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Abstract. This study discusses the numerical solution of the Susceptible-Infected-Recovered (SIIR)
transmission model for Tuberculosis (TB) transmission in South Sulawesi. The data used is secondary data
from the number of Tuberculosis (TB) sufferers in South Sulawesi from the South Sulawesi Provincial
Health Office. The discussion begins with a study of the SIIR model, then builds a time delay SIIR model
on the spread of tuberculosis. Next, simulate the delay time SIIR model to find out the number of
tuberculosis cases in South Sulawesi. Determining the parameters, simulation and analysis of the results in
this study obtained a graph of the movement of the SIIR model of time delay of the spread of tuberculosis
with real data. After analyzing the numerical simulation, it is seen that there is a tendency for the spread of
Tuberculosis (TB) in South Sulawesi. The SIIR model is a four-dimensional non-linear differential equation.
The results of the modeling are simulated using MatLab software to predict the number of TB cases so that
early prevention measures are the government's attention to prevent the spread of Tuberculosis (TB) in South
Sulawesi.

1 INTRODUCTION simulation, this study employed secondary data on the
number of tuberculosis cases in South Sulawesi.

Tuberculosis (TB) is a major health problem in
Indonesia today. According to information from the
South Sulawesi Ministry of Health (SulSel), the total 2 RESEARCH METHOD
number of tuberculosis cases in 2011 was 8,939 for him,
up from 7,783 in the previous year. Takaral province led
the number of cases with an increase of more than 109%,
followed by Paré Paré 79%, Pinlang 75%, Makassar
70%, and finally Ruu 33% and Genepont 36%. Many
factors, including the living environment, contribute to
the increase in the number of patients. In addition, poor
lighting in your home makes it easier for diseases to
spread. A single tuberculosis patient can infect up to 10
people. Behavior is another factor. Tuberculosis is very
common in HIV/AIDS patients. The contribution of “”I

unhealthy behavior reaches 5-10% each year, resulting VBl wn
in malnutrition [1]. According to Riskesda's 2018 data, " + L

A theoretical and practical investigation is SIIR
mathematical modeling of tuberculosis spread by time
delay. The baseline reproduction number for the model
is established using the generation matrix approach [7]
and the SIR model of tuberculosis prevalence with extra
delay time [12]. South Sulawesi Tuberculosis Cases: A
Numerical Simulation Model Using Secondary Data
[17] A Step to Prevent an Increased Rate of Tuberculosis
Cases in Indonesia: Using Maple to Predict Cases.

the number of tuberculosis cases in South Sulawesi

province reached 50,127, based on doctors' diagnosis Syt —1)

history. According to Riskesdas 2019, the number of .

tuberculosis cases in South Sulawesi increased to 55,850 Ny, [ (D) luh

cases and decreased to 30,633 cases in 2020 [2]. n 5

The number of tuberculosis cases can be predicted Ml

using a mathematical model. He has created analyses of

his SEIR model of TB infection with infectious disease

models [3-16], [13], and his SIR model of tuberculosis

infection with [14], but there is a time delay to

tuberculosis and models of transmission that are not 3 RESULTS

included. As a result, in this research, we examine the

numerical simulations and analysis of a time-delayed 3.1 SIIR Model

SIIR model for tuberculosis prevalence in South

Sulawesi. For parameter definition, analysis, and Four subpopulations make up the SIIR model of
tuberculosis in South Sulawesi: Suscepted (S, ), Infected

R h (t)

Fig. 1. Model Schematic of Tuberculosis Spread
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human (I, ), Infected by Infected (I;), and Recovered
(Rp). Figure 3 below can be used to evaluate the
variations in each human subpopulation of tuberculosis
cases in South Sulawesi using the staggered SIIR model.
The variables and parameters used in the SIIR
mathematical model of the spread of Tuberculosis.

Table 1. Definisi Variabel dan Parameter model SIIR
Tuberculosis

Var/

Informations
Par

N Total Population
Sh The populations that are susceptible to

tuberculosis

I, The population infected with tuberculosis
due to the virus

I; The Population infected with tuberculosis

due to infected humans
Ry, The population who have recovered from
Tuberculosis
Un Assumed to be equal are the natural birth and
death rates.
yBrn  The rate of change of susceptible population
to infected
Br The rate of change of the susceptible
population to the infected population due to
the virus
wyp ~ The rate of change of the infected population
as humans are infected to the recovered
population
ép The rate of change of susceptible population
to infected population due to virus to cured
population
t Time
T Time Delay

Equation (1)-(4) can be used to evaluate the rate of
change in the number of people in each subpopulation
based on the SIIR model scheme for the spread of
tuberculosis in South Sulawesi Province in Figure 1.

ds
- Ny — .Bhsh(t - 1) - Vﬁhlh(t)Sh(t - 1)

— 1, S,(t =) (1)
di,
dr = ﬁhSh(t -1) - (#h + 5h)1h(t) (2)
di,
¢ = PPun(0S, (e~ 1) - (1 + o) (3
dR
¢ = Onln(®) + @l () =, R (6) (4) (4)

3.2 Model Analysis

3.2.1 The Equilibrium Point

To determine the disease-free equilibrium point, each
equation in equation (1)-(4), must be equal to zero, that

. ds di 4R
is ==0, =t=0,=Lt=0, dan = =0, so that the
dt dat dt dat

equation (5) — (8)

dal;

0 = ppNp — BrSp(t — ) — YBrln () S (t — T)

— UpSp(t — 1) (5)
0 = BrSn(t — 1) — (up + SRR (D) (6)
0 = yBrln(®)Sn(t — 1) — (n + wp)1;(£) (7)
0 = 6pln(t) + wpli(t) — upRA(t) ®

Additionally, for the disease-free equilibrium point
and the endemic equilibrium point SIIR models for the
transmission of tuberculosis, the values of (Sy,), (1),
(I;),and (Ry) will be calculated using the simple
substitution approach. A situation where tuberculosis
does not spread and I = 0 is the disease-free equilibrium
point. Equation (9)-(12) is obtained by manipulating
equations (5)-(8) algebraically.

_ UnNp
Salt=1) = Br + vBrIn(t) + py ©)
_ BuSa(t—1)
I(t) = T (10)
_ VBRI (©)Sp (¢ — 1)
I(t) = i T o (11)
R, (t) = Onlp(t) + wp1;(t) 12)
Hp

It is possible to establish the disease-free
equilibrium point of the SIIR model for the spread of
tuberculosis in South Sulawesi by substituting each
equation in equations (9)-(12) and first obtaining the
value of I = 0 in equation (13).

(Su(t — 1), 1, (), L;(£), Ry (©)) = (N,,0,00)  (13)

In order to determine the endemic equilibrium point
value for the SIIR model of the transmission of
tuberculosis in South Sulawesi, each equation in
equations (9)-(12) must be substituted, and the basic
reproduction number must be taken into consideration
in equation (14).

Np
®
ur(Ro—1)
1+
S’ (=D 1" O OR" @) = |
Bn(1+y)
(6ptywp)(Ro—1)
Bn(1+y)

(14)

3.2.2 Basic Reproduction Number

The next generation matrix approach is used to calculate
the basic reproduction number. This matrix is created by
taking into account both the positive and negative
aspects of the diseased population's transmission rate.
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Equation shows the formula for calculating the basic
reproduction number in equation (15).

K=F "' (15)
Considering the set of equations (2) and (3), then:

dl

d_: = BnSn(t — 1) — (up + )1 (1)

dl;
FTi YBrIn(O)Sh(t — T) — (up + wp)1;(1)

so that it can be acquired

F= [ BrSn(t — 1)
YBrIn(®)Sk(t — 1)

r_ BrSp(t — 1) 0
F= [YBhIh(t)Sh(t -7) 0 (16)
_ [Cun + )1, (0)
V= [(llh + (Uh)li(t)]
,_ [un+6 0
V_[h n uh+wh] -
The matrix equation (17) inverse is
1
W)= ”"‘58"‘ ; (18)

Hptwp

Using equation (15), we will then compute the
eigenvalues of the K matrix.

1

_[ BuSw(—1) 0] [#n + 6n

YBrln(O)Sp(t —7) 0 0 1

Up + wp
BrSn(t — 1) 0

_ Hp + O (19)

YBuln(£)Sp(t —7) 0

Hp + wp

The eigenvalues will then be found using the
formula det (A — K) = 0, where I is the identity matrix,
after finding the K matrix in equation (19). The biggest
eigenvalue (1) will be used to establish the fundamental
reproduction number.

BnSn(t—1)
_ Unh+6p _
A - K| = A ] YBrn®Snt=D)  g| || 0
Hhtwp

(20)

Consequently, in order to derive the eigenvalues
from equation (20),

_ BrSn(t—1)
Un + bp

/’12 = 0
Then the largest eigenvalue obtained is

_ PrSn(t—1)
BT @y

so that, after substituting the disease-free equilibrium
point value as in equation (21), the fundamental
reproduction number is obtained.

_ Bnli

= 22
O U+ 8 (22)

3.2.3 Stability Analysis

It is possible to create the following jacobian matrix (J)
using equations (1)-(4).

J=
(et TBO) g v —vgsa-0 0 0
Hn
Brln(®) BrSn(t — ) = (up + 6p) 0 0
YBuln(®) YBnSu(t —7) —(upt+wp) O
0 [ Wp —Hn

(23)

Theorem 1: The disease-free equilibrium point of the
Tuberculosis spread model is said to be stable if Ry < 1
and unstable if Ro > 1.

Proof: To create a new matrix as in equation (24),
substitute the disease-free equilibrium point into the J
matrix in equation (23).

—Un  —BrNp — ¥BrNy 0 0
J= 0 BuNp— (pp +61) 0 0
0 YBrlNn —(ppt+wp) O

0 Sn Wp “Hn

24

the equation matrix (24) with the following description's
eigenvalues.

[AI =] =0
|AI = ]|
1 0 0 O
01 0 0
=\ 4 0 0 1 0
0 0 0 1
—tn  —BnNn — YBrNy 0 0
| 0 BNy — (un +61) 0 0 -0
0 YBrNy, —(uptwp) O
0 Sn Wp ~Hn
AT —]| =
A+ up Br + vBrNy 0 0
0 A_BhNh+(Hh+6h) 0 0 -0
0 _)/BhNh A + HUn + Wp 0 ’
0 _Sh —Wp A + Upl

(25)
Next, substitute S in equation (25) so that
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A+ up)(A = BpNp + pp + 8,) (A + py + wp)
A+wup) =0 (26)

A+ ﬂh)(/1 + (up + 8p)(Ry — 1))(/1 + up + wp)
A+u) =0

If all the signs of each term are positive, equation
(26) will have all negative roots in accordance with
Descartes' sign rule. The disease-free equilibrium point
is therefore stated to be stable if R, < 1, and unstable if
Ry > 1.

Theorem 2: The mathematical model of the
asymptotically stable endemic equilibrium point of
tuberculosis.

Proof: If I = 0, the endemic equilibrium point holds,
and a new matrix is created using the J matrix in
equation (23), as shown in equation (27).

[ —ipR, _ ﬂhNhI(: +7) 0 0 1
0
tr(Ro— 1) BrNy
J=| 1+y R, = (un + 8y) 0 0 27)
Ry—1) N,
[ﬂhyl(:y Yﬁ;ﬂ h —(up+w) O J
0 Sy Wp “Hn

Then look for the eigenvalues with the following
description:

|AI —]| =0
1 0 0 O
01 0 O
A 0 0 1 0
0 0 0 1
N, (1 + ]
—unRy _.Bh n( Y) 0 0
Ry
Un(Ro —1)  BplNy
_ T+y R, (un + 81) 0 0
YRy — 1) YBnNn
Fhrv o -7 rrnh _ 0
1+y Ry (pn + @p)
| 0 6;1 Wy —HUp
=0
N,(1
A+ uR, BrNy(1+7) 0 0
R,
r(Ro — 1) BNy
_T A— R, + (up + 6,) 0 0
ury(Ro — 1) YBulNy
—ﬁ _R—g A+ u, + wp 0
0 —&p, —wp A+,
=0
To Obtained :

0=A+u)@A+ pp+ wp) [(/1+l1hRo) (/1_5’};_1:11+

(o + m) N (Bhwhmy))(

Ro

ur(Ro—1)
1+y )]

(28)

0= A+ )+ my
+ wp) [(A + upRp)()

Britn Ny (Ro — 1)]
+ e —
Ry

The equilibrium point is Asymptotically Stable, in
accordance with Descartes' sign rule, if all the roots of
the characteristic equation (1) are positive.

3.3 SIIR Model Simulation

Maple software was used to simulate the SIIR
Mathematical Model for the Spread of Tuberculosis in
South Sulawesi. Table 2 displays the beginning values
(S, (0)), (I,(0)), (I; (0)),and (R;(0)) as well as the
parameter values of the model utilized in this
simulation.

Table 2. Initial value of variables and parameters of the SIR
model TB transmission in South Sulawesi

Var/Par Values Source
N 8342000 [17]
Sh 8329824 [17]
Iy 8523 [17]
I; 3653 [17]
Ry 1218 [17]
lin 0.000035 [17]
Y 0.123111 [17]
B 0.003267 [17]
S 0.041230 [17]
on 0.003866 [17]

When the values of the uncontrolled parameters in
Tables 1 and 2 are substituted in Equation (1)—(4), which
is equal with zero, the value of the equilibrium points of
the SIIR model is achieved, and the following equations
system (29)—(32) is produced:

ds
d_th = 0.000035 — (0.003267 + 0.0004021,

+0.000035)S, (29)
dly,
— = 00032675, — 0.0412651, (30)
di;
— = 0.0004021,5, — 0.003901], (31)
dRy,
—, = 000150/ — 0.00625R (32)

The equilibrium points of the SIIR model of the
transmission of endemic tuberculosis are provided by
equations (49)-(52) :

Sn' I I Ry
= (0.05380,0.00499,0.06479,0.87640)
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In addition, a simulation of the SEIR mathematical
model of the spread of tuberculosis in South Sulawesi is
run by including a delay time.

091
0.8+
0.71
061

s 054
041

0.3

T T
0 200 400 600 800 1000 1200

¢
= subsectible (t) == Infected by Human(t) == Infected by Virus (1)
Recovered R(t)
(a)
0s
0s
07
06
s 03
04+
034
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0 \ T u u
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t
= subsectible (1) Infected by Human(t) Infected by Virus (t)
Recover R(t)

(b)

Fig. 2. The Graph of SIIR Model Simulation Result of
Tuberculosis Spread without Delay Time (a) and with Time
Delay, T = 60 days (b)

Based on Figure 2.a. illustrates the results of the
simulation carried out without adding the delay time to
exposed individuals, it appears that in the absence of a
delay time given to the SIIR distribution model of the
spread of Tuberculosis, namely the value of the increase
in individuals affected by tuberculosis infection due to
interactions with infected individuals experienced a
significant increase to 75% of the total population in the
first 240 days and decreased for the next day to 28% of
the total population on the 1200th day. For individuals
whose range experienced a very significant decrease
from 80% of the population to no population that
spanned in less than 600 days. Individuals who
recovered experienced a significant increase that
reached 80% of the population in 1200 days and natural
infections experienced a constant decline of less than
1% in 1200 days. Based on Figure 2.b. illustrates the
results of the simulation carried out by adding the delay
time to exposed individuals, it appears that with the
delay time given to the SIIR model of the spread of
Tuberculosis, the value of the increase in individuals

affected by tuberculosis infection due to interactions
with infected individuals experienced a significant
increase to 95% of the total population in the first 180
days and decreased for the next day to 28% of the total
population on the 1200th day. For susceptible
individuals there is a very significant decrease from 99%
of the population to no susceptible population in less
than 150 days. Individuals who recovered experienced a
significant increase that reached 80% of the population
in 1200 days and natural infections experienced a
constant decline of less than 1% in 1200 days.

In general, the simulation results of the SIIR
mathematical model for the spread of disease in the
province of South Sulawesi are based on the values of
the basic reproductive number or RO which is a number
that can explain the potential spread of disease in a
population. In the SIIR model, the spread of tuberculosis
infection is infected by other individuals, the value of
RO = 3.848526, which means that the process of
spreading the virus occurs, where each individual can
spread the virus to three other individuals during the
infectious period. So that it can be interpreted that the
spread of tuberculosis infection based on the
equilibrium points tends to be stable and the potential
for its spread will be low with no delay in susceptible
individual variables.

4 DISCUSSION

Previously, tuberculosis or lung disease had been
studied by several researchers [18-20] by discussing the
spread of tuberculosis that occurred in East Java and
West Java. The results of the SEIR model study have
shown that the number of cases of tuberculosis caused
by viruses will continue to increase rapidly, while the
number of cases of tuberculosis caused by human
infection is not very influential and almost constant, and
will decrease to near zero in the coming years, according
to a previous study (21) with the title Numerical solution
of SIR Model for Transmission of Tuberculosis by
Runge-Kutta Method. These findings show that the
SEIIR model, in particular, fits the Real data for the
province of South Sulawesi in terms of the transmission
of tuberculosis. However, the above research has not
linked the spread of tuberculosis with the provision of a
delay in the model and added a requirement for
individuals whose range will change to infected
individuals if they already have symptoms after
interacting directly with infected individuals and
without interacting with infected individuals. So that in
this study using the SIIR model, the researcher gave a
delay time to the individual variables that were ranged
(susceptible) so as to produce different predictions from
previous relevant studies [21]. For the variable given a
delay of 60 days, the peak point for the spread of
tuberculosis was less than 200 days with 95% of the total
population and experienced a gradual decline until on
the 1200th day, the peak of the spread had reached less
than 30% of the total population. Total population in this
study. So it can be concluded that the spread of
tuberculosis in the population with a given time delay,
will make an explosion of spread within a certain time
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interval that can reach 95% of the infected population,
and will still be stable to decrease to less than 30% for a
given time delay and no time delay.

The SIIR Model of Tuberculosis Spread obtained the
value of RO = 3,848526 which means that the process of
spreading the virus occurs, where each individual can
spread the virus to three other individuals during the
infectious period. So it can be concluded that the spread
that occurs in populations without a time delay will have
a high spread rate, but with a 60 day delay, the
population distribution will increase significantly in less
than 200 days until it reaches the highest level of
distribution reaching 93% of the population.

5 CONCLUSSION

Based on the discussion that has been carried out, the
results of the mathematical model of the spread of
tuberculosis by giving a time delay in the province of
South Sulawesi with a 4-dimensional differential
equation, the SIIR mathematical model of the spread of
tuberculosis by giving a time delay in the province of
South Sulawesi produce two equilibrium points, namely
the free balance point and the equilibrium point of
disease, both of which are stable. For the SIIR model of
the spread of tuberculosis by giving a time delay, the
value of RO = 3,848526, means that the process of
spreading the virus occurs, where each individual can
spread the virus to three other individuals during the
infectious period. So it can be concluded that by giving
a delay of 60 days will make the population spread will
increase significantly in less than 200 days until it
reaches the highest level of spread reaching 93% of the
population.
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