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Head response to sea level fluctuations has been extensively used for characterizing coastal aquifers.
When the aquifer is semiconfined and extends for a certain distance D under the sea, head response
results from the superposition of two types of effects: hydraulic (i.e., ground water flow connection
through aquifer and aquitard) and mechanical (induced by tidal loading onto the sea floor). Solutions
are available for this problem that has been analyzed before, but only for D zero or infinity. These solu-
tions do not allow analyzing aquifer systems that extends for a finite D, or identifying them, which is crit-
ical for coastal aquifer management. We derive an exact analytical solution that describes separately the
mechanical and hydraulic effects. The proposed analytical solution is a generalization of most of existing
analytical solutions. A simpler approximate analytical solution is also obtained for soft aquitards with
low permeabilities. We find that the impact of the hydraulic component of the aquitard and the mechan-
ical effects in the total head fluctuation at the shoreline is significant, but not very sensitive to the prop-
erties of the aquitard. The amplitude of these fluctuations relative to that of the sea tide ranges
approximately between 1 (small D) and 0.5 (large D). This implies that aquifer penetration under the
sea can indeed be identified if it is below a certain threshold, beyond which the system responds as if
D was infinity. Surprisingly, the time lag is close to zero regardless of hydraulic parameters of the aquifer
system.

� 2012 Elsevier B.V. All rights reserved.
1. Introduction

The study of the dynamic relationship between sea tides and
coastal groundwater using analytical models has received much
attention since the 1950s. Aquifer head fluctuations are important
for two main reasons. First, gradient fluctuations cause an increase
in local dispersivity (Dentz and Carrera, 2005, 2007; Cirpka and
Attinger, 2003). This increase causes the freshwater-saltwater mix-
ing zone to broaden (Abarca et al., 2007) and enhances mixing,
which activates chemical reactions (Sanford and Konikov, 1989;
Rezaei et al., 2005). Second, tide-induced fluctuations can be used
to derive aquifer parameters in coastal regions (e.g. Jha et al.,
2003). Jacob (1950) and Ferris (1951) were the first to derive ana-
lytical equations for describing tide-induced head fluctuations in
an aquifer that ends at the coastline. These equations predict that
head fluctuations are dampened and shifted in time with respect to
sea level fluctuations. The phase shift and the exponent of the
dampening are identical and depend on hydraulic diffusivity (Carr
ll rights reserved.
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and van der Kamp, 1969). Therefore, it is not surprising that the re-
sponse to sea level fluctuations, possibly coupled with pumping
test data, has been widely used to estimate hydraulic parameters
of coastal aquifers (e.g. Pandit et al., 1991; Jha et al., 2003; Banerjee
et al., 2008; Carol et al., 2009).

The hydraulic diffusivity obtained by matching the phase shift
and amplitude reduction of head data with respect to tides is
important in itself because diffusivity is an excellent indicator of
connectivity (Knudby and Carrera, 2006). Slooten et al. (2010)
showed that tidal response inland is most sensitive to hydraulic
conductivity near the shore. Therefore, by performing this analysis
at many observation wells, one can infer which areas are well con-
nected to the sea (i.e., those with high diffusivity). In fact, tidal re-
sponse data coupled with pump tests have been used to derive
spatially varying maps of transmissivity (Alcolea et al., 2007, 2009).

Tidal response data can ideally be used to derive also the offshore
distance at which a confined aquifer is connected to the sea (Li and
Chen, 1991). The resulting information is of basic importance for
coastal aquifer management because pumping should concentrate
in areas that are far from, or poorly connected with, the sea. How-
ever, while the approach sounds exciting, difficulties arise in prac-
tice. For instance, the hydraulic diffusivity derived from amplitude
damping is often different to that derived from phase shift for
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confined and semiconfined aquifers (e.g. Trefry, 1999; Zhou, 2008).
Several factors contribute to difficulties. First, the connection to the
sea in (semi) confined aquifers does not occur at the shore, but at a
seawards distance, which is usually unknown. Second, part of the ti-
dal wave is absorbed by leakage into the aquitard. Third, part of the
signal is caused not by hydraulic connection, but by mechanical
loading. Additionally, though not discussed here, heterogeneity or
inland fluctuations in recharge or pumping also add complexity to
the problem (Townley, 1995; Trefry, 1999; Slooten et al. (2010);
Monachesi and Guarracino, 2011). These three factors have been
the subject of some research, as discussed below.

The effect of leakage on tide-induced head fluctuations in a hor-
izontal confined aquifer overlain by a semipermeable layer has been
studied by many researchers. Jiao and Tang (1999) developed an
analytical solution for an aquifer system that ends at the coastline
assuming that the leakage is linearly proportional to the difference
in head between the two formations (i.e., neglecting the dampening
effect of elastic storage at the aquitard). Based on the same hypoth-
eses Li and Jiao (2001a) obtained an analytical solution for an aqui-
fer system that extends a certain distance under the sea. They
conclude that leakage from the offshore portion of the aquitard
tends to increase the groundwater fluctuation, while leakage from
the inland portion tends to decrease the fluctuation. As a result,
the amplitude reduction exponent is not identical to the phase shift.

A more realistic approximation to leakage can be obtained by
acknowledging the effect of the elastic storage of the aquitard,
which damps the water flux across the aquitard driven by head
gradients, but causes water fluxes driven by mechanical loading.
Sea level fluctuations imply fluctuations in the loading exerted
by the sea over the medium. According to Terzaghi’s theory (Ter-
zaghi, 1954), an increase in loading will be initially reflected in
an increase in water pressure which will be slowly dissipated,
and absorbed by the porous matrix, as water flows away. This ef-
fect is easily represented as a sink/source term proportional to
the time derivative of the total stress (Bear, 1972) which in this
case is proportional to the seawater level. The resulting mathemat-
ical description consists of two coupled boundary-value problems
that describe water flow subject to periodic elastic compressions
and expansions in the aquifer and the aquitard.

Li and Jiao (2001b) obtained analytical solutions of the two cou-
pled boundary-value problems for an aquifer system that terminates
at the coastline. More recently, Li et al. (2008) solved this problem for
an aquifer system that extends infinitely under the sea and showed
that the elastic storage of the aquitard can significantly enhance the
tidal head fluctuation in the aquifer. Shortly afterwards, Geng et al.
(2009) considered the case of a single confined aquifer where its sub-
marine outlet is covered by a layer with properties dissimilar to the
aquifer. These works make it apparent that the effects of mechanical
loading and aquifer connection to the sea need to be taken into ac-
count. The question remains, however, as to whether seawards con-
nectivity can be identified. As discussed above, connection to the
sea is a critical issue for coastal aquifer management. It would be
desirable to tell whether an observed fluctuation is caused by hydrau-
lic connection to the sea or by tidal loading. Existing analytical solu-
tions do not allow this separation.

In this context, the objective of our work is to derive an exact
analytical solution to describe tide-induced head fluctuation in
an aquifer system that extends a finite distance under the sea, so
as to derive under which conditions such distance can be identified
from head measurements.
2. Mathematical model and analytical solution

We consider a coastal aquifer system consisting of an uncon-
fined aquifer, a confined aquifer and an aquitard (semipermeable
layer) between them. The unconfined aquifer ends at the coastline
and both the deep aquifer and the aquitard extend over a finite dis-
tance D under the sea, as shown in Fig. 1. This set-up is an exten-
sion of those by Li and Jiao (2001b) and Li et al. (2008), who
considered, D = 0 and D =1, respectively. For the mathematical
description of the problem we consider a Cartesian coordinate sys-
tem where the x-axis is positive landward with its origin at the
coastline in the middle point of the semipermeable layer. The z-
axis is vertical, positive upward, with its origin on the x-axis.

The following assumptions are made in order to derive an ana-
lytical solution: (a) all the layers are homogeneous and isotropic
and extend landward infinitely; (b) water flow is vertical in the
aquitard and horizontal in the confined aquifer (e.g. Neuman and
Witherspoon, 1969; Li and Jiao, 2002); (c) the water table fluctua-
tion in the unconfined aquifer is neglected (e.g. Jiao and Tang,
1999; Li et al., 2008); (d) spatial variations in salinity can be ne-
glected when computing head fluctuations induced by sea level
variations (Ataie-Ashtiani et al., 2001; Slooten et al., 2010). The
assumption (c) is supported by numerous field studies (e.g. White
and Roberts, 1994; Millham and Howes, 1995). Unconfined aqui-
fers usually have large specific yields which dump tidal effects so
that tidal fluctuations in unconfined aquifers can be negligible
compared to those in confined aquifers. Under the above assump-
tions, the mathematical model of groundwater response to tidal
fluctuations can be written as a system of two coupled bound-
ary-value problems for the aquitard and the confined aquifer.

Water flow in the aquitard (semipermeable layer) is assumed to
be vertical so no derivatives with respect to x are considered in
equations and no boundary conditions are required on vertical
boundaries. In this case, water flow is described by the following
boundary-value problem in terms of equivalent freshwater head
h1(x, z, t):

SS1
@h1

@t
¼ K1

@2h1

@z2 ; �1 < t <1; 0 6 x <1; �b1

2
< z

<
b1

2
ð1Þ

SS1
@h1

@t
¼ K1

@2h1

@z2 þ SS1Le1
dhS

dt
; �1 < t <1; �D 6 x

< 0; �b1

2
< z <

b1

2
ð2Þ

h1ðx; b1=2; tÞ ¼ 0; �1 < t <1; 0 6 x <1 ð3Þ

h1ðx; b1=2; tÞ ¼ hSðtÞ ¼ Arq cosðxtÞ; �1 < t <1; �D 6 x

< 0 ð4Þ

h1ðx;�b1=2; tÞ ¼ hðx; tÞ; �1 < t <1; �D 6 x <1 ð5Þ

where SS1 is specific storage (L�1); K1, hydraulic conductivity (LT�1);
Le1, tidal loading efficiency (–); b1, thickness of the layer (L); hS, tidal
sea level (L); A, tidal amplitude (L); rq, density ratio (–), that is,
rq = qs/qf, where qs and qf are the densities of seawater and fresh-
water, respectively; x, tidal angular velocity (T�1); and h is the
equivalent freshwater head (L) in the confined aquifer. The mechan-
ical effect generated by the elastic compression and expansion of
the semipermeable layer due to sea-tide loading is modelled by
Eq. (2). For a detailed description of this equation and involved
parameters we refer to van der Kamp and Gale (1983).Water flow
in the confined aquifer is described by the following boundary-va-
lue problem in terms of head h(x, t):
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Fig. 1. Schematic of the coastal aquifer system extending under the sea.

152 L. Guarracino et al. / Journal of Hydrology 450–451 (2012) 150–158
S
@h
@t
¼ T

@2h
@x2 þ K1

@h1

@z

����
z¼�b1=2

þ SLe
dhS

dt
; �1 < t <1;

� D 6 x < 0 ð7Þ
lim
x!1

@h
@x
¼ 0; �1 < t <1 ð8Þ
hð�D; tÞ ¼ hSðtÞ ¼ Arq cosðxtÞ �1 < t <1 ð9Þ
lim
x!0þ

hðx; tÞ ¼ lim
x!0�

hðx; tÞ; �1 < t <1 ð10Þ
lim
x!0þ

@h
@x
¼ lim

x!0�

@h
@x
; �1 < t <1 ð11Þ

where S is the storativity (–); T, the transmissivity (L2 T�1); and Le is
the tidal loading efficiency (–). Eq. (7) describes the mechanical ef-
fect on the confined aquifer. The boundary condition (8) expresses
that tidal induced water flux tends to zero far inland. The hydraulic
connection between seawater and groundwater is established by
the Dirichlet boundary condition (9). Eqs. (10) and (11) state the
continuities of water head and water flow at the coastline, respec-
tively.In order to compare the analytical solution with previous
studies we use the aquifer and aquitard tidal propagation parame-
ters a (L�1) and a1 (L�1), respectively, and the leakage number u (–)
which are defined as (Li and Jiao, 2001b; Li et al., 2008):

a ¼
ffiffiffiffiffiffiffi
xS
2T

r
; a1 ¼

ffiffiffiffiffiffiffiffiffiffiffi
xSS1

2K1

s
; u ¼ K1

xSb1
: ð12Þ

The meaning of a (and a1) is well known since Carr and van der
Kamp (1969); 1/a is the characteristic dampening distance defined
as the distance at which the amplitude of head fluctuation decays
by a factor of 1/e � 0.37, so that hydraulic fluctuations virtually dis-
appear for distances inland around 3/a. Similarly direct hydraulic
connection (leakage) across the semipermeable layer can be ne-
glected if b1� 1/a1.Moreover, water fluxes produced by mechanical
loading are relevant over a thickness of the order of 1/a1. The mean-
ing of u is more subtle. It compares the leakage produced across the
aquitard by a change Dh in the sea level (K1Dh/b1) with the flux
needed during a tidal cycle to produce the same head change in
the aquifer (SxDh), so that the leakage component can be neglected
when u� 1. This discussion suggests using tidal dampening factors
of the aquifer and aquitard, a and a1, together with the dimension-
less leakage factor u (plus loading efficiencies) as characteristic vari-
ables of the problem. As we shall see, this is not the most
convenient option.

The analytical solution in the confined aquifer can be expressed
as the sum of three components:

hðx; tÞ ¼ hhðx; tÞ þ hh1ðx; tÞ þ hmðx; tÞ ð13Þ

where hh is the hydraulic component caused by direct connection
between seawater and groundwater along the aquifer, hh1 the
hydraulic component caused by indirect hydraulic connection
through the aquitard, and hm the mechanical component induced
by tidal loading onto the sea floor. The above components have
the following expressions (see appendix for the derivation):

hhðx; tÞ ¼ Arqgðxþ D; t;0Þ ð14Þ

where g(x, t, u) = e�apx cos (xt - aqx - u), and

hh1ðx; tÞ ¼ ArqCe1f ðx; t;u1Þ ð15Þ

hmðx; tÞ ¼ Arq½Cef ðx; t;uÞ � Ce1f ðx; t;u1Þ� ð16Þ

where Ce and u are the comprehensive tidal efficiency and phase
shift defined by Li et al. (2008) for the aquifer system; Ce1 and u1

the comprehensive tidal efficiency and phase shift when loading ef-
fects are neglected (Le1 = Le = 0); and

f ðx;t;uÞ¼
gð0;t;uÞþ1

2gð2Dþx;t;uÞ�gðDþx;t;uÞ� 1
2gð�x;t;uÞ; �D6x<0

1
2gðx;t;uÞþ1

2gð2Dþx;t;uÞ�gðDþx;t;uÞ; 06x<1:

(

ð17Þ

The comprehensive tidal efficiency and phase shift are defined as
follows (Li et al., 2008):

Ce ¼
e

ðpþ iqÞ2

�����
�����; u ¼ � arg

e
ðpþ iqÞ2

 !
ð18Þ

where
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ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
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q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ uIcÞ2 þ ðuRcÞ2

q
� uRc

r
ð20Þ

e ¼ 2iLe þ 2uð1þ iÞa1b1
1þ Le1fcosh½ð1þ iÞa1b1� � 1g

sinh½ð1þ iÞa1b1�
ð21Þ

with
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Rc ¼ Refð1þ iÞa1b1 coth½ð1þ iÞa1b1�g
Ic ¼ Imfð1þ iÞa1b1 coth½ð1þ iÞa1b1�g:

ð22Þ

These equations are somewhat involved, so their meaning is not
immediately grasped. For this purpose, in the next section we ex-
plore some limiting cases which allow verifying our solution by
comparison with other published solutions. This comparison also
sheds some light on the physical interpretation of our solution.
3. Limiting cases and comparison with existing solutions

We consider three sets of limiting cases. First we analyze the
asymptotic limits of very small and very large D. Second, we ana-
lyze the asymptotic limits corresponding to high and low perme-
ability and specific storage of the aquitard.

3.1. Negligible and infinite extent of the aquifer under the sea

The proposed analytical solution is a generalization of the solu-
tions obtained by Li and Jiao (2001b) and Li et al. (2008) which con-
sider, respectively, zero and infinite extensions of the aquifer
system under the sea. These analytical solutions describe two limit
cases where head fluctuations are exclusively induced by hydraulic
connection (Li and Jiao, 2001b) and by hydro-mechanical effects (Li
et al., 2008).

Case 1: If D is very small (D ’ 0), it is easy to check that
f(x, t, u) ’ 0 and Eq. (13) leads to:

hðx; tÞ ¼ hhðx; tÞ ¼ Arqe�apx cosðxt � aqxÞ; 0 6 x <1 ð23Þ

which is essentially the analytical solution obtained by Li and Jiao
(2001b) except for the density ratio, rq, which they assumed to be
1. It is important to remark that the amplitude of the head fluctua-
tion is dampened by a factor e�apx with p P 1 (see Eq. (19)). Notice
that the ap term appears in all the dampening terms in Eqs. (14)–
(16). Therefore, the dampening distance that was originally defined
for a single confined aquifer, has to be redefined as 1/ap. Also note
that time–lags between sea tide and head fluctuation predicted by
(23) and the classical solution obtained by Ferris (1951) differ a fac-
tor q. Fig. 2 shows how p and q change with dimensionless thickness
of the aquitard (a1b1) and the leakage parameter u. Values of p and q
increase with both a1b1 and u, resulting in more dampened ampli-
tudes and larger time–lags.

Case 2: If D is very large (D ?1), head fluctuations produced far
offshore will be dampened at the shore. That is, Eq. (13) becomes:
 0
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Fig. 2. Changes of p and q coefficients with dimensionless aquitard thickness a1b1

for different values of leakage parameter u.
hðx; tÞ ¼ h1ðx; tÞ þ hmðx; tÞ ¼
ArqCe

2 gðx; t;uÞ; 0 6 x <1
Arq½gð0; t;uÞ � 1

2 gð�x; t;uÞ�; �1 < x < 0

(

ð24Þ

which is exactly the same equation obtained by Li et al. (2008) for
an aquifer extending infinitely under the sea.

Comparison of these two extreme cases provides some insight
into the nature of the three components of head fluctuations. We
discuss only the inland portion of the solution (0 6 x 61) where
observation wells are usually located. When D = 0, the amplitude
of freshwater head in the aquifer at the sea outlet is equal to that
of the tide (Arq), which is dampened inland by a factor e�apx and
shifted aqx in time (Li and Jiao, 2001b). Notice that using the dis-
tance to the outlet (x + D), instead of x, the solution to this case is
exactly the aquifer hydraulic component hh (Eq. (14)). The other
extreme case (D =1) will occur when apD is large (say apD > 3).
In this case, sea level fluctuations at the outlet are dampened by
energy losses in the aquifer (represented by tidal propagation
parameter a), which may be enhanced by fluxes into the aquitard
(whose effect is represented by factor p). As it can be observed in
Fig. 2, p may be much larger than 1, so that the role of the aquitard
can be important in shortening the distance where outlet fluctua-
tions are relevant. In this case, the amplitude at the coast is re-
duced by Ce/2. Since Ce is typically around 1, this implies an
approximately 1/2 reduction of the sea level amplitude.

3.2. Asymptotic limits of aquitard parameters

Case 3: Impermeable confining layer (k1 � 0) and infinite extent
of the aquifer under the sea (D =1)

The most immediate simplification of (24) is the case of imper-
meable confining layer derived by van der Kamp (1972). Letting
u = 0 in (19)–(22) yields p = 1, q = 1 and e = 2iLe. Substituting these
values back in (18) we have Ce = Le and u = 0, so that (24) becomes

hðx; tÞ ¼
ArqLe

2 e�ax cosðxt � axÞ; 0 6 x <1
ArqLe½cosðxtÞ � 1

2 eax cosðxt þ axÞ�; �1 < x < 0

(

ð25Þ

which is the analytical solution obtained by van der Kamp (1972)
for rq = 1. Notice that the main difference between this solution
and (24) lies in the dampening and phase shift factor. The p and q
factors represent the contribution from the semipermeable layer.
Therefore, they should be equal to 1 whenever leakage across the
aquitard (k1/b1) is small compared to the storage capacity of the
aquifer during a tidal cycle (sx).

Case 4: Impermeable confining layer (k1 � 0) and rigid aquifer
(Le = 0)

Assuming that Le = 0 and that the permeability of the confining
layer is very low (u<<1) then the aquitard contribution becomes
small and we recover Eq. (14) with p = q = 1. This is the traditional
solution obtained by Jacob (1950) and Ferris (1951) but with
(x + D) instead of x.

Case 5: Stiff aquitard (Ss1 � 0)
A simpler analytical solution can be obtained for very stiff aqui-

tards (negligible SS1, i.e., a1 ? 0). Asymptotic approximations of

(19)–(22) yields p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ u2
p

þ u
p

; q ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ u2
p

� u
p

and e =
2(u + iLe). Substituting these values back in (18) we have:

Ce ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
u2 þ L2

e

u2 þ 1

s
; u ¼ � arg

uðLe � 1Þ
u2 þ Le

� �
: ð26Þ

The analytical solution obtained with the above expressions of the
comprehensive tidal efficiency and tidal phase shift is identical to
the solution derived by Li and Jiao (2001a) for a leaky aquifer sys-
tem ignoring the effect of the elastic storage of the semipermeable
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layer. The equality of both expressions can be verified by replacing
(26) in (16) and rewriting expressions (13) in terms of cos(xt � aqx)
and sin(xt � aqx).

Case 6: Soft aquitards with low permeabilities
The confining layer of coastal aquifers often consists of materi-

als deposited under submarine conditions during the Holocene.
That is, they tend to be very fine (i.e., low K1) and soft (i.e., high
SS1). Therefore, it is reasonable to assume that a1 will be large (1/
a1� b1), but not infinite, whereas u will be very small. If a1b1 is
very large, then Rc = Ic = a1b1 and e = 2iLe + 2(i + 1)ua1b1Le1. Substi-
tuting these into (18)–(20) yields

Ce ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
½c2Le1 þ ð1þ cÞðLe þ cLe1Þ�2 þ c2ðLe � Le1Þ2

q
c2 þ ð1þ cÞ2

u ¼ � arg
cðLe � Le1Þ

c2Le1 þ ð1þ cÞðLe þ cLe1Þ

� �

p ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ cÞ2 þ c2

q
þ c

r
; q ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þ cÞ2 þ c2

q
� c

r
ð27Þ

where c ¼ a1b1u ¼
ffiffiffiffiffiffiffiffiffi
Ss1K1

2xS2

q
.

The main implication of the analytical solution given by (27) is
that the aquifer response to tides no longer depends on u and a1

separately, but only on c, which simplifies the analysis. The dimen-
sionless number c represents the amount of water released from
elastic storage in the aquitard during each tidal cycle, relative to
the storage capacity of the aquifer. Therefore, it is a sorptivity
parameter similar to the one controlling early time water uptake
by aquifers in Pulse Tests (Hsieh et al., 1981; Papadopoulos et al.,
1973) or early time solute diffusion into immobile matrices during
tracer tests in fractured media (Medina and Carrera, 1996; Carrera
et al., 1998). Finally, a rather simple solution can be obtained by
assuming Le = Le1. Substituting the above values of p and q into
Eq. (21) for e and Eq. (18) for Ce and u yields Ce = Le and u = 0.
Therefore, the solution becomes:

hðx; tÞ ¼ Arp½
Le

2
ðgðx;0Þ þ gð2Dþ x;0ÞÞ þ ð1� LeÞgðDþ x; 0Þ�: ð28Þ
4. Discussion of the proposed solution

In order to analyze groundwater fluctuations induced by sea
tides for different extensions of the aquifer system under the sea,
we design the following hypothetical example. The aquifer system
consists of a confined sand aquifer overlain by a 5 m confining silt
layer. The hydraulic and elastic parameters of the silt and sand lay-
ers are assumed to be SS1 = 0.0001 1/m, K1 = 0.001 m/h, Le1 = 1,
S = 0.0002, T = 20 m2/h and Le = 0.9. On the other hand, the sea tide
is assumed to be semidiurnal (period of 12.4 h) with an amplitude of
1 m and density ratio rp = 1.025. Using these values, we obtain the
following parameters for the analytical solution: a = 0.15917 �
10�2 1/m, a1 = 0.15917 1/m, u = 1.9735, p = 2.1868, q = 0.8345,
Ce = 0.9760, Ce1 = 0.7141, u = �2.789510�2, u1 = �0.9395.

Fig. 3 displays the temporal evolution of sea tide, total head
fluctuation h, aquifer’s hydraulic component hh, aquitard’s hydrau-
lic component hh1 and mechanical component hh1 at the coastline
(x = 0) for extensions of 100 and 1000 m of the aquifer system un-
der the sea. It can be observed that for D = 100 m, the amplitudes of
hh1 and hm are small and the main contribution to the total head
fluctuation comes from the hh component. Conversely, for
D = 1000 m, the amplitude of hh is highly attenuated and the total
head h is basically determined by hh1 and hm. This simple test illus-
trates the importance of decoupling hydraulic and mechanical ef-
fects to better understand the origin of head fluctuation and flow
dynamics in the aquifer system.
In order to perform a more general analysis of the effect of
hydraulic parameters on tide-induced fluctuations, we compute
amplitudes and time lags of the total head fluctuation and its com-
ponents in a piezometer located at the coastline. The maximum
heads can be obtained by evaluating the analytical expressions
(13)–(16) at the point where the temporal derivatives are zero.
The time values th, th1, tm and tt for which the respective heads
hh, hh1, hhm and h reach the first maximum have the following
expressions:

th ¼
aqðDþ xÞ

x
ð29Þ

th1 ¼
1
x

tan�1 sð0;u1Þ þ sð2D;u1Þ � 2sðD;u1Þ
cð0;u1Þ þ cð2D;u1Þ � 2cðD;u1Þ

� �
ð30Þ

tm¼
1
x

� tan�1 Ce½sð0;uÞþsð2D;uÞ�2sðD;uÞ��Ce1½sð0;u1Þþsð2D;u1Þ�2sðD;u1Þ�
Ce½cð0;uÞþcð2D;uÞ�2cðD;uÞ��Ce1½cð0;u1Þþcð2D;u1Þ�2cðD;u1Þ�

� �
ð31Þ

where c(D, u) = e-apD cos(aq(x + D) � u) and s(D, u) = e-apD sin(aq
(x + D) � u). The sea tide has a maximum at t = 0 (Eq. (9)), then
the above equations describe the time–lag between the sea tide
and the tide-induced in the observation point. In the following we
analyze sequentially the three head components for varying apD
using the parameters defined at the beginning of this section. We
then analyze the effects of a1b1, u, and c. Fig. 4 displays the maxi-
mum heads (half amplitude) and time lags of hh, hh1, hm and h at
the coastline (x = 0) as a function of the dimensionless extension
of the aquifer system under the sea apD. The hydraulic component
of the confined aquifer hh goes to 0 as the aquifer system increases
seaward. That is, the aquifer hydraulic connection is dampened
as D grows, both because of head attenuation in the aquifer
(tidal propagation parameter a) and because of flux into the
aquitard (factor p). Meanwhile, the aquitard hydraulic component
hh1 tends to an asymptotic constant value ArqCe1/2. The maximum
head of the mechanical component hm increases from 0 to

Arq

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
C2

e þ C2
e1 þ 2CeCe1 cosðu�u1Þ

q
=2 when apD increases. Finally,

the total fluctuation h decreases from Arq to the asymptotic value
ArqCe/2, that corresponds to the amplitude of h for an infinite exten-
sion of the aquifer system as derived by Li et al. (2008). Note that h
is almost constant from apD = 2, even though the individual compo-
nents have not yet reached its asymptotic values. That is, the de-
crease in hh is compensated by the increase in hh1 and hm for
apD > 2. From the analysis of maximum head fluctuations we can
conclude that amplitudes of h which are approximately half of the
sea tide amplitude do not indicate a good hydraulic connection be-
tween the seawater and the confined aquifer. On the contrary, they
may suggest that the outlet is far away. When the aquifer system
extends a distance greater than about 3apD head fluctuations are
originated by leakage trough the aquitard and loading effects. Over-
all, the semi amplitude of total head, h, is approximately

Ah ¼ Arq
Ce

2
þ 1� Ce

2

� �
e�2apD

� 	
’ Arq

2
ð1þ e�2apDÞ: ð32Þ

The time–lags between the first maximum of the sea tide and the
maximum amplitudes of hh, hh1, hm and h are estimated from
expressions (28)–(31). The time–lag of hh increases linearly with
apD while time–lags of hh1 and hm go respectively to the constant

asymptotic values �u1/x and � 1
x tan�1 Ce sinu�Ce1 sinu1

Ce cos u�Ce1 cos u1

h i
. A surpris-

ing observation is that time–lag of the total fluctuation h is rela-
tively small and goes rapidly to an asymptotic value near to zero
(�u/x). This implies that the leakage of the aquitard and mechan-
ical effects tend to synchronize the phase of the total head h with
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the sea tide. If these effects are not included in the analysis, the
time–lag would linearly increase with apD according to Eq. (28).

The dimensionless thickness of the aquitard (a1b1) influences
the total head h via h1 and hm components. Fig. 5 displays the
changes of maximum head amplitudes and time–lags with the
dimensionless extension under the sea apD for two extreme values
of the dimensionless thickness of the aquitard a1b1. For a1b1 = 0.1,
the aquitard is virtually non-existent and water flow takes place
through the top of the aquifer giving as a result a maximum value
of the hydraulic component hh1. In this case, the mechanical com-
ponent hm reflects basically loading effects in the confined aquifer.
On the other hand, when a1b1 = 5 the hydraulic component hh1 is
negligible and the mechanical component hm reaches its maximum
value. For apD > 3 the total head fluctuation h is basically origi-
nated by mechanical effects. Note that even though the mechanical
and hydraulic components show significant variations with the
thickness of the aquitard, the total head fluctuation is only lightly
influenced by this parameter, as shown by Eq. (32). A similar con-
clusion can be obtained from the analysis of time–lags. The time–
lag of total head fluctuation is not very sensitive to the thickness of
the aquitard and it is almost in phase with the sea tide.

Fig. 6 shows how the maximum heads and time–lags change
with the leakage parameter u. For u = 0.1, the hydraulic component
h1 is small while the mechanical component hm reaches large val-
ues. As expected, this situation is similar to the one described in
Fig. 4 for a large aquitard thickness. The maximum head curves
for u = 10 are almost identical to the ones obtained for small aqui-
tard thicknesses, except for the mechanical component hm which
now includes the loading effects of both confined aquifer and
aquitard.

Finally, we test the accuracy of the approximated analytical
solution obtained for a soft aquitad with low permeability. The
coefficients given by Equations (28)–(31) are expressed in terms
of c = a1b1u and are valid for large values of a1b1 and small values
of u. Fig. 7 shows the maximum head and time–lag of total head
fluctuation as a function of the dimensionless extension under
the sea apD obtained with the exact and approximate analytical
solutions for a1b1 = 2 and u = 0.5 (c = 1). As the figure clearly shows,
the predicted values by both analytical solutions are in excellent
agreement. Therefore, the proposed approximate solution can be
used in many practical situations where the conditions imposed
on a1b1 and u are naturally satisfied.
5. Conclusions

We have derived an analytical solution to study hydraulic and
mechanical effects on tide-induced head fluctuations in a costal
aquifer system that extends a finite distance under the sea, with
the ultimate aim of analyzing whether this distance can be esti-
mated from head observations at piezometers near the coast. The
mechanical effect is originated by the fluctuations of sea level that
compress and expand elastically the offshore portion of the
aquifer–aquitard system. The hydraulic components reflect leak-
age across the aquitard and flow through the aquifer. The derived
analytical solution is a generalization of those by Li and Jiao
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Fig. 5. Maximum heads and time–lags at the coastline versus dimensionless extension under the sea apD for different thickness of the aquitard.
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(2001b) and Li et al. (2008) which consider, respectively, zero and
infinite extensions of the aquifer system under the sea. We have
also derived closed-form expressions for maximum amplitudes
and for time lags between sea tide and tide-induced head
fluctuations.

Asymptotic analysis of the solution, which facilitated compari-
son with existing analytical solutions, and hypothetic studies show
that the hydraulic component of the aquitard and mechanical ef-
fects increase the amplitude of the total groundwater fluctuation
observed inland and tends to synchronize its phase with the sea
tide. These results indicate that large amplitudes of tide-induced
head fluctuations cannot be associated with good hydraulic con-
nection between the seawater and the confined aquifer. In fact,
the sensitivity analysis points out that it is very hard to identify
the offshore distance of the deep aquifer outlet. The hydro-
mechanical effect is significant for intermediate and large exten-
sions of aquifer system under the sea and should be included in
the estimation of hydraulic parameters from tide-induced ground-
water fluctuations.

Identification of the distance of the aquifer outlet to the sea is
only possible when apD is smaller than 3. Otherwise, the aquifer
response is independent of D (as if D was infinite), which was
the case analyzed by Li et al. (2008). In this case, the amplitude
of the fluctuations at the shore is ArqCe/2 (approximately A/2),
and the phase shift is zero. The latter is useful to test the validity
of the hypotheses. If one observes a large phase shift, then it can
be concluded that our assumptions are not applicable. Hydraulic
properties can be derived if additional wells are available inland
because the amplitude of fluctuations is dampened by a factor of
exp(�apx), whereas the phase is shifted by aqx.

On the other hand, if the amplitude is larger than one half of
that of tides, then one can estimate apD quite accurately. Since
ap can be obtained from the further reduction of amplitude inland,
we conclude that D can be obtained whenever a second piezometer
is available. Again, this situation can be validated by actual data be-
cause the phase shift at the coastline should be close to zero.

Appendix A

The solutions of differential problems (1)–(11) are obtained
from complex forms of the involved equations. Note that boundary
conditions (4) and (9) can be written as hs(t) = Re{Arqeixt}, then we
assume that h1 and h can be expressed as

h1ðx; z; tÞ ¼ RefArqYðx; zÞeixtg ðA1Þ

hðx; tÞ ¼ RefArqXðxÞeixtg ðA2Þ
where Y(x, z) and X(x) are complex functions. Substituting (A1) into
(1)–(5) we obtain the following differential problem:

@2Y
@z2 ¼ ix

SS1

K1
Y ; 0 6 x <1; � b1

2
< z <

b1

2
ðA3Þ

@2Y
@z2 ¼ ix

SS1

K1
ðY � Le1Þ; �D 6 x < 0; � b1

2
< z <

b1

2
ðA4Þ

Yðx; b1=2Þ ¼ 0; 0 6 x <1 ðA5Þ

Yðx; b1=2Þ ¼ 1; �D 6 x < 0 ðA6Þ

Yðx;�b1=2Þ ¼ XðxÞ; �D 6 x <1: ðA7Þ

The solution of (A3)–(A7) is:

Yðx; zÞ ¼ XðxÞ sinh½ð1þ iÞa1b1ð0:5� z=b1Þ�
sinh½ð1þ iÞa1b1�

; 0 6 x

<1; � b1

2
< z <

b1

2
ðA8Þ

Yðx; zÞ ¼ Le1 þ
ð1� Le1Þ sinh½ð1þ iÞa1b1ð0:5þ z=b1Þ�

sinh½ð1þ iÞa1b1�

þ ðXðxÞ � Le1Þ sinh½ð1þ iÞa1b1ð0:5� z=b1Þ�
sinh½ð1þ iÞa1b1�

; �D

6 x < 0; � b1

2
< z <

b1

2
: ðA9Þ

Similarly, substituting (A2) into (6)–(11) we obtain the following
differential problem:

@2X
@x2 ¼

ixS
T

XðxÞ � K1

T
@Y
@z

����
z¼�b1=2

; 0 6 x <1 ðA10Þ

@2X
@x2 ¼

ixS
T
ðXðxÞ � LeÞ �

K1

T
@Y
@z

����
z¼�b1=2

; �D 6 x < 0 ðA11Þ

lim
x!1

@X
@x
¼ 0 ðA12Þ

Xð�DÞ ¼ 1 ðA13Þ

lim
x!0þ

XðxÞ ¼ lim
x!0�

XðxÞ ðA14Þ

lim
x!0þ

@X
@x
¼ lim

x!0�

@X
@x

: ðA15Þ
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The solution to (A10)–(A15) is

XðxÞ ¼ e
2ðpþ iqÞ2

½e�aðpþiqÞx þ e�aðpþiqÞð2DþxÞ�

þ ½1� e
ðpþ iqÞ2

�e�aðpþiqÞðDþxÞ; 0 6 x <1 ðA16Þ

XðxÞ ¼ e
2ðpþ iqÞ2

½2� e�aðpþiqÞx þ e�aðpþiqÞð2DþxÞ�

þ ½1� e
ðpþ iqÞ2

�e�aðpþiqÞðDþxÞ; �D 6 x < 0 ðA17Þ

where pþ iq ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2iþ 2uð1þ iÞa1b1 coth½ð1þ iÞa1b1�

p
.

Finally, substituting (A8) and (A9) in (A1) we obtain the analyt-
ical solution for head fluctuations in the semipermeable layer; and
substituting (A16) and (A17) in (A2) we obtain the solution for the
confined aquifer given by (13)–(16).
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