental I–V curves measured in thin (�5 nm) SiO2 films in MOS capacitors. The anal-
ysis includes the case of a tunneling oxide with a large series resistance. For practical purposes, a closed-
form expression for W based on a Padé-type approximation is also provided.

� 2011 Elsevier Ltd. All rights reserved.

1. Introduction

The reduction of the gate dielectric thickness in metal–oxide–
semiconductor (MOS) structures leads to an exponential increase
of the leakage current flowing through the device. In turn, this
large current increase is the origin of a significant deviation from
the ‘‘ideal’’ conduction characteristic because of the series resis-
tance effect [1–4]. Contrary to what happens to a diode with a ser-
ies resistance [5–7], to the best of our knowledge, no analytical
solution for the Fowler–Nordheim (FN) tunneling characteristic
with such additional feature has been reported to the date. The
presence of a series resistance in a MOS device has important con-
sequences for the reliability analysis of ultrathin oxides since it af-
fects the breakdown statistics both in the case of voltage/current
ramp tests [1] as well as for constant electrical stress [2]. As it is
well known, for voltages larger than �4 V, the current in thin
SiO2 films is mainly due to tunneling through a triangular potential
barrier whose shape is dictated by the cathode barrier height and
the oxide field [8]. The same is applicable to any other dielectric
operating in such regime. The FN model arises from considering
the Wentzel–Kramers–Brillouin (WKB) approximation for calculat-
ing the transmission probability through a triangular barrier so
that the resulting expression is only able to capture the average
behavior of the current. More elaborated treatments based on solv-

ing the Schrödinger equation reveal that the current oscillates
around the average value because of the partial reflection of the
electron wave functions at the anode interface [9]. The analysis
of these oscillations is out of the scope of this communication so
that they will not be discussed further. It is worth mentioning that
even though this report is specifically concerned with MOS devices,
the impact of the series resistance on the FN current has been
investigated in connection with carbon nanotubes used as electron
field emitters as well [10–12].

In this work, we report an analytical expression for the FN char-
acteristic in which the current rather than the voltage plays the
role of the independent variable. In this way, we are able to repre-
sent by means of a transformation that involves the Lambert W
function [13] the exact V–I curve or equivalently, by a simple ex-
change of the plotting axes, the I–V curve.

2. The samples

In this study, MOS capacitors with oxide thickness tox = 4.9 nm
and square areas S ranging from 10�5 to 10�2 cm2 were used. The
substrate is p-type (1 0 0) Si with a doping concentration of about
1015 cm�3. The oxidation was carried out in a dry N2/O2 atmo-
sphere at 800 �C. Poly-Si gates 350 nm-thick were deposited by
LPCVD and subsequently n+ doped by POCl3 diffusion at 900 �C.
Metal contact pads were defined on a 400 nm-thick field oxide.
Measurements were performed at room temperature and dark
conditions. Negative voltages were applied to the gate with the
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substrate contact grounded. The use of different areas allowed
us to test devices with different series resistances [4] without
introducing any additional resistive component in the character-
ization circuit.

3. Parameters extraction and model equations

According to the FN model [8,9], the current density J = I/S that
flows through a thin dielectric layer when a field F is applied reads:

JðFÞ ¼ AF2 exp �B
F

� �
ð1Þ

where A ¼ mq3

8phm�U, B ¼ 8p
ffiffiffiffiffiffiffi
2m�
p

U3=2

3hq , m the electron mass, m⁄ the effec-
tive electron mass in the insulator, h the Planck’s constant, q the
electron charge, and / the cathode barrier height. Fig. 1 shows typ-
ical I–V characteristics for the available set of devices. With the sub-
stitution F = B/2y, Eq. (1) reads yey ¼ 1

2 ðAB2

J Þ
1=2, so that using the

Lambert W function [13], i.e. the solution of the equation
W(x)eW(x) = x, it is obtained:

FðJÞ ¼ B

2W 1
2

AB2

J

� �1=2
� � ð2Þ

In case of a MOS barrier with a resistance R in series, the oxide field
is given by the expression F = (V � DV � S.J.R)/tox, where V is the ap-
plied voltage and DV any possible correction due to the flatband
voltage and potential drops at the electrodes. Notice that, with
the inclusion of R, F depends on the current flowing through the de-
vice so that Eq. (1) is an implicit function of J. Even though, in gen-
eral, DV is a function of V, for the sake of simplicity we assume
DV = 1.2 V, which represents an average value for different oxide
thicknesses and technologies in accumulation conditions, including
polysilicon depletion [14]. In order to simulate the I–V characteris-
tics it is necessary first to have a well-defined set of model param-
eters. Following [15], R, A, and B can be accurately determined from
the linearization of the FN plot. Fig. 2 shows the effect of varying R
on the FN plot linear correlation coefficient (LCC). In particular, for
the device with area S = 9.6 � 10�3 cm2, R = 952.3 X, A = 1.78 �
10�7 A/V2 and B = 238 MV/cm are found. Assuming m⁄ = 0.5 m
[16], we found / = 2.92 eV, which is within the common accepted
range for the cathode barrier height in these structures [17]. The
oscillatory behavior of the current is clearly visible, especially in

the low field FN region (F < 10 MV/cm). This part of the curve is
practically not affected by the series resistance value. Since we
are interested in modeling a set of characteristics measured on de-
vices with different gate areas, instead of analyzing isolated I–V
curves one by one, we minimize the LCC associated with the full
I–V data vector (four curves) but keeping R independent for each
individual curve. The outcome of this optimization and fitting pro-
cess is shown in Fig. 3. In this case A = 2.79 � 10�7 A/V2 and
B = 242 MV/cm are found, which are slightly different from the pre-
vious values because of the global optimization process. Notice that,
assuming m⁄ = 0.5 m and / = 2.92 eV, A = 2.63 � 10�7 A/V2 is calcu-
lated from the FN theory, which is in close agreement with the
experimental value of A referred above. Next, using Eq. (2) and
the definition of the oxide field, we obtain:

V ¼ DV þ SJRþ Btox

2
W

1
2

AB2

J

 !1=2
2
4

3
5

8<
:

9=
;
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ð3Þ

which is the theoretical expression for the V–J characteristic we
were looking for. In Fig. 1, fitting results obtained with Eq. (3)
(red solid line) and with the standard FN model Eq. (1) (blue dashed
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Fig. 1. Current–voltage characteristics for different gate areas ranging from 10�5 to
10�3 cm2. The symbols correspond to the experimental data whereas the solid (red)
and dashed (blue) lines correspond to simulated I–V curves. (For interpretation of
the references to color in this figure legend, the reader is referred to the web version
of this article.)
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Fig. 2. Fowler–Nordheim plots for the data corresponding to the sample with area
S = 9.6 � 10�3 cm2 shown in Fig. 1. The inset shows the linear correlation coefficient
(LCC) associated with these curves as a function of R. The minimum is found for
R = 952.3 X (red symbols). (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)
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Fig. 3. Fowler–Nordheim plots after global optimization for samples with different
areas. The red solid line shows the best fitting result associated with the full I–V
data vector (four curves). (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
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line) are compared. As expected the agreement is total in the low
field region and the deviations become evident as the potential drop
across R cannot longer be neglected.

To go farther, a crucial point that needs to be discussed in con-
nection with the Lambert W function is what kind of approxima-
tion should be used to compute it. In this regard, let us point out
that Eq. (3) is considered an exact result in the sense that W can
be numerically determined within the required precision. Many
commercial software packages like MATLAB or MATHEMATICA
provide efficient solutions to this problem. However, a major ques-
tion with the analytic treatment of this function is that its Taylor
series oscillates between ever larger positive and negative values
becoming useless for practical purposes [18]. An alternative meth-
od other than a series expansion is therefore imperatively required.
In [19], it was shown that a practical formula to compute W is gi-
ven by the expression:

WðxÞ � lnð1þ xÞ 1� ln½1þ lnð1þ xÞ�
2þ lnð1þ xÞ

	 

ð4Þ

which is based on a Padé-type approximation. Other expressions
can also be found in literature [13–18] but are more complicated.
The solid lines in Fig. 1 were calculated using Eq. (4). Finally, in or-
der to show that Eq. (4) is accurately enough, Fig. 4 illustrates the
error in the gate voltage given by Eq. (3) calculated using Eq. (4)
and the results provided by MATLAB for the Lambert W function.
The agreement is excellent within the considered experimental
voltage/current window and the error is only slightly dependent
on the series resistance values (see Fig. 4’s inset). In any case, the
error is always less than 0.65% in the gate voltage for any given cur-
rent level.

4. Conclusion

A closed-form expression for the Fowler–Nordheim tunneling
characteristic (V–I) in MOS devices including the series resistance
effect was reported. In order to fit the experimental data we have
utilized a simple yet accurate method for extracting the parame-
ters associated with this conduction mechanism based on the lin-
earization of the Fowler–Nordheim plot. An approximate
expression for the Lambert W function based on a Padé-type
approximation was also provided.
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density J. V is calculated using Eq. (3) and the value of the Lambert W function given
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