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Chapter 1

Introduction

1.1 Background of this study

Most people associate the term “liquid crystals” (LCs) [1, 2] with LC displays, which are the

most widely applied technology using LCs in our daily life [3, 4]. However, as explained

in Chapter 2, the term “LC” describes not only LC displays but also a mesomorphic state

between the isotropic (Iso) and crystal phases. The fluidity, the anisotropy, and the flexible

responsiveness to the external fields of LCs lead to a myriad of intriguing phenomena. For

example, this dissertation discusses the “Lehmann effect” [5,6], whereby chiral LC molecules

are rotated by a thermomechanical cross coupling when a heat flux is applied.

Rotating devices driven by linear flows exist on various scales, from molecular motors to

turbines. Turbines convert the energy of a fluid flow, such as wind, steam, or running water,

into rotational motion by means of chirally arranged wings designed to extract mechanical

power. Windmills, which are turbines driven by wind, have been used for milling, water

pumping, and irrigation and have been in use for many centuries. When turbine-type steam

engines, which are driven by high-temperature and -pressure steam, were put into use, they
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superseded the older reciprocating steam engine, such as those invented by Watt. Steam

turbines made a major impact on industry and are now used in all major types of power

generation systems, including thermal and nuclear. In recent years the economy, society,

and industrial structures have started to demand clean energy in a quest to achieve “carbon

neutrality,” which means zero net emissions of greenhouse gases. One such clean energy

source is wind, and power generation using wind turbines is now attracting attention as a

clean energy source.

Consider now molecular motors: some rotate under a chemical potential gradient produced

by protons or other ions. Examples include the flagellar motors [7–10] of bacteria and

some of the ATPase [11–14], which are enzymes that hydrolyze adenosine triphosphate,

the energy source for all living organisms. These molecular motors are characterized by

a very high rotational efficiency of almost unity [7, 9, 14]. Elucidation of the mechanism

driving flagellar motors should not only contribute to the realization of ultra-efficient motors

and the development of nanomachines but also help control pathogenicity by the motility in

pathogenic bacteria [10]. Some ATPase dysfunctions are reportedly associated with diseases

such as osteoporosis, cancer, and deafness, making ATPase an important enzyme from the

physiological and medical points of view [15]. These examples show that the mechanism by

which flow is converted into rotational motion is important not only academically but also for

applications at various scales dating from ancient times to the present.

The Lehmann effect, in which the rotation of a chiral LC is driven by a heat flux, is a

type of rotating device similar to turbines where the flow is converted into the rotation of

a chiral system. However, turbines differ from the Lehmann effect. The kinetic energy of

the fluid produces a torque on the blades, thereby generating the rotational motion of the

turbine, whereas it is nontrivial how heat flow generates a torque in chiral LCs. Such phe-

nomena, in which a thermodynamically nonconjugate response occurs in an applied external
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field, are called “cross-correlation.” Thermoelectric cross-correlation between temperature

gradient and voltage, such as the Seebeck effect and the Peltier effect, and piezoelectric

cross-correlation between pressure and voltage are well known examples [16–20]. Peltier

devices, which exploit the thermoelectric effect, are widely used for cooling electronics and

medical equipment because they are compact, quiet, and easy to maintain since they have no

moving parts. Piezoelectric devices are used as actuators and sensors. Thus, devices utilizing

cross-correlation see wide use in our daily life.

Thus, converting flow to rotation and cross-correlation is interesting and important both

academically and in applications. The Lehmann effect is clearly important because it converts

heat flow into rotation of chiral LCs by thermomechanical cross correlation. In recent

years energy-frugality has becomes a vital issue for achieving a carbon-neutral society, so

the recuperation of unused thermal energy from homes, factories, nuclear power plants,

automobiles, etc. has attracted attention as one way to contribute to this goal. The Lehmann

effect can be driven by small temperature gradients of several mK μm−1, and is thus expected

to be applied to micromotors for exploiting unused thermal energy.

This study also focuses on the coexisting LC–isotropic phase. The coexisting phase itself

is easily found in nature. For example, if ice is placed in a glass and left at room temperature,

it becomes ice water with ice floating in the water at 0 ◦C. This is the coexistence of the

crystalline phase and the liquid phase (isotropic phase). When a room is heated on a cold

winter day, water droplets sometimes condense on the window glass, which is cooled by the

outside air. This is the coexistence of Iso phases of water (liquid) and water vapor (gas).

Since the transition between the LC phase and the Iso phase is also a weak first-order phase

transition, coexistence states such as ice–water or water–water vapor are possible. In this

study, spherical chiral LC droplets were formed in their Iso phase by keeping them at the

phase transition temperature, and the rotation of the droplets was detected upon applying
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a temperature gradient. The LC–Iso coexisting phases are characterized by their physical

properties and interfaces. The physical properties of the LC phases, such as orientation order,

dielectric anisotropy, and orientational elasticity (all of which will be described in detail in

Chapter 2) depend on temperature and discontinuously go to zero at the transition temperature

of the Iso phase [21]. It is difficult to accurately measure the physical properties of the LC

phase in the coexisting phases at the phase transition temperature, which is an unresolved

problem. In terms of the interface, the LC–Iso coexisting interface differs from the solid–

liquid and liquid–gas interfaces because the LC and Iso phases are both fluid and have almost

the same density whereas they have different orientational order and symmetry. The coexisting

interface and the liquid–liquid interface, which is formed with isotropic liquids, are clearly

distinguished because the LC–Iso phase transition is first order. Although some studies study

the static properties [22,23], the dynamic properties of the coexisting interface have yet to be

studied. The present study thus contributes to our knowledge of the coexisting interface.

1.2 Purpose of this study

The previous section describes how the Lehmann effect can be applied in society. Although the

Lehmann effect generates torque in chiral LC molecules, causing them to rotate, the specific

rotational motion of the molecules remains subject to debate (see details in Chapter 3). The

controversy over the rotation recalls the controversy over the geocentric versus heliocentric

models. Under the geocentric model, the sun, Moon, stars, and planets orbit Earth, which

is at the center of the Universe. In contrast, in the heliocentric model, Earth and the planets

orbit the sun, which is at the center of the Universe. These models could not be differentiated

by simply observing the sky, which led to the dispute.

The controversy over the rotational motion in the Lehmann effect is somewhat similar to
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this. However, the question is not whether the LC molecules rotate but whether they rotate

about their own axis or about the rotational axis. The rotational motion in which the molecules

rotate only in their orientation without moving their center of mass is called “director rotation.”

The revolution motion in which the molecules revolve about the central axis of rotation while

maintaining their relative orientation is called “rigid-body rotation.” Polarizing microscopy,

the most commonly used method for observing LCs, shows changes in the texture of liquid

crystals due to the Lehmann rotation. Just as we could not distinguish between heliocentric

and geocentric motion by looking at the sky, we cannot distinguish between director rotation

and rigid-body rotation by looking at polarizing microscopy images.

The purpose of this study is to clarify whether the textural rotation of chiral LC droplets

driven by the Lehmann effect is director rotation or rigid-body rotation. Although this is a

fundamental question, no clear evidence has appeared for over a hundred years since Lehmann

discovered this phenomenon in 1900. The question of whether textural rotation corresponds to

director rotation or to rigid-body rotation is intriguing from the physical point of view because

it is a fundamental question of how the microscopic torque exerted on the molecules drives

the macroscopic rotation of the LC droplets. In addition, distinguishing between director

rotation and rigid-body rotation and controlling these rotations will constitute a significant

contribution to their application as soft micromotors.

1.3 Structure of this dissertation

This doctoral dissertation consists of eight chapters. Chapter 2 summarizes the current

knowledge of LCs, which is necessary to understand this dissertation. Those already familiar

with LCs may skip this chapter.

Chapter 3 explicates the experimental history and the phenomenological description of the

5



Lehmann effect, which is the main topic of this dissertation. In addition, the most important

concepts in this dissertation (i.e., director rotation and rigid-body rotation) are explicated with

the help of previous studies.

My own studies are described in Chapters 4–7. Chapter 4 reports the results of measure-

ments of the flow associated with the Lehmann rotation of the LC droplets, which were done

by using the particle-tracking method. These experiments detected the flow associated with

droplet rotation, with the results being independent of the orientational interior structure of the

droplets. Furthermore, I formed dumbbell-shaped aggregates from two droplets and a particle

aggregate and forced the rotation of the composite while retaining its interior structure. These

results show that flow rotates the droplets and the composites, which shows that rigid-body

rotation can be driven by the Lehmann effect.

Chapter 5 discusses the coupling constant between heat flux and the torque generated,

which provides a measure of the efficiency of the Lehmann effect. A temperature gradient

and an electric field were applied simultaneously to Ch droplets, and the coupling constant

was obtained from the static balance between the Lehmann-induced torque and the electric-

field-induced torque. The advantage of such static measurements is that the contribution of

dynamic viscous friction at the interfaces is eliminated. Although this measurement method

has been used in previous studies, I use it here to estimate the coupling constant by accurately

accounting for the spatial dependence of the electric field.

Chapter 6 discusses the mechanism by which the microscopic Lehmann torque acting on

the LC molecules drives the macroscopic rigid-body rotation of LC droplets in terms of the

anchoring at the interface and orientational elasticity. Furthermore, I calculate the Lehmann

torque on the droplets and the viscous torque required to balance the Lehmann torque; I

furthermore provide a consistent explanation of the rigid-body rotation of an individual

droplet and of a composite.
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Chapter 7 reports the use of the particle tracking method to measure the flow field in the

Iso phase in the vicinity of a rotating droplet. No flow was detected in the vicinity of the

rotating droplets, suggesting that friction is extraordinarily low at the interface between the

coexisting Ch and Iso phases.

Finally, Chapter 8 summarizes this study.
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Chapter 2

Liquid Crystals

2.1 Definition of liquid crystals

2.1.1 Gases, liquids, and crystals

States or phases of matter are generally gases, liquids, or solids. For example, water is a liquid

at room temperature under atmospheric pressure. When heated, it boils at 100 ◦C to become

a gas and, when cooled, it solidifies at 0 ◦C to become a solid (here, metastable states such as

superheating and supercooling are not considered). Not only for water but also in general, if

the bonds between atoms and molecules remain as the temperature changes, matter becomes

a gas at high temperature and a liquid and then a solid as the temperature decreases.

Let us consider how gases, liquids, and solids are distinguished. Gases and liquids are

usually distinguished their difference in density. However, since the density is a continuous

quantity, it does not clearly define the boundary between gases and liquids. When a phase

transition occurs between a gas and a liquid, the density changes discontinuously, so the

density clearly distinguishes the phases. Conversely, at temperatures and pressures above the
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critical point, the density changes continuously, obfuscating the distinction. One may think

that liquids and solids are distinguished by their hardness. However, the glassy state is a

metastable state in which a liquid is supercooled without becoming a solid and has liquid-like

properties [24]. For this reason, the phase cannot be determined based solely on hardness.

Concerning the distinction of the states of matter, it is proper that liquids (gases) and solids

are distinguished by symmetry. Gases and liquids are the same in terms of symmetry. In gases

and liquids, the position of the center of mass of the constituent molecules is spatially random

and varies in time so that the time-averaged density is uniform and constant both temporally

and spatially. The constituent molecules are not necessarily spherical, but the orientation of

each molecule is also disordered as the molecules rotate randomly around the center of mass.

Because all directions are equivalent and isotropic, gases and liquids are collectively called

Iso phases. Iso phases have the highest symmetry, being symmetric about any translation,

rotation, inversion, mirroring, or any combination thereof.

In the solid state, which is also called the crystal phase, the position of the center of mass

of the constituent atoms and molecules is ordered, making the symmetry lower than that of

the Iso phase. The positions of the constituent atoms and molecules are given by the primitive

translation vectors 𝒂1, 𝒂2, and 𝒂3. The crystal phase is symmetric with respect to translation

by 𝑛1𝒂1 + 𝑛2𝒂2 + 𝑛3𝒂3 with integer 𝑛1, 𝑛2, and 𝑛3. The symmetric rotational axis and angle

are limited due to the lattice structure of the crystal.

Here, I digress briefly to present the notation of symmetry. The Iso phase symmetry is

denoted by 𝐾h (or 𝐾 when the constituent molecules are chiral) in the Schoenflies notation

[25, 26]. This is a symbol for point groups and cannot describe translational operations.

When the periodic structure is related to symmetry, as in crystals, the Hermann–Mauguin

notation (sometimes called the “international notation”) is used to describe space group in

which the translational operations are added to a point group. When describing the symmetry
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of LC phases, the Schoenfries notation can be used because there is no positional order.1

The symbols that appear frequently in the study of LCs are 𝐶 and 𝐷, which mean cyclic

and dihedral, respectively. 𝐶𝑛 symmetry has only an 𝑛-fold rotation axis. When there is a

mirror plane perpendicular to the 𝑛-fold rotation axis in addition to 𝐶𝑛, it is denoted by 𝐶𝑛h

with h, which means “horizontal,” as a subscript. When 𝑛 mirror planes contain the rotation

axis, a subscript v, which means “vertical,” adorns the symbol (e.g., 𝐶𝑛v). 𝐷𝑛 symmetry has

not only an 𝑛-fold rotation axis but also 𝑛 twofold rotation axes perpendicular to the 𝑛-fold

rotation axis. Similarly to 𝐶 symmetry, 𝐷𝑛h is 𝐷𝑛 with a mirror plane perpendicular to the

𝑛-fold rotation axis. When 𝐷𝑛 also has 𝑛 mirror planes containing the 𝑛-fold rotation axis, a

subscript d, which means “diagonal,” is added (e.g., 𝐷𝑛d). In 𝐷𝑛d symmetry, a mirror plane

bisects the angle between adjacent twofold rotation axes.

2.1.2 Mesomorphic phase

Considering symmetry, the distinction between phase states should be clarified. Iso phases,

including gases and liquids, are isotropic in terms of the directions, with the constituent

atoms and molecules having no positional order. In contrast, the position of the constituent

atoms and molecules in crystal phases exhibits long-range order in the form of a periodic and

anisotropic structure.

In general, the long-range order in position and direction changes simultaneously when a

phase transition occurs due to a change in temperature—as in water, for example. However,

the positional and orientational orders are thermodynamically allowed to change at different

temperatures. In other words, it is not surprising that a “mesomorphic phase” (or a mesophase)

exists between the crystal and Iso phases that has either only positional order or only orienta-

1Although the Hermann–Mauguin notation should be used for smectic phases because they have one-
dimensional periodic structures, the Schoenfries notation works well in most cases. The Hermann–Mauguin
notation is used for the columnar and cubic phases, which have periodic structures of two or more dimensions.
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tional order (with positional order having less than three dimensions). In materials in which

the transition temperature of orientational order is lower than that of positional order, the

molecules rotate freely and orient themselves randomly in time and space while maintaining a

three-dimensional long-range order with respect to position. Although such a state looks like

a solid, its elastic constant is so small that it cannot retain its shape for long. In addition, it

has plasticity [27], so this state is called a “plastic crystal.” The fullerene C60 is a well-known

material that forms a plastic crystal. Although plastic crystals are one of the mesomorphic

phases, I do not use them in this study, so I do not discuss them in detail here. In contrast,

materials whose transition temperature for orientational order exceeds that of position order

form a state in which long-range three-dimensional order of the position of the constituent

molecules is lost, but orientational order is retained. In this state, the lack of positional

order allows the material to flow like a liquid, while the orientation order allows it to exhibit

anisotropic electromagnetic and mechanical properties, like a solid [28,29]. This state, which

can be considered a “liquid with orientation,” is called a “liquid crystal” (LC) because it has

the characteristics of both liquids and crystals.2 The LC phase does not appear in all materials

because most materials transition directly between crystal and Iso phases. The LC phase is

often observed when the molecules have anisotropic shapes such as rods or disks. The LCs

that appear in this study are only formed by rod-shaped molecules with low molecular weight.

The above argument considers a single-component system in which a mesomorphic phase

appears as the temperature changes. This type of LC phase is called a “thermotropic” phase,

and its phase transition also depends on pressure. When some types of molecules are added

to a solvent, the mixture exhibits the LC phase transition by change in the concentration. LC

2The term “liquid crystal” is the name of a mesomorphic phase explained here. Materials that form LC
phases are sometimes called LCs even if they are not in the LC phase. In this dissertation, material compounds
that can form LC phases are sometimes referred to as “LC samples” for convenience, regardless of their phase
state. In everyday life, “LC” often refers to LC displays, although these are not discussed in this dissertation.
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Low temperature High temperature

Crystal
 • 3D periodic structure (long range)
 • Orientational order

MESOPHASE

Plastic crystal
 • 3D periodic structure (long range)
 • No orientational order

Liquid crystal
 • No periodic structure (or short range order)
 • Orientational order

Liquid
 • No periodic structure
 • No orientational order

Figure 2.1: Schematic figure of crystal, isotropic, and mesomorphic phases.

phases that form not due to changes in temperature but instead due to changes in concentration

are called “lyotropic” phases [29–32]. Lyotropic LC phases come in two types: One type

consists of molecules with two incompatible parts with different chemical properties, forming

an LC phase driven by microscopic phase separation [33, 34]. Examples include a system

in which a surfactant with hydrophobic and hydrophilic groups at opposing ends of the

molecule is dissolved in water. The other type of lyotropic LC phase forms from rigid highly

concentrated rod-like polymers [35, 36], which is driven by the excluded-volume effect [37].

For example, an aqueous solution of hydroxypropyl cellulose, which is used as an additive in

foods and pharmaceuticals, transitions to the LC phase at high concentrations [38, 39]. Only

thermotropic LCs are used in this dissertation.

12



C N

Figure 2.2: Chemical structure of 4-Cyano-4′-pentylbiphenyl.

2.2 Classification of liquid crystals

LC phases are finely classified into various phases based on symmetry. Of the LC phases

induced by rod-shaped small molecules, this section first describe the nematic phase and then

the cholesteric phase, which are closely related to this study. The smectic phase is not treated

in this study but is introduced briefly because it is a well-known phase.

2.2.1 Nematic phase

The LC phase formed by rod-like small molecules does not transition to a one-dimensional

liquid but, based on the symmetry of the shape of the constituent particles, it transitions to a

three- or two-dimensional liquid. The three-dimensional liquid LC phase is called the nematic

(N) phase, 3 which looks like a white fluid. Figure 2.2 shows an example of a molecule that

forms a N phase: a 4-Cyano-4’-pentylbiphenyl, commonly known as 5CB, which has an

alkyl chain and a cyano group at each end of its biphenyl group. LC molecules with this

type of structure are called cyanobiphenyl LCs. Cyanobiphenyl LCs are chemically and

photochemically stable, and their physical properties are well balanced, which is important

for the practical use [42, 43].

The constituent molecules of the N phase have no long-range positional order but do have

long-range orientational order. The molecules themselves, being polarized, form asymmetric

rod-like structures in the long-axis direction. In the short-axis direction, the polarizability

3The name “nematic” is derived from a Greek word “νημα,” which means thread [40, 41]. This is because
the unique defect line, the disclination, looks like a thread.
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differs between the directions perpendicular and parallel to the two benzene rings. Therefore,

if these molecules are aligned in the same direction, they have different dielectric constants in

each of the three directions. This type of material is called a “optically biaxial.” In fact, the N

phase of 4-Cyano-4′-pentylbiphenyl is macroscopically nonpolar and has different dielectric

constants for the long- and short-axes; the dielectric constants do not differ in each of the

three directions. Materials such as this N phase, in which the dielectric constants differ only

in a certain direction and are the same in the plane perpendicular to the given direction, are

called “optically uniaxial” materials. Apolar and optically uniaxial N phase has a cylindrical

symmetry, which is denoted by 𝐷∞h in the Schoenfries notation. Most N-phase material

commonly has 𝐷∞h symmetry. The fact that the N phase is composed of polar molecules

yet is macroscopically apolar indicates that long-range order dominates in the direction of

the long axis, whereas no such order exists in the direction of the cyano group and of the

alkyl chain. In other words, there are the same numbers of the molecules with the opposite

direction of the cyano group, and they cancel each other’s polarity, making the N phase apolar

overall. Since the N phase is optically uniaxial, the direction of the planes formed by the

benzene rings do not have long-range order; they are oriented randomly around the long axis.

The usual N phase is apolar and uniaxial with 𝐷∞h symmetry, and this type of N LCs

are used in this study. Other types of N phases exist, such as polar N phases, in which the

direction of the permanent dipole moment of the molecule has macroscopic order, and biaxial

N phases with long-range order not only in the direction of the molecular long axis but also in

the direction perpendicular to the long axis. Since the N phase has the highest symmetry of all

LC phases and is the most liquid-like LC phase, it usually appears at the highest temperature

of the LC phases. However, some materials have N phases not only at the highest temperature

in the LC-temperature range, but also at temperatures below the temperature range in which

LC phases with lower symmetry (such as smectic phases) appear. The N phase that appears at
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lower temperature is called the “reentrant” N phase. When monomers and dimers of certain

types of LC molecules coexist with each other in the Iso phase, the numbers of the dimers

become larger than that of the monomers at lower temperature. The increased number of

dimers augments the repulsive interaction due to the excluded-volume effect, which increases

the LC symmetry.

2.2.2 Cholesteric phase

The N phase has mirror symmetry. When the constituent molecules of the N phase do not

have mirror symmetry because they contain chiral carbons, or if a chiral molecule is added

to the N phase, a chiral LC phase appears. Breaking microscopic mirror symmetry critically

affects the macroscopic static structure and dynamic properties.

Let us consider changes in the static structure due to broken mirror symmetry. Given a

molecule and the 𝐷∞ axis through the molecule, when the molecule has a 𝐷∞h symmetry

in which the mirror symmetry plane is perpendicular to the 𝐷∞ axis, then the long axis of

the molecule must be perpendicular to this mirror plane. In contrast, when the molecules

are chiral, which eliminates the mirror symmetry plane of the 𝐷∞ axis, the long axis of the

molecules around the 𝐷∞ axis can be deformed to tilt from the direction parallel to the axis.

The deformation shown in Figure 2.3, in which the molecules tilt around the line perpendicular

to the 𝐷∞ axis by an angle proportional to the distance from the 𝐷∞ axis, has 𝐷∞ symmetry.

Although a certain molecule and the 𝐷∞ axis passing through that molecule have been

considered above, there is no reason why only one of the molecules that constitute the LC

should be special, and this argument holds for all molecules. Therefore, this argument can be

applied to a second molecule at a certain distance from the first molecule, and the 𝐷∞ axis

passing through the second molecule. However, when this argument is applied as is, as shown

in Figure 2.4a, an orientational inconsistency arises around the first and the second molecules,
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Figure 2.3: A deformation that can occur in chiral liquid crystals. The ellipsoids denote liquid
crystal molecules. The 𝐷∞ axis runs along the long axis of the red ellipsoid in the center.

excepting the distance in which the molecules tilt by 90◦. Two types of orientational structures

appear in such a chiral system: One is a structure in which the constituent molecules do not

twist isotropically around the 𝐷∞ axis to avoid the inconsistency, as shown in Figure 2.4b.

This type of LC phase with a structure that twists only in uniaxial direction and not at all in

the direction orthogonal to the twist is called the “cholesteric” (Ch) phase.4 The Ch phase

can occupy the whole three-dimensional space without defects. The other structure, the blue

phase, is composed of double-twist cylinders with 45◦ tilt of molecules (Figure 2.5). The

molecular orientation is continuous where the cylinders make contact. However, the double-

twist cylinder cannot occupy the space without the defects. The inconsistency of the molecular

orientation due to the twisting structure remains as a defect, which has higher energy than the

continuous orientation. Since defects generation requires energy, this structure appears when

4This name was given because it was discovered in cholesterol derivatives.
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a strong interaction causes the molecules to twist in such a way that the energy gain from

twisting exceeds the loss from making the defects. The LC phase with this structure is called

the blue phase [44]. The blue phase is not discussed in detail because only the Ch phase is

used in this study.

The Ch phase has a simple twist structure in which the molecular orientation consists of

twisting in the uniaxial direction. Although the interaction terms that twist the molecules lead

to loss, this structure fills the three-dimensional space without making defects. Although the

mirror symmetry is lost, the thermodynamic properties of the Ch phase are the same as those

of the N phase; the Ch phase is a three-dimensional liquid with no long-range positional order

in the constituent molecules. For this reason, the Ch phase is also called the chiral nematic

phase.

Observing through crossed polarizers a Ch compound sandwiched between two glass

substrates under a polarizing microscope [45, 46] reveals textures, as shown in Figure 2.6.

Figure 2.6a shows the texture that appears when the substrate surfaces are processed so that

the molecules are perpendicular to the substrates surface (and to the paper surface). This is

called the “fingerprint” texture because of its characteristic striped fingerprint-like pattern.

When this texture appears, the helical axis of the molecular orientation is parallel to the glass

substrate (and to the paper surface) and the orientation is rotated by 𝜋 from a stripe to the

next stripe. In contrast, Figure 2.6b shows the texture when the glass substrate interfaces and

the molecules are parallel (to the paper surface). This texture is called the the “Grandjean”

texture. The helical axis is perpendicular to the glass substrate (and to the paper surface), and

defects called “oily streaks” are caused by the pseudo-layer structure made of the periodic

helical structure [47].
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Figure 2.4: (a) The double-twist structure about the long axis of red ellipsoids leads to the
inconsistency. (b) In the single-twist structure, the molecules twist in uniaxial direction
instead of the double-twist.
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Figure 2.5: Structure of blue phase (a), (b) I and (c), (d) II. The cylinders in panels (a) and (c)
indicate double-twist cylinders, and the lines in panels (b) and (d) indicate disclination lines.
This figure is reproduced from Reference [44].

2.2.3 Smectic phase

Both the N and Ch phases are three-dimensional liquids with only long-range order with

respect to orientation and no long-range order with respect to position. In contrast, the

smectic phase has a one-dimensional positional order. In other words, the smectic phase has a

layer structure. The smectic phase is systematically classified in terms of the order in the layer

and the inclination of the molecules relative to the layer normal and are given alphabetical

names such as smectic A, smectic B, and so on [48]. However, since the names were given in

the order in which they were discovered, the nomenclature is neither systematic nor related to

physical properties.

19



(a)

(b)

Figure 2.6: Polarizing microscopy images of (a) fingerprint texture and (b) Grandjean texture,
as viewed through crossed polarizers.
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2.3 Orientational order of nematic phase

2.3.1 Director

Let us consider materials composed of small rod-like molecules. In the Iso phase, since there

is equal probability for the long axis of the molecules to be in any direction, the molecules

are oriented in random directions and possess continuous rotational symmetry. When the

phase transitions from Iso to N, the continuous rotational symmetry of the Iso phase is lost.

The long axes of the molecules become oriented in one direction due to the intermolecular

interaction. The direction of molecular orientation is denoted by a unit vector 𝒏, which is

called the “director.” The director is defined by the average direction of the molecules in a

physically infinitesimal volume that is macroscopically small enough but sufficiently larger

than the molecules and the intermolecular distance, as per the definition of the dielectric

polarization and the magnetization. As shown in Figure 2.7, the average direction of the

molecules in a physically infinitesimal volume 𝛿𝑉 (𝒓) with the center of 𝒓 is denoted by 𝒏(𝒓).

Since a typical N phase possesses 𝐷∞h symmetry, 𝒏(𝒓) and −𝒏(𝒓) denote the physically same

state; 𝒏(𝒓) = −𝒏(𝒓).

2.3.2 Order parameter

While the director 𝒏(𝒓) is defined as the average orientational direction of the LC molecules,

not all the long axes of the molecules are aligned in the direction of 𝒏(𝒓). The orientational

state of the actual N phase is far from completely uniform, with all the molecules oriented in

the direction of 𝒏(𝒓). The degree of orientation of the constituent molecules of LCs relative

to the director 𝒏(𝒓) affects the macroscopic anisotropy of the mechanical and electromagnetic

properties, being an important parameter.
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Physically infinitesimal volume
Figure 2.7: Definition of the director 𝒏(𝒓). The ellipsoids and 𝜃 denote the molecules and
the angle of molecules from the director.

The degree of orientation of the molecules is described by a orientational distribution

function 𝑓 (𝜃, 𝜑), where 𝜃 and 𝜑 denote the zenithal and azimuthal angles, respectively, and

the 𝑧 axis is in the direction of 𝒏(𝒓). Considering 𝐷∞h symmetry, which a typical N phase

possesses, the distribution function 𝑓 is independent of 𝜑; 𝑓 = 𝑓 (𝜃). The distribution function

𝑓 is qualitatively characterized by physical states that are the same for both 𝜃 = 0 and 𝜃 = 𝜋,

with 𝑓 symmetric about 𝜃 = 𝜋/2, and, since 𝒏(𝒓) denotes the average orientational direction,

𝑓 has local maximum and local minimum values at 𝜃 = 𝜋 and 𝜃 = 𝜋/2, respectively.

The specific form of the distribution function can be determined from the Boltzmann

distribution if the potential for 𝜃 were known. In general, however, this potential is difficult

to obtain, both theoretically and experimentally. Thus, LC properties such as the degree

of orientation and the macroscopic anisotropy are analyzed by expanding the distribution

function in orthogonal functions and using lower-order terms as necessary. Orthogonal

functions should be chosen by considering the relationship between the degree of orientation

and the macroscopic anisotropy. In this case, expanding in the basis of Legendre polynomials
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𝑃𝑙 (𝑥) works well [49]:

𝑃𝑙 (𝑥) =
(−1)𝑙
2𝑛𝑛!

d𝑙

d𝑥𝑙
(
1 − 𝑥2

) 𝑙
, (2.1)

where 𝑙 is an integer. Expanding 𝑓 (𝜃) in terms of 𝑃𝑙 (cos 𝜃) gives

𝑓 (𝜃) =
∞∑
𝑙=0

1
2
(2𝑙 + 1)𝑆𝑙𝑃𝑙 (cos 𝜃). (2.2)

Considering the orthogonality of the Legendre polynomials, the expansion coefficients 𝑆𝑙 are

𝑆𝑙 =
∫ 1

−1
𝑃𝑙 (cos 𝜃) 𝑓 (𝜃)d(cos 𝜃) = ⟨𝑃𝑙 (cos 𝜃)⟩, (2.3)

where ⟨·⟩ denotes the average at equilibrium. These expansion coefficients indicate the degree

of orientation relative to the director, called the order parameter of order 𝑙. The specific forms

of lower-order order parameters are

𝑆0 = ⟨𝑃0(cos 𝜃)⟩ = 0,

𝑆1 = ⟨𝑃1(cos 𝜃)⟩ = ⟨cos 𝜃⟩,

𝑆2 = ⟨𝑃2(cos 𝜃)⟩ = 1
2
⟨3 cos2 𝜃 − 1⟩,

𝑆3 = ⟨𝑃3(cos 𝜃)⟩ = 1
2
⟨5 cos3 𝜃 − 3 cos 𝜃⟩,

𝑆4 = ⟨𝑃4(cos 𝜃)⟩ = 1
8
⟨35 cos4 𝜃 − 30 cos2 𝜃 + 3⟩.

(2.4)

Excepting the zeroth order, the order parameters go to unity for uniform orientation, for

which ⟨cos2 𝜃⟩ = 1, and zero for random orientation, for which ⟨cos2 𝜃⟩ = 1/3. In terms of

a usual N phase in which 𝒏(𝒓) = −𝒏(𝒓) holds, all order parameters of odd order are zero.

Therefore, the lowest order parameter of importance is 𝑆2, which is the most often used. The

important physical properties of the N phase, such as refractive indices, dielectric constants,
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and magnetic susceptibilities, are proportional to ⟨cos2 𝜃⟩ and then to 𝑆2 directly [28, 29].

The specific value of 𝑆2 obtained experimentally for the N phase is in the range 0.2–0.4 near

the N–Iso transition temperature and increases to 0.6–0.7 at temperatures significantly below

the transition temperature [50, 51].

Some situations exist in which 𝑆2 is negative; for example, 𝑆2 is negative when the

molecules oriented perpendicular to 𝒏(𝒓) are dominant. If all the molecules are oriented in

the plane perpendicular to 𝒏(𝒓), ⟨cos2 𝜃⟩ = 0 leads to 𝑆2 = −1/2. The absolute value of 𝑆2

is 1/2 because there are two degrees of freedom for the orientational direction in the plane

perpendicular to 𝒏(𝒓).

Hereinafter, the notation 𝑆 denotes the order parameter of second order (𝑆2).

2.4 Phase transition

2.4.1 Phenomenological theory of nematic–isotropic transition

Since the LC phase is composed of molecules, a theory that considers intermolecular inter-

action is required to rigorously treat phase transitions; such a theory is called a “molecular

theory” and can be traced back to two major origins: One is Onsager’s theory of repulsive

interactions [37], and the other is Maier and Saupe’s theory of attractive interactions [52].

This dissertation does not mention molecular theory, although molecular theory can clarify

the roles of intermolecular attractive and repulsive interactions in the phase transitions of LCs

and in the physical properties of each phase.

In contrast, transitions in states of matter can be described from a macroscopic stand-

point, without considering microscopic interactions between molecules. A parameter that

quantitatively characterizes the transitions is introduced and the free energy of the system is
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described as a function of that parameter. This method was established by Landau and is

called “phenomenological theory” [26]. The parameter that tunes the symmetry and structure

of the system due to the phase transition is defined to be zero in the high-symmetry phase and

finite in the low-symmetry phase. The order parameter 𝑆 ≡ 𝑆2 defined by Equation 2.4 can

be a phenomenological parameter that describes the phase transition of LCs. 𝑆 varies discon-

tinuously at the phase-transition point in the first-order phase transition, as does the volume

and entropy of the system. For the second-order phase transition, the order parameter 𝑆, the

volume, and the entropy all vary continuously at the phase-transition point. LCs exhibit phase

transitions, such as LC–Iso, crystal–LC, and LC–LC transitions, with various modifications

of their symmetry. Concerning the N–Iso transition, the discontinuity of the parameters at

the transition point is small, being a first-order transition close to the second order. Near the

transition temperature, 𝑆 becomes so small that the free energy of the system can be expanded

in the power series of 𝑆. The phenomenological theory describing phase transitions is based

on the assumption that the free energy can be expanded in powers of a phenomenological

parameter.

In the vicinity of the N–Iso transition point, the free energy of the system 𝐹 can be

expanded in powers of the order parameter 𝑆:

𝐹 = 𝐹0 + 𝐴𝑆 +
1
2
𝐵𝑆2 + 1

3
𝐶𝑆3 + 1

4
𝐷𝑆4 + · · · , (2.5)

where 𝐹0 is the free energy at the ground state, and 𝐴, 𝐵, 𝐶, and 𝐷 are the expansion

coefficients. Since the energy minimum is at 𝑆 = 0 in Iso phase, 𝜕𝐹/𝜕𝑆 |𝑆=0 = 0 and the

first-order term vanishes: 𝐴 = 0. The second-order term is necessary for the energy to have

a local minimum at 𝑆 = 0. The third-order term does not vanish because 𝑆 and −𝑆 denote

different physical states. In terms of the N phase, since the energy is minimal for 𝑆 > 0,
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the coefficient 𝐶 is negative. If the third-order term ends the expansion, the energy goes to

negative infinity due to 𝑆 → ±∞; the forth-order term must have a positive coefficient, 𝐷 > 0.

Terms greater than fifth order can be neglected because 𝑆 ≪ 1 near the transition point. Here,

it is assumed that only the coefficient 𝐵 depends linearly on temperature:

𝐵(𝑇) = 𝑎(𝑇 − 𝑇∗), 𝑎 > 0, (2.6)

where 𝑇∗ is the temperature at which the Iso phase becomes absolutely unstable. 5 The other

coefficients 𝐶 and 𝐷 are assumed to be independent of temperature.

I now discuss the solutions of 𝜕𝐹/𝜕𝑆 = 0, which give stable or metastable states.

1. When 𝑇 > 𝑇∗ + 𝐶2/4𝑎𝐷, 𝐹 has the minimum value at 𝑆 = 0.

2. When 𝑇 = 𝑇∗ + 𝐶2/4𝑎𝐷, 𝐹 has a local minimum at 𝑆 = 0 and a stationary value at

𝑆 = −𝐶/2𝐷.

3. When 𝑇∗ + 𝐶2/4𝑎𝐷 > 𝑇 > 𝑇∗, 𝐹 has a local minimum at 𝑆 = 0, a local maximum at

𝑆 = (𝐶 +
√
𝐶2 − 4𝐵𝐷)/2𝐷, and another minimum value at 𝑆 = (𝐶 −

√
𝐶2 − 4𝐵𝐷)/2𝐷.

In particular, the two local minima become the same when 𝑇 = 𝑇c = 𝑇∗ + 2𝐶2/9𝑎𝐷.

4. When 𝑇 = 𝑇∗, 𝐹 has a stationary value at 𝑆 = 0 and a local minimum at 𝑆 =

(𝐶 +
√
𝐶2 − 4𝐵𝐷)/2𝐷.

As shown in Figure 2.8, The Iso phase with 𝑆 = 0 is most stable when 𝑇 > 𝑇𝑐. When

𝑇 = 𝑇c, both the Iso phase with 𝑆 = 0 and the N phase with 𝑆 > 0 are maximally stable at

the same time. When 𝑇 < 𝑇c, the N phase with 𝑆 > 0 is the most stable. In this way, the

first-order phase transition between the N and Iso phases, in which the order parameter varies

discontinuously from 𝑆 = 0 to 𝑆 > 0 at the transition temperature 𝑇 = 𝑇c, can be described.

5𝑇∗ is the transition temperature for second-order transitions.
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In the temperature range 𝑇∗ + 𝐶2/4𝑎𝐷 > 𝑇 > 𝑇c, although the Iso phase with 𝑆 = 0 is

the most stable, a metastable N-phase state exists with 𝑆 > 0 with a local energy minimum.

In the range 𝑇c > 𝑇 > 𝑇∗, while the N phase with 𝑆 = 0 is the most stable, the Iso phase

𝑆 > 0 is metastable. When the Iso phase of a LC compound is cooled from sufficiently high

temperature to below the transition temperature 𝑇 = 𝑇c, the Iso phase sometimes remains due

to the energy barrier that blocks access to the N phase. This is called a supercooled state. In

contrast, when the N phase is heated to a temperature greater than 𝑇c, it may not transition to

the Iso phase in some situations, which is called the “superheated state.”

2.4.2 Nematic–isotropic coexisting phase

Since the N–Iso phase transition is a first-order transition, the equilibrium state is a heteroge-

neous system with two phases coexisting at the phase transition point. In such a coexisting

phase, all the intensive properties coincide in the two phases. Generally, in a system consisting

of 𝑐 types of materials, the intensive properties are the same in all phases when 𝑟 phases coex-

ist with each other, and the Gibbs–Duhem equation must be satisfied in all phases. Therefore,

the number 𝑔 of intensive properties that can change value independently while maintaining

the coexistence state and thermodynamic degrees of freedom, is given by the phase rule

𝑔 = 𝑐 + 2 − 𝑟. (2.7)

In a single-component system with 𝑐 = 1, 𝑔 = 2 is obtained by the phase rule when 𝑟 = 1

(i.e., a state consisting of only one phase). This means that temperature and pressure can be

varied independently while maintaining a single-phase state. In the coexistence of N and Iso

phases, in which 𝑟 = 2, the phase rule leads to 𝑔 = 1, indicating that the temperature cannot

be changed independently once the pressure is fixed. In a two-component system with 𝑐 = 2,
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Figure 2.8: Relationship between the order parameter and free energy at each temper-
ature. Specific values of the coefficients of 𝑎 = 0.045 J ◦C−1 cm−3, 𝑇∗ = 45.3 ◦C,
𝐶/3 = −0.197 J cm−3, and 𝐷/4 = 0.307 J cm−3 were substituted into Equations 2.5 and 2.6.
These values were obtained for N-(4-Methoxybenzylidene)-4-butylaniline in Reference [53].
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Nematic phase

Isotropic phase

Coexistence

Figure 2.9: Phase diagram in a two-component system. The horizontal axis is the mixing
ratio 𝑥, and the vertical axis is temperature. The coexisting phase of isotropic and nematic
phases appears in a finite temperature range.

𝑔 = 2 is given by the phase rule even in the coexisting phase with 𝑟 = 2, in which the pressure

and temperature can be changed independently while maintaining the coexisting phase. In

other words, as shown in Figure 2.9, the phase boundary is not a single line segment but is

separated into two line segments so that, for a given pressure and concentration, two-phase

coexistence is realized in a finite temperature range.

2.5 Elastic theory of nematic phase

2.5.1 Orientational elasticity

The N-phase state is determined by the order parameter 𝑆 and the director 𝒏. 𝑆 is determined,

as explicated in the previous section, to minimize the free energy. Since this basis is also

valid for the determination of 𝒏, the director field is determined to minimize the free energy.

However, the free energy cannot be expanded in powers of 𝒏 in the same way as the expansion

with 𝑆 because 𝒏 is a unit vector and is not infinitesimal in the vicinity of the transition,
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unlike 𝑆. In addition, since the Iso phase is the same in any direction, 𝒏 is also equivalent in

any directions when it becomes the N phase; thus, 𝒏 cannot be uniquely determined. This is

because the average direction of the molecules is considered spatially uniform; that is, 𝒏 does

not depend on position. However, 𝒏 actually varies with position, which should be taken into

account.

Since the N phase has a liquid-like fluidity, the restoring force, which restores shape

deformation and is seen in crystals and elastic materials, is not exerted in the N phase. On the

other hand, the N phase has an ordered orientation of the constituent molecules. The restoring

force to restore the spatial distortion of the orientational direction is exerted in the N phase

due to the orientational elasticity, which is not the case for typical isotropic liquids. The state

in which 𝒏 is spatially uniform minimizes the free energy whereas, due to the distortion, the

free energy of the nonuniform director field increases. The free energy of the N phase does

not depend directly on 𝒏 but on the degree of spatial nonuniformity of 𝒏.6

As shown in Figure 2.10, the director is assumed to be aligned with the 𝑧 axis. At positions

an infinitesimal distance 𝛿𝑥𝑖 from 𝒏, infinitesimal variations 𝛿𝑛𝑖 in 𝒏 are given by the following

six independent terms [54, 55]:

Splay : 𝑠1 =
𝜕𝑛𝑥
𝜕𝑥

, 𝑠2 =
𝜕𝑛𝑦

𝜕𝑦
,

Twist : 𝑡1 = −
𝜕𝑛𝑦

𝜕𝑥
, 𝑡2 =

𝜕𝑛𝑥
𝜕𝑦

,

Bend : 𝑏1 =
𝜕𝑛𝑥
𝜕𝑧

, 𝑏2 =
𝜕𝑛𝑦

𝜕𝑧
.

(2.8)

6To rigorously treat the free energy of the N phase, the spatial variation of the order parameter 𝑆 should also
be considered. However, the spatial variation of 𝑆 can be neglected here because 𝑆 usually depends only on
temperature and can be regarded as constant for small spatial variation of the director 𝒏.
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Setting the components of 𝒏 as

𝑛𝑥 = 𝑎1𝛿𝑥 + 𝑎2𝛿𝑦 + 𝑎3𝛿𝑧,

𝑛𝑦 = 𝑎4𝛿𝑥 + 𝑎5𝛿𝑦 + 𝑎6𝛿𝑧,

𝑛𝑧 = 1,

(2.9)

the infinitesimal variations of 𝒏 are

𝑎1 = 𝑠1, 𝑎2 = 𝑡2, 𝑎3 = 𝑏1, 𝑎4 = −𝑡1, 𝑎5 = 𝑠2, 𝑎6 = 𝑏2. (2.10)

The director 𝒏 does not change its 𝑧 component for an infinitesimal tilt because 𝒏 is defined

as a unit vector, which is why 𝑛𝑧 = 1.

The quantities 𝑎𝑖 are the spatial derivatives of 𝒏 and denote the degree of spatial nonuni-

formity of 𝒏; the free energy of the N phase should be expanded in powers of 𝑎𝑖. However,

the free energy of the entire system cannot directly be expanded in terms of 𝑎𝑖 because 𝑎𝑖

depend on the position and are the local properties. The local free energy density 𝑓d is thus

introduced to be expanded with 𝑎𝑖. The free energy density 𝑓d is defined as

𝑓d =
𝛿𝐹

𝛿𝑉
, (2.11)

where 𝛿𝑉 is an infinitesimal volume large enough to accurately determine the free energy and

small enough to reflect the variation of 𝑎𝑖, and 𝛿𝐹 is the free energy in 𝛿𝑉 . Expanding 𝑓d in

powers of 𝑎𝑖 up to the second order gives 7

𝑓d = 𝐾𝑖𝑎𝑖 +
1
2
𝐾𝑖𝑘𝑎𝑖𝑎𝑘 , (2.12)

7The Einstein summation convention is applied.
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Figure 2.10: Schematic diagrams of the deformations of the director 𝒏(𝒓).
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where 𝐾𝑖 and 𝐾𝑖𝑘 have 6 and 36 independent components, respectively. 8 However, the

system symmetry reduces the numbers of the independent components [56]. The rotational

symmetry around 𝒏 leads to

𝐾𝑖 =
[
𝐾1 𝐾2 0 −𝐾2 𝐾1 0

]
, (2.13)

which has two the independent components. Moreover, 𝐾1 = 0 when the system is apolar,

and 𝐾2 = 0 when the system is achiral. All the first-order terms in 𝑎𝑖 are zero for the usual N

phase in which 𝒏 = −𝒏.

In the same way as 𝐾𝑖, the rotational symmetry around 𝒏 reduces the number of the

independent components of 𝐾𝑖𝑘 to five;

𝐾𝑖𝑘 =



𝐾11 𝐾12 0 −𝐾12 𝐾15 0

𝐾12 𝐾22 0 𝐾24 𝐾12 0

0 0 𝐾33 0 0 0

−𝐾12 𝐾24 0 𝐾22 −𝐾12 0

𝐾15 𝐾12 0 −𝐾12 𝐾11 0

0 0 0 0 0 𝐾33



, (2.14)

where 𝐾15 = 𝐾11 − 𝐾22 − 𝐾24. Moreover, 𝐾12 = 0 when the system is apolar or achiral.

These results leads to the following specific form of the free energy introduced by the

spatial variation of 𝒏 for the apolar N phase:

𝑓d =𝐾2(𝑎2 − 𝑎4) +
1
2
𝐾11(𝑎1 + 𝑎5)2 + 1

2
𝐾22(𝑎2 − 𝑎4)2 + 1

2
𝐾33(𝑎2

3 + 𝑎2
6)

− (𝐾22 + 𝐾24) (𝑎1𝑎5 − 𝑎2𝑎4).
(2.15)

8The numbers of independent components of 𝐾𝑖 and 𝐾𝑖𝑘 are actually 9 and 81, respectively. The fact that
𝜕𝑛𝑥/𝜕𝑧 = 𝜕𝑛𝑦/𝜕𝑧 = 𝜕𝑛𝑧/𝜕𝑧 = 0 reduces the numbers to 6 and 36, respectively.
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The first term of the right-hand side including 𝐾2 is for the twist deformation, which appears

only in the chiral N phase. The fifth term of the right-hand side (including 𝐾24) can be

converted to a surface integration by using Gauss’ divergence theorem when the free-energy

density is integrated over the entire volume; it is neglected in the form of free-energy density.

The resulting form of the free energy density is vectorially expressed as

𝑓d =
1
2
𝐾11(∇ · 𝒏)2 + 1

2
𝐾22

{
𝒏 · (∇ × 𝒏) + 𝐾2

𝐾22

}2
+ 1

2
𝐾33{𝒏 × (∇ × 𝒏)}2, (2.16)

which is called the “Frank elastic free energy.” 𝐾11, 𝐾22, and 𝐾33 are the elastic constants

corresponding to the splay, twist, and bend deformations, respectively. A uniform director

field, in which the spatial differentials of 𝒏(𝒓) are zero, minimizes Equation 2.16 for a typical

(i.e., apolar and achiral) N phase. In terms of the chiral N phase, since 𝐾2 ≠ 0, the uniform

director field does not minimize the free energy. The free energy has the minimum value

when 
∇ · 𝒏 = 0,

𝒏 · (∇ × 𝒏) + 𝐾2
𝐾22

= 0

{𝒏 × (∇ × 𝒏)}2 = 0.

. (2.17)

For example, for a uniform helical structure with a helical axis oriented along the 𝑧 axis and

a wave number 𝐾2/𝐾22,

𝒏(𝒓) =
(
cos

(
𝐾2
𝐾22

𝑧

)
, sin

(
𝐾2
𝐾22

𝑧

)
, 0

)
, (2.18)

minimizes the free energy and is a stable structure. This director field corresponds to the Ch

phase.
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2.5.2 Coherence length

The constituent molecules of LCs possess electromagnetic anisotropy, changing their direction

upon interaction with external fields such as electric and magnetic fields. The contribution to

the free energy 𝑓el of the interaction with an electric field is given by [29]

𝑓el = −1
2
𝑫 · 𝑬 = −1

2
𝜀0𝜀𝑖𝑘𝐸𝑖𝐸𝑘 = −1

2
𝜀0𝜀⊥𝑬

2 − 1
2
𝜀0Δ𝜀(𝒏 · 𝑬)2, (2.19)

where 𝑬, 𝑫, and 𝜀0 denote the electric field, the electric displacement field, and the dielectric

constant of vacuum, respectively. The quantity 𝜀𝑖𝑘 = 𝜀⊥𝛿𝑖𝑘 + Δ𝜀𝑛𝑖𝑛𝑘 is the dielectric tensor;

Δ𝜀 = 𝜀∥ − 𝜀⊥ is the dielectric anisotropy, in which 𝜀∥ = 1 + 𝜒∥ and 𝜀⊥ = 1 + 𝜒⊥, where

𝜒∥ and 𝜒⊥ are the parallel and the perpendicular components of the electric susceptibility,

respectively. The second term of the rightmost side of Equation 2.19 indicates that the free

energy has the minimum value when 𝒏(𝒓) is parallel to 𝑬 for the positive anisotropy, Δ𝜀 > 0,

and when 𝒏(𝒓) is perpendicular to 𝑬 for the negative anisotropy, Δ𝜀 < 0.

A parameter called the “coherence length” is now introduced to define the thickness of

the transitional layer, in which the director field is distorted due to the external fields such

as electric and magnetic fields, in the vicinity of the boundary [57]. Let us consider an N

phase occupying a half-infinite space 𝑧 > 0 with the director anchored to the 𝑥 direction on

the boundary at 𝑧 = 0. When a uniform electric field 𝑬 = (0, 𝐸, 0) is applied, the angle 𝜃

between the director and the 𝑥 axis must satisfy the equilibrium condition

𝜕2𝜃

𝜕𝑧2
+ 1
𝜉2 sin 𝜃 cos 𝜃 = 0, (2.20)
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where the electric coherence length 𝜉 is defined by

𝜉 =

√
𝐾22
𝜀0Δ𝜀

1
𝐸
. (2.21)

Using the boundary conditions in which 𝜑 → ±𝜋/2 and 𝜕𝜃/𝜕𝑧 → 0 at 𝑧 → ∞ gives

tan
(
𝜃

2
+ 𝜋

4

)
= exp

(
± 𝑧
𝜉

)
; (2.22)

the distortion of the director field due to the external field is small in the distance from 𝑧 = 0,

in which the director is anchored, to the coherence length 𝜉, whereas the director is strongly

deformed to orient the direction of the external field in the region of 𝑧 > 𝜉. The orientational

elasticity is what prevents the distortion of the director near the boundary. Given that the

definition (Equation 2.21) of the coherence length is the ratio of the orientational elastic

constant to the magnitude of the molecular field acting on the director by the electric field, a

larger external field will shorten the coherence length, so the director is deformed after a short

distance. Conversely, the larger the orientational elasticity, the longer the correlation length

and the further from the boundary the director is kept without deformation.

2.5.3 Extrapolation length

Extending the discussion above, let us consider the case in which a wall also exists at 𝑧 = 𝑑.

The N phase occupies the region 0 ≤ 𝑧 ≤ 𝑑. The director is assumed to be fixed in the 𝑥

direction at the boundaries 𝑧 = 0 and 𝑧 = 𝑑. The previous discussion considers the situation

where the director at the boundary is not affected by the application of an external field.

Such anchoring is called “strong.” In contrast, situations exist in which the application of

an external field changes slightly the orientation at the boundaries, which is called “weak”
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anchoring. Under weak anchoring, when the director rotates by a finite angle 𝜃 from the

anchored direction, the free energy per unit surface at the boundary increases by

𝑓anc =
1
2
𝐴 sin2 𝜃, (2.23)

where 𝐴 is the anchoring strength per unit surface.

The torque balance in the bulk, given by Equation 2.20, remains valid under weak an-

choring. In this case, the boundary conditions are obtained by the torque balance at the

interfaces:
𝐾22

(
𝜕𝜃

𝜕𝑧

)
𝑧=0

= 𝐴𝜃 (0),

𝐾22

(
𝜕𝜃

𝜕𝑧

)
𝑧=𝑑

= −𝐴𝜃 (𝑑).
(2.24)

Assuming 𝜃 (𝑧) to be sufficiently small, I use sin 𝜃 ≃ 𝜃 and cos 𝜃 ≃ 1 in Equation 2.20, which

gives

𝜃 (𝑧) = 𝜃
(
𝑑

2

)
sin 𝑞(𝑧 + 𝑏). (2.25)

Substituting the solution (Equation 2.25) into the boundary conditions (Equation 2.24) gives

𝑞
𝐾22
𝐴

= tan(𝑞𝑏),

−𝑞𝐾22
𝐴

= tan 𝑞(𝑑 + 𝑏).
(2.26)

𝑞 = 𝜋/(𝑑 + 2𝑏) is obtained from the consistency of Equation 2.26; when 𝑞𝑏 ≪ 1, 𝑏 is given

by

𝑏 =
𝐾22
𝐴
. (2.27)
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The condition for the existence of the nonzero solution, 𝜃 (𝑧) ≠ 0, is given by

( 𝜋

𝑑 + 2𝑏

)
=

1
𝜉2 , (2.28)

which leads to the critical electric field

𝐸c =
𝜋

𝑑 + 2𝑏

√
𝐾22
𝜀0Δ𝜀

. (2.29)

This critical value separates the stable states of the director. 𝜃 (𝑧) ≡ 0 is the only solution

under the electric field of 𝐸 < 𝐸c, whereas a solution exists with a finite deformation under

the electric field of 𝐸 > 𝐸c, and 𝜃 (𝑧) = 0 becomes unstable. Such a phenomenon is called

the “Fréedericksz transition” [58–60].

Given that 𝑏 = 0 in Equation 2.25 under strong anchoring, the effect on the critical electric

field of weak anchoring at the boundary is equivalent to an increase in the thickness 𝑑 of the

LC to 𝑑 + 2𝑏. In other words, a hypothetical strong-anchoring boundary is assumed to exist

a distance 𝑏 from the weak-anchoring boundary to the exterior of the LC. For this reason,

the parameter 𝑏 defined by Equation 2.27 is called the “extrapolation length.” The anchoring

strength can be quantitatively evaluated by using the extrapolation length. The anchoring is

assumed to be strong when 𝑑 ≫ 𝑏, and 𝑏 is negligible compared with 𝑑 for the required

accuracy. When 𝑏 is not negligible compared with 𝑑, the anchoring is assumed to be weak.
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Chapter 3

The Lehmann Effect

3.1 Discovery and reproduction of the Lehmann effect

The mirror symmetry breaking in the N phase, which has long-range order not in the position

but only in the orientation of the constituent molecules, causes the twist deformation of the

director field produce chiral LC phases such as Ch and blue phases. Chirality strongly affects

not only the static structure but also the dynamic properties of LC phases. One such dynamic

phenomena in the Ch phase is the Lehmann effect.

In 1900, Lehamnn observed LC droplets dispersed in a solvent put on a heating stage under

a polarizing microscope and discovered that the droplet texture changes [5, 6]. Lehmann

interpreted the phenomenon as rotation driven by a heat flux because the droplets were

strongly heated from the bottom; he argued that the textural rotation is not a true rotation of

mass, but a rotation due to an optical effect. 1 In other words, Lehmann believed that the

rotation is pure director rotation. The details of Lehmann’s experiment is unknown because

specific information such as the experimental conditions and movies of the rotation was not

1I am indebted to Professor Helmut R. Brand for the interpretation of the original German article.
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Figure 3.1: Lehmann’s drawings of deformed texture of a liquid crystal droplet under a
temperature gradient. This figure is reproduced from Reference [5].

conserved [61]. Drawings of the texture of the droplets by Lehmann are reproduced from

Reference [5] in Figure 3.1.

This phenomenon, in which the rotation of chiral LCs or the deformation of the director of

chiral LCs is driven by flows, is called the Lehmann effect. Although some refer to the rotation

of Ch droplets driven by a heat flux only as the Lehmann effect [61], in this dissertation, I use

“Lehmann effect” to refer to all the phenomenon in which the unidirectional steady rotation

or the deformation of chiral LCs is driven by any flows.

In 1982, Éber and Jánossy reproduced the Lehmann effect, estimating the coupling con-

stant between the heat flux and the torque [62]. Dynamic rotation was not observed in this

experiment; only observed was the static deformation in the director field of the bulk of Ch LC

induced by cross coupling between a heat flux and torque. Based on the observed deformation,

the coupling constant was quantitatively estimated from the balance between the orientational

elasticity and the torque induced by the Lehmann effect. This was the first confirmation of

cross coupling between a heat flux and torque since Lehmann’s experiment.

In 1987, Madhusudana and Pratibha observed a unidirectional rotation of Ch droplets

driven by a DC current [63]. This was the first experiment reproducing the rotation of

Ch droplets driven by a flux (although not a heat flux) since the original experiment. In

the experiment of Madhusudana and Pratibha, the Ch compound was sandwiched between

two glass substrates with transparent electrodes and was maintained in the coexisting phase

40



of the Ch and Iso phases. Upon applying a DC current, the texture of the Ch droplets

underwent a unidirectional rotation. Figure 3.2 shows polarizing microscopy images of Ch

droplets coexisting with their Iso phase, reproduced from Reference [63]. Figure 3.2a shows

Ch droplets sandwiched in a 150-μm-thick gap between glass substrates under a polarizing

microscope with crossed polarizers. The dark region is the Iso phase, which is not optically

anisotropic, and the bright fields are almost-spherical Ch droplets. Figures 3.2b–3.2h show

image sequences of a Ch droplet sandwiched in an 8-μm-thick gap between glass substrates

under a polarizing microscope. The Iso phase does not look dark because the polarizers

are rotated 20◦ from a right angle. The Ch droplets in the center of each image are no

longer spherical but are thin cylinders because they are confined to an 8-μm-thick region.

Figure 3.2b was acquired without applying an electric field. Figures 3.2c, 3.2e, and 3.2g are

snapshots taken every 30 s while a voltage of 2 V was applied across the glass substrates (i.e.,

perpendicular to the page). Notice that the texture of the droplet rotates clockwise. Figures

3.2d, 3.2f, and 3.2h are snapshots taken when the sign of the voltage was reversed, so the

droplet has rotated counterclockwise. This result clarifies that the steady electric-current-

induced unidirectional rotation of Ch droplets is reversed upon reversing the direction of the

flow. In addition, the direction of rotation of the droplet also reversed upon reversing the

chirality of the Ch LC, and the rotational velocity was proportional to the applied voltage.

The reversal of the direction of rotation upon reversing the flow or chirality and the linearity

of the rotational velocity with respect to the driving force are major features of the Lehmann

effect.

In 2003, Tabe and Yokoyama discovered that a chiral Langmuir monolayer formed on

glycerol rotates unidirectionally due to the transport of water vapor [64]. This is the first

study to observe the Lehmann effect driven by a mass flow. Figure 3.3 is reproduced form

Reference [64] and shows a Brewster-angle microscopy images of a monolayer of a chiral
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Figure 3.2: Images of cholesteric droplets coexisting with their isotropic phase under a
polarizing microscope with (a) crossed polarizers and (b)–(h) polarizers crossed by 20◦ from
a right angle. Panel (a) shows cholesteric droplets sandwiched in a 150-μm-thick gap between
glass substrates. Panels (b)–(h) show an image sequence of a cholesteric droplet sandwiched
in an 8-μm-thick gap between glass substrates. Panel (b) was acquired without an electric
field. Panels (c), (e), and (g) show snapshots taken every 30 s with 2 V applied across the
glass substrates (i.e., perpendicular to the page). Panels (d), (f), and (h) show snapshots when
the sign of the voltage is reversed. This figure is reproduced from Reference [63].
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LC on glycerol taken every 4 s. The Brewster-angle microscope is a reflective microscope

optimized to observe monolayers [65–67]. As shown in Figure 3.3, a concentric-circle texture

of the monolayer spreads outward over time from the center to the edge. This textural change

indicates that water vapor flowing vertically through the monolayer drives the unidirectional

steady rotation of the chiral molecules that compose the monolayer. In the study, as in the case

of the electric-current-induced Lehmann effect, the direction of rotation reverses when either

the flow direction or chirality is reversed (the direction of rotation does not change when both

are reversed), and the rotational velocity is proportional to the flow velocity, reproducing the

characteristics of the Lehmann effect.

The rotation of Ch droplets due to a heat flow, as observed by Lehmann himself, had

not been reproduced for about 100 years after its discovery. In 2008, however, Oswald and

coworkers succeeded in reproducing it in a system where the conditions can be controlled

quantitatively [68]. Figure 3.4 is reproduced from Reference [68], showing a Ch droplet

coexisting with its Iso phase. The droplet has a striped texture, which is considered to

correspond to the fingerprint texture shown in Figure 2.6a; the helical axis of the director

field inside the droplet is perpendicular to the striped droplet, and the director rotates by 𝜋

from one stripe to the next. Such a droplet is called a “striped droplet.” The unidirectional

rotation of the striped droplet was driven by applying a temperature gradient to the droplet by

independently controlling the temperatures at the top and bottom (which correspond to the

back and front of the page) of the glass cell containing the LC compound. The study led to a

quantitative analysis of the heat-flow-driven rotation and revealed that the rotational velocity

is proportional to the temperature gradient and inversely proportional to the square of the

droplet diameter.

Since then, the Lehmann effect in Ch–Iso coexisting phases has been studied extensively

[69–83].
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Figure 3.3: A sequence of Brewster-angle microscopy images of a chiral liquid-crystal mono-
layer on glycerol at 45% relative humidity and room temperature. The snapshots were acquired
every 4 s, and the scale bar indicates 100 μm. The rotation of the director is driven by water
vapor flowing vertically through the monolayer. The top-right image is the corresponding
simulation. This figure is reproduced from Reference [64].
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Figure 3.4: A sequence of optical microscope images of a cholesteric droplet coexisting with its
isotropic phase under a temperature gradient. This figure is reproduced from Reference [68].

3.2 Phenomenological description

The phenomenological interpretation was first given by Leslie in 1968 [84]. Considering the

symmetry and the conservation laws, Leslie showed phenomenologically the cross coupling

between a heat flux and torque. Since Leslie theory is phenomenological, it does not mention

the microscopic interaction between molecules and heat flow that causes the Lehmann effect;

to this day, the microscopic mechanism remains to be clarified. However, some studies

reproduce the Lehmann effect of Ch LCs by molecular dynamics simulations [85–89]. In this

section, I introduce the phenomenological theory of Leslie.

The director of the ordinary N phase is uniformly oriented in the ground state. In

practice, however, the interface between the LC and the container in which the LC is placed

for observation affects the director and the free interfaces and surfaces. In other words,

the existence of an interface deforms the director of the static LC phase. Under the given

boundary conditions, it is necessary to find an equation describing the equilibrium distribution
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of 𝒏(𝒓) [90–92]. The total free energy of the system,

𝐹 =
∫

𝑓 d𝑉, (3.1)

should be minimized under the condition 𝒏2 = 1. The variation of the free energy should be

zero by the method of Lagrange multipliers;

𝛿

∫ {
𝑓 − 1

2
𝜆(𝒓)𝒏2

}
d𝑉 = 0, (3.2)

where 𝜆(𝒓) is an arbitrary function. Putting 𝛿𝒏 = 0 at the interfaces, the variation of the total

free energy is given by

𝛿𝐹 = −
∫

𝑯𝛿𝒏d𝑉. (3.3)

𝑯 is called the “molecular field” and has the components of 2

𝐻𝑖 = 𝜕𝑘𝜋𝑘𝑖 −
𝜕 𝑓

𝜕𝑛𝑖
, 𝜋𝑘𝑖 =

𝜕 𝑓

𝜕 (𝜕𝑘𝑛𝑖)
. (3.4)

𝑯 = −𝜆𝒏 is satisfied in the equilibrium state (i.e., the state in which 𝑯 and 𝒏 are parallel to

each other), leading to

𝒉 ≡ 𝑯 − 𝒏(𝒏 · 𝑯) = 0. (3.5)

Here, the vector 𝒉, which satisfies 𝒏 · 𝒉 = 0, is introduced.

The dynamic state of the N phase is described by the spatial distribution of the director 𝒏,

the density 𝜌, the velocity 𝒗, and the entropy density 𝑠. Corresponding to this, the equations

of motion of the N phase consist of four equations that give the temporal differentials of

these four physical quantities [28,93–100]. Since the detailed derivation of the equations are

2The spatial derivatives 𝜕/𝜕𝑥𝑖 are abbreviated to 𝜕𝑖 .
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explicated in the references, I mention only the results.

The general form of the equation of motion for the director is

d𝑛𝑖
d𝑡

= Ω𝑘𝑙𝑛𝑘 + 𝜆′(𝛿𝑖𝑙 − 𝑛𝑖𝑛𝑙)𝑛𝑘𝐴𝑘𝑙 + 𝑁𝑖, (3.6)

where d/d𝑡 is the Lagrange derivative 𝜕/𝜕𝑡 + (𝒗 · ∇); the symmetrical and antisymmetric

components of the velocity gradient tensor 𝜕𝑖𝑣 𝑗 are denoted by 𝐴𝑖 𝑗 ≡ (𝜕𝑖𝑣 𝑗 + 𝜕𝑗 𝑣𝑖)/2 and

Ω𝑖 𝑗 ≡ (𝜕𝑖𝑣 𝑗 − 𝜕𝑗 𝑣𝑖)/2, respectively. 𝑵 is a vector defined as 𝑵 ≡ 𝒉/𝛾, where the coefficient

𝛾 has the dimensions of viscosity, and the coefficient 𝜆′ is dimensionless.

The equation for the density is given by the continuity equation;

𝜕𝜌

𝜕𝑡
+ div(𝜌𝒗) = 0. (3.7)

The equation for the velocity is given by the equation of motion. Body forces can be

written as the divergence of the stress tensor 𝜎𝑖𝑘 , so 𝜌d𝑣𝑖/d𝑡 = 𝜕𝑘𝜎𝑖𝑘 , which gives

𝜌

(
𝜕𝑣𝑖
𝜕𝑡

+ (𝒗 · ∇)𝑣𝑖
)
= −𝜕𝑖𝑝 + 𝜕𝑘𝜎r

𝑖𝑘 + 𝜕𝑘𝜎′
𝑖𝑘 . (3.8)

Here, 𝑝 is the pressure, and 𝜎r
𝑖𝑘 and 𝜎′

𝑖𝑘 are defined as

𝜎r
𝑖𝑘 ≡ −𝜆

′

2
(𝑛𝑖ℎ𝑘 + 𝑛𝑘ℎ𝑖) −

1
2
(𝜋𝑘𝑙𝜕𝑖𝑛𝑙 + 𝜋𝑖𝑙𝜕𝑘𝑛𝑙) −

1
2
𝜕𝑙{(𝜋𝑖𝑘 + 𝜋𝑘𝑖)𝑛𝑙 − 𝜋𝑘𝑙𝑛𝑖 − 𝜋𝑖𝑙𝑛𝑘 }, (3.9)

𝜎′
𝑖𝑘 ≡ 𝜎𝑖𝑘 − 𝜎r

𝑖𝑘 + 𝑝𝛿𝑖𝑘 . (3.10)

The equation for the entropy density is given by the continuity equation taking the dissi-

pation process into account,
𝜕𝑠

𝜕𝑡
+ div

(
𝑠𝒗 +

𝑱q

𝑇

)
=

2𝑅
𝑇
. (3.11)

47



Here, 𝑅 is called the dissipation function and is of quadratic form. It is composed of 𝑣𝑖𝑘 , 𝒉,

and ∇𝑇 :

2𝑅 = 𝜎′
𝑖𝑘𝐴𝑖𝑘 + 𝑵 · 𝒉 + 𝑱q ·

(
−∇𝑇
𝑇

)
. (3.12)

𝑱q denotes the heat flux density, which has the components

𝐽q,𝑖 = −𝜅𝑖𝑘𝜕𝑘𝑇. (3.13)

𝜅𝑖𝑘 is the thermal conductivity tensor and is represented as

𝜅𝑖𝑘 = 𝜅∥𝑛𝑖𝑛𝑘 + 𝜅⊥(𝛿𝑖𝑘 − 𝑛𝑖𝑛𝑘 ), (3.14)

where 𝜅∥ and 𝜅⊥ are the thermal conductivities parallel and perpendicular to the director,

respectively.

The above discussion is for the N phase, and mirror symmetry is not invoked in deriving

these equations. Therefore, these equations can be applied to the Ch phase as well, although

some modifications are necessary. In other words, several terms should be added to 𝜎′
𝑖𝑘 , 𝑱q,

and 𝒉 [84]:

𝜎′
𝑖𝑘 = (𝜎′

𝑖𝑘 )nem + 𝜇(𝑛𝑖𝜀𝑘𝑙𝑚 + 𝑛𝑘𝜀𝑖𝑙𝑚)𝑛𝑚𝜕𝑙𝑇, (3.15a)

ℎ𝑖 = (ℎ𝑖)nem + 𝜈𝜀𝑖𝑘𝑙𝑛𝑘 (−𝜕𝑙𝑇), (3.15b)

𝐽q,𝑙 = (𝐽q,𝑙)nem + 𝜈1𝜀𝑙𝑘𝑖𝑛𝑘𝑛𝑘𝑁𝑖 + 𝜇1(𝜀𝑙𝑚𝑖𝑛𝑘 + 𝜀𝑙𝑚𝑘𝑛𝑖)𝑛𝑚𝐴𝑖𝑘 . (3.15c)

The subscript “nem” identifies the terms for the N phase. These added terms are not

polar vectors nor polar tensors but are axial vectors or axial tensors, which change their

sign with respect to space inversion and reflection, which are absent from the N phase.
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The coefficients appearing in the added terms are related to each other by the Onsager

reciprocal relations [101,102]. Considering 𝜎′
𝑖𝑘 , 𝐽q,𝑖, and ℎ𝑖 as the thermodynamic fluxes, the

corresponding thermodynamic forces are −𝐴𝑖𝑘/𝑇 , 𝜕𝑖𝑇/𝑇2, and −𝑁𝑖/𝑇 , respectively. From

Equations 3.6, 3.8, and 3.11, 𝜎′
𝑖𝑘 should be even, and 𝑞𝑖 and ℎ𝑖 should be odd with respect to

time reversal. Noting this, the comparison of the coefficients in Equation 3.15 yields

𝜈1 = 𝜈𝑇, 𝜇1 = 𝜇𝑇. (3.16)

Finally, Equation 3.15 in vector form is

𝜎′
𝑖𝑘 = (𝜎′

𝑖𝑘 )nem + 𝜇[𝑛𝑖 (𝒏 × ∇𝑇)𝑘 + 𝑛𝑘 (𝒏 × ∇𝑇)𝑖], (3.17a)

𝒉 = 𝒉nem + 𝜈𝒏 × (−∇𝑇), (3.17b)

𝑱q = (𝑱q)nem + 𝜈𝑇𝒏 × 𝑵 + 2𝜇𝑇𝒏 × (𝒏𝑨). (3.17c)

Equation 3.17b indicates that a heat flux applied to the Ch phase induces a Lehmann torque

of

𝝉 = 𝜈𝒏 × 𝒏 × (−∇𝑇) (3.18)

on the director, where 𝜈 is the cross-coupling constant between the heat flux and torque, which

is a physical property determined by the details of the material and the chirality. In contrast,

Equation 3.17c suggests the existence of an inverse Lehmann effect for which applying torque

𝝉 would induce the heat flux 𝑱q = 𝜈𝑇𝝉/𝛾 [103].

de Gennes later summarized this argument [29], assuming some conditions to argue about

the rotation driven by the Lehmann effect:

1. A Ch droplet is sandwiched between two parallel flat glass substrates. The director is

parallel to the substrates and can rotate freely while remaining parallel to the substrates.
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This assumption of the boundary condition makes the helical axis perpendicular to the

substrates and parallel to the heat flux.

2. The droplet is cylindrical and the contribution of the side interfaces is completely

negligible.

3. There is no flow; the constituent molecules do not move; only the direction rotates.

Considering these assumptions, the director exhibits a steady unidirectional rotation with a

rotational velocity of

𝜔0 =
𝜈 |∇𝑇 |
𝛾

. (3.19)

In the above argument, a heat flux is considered as a flux to drive the Lehmann effect, and

a temperature gradient as a conjugate field. From a phenomenological point of view, however,

a flux is not necessarily a heat flux. For example, considering a electric current 𝑱e as a flux

and −∇𝑉 , in which𝑉 is the electric potential, as a conjugate field, the argument remains valid.

Taking a mass flux 𝑱m as a flux, as another example, a conjugate field would be −∇𝜇, where

𝜇 is the chemical potential. The conjugate field of a heat flux 𝑱q should be taken as −∇𝑇/𝑇

so that the units of the coupling constants for all cases are the same. Note that the units of the

coupling constant are not always taken in the same way, and that comparison of the values of

the coupling constant may cause inconsistency unless considering the difference in its unit.

Since only a heat flux is applied in this study, I take the field as −∇𝑇 .

3.3 The inverse Lehmann effect

In contrast to the Lehmann effect, in which torque is exerted on Ch LCs, the existence of

a phenomenon that corresponds to the inverse process is implied in Equation 3.17c. The

inverse Lehmann effect should generate a heat flux when the Ch LCs are rotated. The inverse
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Lehmann effect is expected to be applied to a microscopic heat pump. In 2017 Sato et

al. investigated the inverse Lehmann effect by rotating Ch droplets coexisting with their Iso

phase and measuring the temperature along the rotational axis of the droplets [104]. The

measurements revealed a temperature gradient proportional to the angular velocity of the

droplets along the rotational axis of the droplets. In addition, the direction of the temperature

gradient was inverted by reversing either chirality or the rotational direction of the droplets.

However, the coupling constant for the inverse Lehmann effect estimated by this experiment

was four orders of magnitude larger than that for the Lehmann effect. The coupling constants

for the Lehmann and the inverse Lehmann effects should be the same due to the Onsager

reciprocal relations, so further study and discussion is necessary.

3.4 Director rotation and rigid-body rotation

As described in Chapter 1, one of the intriguing subjects in terms of the rotation of the Ch

droplets driven by the Lehmann effect is the detailed rotational motion of the constituent

molecules. Since the polarizing microscopy image reveals the temporal variation in the

optical anisotropy due to the rotation of Ch droplets, it does not directly reveal the motion

of the molecules. Molecules can undergo two independent types of rotational motion. One

is “director rotation,” whereby molecules rotate only in the orientational direction without

moving their center of mass, and the other is the “rigid-body rotation,” whereby molecules

orbit around the center axis of the droplet rotation while maintaining their relative orientational

structure. The change in the droplet texture is thought to be caused by one of these independent

rotations or a combination of both. Director rotation involves no translational motion of the

molecules, and thus no hydrodynamic flow is associated with the rotation. Rigid-body

rotation, however, involves molecules orbiting with translational motion of the center of mass,
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so flow should be generated. Lehmann himself believed that textural change was due to

director rotation [5, 6]. Moreover, the possibility of the rigid-body rotation has never been

discussed by theorists such as Leslie or de Gennes [29, 84].

In recent years; however, experimental results that suggest the possibility of rigid-body

rotation have been reported. In 2014, Yoshioka et al. measured the flow inside a Ch droplet

rotating due to the Lehmann effect and attempted to reveal the details of the rotational motion

of the constituent molecules [72]. The experiment used the method of fluorescence recovery

after photobleaching (FRAP), whereby a fluorescent dye is added to the Ch LC sample and a

small region of the interior of the Ch droplet is photobleached by irradiating with a strongly

focused laser beam while the entire sample is weakly excited by optical excitation. Without

flow, the photobleached fluorescent dye diffuses according to the diffusion equation, and

the fluorescence gradually returns to the bleached region. Conversely, if flow is present,

the motion of the photobleached dye follows the convection–diffusion equation, and the

center of the photobleached region moves with the flow as it diffuses. Figure 3.5 shows

microscopic images of the FRAP measurement applied to a Ch droplet dispersed in the Iso

phase (reproduced from Reference [72]). The green color of the entire image is due to

the fluorescence of the dye. Figure 3.5a shows images of a striped droplet characterized

by its striped texture, and the helical axis of the director is orthogonal to the heat flow.

The left image is before photobleaching by laser irradiation, and the right image is after

photobleaching. In the image after irradiation, the fluorescent dye in the laser-irradiated area

has been photobleached, resulting in a dark-field spot. Tracking the position of the center of

the photobleached area over time shows that it moves at the same velocity as the rotation of the

droplet texture. Yoshioka et al. concluded that the rotation of the striped droplet corresponds

to rigid-body rotation accompanied with a vortexlike flow.

In contrast, Figure 3.5b shows a droplet with a director field whose helical axis is parallel
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to the heat flow. It is called a concentric-circle (CC) droplet because it has a concentric-circle

texture. The left side is before photobleaching and the right side is after photobleaching.

Tracking the position of the center of the photobleached region shows that no flow occurs,

despite the rotation of the droplet. This suggests that the center of mass of the molecules

comprising the droplet does not move, indicating director rotation. The reason the striped

droplet undergoes rigid-body rotation whereas the CC droplet undergoes director rotation,

was pointed out at this stage as orientational elasticity. When a heat flow is applied parallel to

the helical axis of droplets with uniaxial helical structure, the helical structure is not distorted

even by a spatially and temporally uniform director rotation around the heat flow. However,

when a uniform director rotation occurs around the heat flow perpendicular to the helical axis,

the helical structure is distorted, resulting in loss of elastic energy.

In 2016, Poy and Oswald used the FRAP method to reproduce the same experiment

to measure the flow associated with Lehmann rotation of striped CC droplets [75]. In

this experiment, measurements were made on almost the same LC samples and experimental

system as in Reference [72]. The flow field in the Iso phase in the vicinity of the rotating striped

droplet and inside the rotating CC droplet were measured. Despite the same experiments being

done, contradictory results were obtained; no flow was detected for both types of droplets.

The authors concluded that both types of droplets undergo director rotation and point out

that rigid-body rotation due to the Lehmann effect is not driven in principle [61]. Thus,

most previous studies argue that Ch droplets undergo director rotation driven by the Lehmann

effect, and some previous studies argue strongly against such rigid-body rotation.

Furthermore, flow measurements of striped droplets not only are inconsistent but also

several inconsistent results are obtained for the droplet size dependence of the rotational

velocity. The Lehmann torque, given by Equation 3.18, is the torque per unit volume acting

on the director. Since the moment of inertia of the director is negligible, the rotational
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(a)

(b)

Figure 3.5: Flow-field measurement by the fluorescence recovery after photobleaching method
for (a) a striped and (b) a concentric-circle droplet. 𝑱 and the white arrows indicate a heat
flux and the direction of rotation, respectively. The scale bars indicate (a) 10 μm and (b) 20
μm. The magnitude of the temperature gradient was (a) 6.3 mK μm−1 and (b) 6.0 mK μm−1.
This figure is reproduced from Reference [72].
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viscosity of the director is balanced by the Lehmann torque in the steady state. Considering

that the rotational viscosity also acts per unit volume with respect to the director, the effect

of the droplet volume should cancel out, and the rotational velocity should be independent of

the droplet size, as shown in Equation 3.19. In other words, as long as the droplets undergo

director rotation, the droplet size should be independent of rotation velocity. For rigid-body

rotation, in contrast, the Lehmann torque is exerted on a unit volume, whereas the viscous

friction acts on the droplet surfaces, not on the volume, so the rotational velocity should depend

on the droplet size. Several groups have reported that the rotation velocity of striped droplets

depends on droplet diameter, although both director rotation and rigid-body rotation have been

reported [68,72,74]. No report has yet claimed that the rotational velocity of striped droplets is

independent of droplet diameter. For CC droplets, all publications argue that director rotation

is driven by the Lehmann effect. In addition, rigid-body rotation of CC droplets has never been

reported. Despite the consistent reports concerning the rotational motion of CC droplets, some

works report that rotational velocity does not depend on droplet diameter [72, 74], whereas

other works report that velocity depends on droplet diameter [69, 71, 73]. Thus, the question

of whether rigid-body rotation of Ch droplets can be driven is intriguing and important not

only for physics but also for applications of the Lehmann effect. Unfortunately, it has been

unresolved and controversial for a long time due to many conflicting reports.

Rigid-body rotation of a LC droplet in an isotropic fluid is not unusual when an external

torque is applied to the droplet. A well-known example is the rigid-body rotation of N or Ch

droplets dispersed in an aqueous solution when trapped by a polarized laser beam [105–107].

Figure 3.6 shows microscope images of N droplets dispersed in pure water (reproduced from

Reference [106]). A dye is added to the droplets, and the droplets are trapped by a linearly

polarized laser beam. The images show clearly that the smaller droplet unidirectionally orbits

the larger droplet. Irradiation by the polarized laser beam applies a torque to the droplets; the
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Figure 3.6: Sequence of microscopy images of nematic droplets dispersed in pure water. The
droplet is trapped by polarized laser beam perpendicular to the paper. The snapshots were
acquired every 0.06 s, and the scale bar indicates 1 μm. This figure is reproduced from
Reference [106].

revolution of the smaller droplet is driven by a vortexlike flow accompanied by the rotation of

the larger droplet. The existence of the vortexlike flow indicates the translational motion of

the position of the constituent molecules, proving the rigid-body rotation of the larger droplet.

The reason the droplet is driven in rigid-body rotation is the large rotational viscosity of the N

droplet, the orientational elasticity inside the droplet, and the anchoring of the droplet–fluid

interface [106]. Since the anchoring strength at the LC–Iso interface is almost the same

magnitude as that at the LC–water interface [22, 108], in analogy with rigid-body rotation of

N droplets in water, the Lehmann effect should drive the rigid-body rotation of Ch droplets

coexisting with their Iso phase even when the sources of torque differ completely.
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Chapter 4

Direct Observation of Rigid-Body

Rotation Driven by the Lehmann Effect

4.1 Purpose

The FRAP measurements of the flow field [72, 75] produced inconsistent results for striped

droplets. For CC droplets, for which no flow was detected by FRAP in any of the reports and

which was concluded to be director rotation, the reports on the dependence of the rotational

velocity on droplet size are inconsistent [68, 72, 74]. FRAP is such a delicate method that it

might inappropriate for this type of experimental system.

In this chapter, I report the results of experiments in which I measured flow using a

method other than FRAP. Specifically, tracer particles were added to LC samples, and the

flow was visualized by tracking their movement. The purpose of the experiments was to

directly observe the flow associated with the rotation of Ch droplets by the movements of the

particles and to clarify whether the rotation of the droplet is director rotation or rigid-body

rotation [81, 83]. Flow observation using particles has attracted attention as a efficacious
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method for this system, and some attempts have already been made to add particles to LC

samples for this purpose. However, because the interfacial energy between the LC and the

glass substrates of the cell in which the LC is sandwiched is on the order of several tens of

mN m−1, the added particles adsorb onto the glass substrates. I experimented with changing

the physical and chemical parameters such as particle size, material, and surface modification,

and found particles that adhered to the Ch–Iso interface or were dispersed in the Iso phase.

4.2 Preparation of cholesteric compounds

Three types of LC samples were used in this experiment. For the first type, a N LC,

4-cyano-4’-pentylbiphenyl (produced by LCC Ltd) was mixed with a N LC mixture No.

270032 (produced by LCC Ltd, Table 4.1) at a weight ratio of 2 : 3 to serve as a host

N LC, and (S)-4-[1-(methylheptyl)oxy]carbonyl-phenyl-4-(hexyloxy)benzoate (produced by

DIC Corporation) was added as a chiral dopant at 1.0 wt%. In addition, particles (a gift from

Professor Isa Nishiyama) with an average diameter of approximately 1 μm were added as

tracers to measure the flow. The phase sequences of this LC sample is Ch–69.8 ◦C–Ch + Iso–

72.2 ◦C–Iso. The glass substrates were spin-coated with poly(methyl methacrylate) (PMMA,

produced by Sigma-Aldrich) after removing impurities by ultrasonic cleaning and UV–ozone

treatment, and were pasted with a 10-μm-thick spacers between them to fabricate a cell. The

LC samples were sandwiched in the 10 μm gap between the glass substrates. The spin-coated

PMMA was intended to reduce friction on the substrates and to be used as an alignment film.

This sample is referred to as Sample A.

For the second LC sample, 4-cyano-4’-pentylbiphenyl (produced by LCC Ltd) and No.

270032 (produced by LCC Ltd) were mixed at a weight ratio of 3 : 2 to serve as a host N LC,

and (S)-2-octyl 4-[4-(hexyloxy)benzoyloxy]benzoate (produced by Tokyo Chemical Industry
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Co., Ltd) was added as a chiral dopant at 2.8 wt%; the same tracer particles as in Sample A

were added. The phase sequences of this LC sample is Ch–49.8 ◦C–Ch + Iso–56.1 ◦C–Iso.

The cell for sandwiching the sample was prepared by using the same procedure as that for

sample A, but the thickness of the gap between the glass substrates for the LC was adjusted

to be 20 μm. This is referred to as Sample B.

For both Samples A and B, the helical axis of the uniaxial helical structure of Ch droplets

formed in the Ch–Iso coexisting phase is mostly oriented parallel to the substrate due to the

effect of the spin-coated PMMA, resulting in stripped droplets. CC droplets are also formed

at a certain rate, but it is inefficient to select for observation CC droplets that form by chance. I

applied an electric field to the droplets to control the direction of the helical axis, forming only

CC droplets. The third LC sample was prepared for this purpose. The host N LC NA-0199

(produced by DIC Corporation) with negative dielectric anisotropy was mixed with 17.1 wt%

octadecane (produced by Tokyo Chemical Industry Co., Ltd.) and 1.7 wt% chiral dopant of

(S)-2-octyl 4-[4-(hexyloxy)benzoyloxy]benzoate (produced by Tokyo Chemical Industry Co.,

Ltd.). Micro Pearl EX(H) (produced by Sekisui Chemical Co., Ltd.) with an average particle

diameter of 2.50±0.05 μm and the particles used for Samples A and B were added to visualize

the flow field. The phase sequences of this LC sample is Ch–33.3 ◦C–Ch + Iso–73.2 ◦C–Iso.

The temperature range of the Ch–Iso coexisting phase was broadened by adding octadecane

as an impurity. Glass substrates coated with a transparent electrode film made of indium tin

oxide (ITO) were used for the glass cell sandwiching the LC sample. The substrates with

ITO film were cleaned and spin-coated with PMMA in the same manner as Samples A and

B; the thickness of the cell was adjusted to 20 μm. This sample is referred to as Sample C.

An AC voltage was applied across the substrates with a peak-to-peak voltage of 𝑉pp = 20 V

and a frequency of 300 kHz by using a WF 1974 multifunction generator (produced by NF

Corporation). Since Sample C has a negative dielectric anisotropy, the director is stable and
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Table 4.1: Composition of No. 270032

Component Concentration / wt%

CR N 57

CR COO N 15

COR N 11

CR N 10

C CR R'COO 7

perpendicular to the applied electric field. Therefore, the helical axis of the Ch droplets is

aligned parallel to the electric field and perpendicular to the substrate, forming a CC droplet.

4.3 Temperature-control method

The temperature of Sample A was controlled by using a conventional heating stage (produced

by Linkam Scientific Instruments), which heated only the lower side of the cell while the

upper side of the cell was in contact with ambient air and naturally cooled. Therefore, heat

flow was directed from the bottom to the top of the cell. The temperatures at the bottom and

top of the cell were measured by using thermocouples (produced by Shimaden Co., Ltd.).

The temperature of Samples B and C was controlled by using a homemade device to apply
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Figure 4.1: Schematic figures of Samples (a) A, (b) B, and (c) C. Ch, Iso, 𝒏, 𝒉, 𝑱q, and 𝑬
denote cholesteric phase, isotropic phase, the director, the helical axis of the director field, a
heat flux, and an electric field, respectively. This figure is reproduced from References [81,83].
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Figure 4.2: A schematic figure of my homemade device to apply a temperature gradient. 𝑱q
denotes a heat flux. This figure is reproduced from Reference [83].

a temperature gradient. This device heated the upper side of the cell via rubber heaters and

cooled the lower side of the cell via circulating water, allowing the temperatures of the upper

and lower parts of the cell to be controlled independently. The temperature at the top of the

cell was measured with a thermocouple attached to a S11A heat flow sensor (produced by Eto

Denki), and PID was controlled by using an SR23 digital controller (produced by Shimaden

Co., Ltd.). The temperature at the bottom of the cell was measured with a K-type sheath

thermocouple (produced by Sakaguchi E.H Voc Corp.) and a SR23 digital controller, and the

temperature of the circulating water was controlled with a DC10 chiller combined with a K10

pump (produced by Haake).

4.4 Polarizing microscopy

The observation was made by using a BX51 polarizing microscope (produced by Olympus

Corporation) equipped with a white-light source. Only the polarizer, which was positioned in

the light path between the light source and the specimen, was applied, whereas the analyzer,
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which was the second polarizer placed in the optical pathway after the specimen, was not

used. The linearly polarized light was normally incident onto the sample and the transmitted

light was detected without polarizers. This setup enabled me to observe both the texture of

Ch droplets and the tracer particles, which are not optically anisotropic. Microscopy images

were taken with a DFK23U445 charge-coupled device camera (produced by The Imaging

Source) or a ProgRes charge-coupled device camera (produced by Jenoptik AG).

4.5 Results of direct observation of rigid-body rotation by

particle tracking method

First, stripped droplets were formed using Sample A, and the flow was visualized by the

particles. Figure 4.3 shows an image sequence of a striped droplet coexisting with its Iso

phase. The snapshots were taken every 60 s; the scale bar indicates 10 μm. The Iso phase is

in the bright field because a polarizer was inserted only on the light-source side of the LC cell

and the analyzer was removed. The droplet showed a striped texture and has a helical axis, as

shown by the white arrows in the figure, perpendicular to the stripes. The blue dots are the

tracer particles adhering to the droplet. Since impurities such as particles are excluded from

the highly ordered LC phase, the particles were attached to the interface between the droplet

and Iso phase. The adhesion of the particles did not disturb the director field inside the droplet,

and the particles did not become a defect as far as observed under the polarizing microscope.

The Ch droplets form upon contact with the substrate on the lower temperature side; when the

droplets reach a certain size, they also contact the substrate on the higher-temperature side.

The striped droplet shown in Figure 4.3 adhered to both the upper and the lower substrates.

The temperature of the top and the bottom sides of the cell were controlled to be 𝑇low =

65.9 ◦C and 𝑇high = 70.8 ◦C, respectively; the magnitude of the temperature gradient was
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|∇𝑇 | = 4.2 mK μm−1. This temperature gradient induced a heat flux from the back of the

page toward the front to drive the droplet rotation, which appeared as a unidirectional textural

rotation in the clockwise direction. The particles adhering to the droplet revolved about the

rotational axis of the droplet in the same direction as the droplet. The revolution of the

particles reveals the flow accompanied by droplet rotation, which demonstrates the rigid-body

rotation of the droplet. Labelling as 𝜃 and 𝜃′ the rotational angles of the helical axis and one of

the aggregates of the particle on the droplet from the initial angles, respectively, gives Figure

4.4 from the temporal variations in 𝜃 and 𝜃′. Figure 4.4 shows that the temporal variation in

𝜃 and 𝜃′ are the same. The angular velocities of the texture and the particle aggregate were

estimated from the slope of the graph, resulting in the same velocity of 1.0 × 10−2 rad s−1.

The consistency between the angular velocities indicates that the pure rigid-body rotation

is driven without rotation of the director. Angular velocities 𝜔droplet and 𝜔particle, which

denote the angular velocity of the droplets and the particles adhering to them, respectively,

were measured as shown in Figure 4.5 (open squares). 𝜔droplet and 𝜔particle are completely

consistent for multiple droplets and particles.

One may claim that the particles are just transported by the anchoring force at the interface,

and the textural rotation is the pure director rotation [61]. However, as shown clearly in Figure

4.3, the particle aggregates adhere at multiple position on the droplet, all of which revolve at

the same angular velocity. Moreover, the particle aggregates adhere at random positions on

the droplet; that is, the orientations of the director touching the particles differ. If the particles

were transported by the interaction with the director, they would not adhere at random positions

on the droplet but at a position with a given orientation of the director selectively. In addition,

assuming the interaction, when the particles happen to adhere at random positions on the

droplet interface, the rotational velocities of the particles at multiple positions should depend

on the orientation of the director. However, the experiment shows that the particles adhering
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Jq

Figure 4.3: Image sequence of a striped droplet coexisting with its isotropic phase and
particle aggregates adhering to the droplet. The images were acquired by using a polarizing
microscope with linearly polarized incident light. The transmitted light was detected without
polarizers. The snapshots were taken every 60 s, and the scale bars indicate 10 μm. The white
solid arrow, the white dashed arrow, the white dot, and 𝑱q denote the helical axis, the initial
state of the helical axis, the position of a particle aggregate, and the heat flux, respectively.
A temperature gradient of 4.2 ± 0.2 mK μm−1 was applied to the liquid crystal sample by a
heating stage. This figure is reproduced from Reference [81].

at multiple positions with different orientations of the director revolve at exactly the same

angular velocity as the textural rotation of the droplet, clearly demonstrating pure rigid-body

rotation.

Next, I observed the flow accompanied by the Lehmann rotation of CC droplets with

Sample B by using the same method. Figure 4.6 shows an image sequence of a CC droplet

coexisting with its Iso phase under the polarizing microscope with only one polarizer. The

droplet has a concentric-circle texture with its helical axis perpendicular to the page and

parallel to the heat flux. The black dot in the CC droplet is a particle adhering to the droplet

interface. The adhesion of the particle does not distort the director field, as was the case for

the striped droplets. The details of the shape of the droplet, which touches only the colder

substrate, are discussed in Section 6.3.

The temperatures of the top and the bottom of the cell were maintained at 𝑇high = 56.0 ◦C
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Figure 4.4: 𝜃 and 𝜃′ of the droplet and particle aggregate from Figure 4.3 plotted as functions
of time. 𝜃 and 𝜃′ are the rotational angles of the helical axis and of a particle aggregate
on the droplet and are measured from their initial angles. This figure is reproduced from
Reference [81].

and 𝑇low = 40.0 ◦C, respectively, by using the homemade temperature controller; the mag-

nitude of the temperature gradient was |∇𝑇 | = 13.7 mK μm−1. The snapshots in Figure 4.6

were taken at 1 s intervals, showing that the concentric-circle texture spreads unidirectionally

from the center to the edge of the droplet at a constant speed due to the heat flux oriented

into the page. The textural change is attributed to rotation driven by the Lehmann effect. The

particle on the CC droplet revolves at the same frequency as the textural rotation and about

the central axis of the droplet in the counterclockwise direction and at constant velocity. The

direction of the rotation of the particle is consistent with that of the striped droplets. The

steady revolution of the particle indicates that a hydrodynamic flow accompanies the rotation

of the CC droplet, which constitutes experimental evidence that CC droplets can rotate as rigid

bodies. This result thus reveals the rigid-body rotation of Ch LCs with helical axes parallel

to the direction of heat flux. I measured the temporal variation in the rotational angle of the
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Figure 4.5: Angular velocity 𝜔particle of particle aggregates as a function of the angular
velocity 𝜔droplet of the texture of striped droplets. Open squares corresponds to the angular
velocities of the texture and the particles adhering to the droplets. The dashed line is a linear
fit to the open squares. The open circles correspond to the angular velocities of the texture
and the particles in the vicinity of the droplets (see Figure 7.1). The dashed-dotted line is a
linear fit to the open circles. The details of the open squares are discussed in Chapter 7. This
figure is reproduced from Reference [81].
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particle adhering to the droplet from the initial angle (see Figure 4.7), the slope of which gives

the angular velocity of the particle as 𝜔particle = 7.0 × 10−1 rad s−1. For the textural rotation,

since the angular velocity cannot be directly calculated from the temporal variation in the

concentric-circle texture. Instead, by rotating the polarizer, I estimated the angular velocity

from the textural variation of the CC droplet at rest without applying a temperature gradient.

Figure 4.8 shows the temporal change in the light intensity averaged over the small area at the

center of the droplet at rest when the polarizer was rotated by 360◦. The open circles are the

measured values, and the dashed line gives the squared sine of the polarizer angle. The initial

phase is taken to have light intensity 𝐼 = 0 when the polarizer angle 𝑃 = 0. This measurement

gives the following experimental relationship between the transmitted light intensity 𝐼 and the

angular velocity 𝜔droplet:

𝐼 = sin2(𝜔droplet𝑡 + 𝛿), (4.1)

where 𝛿 denotes the initial angle. By fitting the result shown in Figure 4.9, in which the

temporal variation in light intensity averaged over the small area at the center of the droplet

rotating due to a heat flux (by Equation 4.1 with parameters 𝜔 and 𝛿), the angular velocity of

the CC droplet is estimated to be 𝜔droplet = 6.7 × 10−1 rad s−1 The angular velocities of the

particle and the droplet are the same, 𝜔droplet = 𝜔particle, indicating that the CC droplet and

the striped droplet both undergo pure rigid-body rotation.

4.6 Rigid-body rotation of an aggregate composed of cholesteric

droplets and particles

The previous section presents a novel method where the flow is visualized via particles that

adhere to the Ch droplets, proving that the droplets undergo rigid-body rotation driven by
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Particle

0 s 1 s 2 s 3 s 4 s 5 s

6 s 7 s 8 s 9 s 10 s

Figure 4.6: An image sequence of a concentric-circle droplet coexisting with its isotropic
phase and of particle aggregates adhering to the droplet. The image was acquired by using
a polarizing microscope with linearly polarized incident light. The transmitted light was
detected without polarizers. The snapshots were taken at 1 s intervals. The scale bars and 𝑱q
indicate 10 μm and the heat flux, respectively. The temperature at the top and bottom of the
cell were 𝑇high = 56.0 ◦C and 𝑇low = 40.0 ◦C, respectively, so the applied temperature gradient
was 13.7 mK μm−1. The temperature was controlled by using the homemade device shown
in Figure 4.2. A temperature gradient of 4.2 ± 0.2 mK μm−1 was applied to the liquid crystal
sample by a heating stage. This figure is reproduced from Reference [83].
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Figure 4.7: Temporal variation in the rotational angle of the particle aggregate on the droplet
shown in Figure 4.6. This figure is reproduced from Reference [83].

69



0

0.2

0.4

0.6

0.8

1

1.2

0 0.5π 1.0π 1.5π 2.0π

N
or

m
al

iz
ed

 li
gh

t i
nt

en
si

ty
 I 

/ a
rb

. u
ni

t

Polarizer angle P / rad

Figure 4.8: Temporal variation in the transmitted light intensity 𝐼 of a concentric-circle
droplet when the polarizer between the light source and the sample was rotated without the
temperature gradient. The transmitted light was observed without polarizers. The droplet
was at rest during the rotation of the polarizer. The dashed line indicates 𝐼 = sin2(𝑃). This
figure is reproduced from Reference [83].
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Figure 4.9: Temporal variation in the transmitted light intensity 𝐼 at the center of the droplet
shown in Figure 4.6. The dashed line is the best-fit curve obtained using Equation 4.1 with
fitting parameters 𝜔 and 𝛿. This figure is reproduced from Reference [83].
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Figure 4.10: Schematic diagram of dumbbell-shaped aggregate composed of two concentric-
circle droplets and a particle aggregate. Iso, Ch, and the yellow bars indicate the isotropic
phase, cholesteric phase, and the director, respectively.

the Lehmann effect. This section presents another experimental proof of rigid-body rotation

driven by the Lehmann effect. The experiment benefits from a novel geometry using particles

and provides a new perspective that differs from the flow measurements. Specifically, I formed

dumbbell-shaped composites with two CC droplets and a particles aggregate in between, as

shown in Figure 4.10. The rigid-body rotation of the composite is driven by the Lehmann

effect.

Sample C was used for this experiment, and the temperatures of the top and the bottom

of the sample were controlled independently by the homemade device shown in Figure 4.2.

Cooling from the temperature at which the sample assumes the Iso phase, Ch droplets were

formed in Iso phase and moved due to thermal fluctuation. When two droplets touched each

other by chance, the droplets coalesced and underwent interior reorientation to become a

large droplet with a uniaxial helical structure. However, if a particle happens to adhere to

the position where the droplets touch each other, the droplets are prevented from coalescing

to form a dumbbell-shaped composite. The composites form randomly about once every

hundred trials. Figures 4.11 and 4.12 show dumbbell-shaped composites formed in their

71



own Iso phase, as imaged by a polarizing microscope with snapshots taken every 10 and 5

s, respectively. In Figure 4.11, the temperatures of the top and the bottom of the cell were

set at 𝑇high = 76.0 ◦C and 𝑇low = 40.5 ◦C, respectively, and the magnitude of the temperature

gradient was |∇𝑇 | = 16.0 mK μm−1. In Figure 4.12, the temperatures of the top and the bottom

of the cell were set to 𝑇high = 94.9 ◦C and 𝑇low = 46.8 ◦C, respectively, forming a temperature

gradient of |∇𝑇 | = 21.7 mK μm−1 across the LC. A heat flux directed from the front to the

back side of the page caused the Lehmann effect, driving unidirectional counterclockwise

rotation of both composites without losing their shape or orientational structure. The center

of mass of each droplet composing the composite revolved about the center axis of the rotating

composite, which cannot be explained based on pure director rotation. This result is a clear

indication of rigid-body rotation of the composites.

To quantitatively analyze the rotation of the composite shown in Figure 4.11, I measured

the temporal variations in the average light intensity at the center of each droplet composing

the aggregate and in the rotational angle of the whole composite, which produces Figure

4.13. Open squares and open triangles show the measured light intensity 𝐼 of Droplets 1

and 2, respectively, shown in Figure 4.11. Both plots correspond to the right vertical axis.

Open circles show the measured rotational angle of the composite 𝜑 and correspond to the

left vertical axis. To compare the light intensity and the rotational angle, I converted the

rotational angle to light intensity by using Equation 4.1, obtaining the solid line shown in

Figure 4.11. The temporal variations in the light intensities measured experimentally are

consistent with those estimated from the rotational angle of the composite, which is indicative

of pure rigid-body rotation without director rotation. In this novel geometry, the results thus

demonstrate rigid-body rotation of Ch droplets driven by a heat flux not by measuring flow

field but by revolving droplets with particles about the center axis of the rotation.
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(Taken every 10 s)

φ

Droplet 2

Droplet 1

Figure 4.11: Image sequence of a dumbbell-shaped aggregate composed of two concentric-
circle droplets and a particle aggregate. The image was acquired by using a polarizing
microscope with linearly polarized incident light, and the transmitted light was detected
without polarizers. Two concentric-circle droplets, referred to as Droplet 1 and Droplet 2,
were connected by a particle aggregate. The snapshots were taken every 10 s, and the scale
bar indicates 20 μm. The temperatures of the top and the bottom of the cell were set to
𝑇high = 76.0 ◦C and 𝑇low = 40.5 ◦C, respectively, by using the homemade device shown in
Figure 4.2. The magnitude of the temperature gradient was |∇𝑇 | = 16.0 mK μm−1. The
solid arrow, dashed arrow, and 𝑱q indicate the angle of the composite, the initial angle of
the composite, and the heat flux, respectively. 𝜑 denotes the angle between the solid and the
dashed arrows. This figure is reproduced from Reference [83].
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30 s 35 s 40 s 45 s 50 s

Figure 4.12: Image sequence of a dumbbell-shaped aggregate composed of two concentric-
circle droplets and a particle aggregate. The image was acquired by using a polarizing
microscope with linearly polarized incident light. The transmitted light was detected without
polarizers. The snapshots were taken every 5 s, and the scale bar indicates 10 μm. The
temperatures of the top and the bottom of the cell were set to 𝑇high = 94.9 ◦C and 𝑇low =
46.8 ◦C, respectively, by using the homemade device shown in Figure 4.2. The magnitude
of the temperature gradient was |∇𝑇 | = 21.7 mK μm−1. This figure is reproduced from
Reference [83].

4.7 Dependence of angular velocity on droplet radius

When the Lehmann effect drives pure director rotation of Ch droplets, the angular velocity is

constant with respect to droplet size, as given by Equation 3.19. This is because the Lehmann

torque and the rotational viscosity both act on a unit volume and balance each other. Although

the angular velocity is constant with respect to droplet size for director rotation, the velocity

should depend on size in the experimental system used to demonstrate rigid-body rotation

of droplets. In the Ch–Iso coexisting phase, the size of the Ch droplets can be tuned by

adjusting the temperature. As the temperature increases, the droplets become smaller as the

LC approaches the Iso phase. As the temperature decreases, the droplets become larger as the

LC approaches the Ch phase. If the magnitude of the temperature gradient also changes as

the temperature varies, the torque to drive the rotation changes. Since the angular velocity of

rotation is affected by the temperature gradient, only the average temperature need be changed
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Figure 4.13: Temporal variation in rotational angle 𝜑 of the composite and in the light
intensities transmitted at the center of each droplet shown in Figure 4.11. The open squares
and the open triangles give the temporal variation of the transmitted light intensity for Droplets
1 and 2, respectively, and correspond to the right vertical axis. The open circles give the
temporal change in 𝜑, and correspond to the left vertical axis. This figure is reproduced from
Reference [83].
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Figure 4.14: Polarizing microscopy image of concentric-circle droplets under a temperature
gradient of |∇𝑇 | = 14.8 mK μm−1. A linearly polarized light was incident, and the transmitted
light was detected without polarizers. The scale bar indicates 20 μm.

to maintain the magnitude of the temperature gradient so that the dependence of the angular

velocity on droplet size can be analyzed. As shown in Figure 4.14, Ch droplets formed in

the cooling process from the Iso phase are not necessarily the same size, so that the angular

velocity can be measured simultaneously for a certain range of droplet radii without changing

the average temperature.

Figure 4.15 shows how angular velocity depends on droplet size when a temperature

gradient of |∇𝑇 | = 14.8 mK μm−1 is applied to Sample C. The graph show log–log plots

with the droplet radius plotted on the horizontal axis and the angular velocity on the vertical

axis. Open circles show the experimental results; the larger the radius, the slower the angular

velocity of rotation. This dependence is consistent with the flow measurements that show that

the rigid-body rotation of the droplets is driven by the Lehmann effect. Since the plots are

linearly aligned with slope of −1, the angular velocity 𝜔 should be inversely proportional to

the drop radius 𝑅. A detailed discussion of this dependence will be given in Chapter 6.
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Figure 4.15: Log–log plot of the angular velocity of concentric-circle droplets 𝜔 as a function
of droplet radii 𝑅. Sample B was used for the measurements, and a temperature gradient
of |∇𝑇 | = 14.8 mK μm−1 was applied. Open circles show the experimental results, and the
dashed line is the best-fit using Equation 6.16. The details of the fit are given in Chapter 6.
This figure is reproduced from Reference [83].
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Chapter 5

Measurement of Coupling Constant 𝜈

between Heat Flux and Torque

5.1 Purpose

The purpose of the experiments reported in this chapter is to measure the magnitude of the

coupling constant 𝜈 between the heat flux and torque and that appears in the Equation 3.18

to quantitatively investigate the rigid-body rotation of Ch droplets driven by the Lehmann

effect. By simultaneously applying an electric field and a temperature gradient to Ch droplets

coexisting with their Iso phase, the coupling constant 𝜈 is determined from the condition

of static equilibrium. The coupling constant 𝜈 may also be determined by measuring the

rotational velocity in a dynamic rigid-body rotation. In this case, 𝜈 is determined from the

balance between the torque induced by the Lehmann effect and the viscous torque on the

interfaces. However, since measuring the viscous torque directly is difficult, the coupling

constant is estimated by assuming viscous torque. On the other hand, when the coupling

constant is determined from static equilibrium, no dynamic parameter such as viscous torque
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is involved, which means that 𝜈 can be obtained directly from the equilibrium between the

torque induced by the Lehmann effect and that induced by the electric field.

5.2 Methods

The LC sample for this experiment was composed of E7 (produced by LCC Ltd.), a host

N LC, and 1.0 wt% (S)-2-octyl 4-[4-(hexyloxy)benzoyloxy]benzoate (produced by Tokyo

Chemical Industry Co., Ltd.) added as a chiral dopant. E7 is a mixed LC sample with the

composition given in Table 5.1 and has a large positive dielectric anisotropy of Δ𝜀 ≃ 10.

Therefore, the director is oriented parallel to the applied electric field even for a weak electric

field. Figure 5.1 shows the LC cell for this experiment. Two glass substrates were prepared

and spin-coated with PMMA after removing surface impurities by ultrasonic cleaning and

UV–ozone treatment. The substrates were pasted, sandwiching two 30-μm-thick sheets of

stainless steel film, with the LC sample sealed in the gap between the substrates. The two

stainless steel films were about 300 μm apart and also serve as electrodes to apply an electric

field perpendicular to the temperature gradient. The stainless steel electrodes were connected

to a WF 1974 multi-function generator (produced by NF Corporation); a 10 kHz AC voltage

with a peak-to-peak amplitude 𝑉pp = 0–17 V was applied parallel to the substrate. The

cell was installed in the homemade temperature controller shown in Figure 4.2. The upper

and lower substrates were independently heated and cooled, respectively, to generate a heat

flow perpendicular to the substrate. Observations were made by using a BX51 polarizing

microscope (produced by Olympus Corporation) with crossed polarizers, and the images were

acquired with a DMK23U445 charge-coupled device (produced by The Imaging Source).
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Figure 5.1: Schematic illustration of liquid crystal cell with stainless-steel electrodes to
measure the coupling constant. A transverse AC electric field is applied across the sample.
Iso, Ch, 𝒏, 𝒉, and 𝑬 denote isotropic phase, cholesteric phase, the director, the helical axis
of the director field, and the electric field, respectively. This figure is reproduced from
Reference [83].
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Table 5.1: Composition of E7

Component Concentration / wt%

C5H11 C N 51

C7H15 C N 25

C8H17 CO N 16

C5H11 C N 8

5.3 Deriving 𝜈 from balance between Lehmann torque and

electric-field-induced torque

This experiment determines the magnitude of the electric field and that of the temperature

gradient, where Ch droplets are at rest. The dielectric anisotropy of E7 is already known.

In this section, the coupling constant 𝜈 between heat flux and torque is derived from these

properties.

Leslie’s phenomenological theory [29,84] gives the expression of the torque 𝝉Leh exerted

on the director 𝒏 of Ch LCs per unit volume under a temperature gradient ∇𝑇 (Equation

3.18); 𝝉Leh = 𝜈𝒏 × 𝒏 × (−∇𝑇). A simple way to measure the magnitude of 𝜈 experimentally

is to apply to Ch droplets an electric field 𝑬 perpendicular to a temperature gradient [69,70].

Equation 2.19 yields the torque 𝝉el exerted on the director per unit volume under an electric
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field 𝑬 as

𝝉el = 𝜀0Δ𝜀(𝒏 × 𝑬)𝒏 · 𝑬. (5.1)

When the magnitude of the torque induced by the Lehmann effect and that by the electric field

are insufficient distort the director field, the Lehmann rotation of the droplets stops under the

balance between 𝝉Leh and 𝝉el. This condition holds in this experiment. I set up the coordinate

system shown in Figure 5.1 to calculate the torque. The origin is at the center of the LC

sample, and the 𝑧 axis is perpendicular to the substrates. The 𝑥 and 𝑦 axes are parallel and

perpendicular to the longitudinal direction of the electrodes, respectively. The temperature

gradient is

∇𝑇 = (0, 0,∇𝑇𝑧). (5.2)

The electric field can be approximated as

𝑬 = (𝐸𝑥 , 0, 0). (5.3)

The director field is set to

𝒏 = (sinΘ cosΦ, sinΘ sinΦ, cosΘ), (5.4)

with the zenithal angel Θ and the azimuthal angle Φ, the 𝑧 component of each torque is

𝜏Leh
𝑧 = 𝜈 sin2 Θ(−∇𝑇𝑧), (5.5)

𝜏el
𝑧 = −1

2
𝜀0Δ𝜀 sin2 Θ sin 2Φ𝐸2

𝑥 . (5.6)

The 𝑧 component of the total torque acting on Ch droplets per unit volume is given by the
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sum of these torques:

𝜏tot
𝑧 = sin2 Θ(−∇𝑇𝑧)

(
𝜈 − 𝜀0Δ𝜀

2(−∇𝑇𝑧)
sin 2Φ𝐸2

𝑥

)
. (5.7)

𝜏tot
𝑧 = 0 is satisfied when these torques are balanced to stop the rotation of the droplets. Under

this condition, the coupling constant 𝜈 is

𝜈 =
𝜀0Δ𝜀

2(−∇𝑇𝑧)
sin 2Φ𝐸2

𝑥 (5.8)

if the magnitude of the temperature gradient ∇𝑇𝑧 and that of the electric field 𝐸𝑧 are known.

In my experience, a spatially uniform temperature gradient ∇𝑇𝑧 can be realized by control-

ling the top and the bottom of the cell directly and independently. In contrast, when a voltage

𝑉0 is applied across the electrodes, the electric field 𝐸𝑧 is not spatially uniform, so the specific

form of 𝐸𝑧 must be derived. 1 To do this, I simplify the actual experimental setup shown in

Figure 5.1 to the system shown in Figure 5.2. Since the electrodes are so thin and long in the

𝑧 and 𝑦 directions, respectively, they can be approximated as two parallel conductive wires of

radius 𝑎 ≃ 15 μm and of length 𝑙 ≃ 10 mm installed 𝑑 ≃ 300 μm apart from each other in

a medium with dielectric constant 𝜀. The condition 𝑎 ≪ 𝑑 ≪ 𝑙 allows the image charges in

the wires to be neglected; the wires can be considered to have the infinite length. Given these

assumptions, when an electric potential difference 𝑉0 is applied across the conductive wires,

1In a previous study, Oswald measured the coupling constant 𝜈 by using the same method as used herein [69].
This previous report, however, did not consider the spatial dependence of the electric field, so its analysis was
imperfect and leaves a possibility of an inaccurate measurement of 𝜈. In my experiment, I consider the spatial
dependence of the electric field and calculate the accurate value of 𝜈 from the experimental results.
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the electric field at a point on the 𝑥𝑦 plane can be expressed as

𝑬 (𝑥, 𝑦, 𝑧 = 0) = − 𝜌

2𝜋𝜀
©«

1
𝑑

2
+ 𝑥

+ 1
𝑑

2
− 𝑥

ª®®¬ 𝒆𝑥 , (5.9)

where ±𝜌 and 𝒆𝑥 are the charge per unit length in the wires and the standard unit vector in the

𝑥 direction, respectively. Since the electric potential difference is 𝑉0, Equation 5.9 yields

𝑉0 = − 𝜌

2𝜋𝜀

∫ 𝑑
2 −𝑎

− 𝑑
2 +𝑎

©«
1

𝑑

2
+ 𝑥

+ 1
𝑑

2
− 𝑥

ª®®¬ d𝑥

= − 2𝜌
2𝜋𝜀

[ln(𝑑 − 𝑎) − ln 𝑎]

≃ − 2𝜌
2𝜋𝜀

ln
(
𝑑

𝑎

)
. (5.10)

Thus, the general expression of the electric field is

𝑬 (𝑥, 𝑦, 𝑧) = − 𝑉0

2 ln
(
𝑑

𝑎

) ©«
𝑑

2
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𝑑

2
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)2
+ 𝑧2
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2
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, 0,
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+ 𝑧2

− 𝑧(
𝑑

2
− 𝑥

)2
+ 𝑧2

ª®®®®¬
.

(5.11)

The electric field applied to the Ch droplets is

𝐸𝑥 (𝑥, 𝑦 = 0, 𝑧 = 0) ≃ − 𝑉0

2 ln
(
𝑑

𝑎

) ©«
1

𝑑

2
+ 𝑥

+ 1
𝑑

2
− 𝑥

ª®®¬ , (5.12)

𝐸𝑦 (𝑥, 𝑦 = 0, 𝑧 = 0) ≃ 0, (5.13)

𝐸𝑧 (𝑥, 𝑦 = 0, 𝑧 = 0) ≃ 0, (5.14)
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because the droplets approximately form on the 𝑥 axis. The magnitude of the electric field

increases at a position closer to the electrodes and diverges to infinity on the electrodes.

Substituting Equation 5.12 into Equation 5.7, the total torque on the droplets is

𝜏tot
𝑧 = sin2 Θ(−∇𝑇𝑧)


𝜈 − 𝜀0Δ𝜀

2(−∇𝑇𝑧)
sin 2Φ


𝑉0

2 ln
(
𝑑

𝑎

) ©«
1

𝑑

2
+ 𝑥

+ 1
𝑑

2
− 𝑥

ª®®¬


2
. (5.15)

Equation 5.15 indicates that the rotational behavior of the Ch droplets under a constant

temperature gradient ∇𝑇𝑧 depends on both the electric potential difference 𝑉0 between the

electrodes and the 𝑥 position of the droplet. When 𝑉0 is sufficiently small, the droplets keep

rotating, except those at the electrodes (𝑥 = ±𝑑/2). Increasing 𝑉0 gradually, the region in

which the droplets stop rotating is extended to


−𝑑

2
≤ 𝑥 ≤ −𝑥th,

𝑥th ≤ 𝑥 ≤ 𝑑

2
,

(5.16)

where 𝑥th is the position at which 𝜏tot
𝑧 = 0, that is to say,

𝜈 =
𝜀0Δ𝜀

2(−∇𝑇𝑧)


𝑉0

2 ln
(
𝑑

𝑎

) ©«
1

𝑑

2
+ 𝑥th

+ 1
𝑑

2
− 𝑥th

ª®®¬


2

(5.17)

is satisfied. Therefore, 𝑥th gives the boundary between the regions in which the droplets rotate

and do not rotate. Experimentally, the coupling constant 𝜈 can be determined by measuring

𝑥th under various electric potential differences 𝑉0 while maintaining a constant temperature

gradient |∇𝑇 | and then by substituting the values into Equation 5.17.
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Figure 5.2: Schematic diagram of the coordinate system to calculate the electric field. Two
conductive wires with radius 𝑎 ≃ 15 μm and length 𝑙 ≃ 10 mm are set in a homogeneous media
with dielectric constant 𝜀 and separated by a distance 𝑑 ≃ 300 μm. The 𝑥 axis passes through
the centers of the wires, and the 𝑦 axis is parallel to the wires. This figure is reproduced from
Reference [83].
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5.4 Results and comparison to previous studies

Figure 5.3 shows Ch droplets dispersed in their own Iso phase under a polarizing microscope

with crossed polarizers. Striped droplets characterized by the striped texture were formed,

and the dark region surrounding the droplets corresponds to the Iso phase. The dark field due

to the electrode is to the right of the observed region. The temperature gradient was applied

in the direction perpendicular to the page (from the front to the back), and the AC electric

field was applied in the crosswise direction of the page. The torque induced by the heat flux

rotates the droplets in the counterclockwise direction. However, since the LC sample for this

experiment has a positive dielectric anisotropy, the helical axis of the droplets are oriented

perpendicular to the electric field in the vicinity of the electrodes. At the position of 𝑥 = 𝑥th,

the droplets are at rest with an angle of 45 ◦ between their helical axes and the electric field

because the torque induced by the electric field has the maximum value with Φ = 𝜋/4 in

Equation 5.6. In my experiment, the magnitude of torque induced by the heat flux and that

by the electric field was smaller than the orientational elasticity, so the director field was not

distorted, as one can see from the texture. Since no orientational distortion occurred, the

coupling constant 𝜈 can be directly calculated by substituting the experimental conditions and

measured values into Equation 5.17 from the previous section.

In the polarizing microscopy image of Figure 5.3, an AC voltage with an effective ampli-

tude of𝑉0 = 7.5 V was applied in the 𝑥 direction, and a temperature gradient of 4.3 mK μm−1

was applied in the 𝑧 direction. The graph in Figure 5.3 shows the magnitude of the applied

electric field calculated from Equation 5.12. Here the boundary between the regions in which

the droplets rotate and do not rotate was at 𝑥th ≃ 45 μm, where the magnitude of the electric

field was 𝐸𝑥 (𝑥 = 𝑥th, 𝑦 = 0, 𝑧 = 0) ≃ 17 V mm−1. Substituting these values into Equation

5.17, the coupling constant is calculated to be 𝜈 ≃ 3 × 10−6 kg K−1 s−2. The same measure-
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Figure 5.3: The upper image shows striped droplets coexisting with their isotropic phase under
a polarizing microscope with crossed polarizers. A temperature gradient of 4.3 K mm−1 was
applied in the 𝑧 direction, and an AC voltage with a peak-to-peak amplitude of𝑉pp = 15 V and
a frequency of 10 kHz was applied in the 𝑥 direction. 𝒉, 𝑬, 𝑱q, and 𝑥th denote the helical axis
of the director field, the electric field, the heat flux, and the threshold position, respectively.
𝑥th gives the boundary between the regions in which the droplets rotate and do not rotate. The
lower graph shows the magnitude of the electric field 𝐸𝑥 calculated using Equation 5.12. This
figure is reproduced from Reference [83].
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ment and analysis were conducted after changing the AC voltage from 𝑉0 = 2.5 V to 𝑉0 = 8.5

V in steps of 0.5 V, resulting in the same values of 𝜈.

Let us compare the value of the coupling constant with that obtained in the previous

studies. First I compare it with the work of Éber and Jánossy (1982), where they measured the

coupling constant by balancing the Lehmann torque and the orientational elasticity in a bulk

Ch LC [62]. They used compensated Ch, of which the pitch of the helical structure (i.e., the

strength of macroscopic chirality) depends on temperature; the helical structure vanishes at

the compensation temperature and its chirality inverts continuously across the compensation

temperature. In their study, the measurement of the coupling constant was conducted at the

compensation temperature, and they estimated the upper limit of the constant to be |𝜈 | <

2 × 10−6 kg K−1 s−2. Since the helical structure vanishes at the compensation temperature,

this value should only reflect the contribution of microscopic interactions between the heat

flux and the molecules. In contrast, only diluted Ch LCs, which are obtained by adding a small

amount of chiral dopant to a typical N LC, are used in my experiments. Note that the values

of the coupling constant for different LC materials with different chirality strengths cannot be

directly compared because the coupling constant is expected to depend on the details of the

material, especially the chirality strength. However, the value obtained from my experiment

is consistent with the upper limit obtained in this previous study. In my study, not only the

microscopic interaction but also the interaction between the macroscopic helical structure of

the director field and the heat flux is considered to contribute. Thus, it is not unnatural that

the upper limit is near the value obtained from the microscopic interaction only.

I next compare the value of the coupling constant with that obtained via the same ex-

perimental method by Oswald in 2009 [69]. In this previous study, a diluted Ch compound

was used, and the measurements were done with Ch droplets coexisting with their Iso phase

by balancing the Lehmann and the electric torque. The value of the coupling constant was
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reported to be 𝜈 = 1.0×10−6 kg K−1 s−2. Since the spatial dependence of the magnitude of the

electric field applied to the droplets was not taken into account in the study, the consistence

of the values are likely to be just coincidence.

Finally, I compare the value with that calculated by the molecular dynamics simulations

of Sarman and Laaksonen [88]. Chiral molecules were approximated to be prolate ellipsoids

in this simulation. Assuming a repulsive potential including a chiral interaction, they applied

a simulated temperature gradient to a cluster of ellipsoids forming uniaxial helical structure.

Since the simulation in the actual scale corresponding to experiments requires significant

computational resources, the chiral parameter was adjusted for the helical pitch to be about

fifty times shorter than that for the actual experiments. In other words, they made the

calculation region small. The value of the coupling constant was calculated to be about

4 × 10−4 kg s−2 from the simulations. Here the units for the coupling constant should be

noted, as mentioned in Section 3.2. In this previous study, since the heat flux was taken as

−∇𝑇/𝑇 , the value needs to be divided by temperature to be compared with the value obtained

in my experiment. 2 Dividing the value by room temperature, 300 K, 𝜈 ≃ 1×10−6 kg K−1 s−2

is obtained. Although this value is consistent with that in my experiment, the simulated value

is expected to be greater because the helical pitch was about fifty times shorter than that in my

experiment. I conjecture that the calculated values are smaller than expected because the actual

LC phases possess both macroscopic and microscopic chirality, which respectively correspond

to the helical structure of the director and the chiral structure of each molecule, whereas the

simulations approximated the molecules to be simple ellipsoids without microscopic chirality.

In the range of weak chirality, the coupling constant is reportedly proportional to the chirality

strength. However, the coupling constant need not be some 50 times greater in the region of

2In the paper of this previous study [88], the value of the coupling constant was compared with that reported
in Reference [70] without correcting for the different definition of the constant.
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strong chirality, where the helical pitch is about 50 times shorter, because it is considered to be

outside the linear region. Although this discussion is based on somewhat uncertain grounds,

I believe that these conjectures provide a qualitative explanation for the difference between

the simulated and experimental results.

In comparison with these previous studies, it is not possible to conclude that they are

consistent by a simple argument because the conditions such as the materials used, the chirality

strength, and the contributions of microscopic and macroscopic chirality all differ for each

experiment and simulation. However, it is also true that there are no fatal inconsistencies. At

this stage I believe this is a simple picture that the torque induced by a heat flux is determined

by the coupling constant 𝜈, which depends on the details of the material (chirality strength),

and that 𝜈 is completely independent of the shape, such as bulk and droplet, of the LC and

the surrounding environment, such as coexisting phase and emulsion. Indeed, boundary

conditions such as shape and the surrounding environment significantly affect the angular

velocity, but as long as the same material is subjected to the same temperature conditions,

the torque acting on the director per unit volume must be constant (i.e., the coupling constant

must be constant). It is also natural to assume that the coupling constant is independent

of the surrounding conditions. Unfortunately, the coupling constant has not been measured

systematically under varying conditions. Further research should thus compare systematically

the coupling constants under different conditions, both experimentally, computationally, and

theoretically.
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Chapter 6

Theoretical Discussion of Rigid-Body

Rotation

6.1 Purpose

The flow observation by the particle tracking method and the rotation of the droplet–particle

composite experimentally revealed that the rigid-body rotation of the Ch droplets can be

driven by the Lehmann effect. However, the Lehmann torque exerted on the Ch droplets

by a heat flux cannot directly drive the rigid-body rotation because the Lehmann torque

acts on the director and is microscopic. In this chapter, I theoretically consider how the

microscopic torque acting on the director drives the macroscopic rigid-body rotation of the

CC droplets. This discussion also shows under what conditions the rigid-body rotation and

the director rotation are driven, respectively. From these conditions, I also determine the

condition at which the director rotation and rigid-body rotation switch, which contributes to

the experimental control of rotational behavior of the droplets and to the application of the

Lehmann effect to micromotors. Moreover, the torque acting on the CC droplet is calculated
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specifically under conditions where rigid-body rotation occurs, and torque balance is used to

explain the experimental results.

6.2 Why rigid-body rotation is driven

The rigid-body rotation of N droplets dispersed in aqueous solutions is reportedly driven by

circularly or linearly polarized laser irradiation [105–107]. The following conditions must

be satisfied for irradiation by a polarized laser beam to drive the rigid-body rotation of N

droplets:

1. The rotational viscosity inside the LC droplets exceeds the viscosity of the surrounding

liquids.

2. The orientational elasticity combined with the anchoring on the LC–Iso interfaces is

larger than the external torque exerted on the LC droplets.

The first condition is not satisfied in my experiment done with samples in the Ch–Iso coexisting

phase because the rotational viscosity of the Ch phase and the viscosity of Iso phase are the

same order of magnitude. That the second condition is satisfied can be argued by evaluating

the coherence length 𝜉, defined by Equation 2.21, and the extrapolation length 𝑏, defined by

Equation 2.27.

I first calculate the extrapolation length 𝑏 to consider how the anchoring affects the Ch–Iso

interface. Applied the one-constant approximation, which assumes 𝐾11 = 𝐾22 = 𝐾33 ≡ 𝐾 , to

Equation 2.16, the extrapolation length is given by

𝑏 =
𝐾

𝐴
, (6.1)

where 𝐴 denotes the anchoring strength. The anchoring on the interface can be neglected
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when the radius 𝑅 of a droplet is shorter than 𝑏, and the director field inside the droplet

is determined only by the orientational elasticity. In contrast, in terms of droplets whose

radii are greater than 𝑏, the anchoring on the interface determines the director field inside

the droplets [109]. The strength of the conical anchoring at the N–Iso coexisting interface is

reported in Reference [22] to be 𝐴 ≃ 2 × 10−6 J m−2; the orientational elastic constant of the

N phase near the clearing point is reported in Reference [21] to be 𝐾 ≃ 2 × 10−12 N. These

values gives an extrapolation length of 𝑏 ≃ 1 μm. The radii of the droplets in my experiments

were in the range 𝑅 = 4–11 μm, satisfying the condition 𝑅 > 𝑏. Thus, strong anchoring may

be assumed on the Ch–Iso interface so that it fixes the director field inside the droplets.

Next I calculate the coherence length 𝜉 to discuss the competition between the Lehmann

torque induced by a heat flux and the orientational elasticity inside the droplets. The torque

is exerted on the director inside the droplets under a temperature gradient of −∇𝑇 due to the

thermomechanical coupling, competing with the torque due to the orientational elasticity:

𝝉 = 𝜈𝒏 × [𝒏 × (−∇𝑇)] + 𝐾∇2𝒏. (6.2)

Since the molecular field acting on the director is expressed by Equation 3.17b, the analogy

with the electric coherence length shown in Equation 2.21 gives the Lehmann coherence

length 𝜉Leh as

𝜉Leh =

√
𝐾

𝜈 |∇𝑇 | (6.3)

under the one-constant approximation. The Lehmann coherence length 𝜉Leh indicates the

thickness of the region in which the director is fixed by the anchoring on the interface,

even under the Lehmann torque. Substituting 𝜈 ≃ 3 × 10−6 kg K−1 s−2, which was obtained

experimentally in Chapter 5, 𝐾 ≃ 2 × 10−12 N, which was reported in Reference [21], and

|∇𝑇 | ≃ 1 × 104 K m−1, which was applied in my experiment, into Equation 6.3, 𝜉Leh is
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calculated to be 𝜉Leh ≃ 10 μm. Since the maximum droplet radius in my experiment was 11

μm, 𝑅 ≤ 𝜉Leh is satisfied. The anchoring at the interface, which is sufficiently stronger than

the orientational elasticity, and the orientational elasticity, which is larger than the Lehmann

torque, together lock the director field inside the droplet. The fixed director field prohibits

rotation of only the direction of the molecules, and the rigid-body rotation is driven.

6.3 Shape of Ch droplets observed by confocal reflective

microscopy

I explained why the rigid-body rotation can be ascribed to the anchoring at the interface and

the orientational elasticity inside the droplet. Next I report the measurement of the detailed

shape of the droplets in preparation for the calculation of torque balance inside the droplets

rotating as rigid bodies.

4-cyano-4′-pentylbiphenyl (produced by LCC, Ltd.) and No. 270032 (produced by LCC,

Ltd.) were mixed with a weight ratio of 3 : 2 as a host N compound, and 2.8 wt% (S)-2-octyl

4-[4-(hexyloxy) benzoyloxy] benzoate (produced by Tokyo Chemical Industry Co., Ltd.) was

added as a chiral dopant. This compound corresponds to Sample B of Section 4.2 without

particles. The cell substrates were cleaned ultrasonically and by UV–ozone treatment to

remove impurities. They were then spin-coated with PMMA (produced by Sigma-Aldrich).

The substrates sandwiched 20 μm spacer beads and the sample. Confocal microscopy was

done by using a C2 confocal microscope system with an Eclipse Ni upright microscope

(produced by Nikon Corporation) with 488 nm laser light. The horizontal (parallel to the

substrate) cross-sectional images of the droplets were taken at intervals of 0.5 μm. The

temperature during the observation was controlled by heating the underside of the cell using

a conventional heating stage (produced by Linkam Scientific Instruments). Since the short
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focal distance of the objective lens used in the confocal microscopy did not allow temperature

control of the upper side of the cell, the upper side of the cell was in contact with the ambient

air at room temperature. Therefore, in the Ch–Iso coexisting phase, Ch droplets formed

attached to the upper substrate, which is colder. Figure 6.1 shows cross-sectional images of

the Ch droplets under the confocal reflective microscope. Figure 6.1a shows the interface

between the upper substrate of the cell and the droplet. The dark field corresponds to the

Iso phase, and the round region with a strong reflection corresponds to the interface between

the droplet and the substrate. The scale bar in the figure indicates 10 μm; the radius of the

contacting region is 2.8 μm. Figure 6.1b shows the horizontal cross section passing through

the center of the droplet. The dark and bright fields correspond to the Iso phase and the

droplet interior, respectively. The scale bar also indicates 10 μm; the radius of the droplet is

2.8 μm. Assuming that the droplet is a true sphere contacting the substrate, the contacting

angle 𝜃E is estimated from the radii of the contacting region and the droplet as 𝜃E ≃ 160 ◦,

which was almost same for all samples used in my experiments.

6.4 Calculation of torque balance for rigid-body rotation

In this section I calculate the torque balance when the droplet rotates as a rigid body, giving

an explanation of the experimental results. I start by estimating the Reynolds number 𝑅𝑒.

Taking the characteristic velocity as the rotational velocity of the droplet, 𝑉 ≃ 10−5 m s−1,

the characteristic length as the droplet radius 𝐿 ≃ 10−5 m, the viscosity as 𝜂 ≃ 10−2 Pa s, and

the density 𝜌 ≃ 103 kg m−3, the Reynolds number is estimated to be 𝑅𝑒 = 𝑉𝐿𝜌/𝜂 ≃ 10−5.

If the Reynolds number is sufficiently less than 1, the inertial term can be neglected, so only

the balance of the viscous term need be considered. Let ΓLeh be the 𝑧 component of the

torque acting on a droplet that contributes to rigid-body rotation due to the Lehmann effect,
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(a)

(b)

Figure 6.1: Confocal reflective microscope images of a concentric-circle droplet coexisting
with its isotropic phase. The images show horizontal cross sections of (a) the interface between
the droplet and the colder substrate and (b) of the plane across the center of the droplet. The
bright regions with strong reflection indicate the droplet, and the dark field indicates the Iso
phase. The wavelength of the laser was 488 nm. The scale bars indicate 10 μm. This figure
is reproduced from Reference [83].
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and integrated over the entire droplet. Then the 𝑧 component of the viscous drag torque due

to rigid-body rotation of the droplet is denoted by Γvis. The constant angular velocity of the

droplet is determined by

ΓLeh = Γvis. (6.4)

First I deal with an individual CC droplet. As shown in Figure 6.2, the origin is taken

at the center of the droplet, and the 𝑧 axis is taken parallel to the temperature gradient (and

perpendicular to the substrates). For the calculation, I assume that the director field in the

droplet has a uniaxial helical structure with a wave number 𝑞 along the 𝑧 axis:

𝒏 = (cos 𝑞𝑧, sin 𝑞𝑧, 0). (6.5)

One may think that the assumption of a uniaxial director field in the droplet is inappropriate

because of the discussion in which the anchoring on the Ch–Iso interface can be approximated

to be strong. However, the magnitude of the torque calculated in this section changes only by

several percent at most, even under a strong homeotropic anchoring condition. This error is

acceptable because the error due to experimental accuracy is of the same order. Thus I assume

uniaxial helical structure for the sake of simplicity. As an example of the specific director

field inside a Ch droplet, Reference [110] reports a calculated director field. Since anchoring

on the interface was assumed to be sufficiently strong in Reference [110], the director field

for my experiment is given by removing the surface of a strongly anchored droplet with a

thickness of the extrapolation length.

When a heat flux is applied, a Lehmann torque acts on the director. This torque cannot

directly drive macroscopic rigid-body rotation because the torque acting on the director is

microscopic. Considering the component of the torque on the director which contributes to

the rigid-body rotation of the droplet, the torque on director at a certain position inside the
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Figure 6.2: Schematic diagram of an individual concentric-circle droplet on the substrate and
the coordinate system. The black bars indicate the director. The origin and the 𝑧 axis are at
the center of the droplet and parallel to the temperature gradient, respectively. This figure is
reproduced from Reference [83].

droplet is canceled by that on the director around the position; thus, only the contribution on

the interface of the droplet survives. Figure 6.3 shows a cross section of an individual CC

droplet at the plane 𝑧 = const., where black sticks denote the director at an angle 𝑞𝑧 from the

𝑥 axis. The surface element Δ𝑺 of the droplet around the 𝑧 axis and the vector 𝒓′ from the 𝑧

axis to Δ𝑺 are

Δ𝑺 = 𝒆𝒓′
√
𝑅2 − 𝑧2Δ𝜑d𝑧, (6.6)

𝒓′ =
(√
𝑅2 − 𝑧2 cos 𝜑,

√
𝑅2 − 𝑧2 sin 𝜑, 0

)
. (6.7)

Here 𝒆𝒓′ , 𝑅, and 𝜑 are the standard unit vector in the direction of 𝒓′, the radius of the droplet,

and the azimuthal angle, respectively. The Lehmann torque on Δ𝑺 that contributes to the
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rigid-body rotation of the droplet is given by

Δ𝚪Leh = 𝒓′ × 𝜈[𝒏 × (−∇𝑇)] (𝒏 · Δ𝑺). (6.8)

Integrating Δ𝚪Leh over the whole surface of the droplet yields the magnitude of the Lehmann

torque, ΓLeh, on the whole droplet, which contributes to the rigid-body rotation as

ΓLeh = 𝜈 |∇𝑇 |
∫ 𝑅

𝑅 cos 𝜃E

d𝑧
∫ 2𝜋

0
d𝜑(𝑅2 − 𝑧2) cos2(𝜑 − 𝑞𝑧)

= 𝜈 |∇𝑇 |𝜋 𝑓 (𝜃E)𝑅3, (6.9)

where 𝑓 (𝜃E) is defined by

𝑓 (𝜃E) =
2
3
− cos 𝜃E + 1

3
cos3 𝜃E. (6.10)

Although the surface part of the Lehmann torque contributes to the rigid-body rotation, the

integrated value is the same as that obtained by integrating the Lehmann torque per unit

volume over the whole volume.

Next I calculate the viscous torque that balances the Lehmann torque. I deal with the

viscous torque on the droplet interface by considering the result in which a rigid sphere with

radius 𝑅 rotating at angular velocity 𝜔 in an infinite fluid with viscosity 𝜂 is subjected to a

viscous torque [111]

Γvis = 8𝜋𝜂𝜔𝑅3. (6.11)

The difference between this calculation and my experiments is that a part of the CC droplets

is attached to the glass substrate in my experiments. Thus, the magnitude Γvis of the viscous

torque accompanied by the rigid-body rotation of the CC droplets should be divided into the
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Figure 6.3: Schematic diagram of a cross section of an individual concentric-circle droplet at
𝑧 = const. The bars and the arrows indicate the director and the force exerted on the director
by the Lehmann effect, respectively.
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viscous torque at the Ch–Iso interface, ΓIso
vis , and that at the Ch–substrate interface, Γsub

vis :

Γvis = ΓIso
vis + Γsub

vis . (6.12)

Assuming that the expression of ΓIso
vis and its dependence on the physical properties do not

differ significantly from Equation 6.11 even for the spherical-cap-shaped droplet, ΓIso
vis can be

written as

ΓIso
vis = 𝛼𝜋𝜂𝜔𝑅3, (6.13)

where 𝛼 is a dimensionless parameter indicating the magnitude of the friction on the Ch–Iso

interface.

On the other hand, I treat the viscous torque on the Ch–substrate interface, Γsub
vis , by

assuming the existence of an isotropic disordered layer between the droplet and the substrate.

Since the thin layer of PMMA was deposited on the substrates for sake of lubrication, the

molecular orientation can be considered to be disordered in this layer. As shown in Figure

6.4, denoting by 𝛿 the thickness of the layer and by 𝛾𝛿 the hydrodynamic viscosity, I assume

that the usual viscous force, which is proportional to the velocity gradient, acts on the layer.

Based on the assumption Δ𝚪sub
vis , the torque around the 𝑧 axis exerted on a surface element of

the Ch–substrate interface at the position 𝒓′ is given by

Δ𝚪sub
vis = 𝒓′ × 𝛾𝛿

𝑟′𝜔

𝛿
𝒆𝜑𝑟

′d𝑟′d𝜑. (6.14)

The magnitude of the viscous torque exerted on the Ch–substrate interface is obtained by

integrating Δ𝚪sub
vis :

Γsub
vis =

∫ 2𝜋

0
d𝜑

∫ 𝑅 sin 𝜃E

0
d𝑟′𝑟′𝛾𝛿

𝑟′𝜔

𝛿
𝑟′ =

𝛾𝛿
𝛿

𝜋

2
𝜔𝑅4 sin4 𝜃E, (6.15)
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Figure 6.4: Schematic figures of a vertical cross section of an individual concentric-circle
droplet (left) and of magnified cholesteric–substrate interface (right).

where 𝛾𝛿/𝛿 is considered as the parameter indicating the viscous property on the Ch–substrate

interface.

The torque balance from Equations 6.9, 6.13, and 6.15 gives the angular velocity of the

droplet as

𝜔 =
𝜈 |∇𝑇𝑧 | 𝑓 (𝜃E)

𝛼𝜂 + sin4 𝜃E
2

𝛾𝛿
𝛿
𝑅

, (6.16)

where 𝜈, 𝜃E, and 𝜂 are physical properties that depend on the materials, ∇𝑇 and 𝑅 are

parameters controlled experimentally, and 𝛼 and 𝛾𝛿/𝛿 are unknown parameters that indicate

the viscous properties on the Ch–Iso and Ch–substrate interfaces, respectively. 𝜈 ≃ 3 × 10−6

kg K−1 s−2 and 𝜃E ≃ 160◦, which were measured in my experiments, and 𝜂 ≃ 5 × 10−2 Pa s,

which was reported in Reference [112], can be substituted into Equation 6.16. Substituting the

magnitude of the temperature gradient |∇𝑇𝑧 | ≃ 104 K m−1 applied in the experiment in Section

4.7, Equation 6.16 should correspond to the droplet-radius dependence of the angular velocity

measured in Section 4.7 (Figure 4.15). The dashed line in Figure 4.15 is the best-fit line from

Equation 6.16 with fitting parameters 𝛼 and 𝛾𝛿/𝛿. Here, 𝛼 ≃ 0.06 and 𝛾𝛿/𝛿 ≃ 1.1 × 106
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kg m−2 s−2 gave the best fit. The parameter 𝛼 is significantly less than 8, which suggests

that the viscous friction at the Ch–Iso interface is much, much smaller, implying that the

usual nonslip boundary condition is not satisfied at the coexisting interface. The friction

at the coexisting interface is discussed in Chapter 7. Therefore, the viscous torque on the

Ch–substrate interface is dominant in my experimental system.

Next let us calculate the torque balance in terms of the dumbbell-like aggregate composed

of droplets and particles. The Lehmann torque exerted on the composite is derived as follows:

As shown in Figure 6.5, the origin is taken at the point where two droplets touch each other;

the 𝑥 axis is passes through the centers of the two droplets, and the 𝑧 axis is parallel to the

temperature gradient (perpendicular to the substrates). The director field inside the droplets

is assumed to be the uniaxial helical structure in the 𝑧 direction, as expressed by Equation 6.5.

Although the Lehmann torque is induced on the director of the whole composite, only the

surface torque survives to contribute to the rigid-body rotation of the composite in the same

way as the individual CC droplet. As shown in Figure 6.6, a cross section at 𝑧 = const., the

torque around the rotational axis (𝑧 axis) acting on a surface element Δ𝑺, whose position with

respect to the 𝑧 axis is denoted by 𝒓′, is given by the same equation as the individual droplet,

Equation 6.8. Considering one of the constituent droplets of the composite, 𝒓′ can be divided

into 𝒓G, a vector from the 𝑧 axis to the central axis of the droplet, and 𝒓′′, a vector from the

central axis of the droplet to Δ𝑺;

𝒓′ = 𝒓G + 𝒓′′ = (𝑅 +
√
𝑅2 − 𝑧2 cos 𝜑,

√
𝑅2 − 𝑧2 sin 𝜑, 0), (6.17)

𝒓G = (𝑅, 0, 0), (6.18)

𝒓′′ = (
√
𝑅2 − 𝑧2 cos 𝜑,

√
𝑅2 − 𝑧2 sin 𝜑, 0). (6.19)

Therefore, the magnitude of the Lehmann torque on one of the constituent droplets of the
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composite which contributes to the rigid-body rotation is

ΓLeh = 𝜈 |∇𝑇 |
∫ 𝑅

𝑅 cos 𝜃E

d𝑧
∫ 2𝜋

0
d𝜑 𝑅

√
𝑅2 − 𝑧2 cos 𝑞𝑧(cos 𝑞𝑧 cos 𝜑 + sin 𝑞𝑧 sin 𝜑)

+ 𝜈 |∇𝑇 |
∫ 𝑅

𝑅 cos 𝜃E

d𝑧
∫ 2𝜋

0
d𝜑(𝑅2 − 𝑧2) cos 𝑞𝑧(cos 𝑞𝑧 cos 𝜑 + sin 𝑞𝑧 sin 𝜑)2

= 𝜈 |∇𝑇 |𝜋 𝑓 (𝜃E)𝑅3. (6.20)

The result equals the value obtained by integrating the Lehmann torque on the director per

unit volume over the whole droplet in the same way as the single droplet. Since the aggregate

is composed of two droplets, the total Lehmann torque is given by ΓLeh = 2𝜈 |∇𝑇 |𝜋 𝑓 (𝜃E)𝑅3.

In terms of the viscous torque on the rotating composite, only Γsub
vis is taken into account

from the beginning because the argument regarding the interfacial friction of the single

droplet reveals the dominance of the viscous torque at the Ch–substrate interface. Assuming

the existence of the disordered layer formed by the PMMA film between the droplet and the

substrate in the same way as the single droplet, the viscous torque around the rotational axis

(𝑧 axis) acting on a surface element on the Ch–substrate interface at the position 𝒓′ can be

calculated by dividing 𝒓′ into 𝒓G and 𝒓′′. Here, 𝒓G and 𝒓′′ are vectors from the 𝑧 axis to the

center of the contacting region and from the center of the contacting region to the surface

element, respectively [78]:

Γsub
vis = 2

∫ 𝑟

0
d𝑟′′

∫ 2𝜋

0
d𝜑
𝛾𝛿
𝛿
𝜔

{
(𝑅 + 𝑟′′ cos 𝜑)2 + 𝑟′′2 sin2 𝜑

}
=
𝛾𝛿
𝛿
𝜋𝜔𝑟4

(
1 + 2

𝑅

𝑟

)
. (6.21)

Substituting the values corresponding to the experiment in Section 4.6, 𝜃E ≃ 160◦, |∇𝑇 | ≃

2 × 104 K m−1, 𝑅 ≃ 10 × 10−6 m, 𝜈 ≃ 3 × 10−6 kg K−1 s−2, and 𝜔 ≃ 3 × 10−2 rad s−1, into
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Figure 6.5: Schematic diagram of an aggregate of two concentric-circle droplets on the
substrate and the coordinate system. The black bars indicate the director. The origin and
the 𝑧 axis were taken at the center of the composite and parallel to the temperature gradient,
respectively.

the balance between Equations 6.20 and 6.21, 𝛾𝛿/𝛿 ≃ 2.3 × 106 kg m−2 s−2 is obtained as

the parameter indicating the viscous friction at the Ch–substrate interface. This value of

𝛾𝛿/𝛿 is consistent with that for the individual droplet. Thus, this argument concerning the

torque balance consistently explains the rigid-body rotation driven by the Lehmann effect.

It should be noted that the parameters 𝛼 and 𝛾𝛿/𝛿 can be determined accurately by fitting

the experimental result in which the angular velocity is measured with various radii under a

constant temperature gradient. However, the possibility of forming the composites is very

low (a composite is formed about every hundred trials), and it was hard to obtain sufficient

data with various sizes. For this reason, I set 𝛼 to zero from the beginning and substituted the

experimental values into the torque balance to estimate 𝛾𝛿/𝛿 directly.

Finally, I would like to discuss 𝛾𝛿/𝛿. In terms of the actual interface, it is reasonable

to think that there no clear boundary exists between the Ch droplet and the disordered layer
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Figure 6.6: Schematic diagram of a cross section of an aggregate of two concentric-circle
droplets at 𝑧 = const. The bars indicate the director.

shown in Figure 6.4, and that there a transitional region exists where the orientational order

gradually changes. However, I assume the hypothetical boundary for the sake of quantitative

discussion and denote by 𝛿 the thickness of the layer. Since the layer should be thicker than

the spin-coated PMMA on the substrate, the minimum value for 𝛿 is given by 𝛿 > 1× 10−8 m.

On the other hand, since the disordered layer is not observed with the confocal reflective

microscope (Figure 6.1a), the layer should be thinner than the vertical resolution of the

microscope, which is about 0.5 μm. Thus, the thickness of the disordered layer should be

in the range 1 × 10−8 m < 𝛿 < 5 × 10−7 m. This condition gives the range of the viscosity

of the disordered layer as 2 × 10−2 Pa s < 𝛾𝛿 < 1 Pa s, which corresponds to the typical

value for LC compounds. This argument of torque balance is also consistent with the known

properties. It may seem inconsistent that the friction on the Ch–Iso interface is small enough

to be negligible whereas the usual friction occurs between the Ch phase and the disordered
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layer. I speculate that the inconsistency can be ascribed to the difference between the Iso

phase and the disordered layer; the layer is an isotropic layer formed by disordered molecular

orientation due to the PMMA and is not a pure coexisting phase. Further study is necessary

regarding the friction of the interfaces.
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Chapter 7

Friction at Liquid Crystal–Isotropic

Coexisting Interface

7.1 Purpose

In previous experiments the hydrodynamic flow accompanied by the Lehmann rotation of the

Ch droplets coexisting with their Iso phase was measured by tracking the particles adhering

onto the Ch–Iso interface. In contrast, in this section I report measurement and calculation of

the flow field in the Iso phase around the rotating Ch droplet visualized by the particles dis-

persed in surrounding Iso phase. The vortexlike flow in the Iso phase should be accompanied

by the rotation of the droplet when the usual nonslip boundary condition is satisfied at the

Ch–Iso interface. However, the extraordinarily small value of 𝛼 from Chapter 6 implies that

the nonslip boundary condition is not satisfied at the coexisting interface. If the Ch–Iso inter-

face is slippery, vortexlike flow should not occur in the Iso phase. The purpose of this chapter

is to investigate the dynamic properties of the Ch–Iso coexisting interface by observing the

flow in the Iso phase.
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7.2 Flow measurement in isotropic phase near rotating cholesteric

droplets

7.2.1 Methods

The same sample as Sample A in Chapter 4 was used for this experiment. A host nematic

LC was prepared by mixing 4-cyano-4′-pentylbiphenyl (produced by LCC, Ltd.) and No.

270032 (produced by LCC, Ltd., Table 4.1) with a weight ratio of 2 : 3, and 1.0 wt% (S)-4-

[1-(methylheptyl)oxy]carbonyl-phenyl-4-(hexyloxy)benzoate (produced by DIC Corporation)

was added as a chiral dopant. Particles with an averaged diameter of 1 μm were added to the

compound as tracers to visualize the flow. The compound was sandwiched in a 10-μm-thick

gap between glass substrates with spin-coated PMMA. The temperature was controlled by a

conventional heating stage (produced by Linkam Scientific Instruments), which is also the

same as was done with Sample A in Chapter 4. Only the bottom of the cell was heated,

and the top of the cell was cooled by exposure to the ambient air. A heat flux progressed

from the bottom to the top of the cell. Observations were made by using a BX51 polarizing

microscope (produced by Olympus Corporation) with a linear polarizer positioned between

the light source and the specimen.

7.2.2 Results

Figure 7.1 shows an polarizing microscopy image sequence of a Ch droplet coexisting with

its Iso phase and an aggregate of the particles dispersed in the Iso phase. The snapshots were

taken every 20 s. The droplet is characterized by its striped texture, so the helical axis is

perpendicular and parallel to the heat flux and the substrates, respectively, as shown by the

white arrow in Figure 7.1. Upon applying the heat flux, the droplet rotates by the Lehmann
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effect in the clockwise direction. The blue dot outside the droplet is the particle aggregate

dispersed in the Iso phase, which exhibits vigorous thermal fluctuations at its position. From

the beginning to the end of the image sequence in Figure 7.1, the particle aggregate in the

vicinity of the rotating droplet did not move significantly, whereas the texture of the droplet

rotated through about 180◦. Open circle and cross plots in Figure 7.2 indicate the rotational

angles of the texture of the droplet shown in Figure 7.1 and of the particle aggregate in

the vicinity of the droplet, respectively. The graph shows that the particle aggregate near

the droplet undergoes no significant unidirectional motion whereas the texture rotates at a

constant velocity. Open-circle plots in Figure 4.5 of Chapter 4 show the relationship between

the angular velocity𝜔droplet of the texture of the droplet and the angular velocity of the particle

aggregate in vicinity of the droplet 𝜔particle. In terms of the droplets with various velocities

and the particle aggregates near the droplets, I obtained the consistent result in which the

particles do not exhibit any significant motion. Since the particles moved due to the thermal

fluctuated, it was not that the particles adhered onto the substrate to be stuck. Thus, if there

was a flow accompanied by the rotation of the droplet, the particles should have exhibited

unidirectional motion along the flow. This result indicates that there was not any detectable

flow in surrounding Iso phase in spite of the rigid-body rotation of the droplet. When a

usual rigid sphere rotates in a usual viscous fluid, a vortexlike flow is expected to be occur

in the fluid; this result is counterintuitive and unexpected. The absence of the flow around

the rotating droplet suggests that the usual non-slip boundary condition is not satisfied on the

Ch–Iso coexisting interface. The dynamic abnormality of the interface implied by the small

value of 𝛼 was also observed experimentally.
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Figure 7.1: An image sequence of a striped droplet coexisting with its isotropic phase and
particle aggregates dispersed in the vicinity of the droplet under a polarizing microscope with
a linearly polarized incident light. The transmitted light was detected without polarizers. The
snapshots were taken every 20 s, and the scale bars indicate 10 μm. The white solid arrow,
the white dashed arrow, the white dot, and 𝑱q denote the helical axis, the initial state of the
helical axis, the position of a particle aggregate, and the heat flux, respectively. A temperature
gradient of 4.2 ± 0.2 mK μm−1 was applied to the liquid crystal sample by a heating stage
(see Figure 4.1a). This figure is reproduced from Reference [81].

0

1

2

3

4

0 20 40 60 80 100

Ro
ta

tio
na

l a
ng

le
 / 

ra
d

Time / s

Figure 7.2: Temporal changes in the rotational angles of the helical axis of the droplet (open
circles) and a particle aggregate dispersed in vicinity of the droplet (crosses) shown in Figure
7.1, respectively. This figure is reproduced from Reference [81].
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7.3 Numerical calculation of flow field around droplets

I conducted a numerical calculation to quantitatively estimate the flow field which should

occur when a usual rigid sphere rotates in a usual viscous fluid. When a rigid sphere with a

radius 𝑅 sandwiched by two parallel substrates is rotating at an angular velocity Ω, the flow

field in the fluid around the rotating sphere obeys the Navier–Stokes equation at the steady

state;

(𝒗 · ∇) 𝒗 = −∇𝑝
𝜌

+ 𝜂∇2𝒗. (7.1)

Here incompressibility and uniform viscosity is assumed; 𝒗, 𝑝, 𝜌, and 𝜂 denote velocity,

pressure, density, and viscosity, respectively. Taking a cylindrical coordinate system (𝑟, 𝜑, 𝑧)

with the 𝑧 axis passing through the center of the droplet and perpendicular to the substrates,

both 𝒗 =
(
𝑣𝑟 , 𝑣𝜑, 𝑣𝑧

)
and 𝑝 do not depend on 𝜑 from the rotational symmetry around the 𝑧

axis. Moreover, assuming the 𝑟 and the 𝑧 components of 𝒗 do not occur by the rotation of

the sphere, div 𝒗 = 0 yields 𝒗 =
(
0, 𝑣𝜑 (𝑟, 𝑧) , 0

)
. Thus the equation for 𝑣𝜑 is obtained from

Equation 7.1 as
𝜕2𝑣𝜑

𝜕𝑟2 + 1
𝑟

𝜕𝑣𝜑

𝜕𝑟
+
𝜕2𝑣𝜑

𝜕𝑧2
−
𝑣𝜑

𝑟2 = 0. (7.2)

Differentiating Equation 7.2 in the 𝑟𝑧 plane divided into partitions with a width of 𝑅/160 in

both the 𝑟 and the 𝑧 directions, the difference equation for 𝑣𝜑 is derived as

𝑣𝑖, 𝑗 =

{(
1 + 1

𝑟𝑖

)
𝑣𝑖+1, 𝑗 +

(
1 − 1

𝑟𝑖

)
𝑣𝑖−1, 𝑗 + 𝑣𝑖, 𝑗+1 + 𝑣𝑖, 𝑗−1

} (
4 + 1

𝑟2
𝑖

)−1

, (7.3)

where the index 𝜑 is omitted for simplicity. In order to solve this equation I assumed that

1. the non-slip boundary condition is satisfied on the sphere and substrate.

2. 𝒗 = 0 at 𝑟 = 2𝑅 since there is another Ch droplet about 2𝑅 away from a droplet in my
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experiment.

I reiterated the calculation of Equation 7.3 with the initial state of 𝑣𝑖, 𝑗 = 0 for all 𝑖 and 𝑗 under

these boundary conditions. When the remainder of 𝑣𝑖, 𝑗/𝑅Ω, the normalized velocity, at each

point became less than 10−11, I judged the calculation result to be converged and ceased the

calculation. The normalized angular velocity 𝜔/Ω at each point obtained from the calculated

𝑣𝑖, 𝑗 is shown in the color map Figure 7.3. The lower graph in Figure 7.3 shows the angular

velocity at 𝑧 = 𝑅, the height of the center of the droplet. A vortexlike flow with an angular

velocity 𝜔 = Ω occurs in the fluid on the surface of the sphere; the flow attenuates as the

position is away from the sphere, which is in line with intuition.

In the flow measurement using the particles explained in the previous section, the radial

position of the particle aggregate near the rotating droplet (Figure 7.1) is expressed by

𝑟/𝑅 ≃ 1.2. Although Figure 7.3 shows that there should be a flow at 𝑟/𝑅 ≃ 1.2, the particle

aggregate at this position did not exhibit significant motion. This implies that the flow is too

weak to detect in contrast to the expectation. 1 The inconsistency between the calculation

and the experimental result may be ascribed to the assumptions for the calculation. That is to

say, there is a possibility that the non-slip boundary condition is not satisfied on the Ch–Iso

coexisting interface. At this point, the detailed properties and the specific explanation of this

extraordinary interface are not obtained; Further research is necessary.

1It is not certain if the particle aggregate was at 𝑧 = 𝑅 in my experiment because to determine the 𝑧 position
of the particle aggregate was difficult. However, I assumed the particle aggregate was at 𝑧 = 𝑅 as it fluctuated
randomly in the 𝑧 direction.
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Figure 7.3: The upper schematic shows the vertical cross section of the geometry used to
calculate the flow field around the rotating rigid sphere. The color map is the result of the
calculation. The lower graph gives the magnitude of the flow at 𝑧 = 𝑅 obtained by the
calculation.
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Chapter 8

Conclusions

This dissertation reported my study to reveal the detailed molecular motion—the director

rotation or the rigid-body rotation—driven by the thermomechanical coupling (the Lehmann

effect) which takes place in chiral liquid crystals (cholesterics). I would like to summarize

Chapters 4–7 in which my own study was explicated.

In Chapter 4, I explicated the flow measurement by using the particle tracking method.

The tracer particle with an average diameter of ∼ 1 μm were added to the liquid crystal

samples; the flow accompanied by the Lehmann rotation of the droplets was visualized by

tracing the particles. The particle tracking method for the liquid crystal cells had not been

realized because the added particles were likely to adhere onto the glass substrates due to the

high interfacial energy of more than ∼ 10 mN m−1 between the LCs and the glass substrates.

I tried various types of particles by changing physical and chemical parameters such as the

size, material, and surface modification of the particles. I finally realized the particles which

adhere onto the liquid crystal–isotropic interface or disperse in the isotropic phase.

As a result of tracking the motion of the particles which adhered onto the cholestric

droplets rotating under a heat flux, I found that the particles rotated at the same velocity as
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the texture of the droplet. Translational motion of the particles accompanied by the textural

rotation indicates the existence of a hydrodynamic flow, which is the proof of the rigid-

body rotation of the droplets. Moreover, the angular velocity of the texture and that of the

particles were consistent with each other, indicating the pure rigid-body rotation without any

orientational rotation. In my experiment, the interaction between the director and the particle

can be neglected because of following reasons. (i) the director field was not distorted by the

adhesion of the particles. (ii) the position of the particles on the droplet was independent

of the director field of the droplet. The results which indicate the rigid-body rotation of

the cholesteric droplets were consistent for both the striped droplets and concentric-circle

droplets. Therefore, it was proved that the rigid-body rotation of the cholesteric droplets can

be driven by the Lehmann effect regardless of the directions of the helical axis of the director

and of the heat flux.

Furthermore, I formed a dumbbell-like shaped aggregate with two concentric-circle

droplets and particles, observing the Lehmann rotation of the whole composite successfully.

The composite exhibited unidirectional rotation with keeping its shape and orientational struc-

ture under a heat flux. Constituent droplets of the composite revolved about the rotational axis

of the composite, which cannot be explained only by the director rotation and was obviously

the rigid-body rotation. I revealed that the Lehmann effect can drive the rigid-body rotation

of cholesteric droplets not only by the hydrodynamic flow measurement but also by the novel

geometry in which the composite rotates.

In Chapter 5, I reported the result of the measurement of the coupling constant 𝜈 between

the heat flux and the torque induced by the Lehmann effect. The coupling constant was derived

from the static equilibrium condition in which the total torque induced by an AC electric field

and the Lehmann effect on cholesteric droplets coexisting with their own isotropic phase

becomes zero. This method itself is not new. However, I calculated the spatial dependence of
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the electric field to obtain accurate value of the coupling constant. The coupling constant was

estimated as 𝜈 ≃ 3× 10−6 kg K−1 s−2 from my experiment, which is not inconsistent with the

values obtained with other materials and calculations.

In Chapter 6, I discussed the reason why not the director rotation but the rigid-body

rotation was driven by the Lehmann effect in my experiment. The reason for the rigid-body

rotation in my experiment can be ascribed to the anchoring on the liquid crystal–isotropic

interface and the orientational elasticity inside the droplets. I estimated the extrapolation

length, which indicates the strength of anchoring on the interface, as 1 μm. Since the

radius of the cholesteric droplets was ≃ 10 μm in my experiment, the extrapolation length

is considered to be so small that the anchoring on the interface can be approximated to be

strong. Thus, the director inside the droplet is fixed by the anchoring on the interface. On

the other hand, the Lehmann coherence length was estimated to be 10 μm. The coherence

length indicates the thickness of the layer in the vicinity of the strong anchoring interface,

where the director field is not distorted due to the Lehmann torque. Since the anchoring on

the cholesteric–isotropic interface can be approximated to be strong in my experiment, the

director field is not distorted for 10 μm from the interface. Considering that the radius of the

droplets were ≃10 μm, the anchoring on the droplet interface, which is approximated to be

strong, and the orientational elasticity inside the droplet, which is greater than the external

torque, completely lock the director field. Thus, the director rotation, in which only the

direction of the molecules are rotated, cannot be driven, but the rigid-body rotation is driven.

I would like to note that I do not deny the director rotation as this argument is based on the

comparison between the extrapolation length, the Lehmann coherence length, and the radius

of the droplet. For example, when the radius of the droplet is larger than the coherence length,

the distortion of the director field inside the droplet is allowed; the director rotation should be

driven.
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Moreover, I calculated the torque balance specifically. Since the Reynolds number of the

Lehmann rotation of the droplets is small enough to neglect the inertia terms, I considered the

balance between the Lehmann torque and the viscous torque. The component of the Lehmann

torque which contributes to the rigid-body rotation of the droplets can be obtained as the

surface integration over the droplet surface, which corresponds to the volume integration of

the Lehmann torque per unit volume. The viscous torque should be divided into that on the

cholesteric–isotropic interface and that on the cholesteric–substrate interface. The viscous

properties on the cholesteric–isotropic and the cholesteric–substrate interfaces are denoted

by the parameters of 𝛼 and 𝛾𝛿/𝛿, respectively. Fitting the experimental result with these

parameters, I obtained 𝛼 = 0.06 and 𝛾𝛿/𝛿 ≃ 106 kg m−2 s−2 for both the individual droplets

and the composites.

In Chapter 7, I investigated hydrodynamic flow in the isotropic phase in the vicinity of

the rotating cholesteric droplets under a heat flux by using particle tracking method. When

a usual rigid sphere is rotating in a usual viscous fluid, hydrodynamic flow should occur in

surrounding fluid. However, it was found that there was not any detectable flow around the

droplets rotating as rigid bodies. This result implies that usual non-slip boundary condition is

not satisfied on the cholesteric–isotropic interface, which is consistent with the small value of

𝛼. Dynamic property of coexisting interface is not fully understood at this point, and further

investigation is necessary.
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