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Abstract: We consider a quantum system of an atom-atom interaction in the presence of two external 

magnetic and classical fields in ,x and z directions. The dynamical behavior of single atom quantum 

quantifiers such as the atomic Wehrl entropy, atomic Fisher information and quantum entropy are 

investigated. The quantum entanglement degradation in regard to the atomic state estimation are 

discussed through the evolution of the atomic Fisher information flow, and the effects of the external 

classical fields and types of time dependent coupling between the two atoms are examined. We 

explore the relationship between different statistical quantities in the absence and presence of 

classical field during the time evolution. The results show that the creation and manipulation of 

entanglement by external fields greatly benefit within the suitable choice of the kind of time 

dependent coupling among the two atoms and external. 

Keywords: Atomic Wehrl entropy, Atomic Fisher information, Atom-atom interaction; single atom 

entanglement; time dependent coupling. 

 

1. Introduction 

FI (Fisher information) was firstly introduced by Fisher as the main quantity in estimation theory 

[1]. The members of probability distributions can be detected by FI. In this regard, FI can perform 

optimal tasks in detecting the optimal measurement of the considered quantum systems at the point of 

view of the theory of quantum estimation. The parameter estimation problem being the more 

significant is the main support of various science and technology branches. The phase estimation plays 

the essential role of state generation, decoherence and loss [2-7]. The lower bound of QFI (Quantum 

Fisher Information) can be obtained from the quantum version of the Cramér-Rao (CR) inequality [8]. 

Interestingly, the mathematical treatments of the lower bound in physical models has been clarified 

[9,10], in this way the optimal resource for the phase estimation has been discussed [11,12].  

In recent years, many devices such as such, as beam splitter [13-15], cavity QED [16], 

nanoresonators [17] and NMR systems [18] have been realized and proposed experiments for 

generating quantum entanglement. So the investigation of nonlocal correlation outdated its context of 

bipartite and multipartite pure quantum states, considering the case of mixed states as well as 

investigates the entanglement in large scale many particle quantum systems. However, a complete 

investigation of entanglement in complex systems is still absent until present. The quantification of 

this kind correlation in both discrete and continuous variables in the framework of theoretical 

approaches [19-21]. A measure of entanglement must be invariant under local operations and classical 

communication. The understanding derivable measures of quantum entanglement is account bearing 

in mind when searching to detect entanglement in large dimensional complex systems such as is 

considered in biological systems. Until present, the quantum concepts of nonlocal correlation were 
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related to entangled states [22]. The separation between classical and quantum correlations in 

composite systems has attracted recently much attention in different branches of physics. It is shown 

that the shared the total correlation in composite system can be presented by quantum mutual 

information [23,24], but an important question is how to determine the amount of classical and 

quantum correlations from the total correlation. 

  As known that the entanglement between two partite quantum systems can be measured by some 

statistical quantities such as the entanglement of formation (EOF) or the von Neumann entropy (VNE).  

All the entanglement measures must be invariant under LOCC (Local Operation Classical 

Communication). On the other hand the entanglement of complex physical system cannot be measure 

by the standard measure such as the VNE. So, different attempts have been done to discovers a new 

quantifier of entanglement of a compost quantum system.  In this regard the atomic Wehrl entropy 

(AWE) and the atomic Fisher information (AFI) have been used to quantify the entanglement and 

compared by the standard VNE measure [25]. It has been shown that a clear relationship between the 

behavior of AFI and AWE during the time evolution has observed. Although the dynamical properties 

of the flow of AFI has not been studied. The follow of the statistical quantities or information 

quantifier depends of the first derivative. In this regard the flow of Fisher information can be used to 

detect the Markovian and non Markovian dynamics of a two-level atom system driven by a phase 

noise laser [26]. Also, it  was used  to characterize the damping effect and unveil a fundamental 

connection between non-Markovian behavior and dynamics of system–environment correlations 

under phase noise laser [27].  The purpose of this paper is to examine the effect of the time dependent 

coupling and classical fields on the dynamical properties of the VNE, the AWE and the AFI. Moreover 

the flow of AFI will be used to detect the entanglement between the two coupled atoms as alternative 

quantifier of the VNE. Also, exploring the link between the statistical quantities during the time 

evolution. 

2. Model and dynamics  

Recently, much effort has been given from many authors to develop studies of this kind of 

interaction, see for example Refs [28,29,30]. This in fact encouraged us to develop some previous 

investigations. The atom-atom interaction is one of the cornerstones in quantum optics and quantum 

information theory. The Hamiltonian model describes the interaction between TCAs  (two coupled 

atoms) and external classical fields has the form 
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where )(tf  is the time-dependent coupling between the TCAs and ),(tj  is the time-dependent 

coupling of the two external classical fields (i.e. 2,1j ).  Also, the external magnetic field frequencies 

are 2,1),( jtj . Furthermore,
)(ˆ jR and

)(ˆ j

zR are playing the usual role of the Pauli operators which 

have the properties 
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The coupling j  can be removed by using the transformation 
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where ,/22tan jjj    and ,)()( j
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Now, the time dependent Hamiltonian which describes an atom-atom interaction  in terms of the 

frequencies j


that depends explicitly on the classical field coupling j is given by 












 
 zyxj

j

z

j
RRRtftH

,,

)2()1(
2

1

)( ˆˆˆ
2

)()(ˆ


 . (4) 

The equations of motion according to the time dependent Hamiltonian (4) are given by 
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where the operators in Eq. (5) are satisfy the following communication relations  
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The second qubit equations can also be obtained by replacing the superscript in the above 

equations index (1) by index (2). From equations (5) it is easy to see that ,ˆˆˆ )2()1( cSS zz   is constant of 

motion. The constant of motion enable us to find the solution of equation (5). Upon above results the 

wave function corresponding to the transferred Hamiltonian (4) can be obtained as 
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where ,)exp()sin()cos()0( geiegAB   with   is the atomic state position and  is the relative 

phase between the atomic states. Eq.(6) will be changed under the transformation (3). Using the 

inverse of the transformation (3), we can obtain the TCAs density matrix )()()(ˆ ttt ABABAB   , 

therefore the proposed quantum quantifies or the statistical quantities will be defined and obtained in 

the next section. 

3. Atomic Fisher information and phase space entropy 

Q
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where ,, is the atomic coherent state based on the atomic phase space parameters , as 
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for the TCAs then the spin ,2/3 one can single two-level atom (i.e. 

2/1 ) in the 
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1 ( 0 ) is the upper (lower) level of the two-level atom.

 
(10) 

The AFI has defined from analog to the FI of the as a promised measure in the atomic phase space of 

the quantum system and depends on the atomic state estimation [25]  
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where 22 ,   are the variances for the atomic phase space variables ,  given by 
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is defend as  tI
t

AF



.  

  To measure the amount of single atom entanglement [33,34], can be quantified by the standard VNE 

measure. Let the bipartite system donated by AB , the VNE is given by[35,36] 
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where  ABBA Tr   ,  is the reduced density for the atom A  which is given by  
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Therefore, the VNE in terms of the eigenvalues of the atomic density matrix A [39]  

                              ,lnln 2211  VS                                     (14) 

where VS  varies from zero value for the separable state to ),2ln(  for a maximally entangled state. 
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4. Numerical Results and Discussion 

 

Fig. 1: The dynamics of the single atom: (a) the AFI donated by )(tI AF
, (b) the AWE )(tSAW

, (c) the

)(tI AF  flow, and (d) the entanglement measured by the von Neumann entropy ).(tSV
 The initial 

atomic state parameter ,6/  and .4/  The magnetic fields effect is ignored (i.e. 0/ jj   

for 2,1j ) and the constant coupling between the TCAs (i.e. 1)( tf ). 

 

Fig. 2: The same as figure 1 but the influence of the magnetic fields is considered (i.e.
 

1/ jj  ).  
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Fig. 3: Effect of the time-dependent coupling between the TCAs (i.e. )cos()( ttf  ) on the 

dynamical behavior of the single atom: (a) the AFI )(tIAF
, (b) the AWE 

AWS , (c) the AFI flow 

and (d) the von Neumann entropy ).(tSV
 The initial atomic state parameter ,6/  and 

.4/  The magnetic fields effect is considered (i.e. 1/ jj   for 2,1j ).  

 

Fig. 4: The same as figure 3 but the time-dependent coupling between the TCAs is 
).sin()( ttf   
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Fig. 5: The same as figure 3 but the time-dependent coupling between the TCAs is  

)(sin)( 2 ttf  . 

   

AFI,  the AFI flow, the AWE and the von Neumann 

entropy

 

    In Fig. 1, the respective variations of the 
VS , ,AWS ,AFI  and 

AFI flow are plotted against the 

scaled time t  in the absence of the external magnetic fields (i.e. 0/ jj  ) and constant coupling 

between the TCAs. As seen that when we set the parameter 
jj  /  equals to zero value the AFI has 

zero value corresponding to the maximum entanglement between the TCAs at the periodic time 

 mt   where ,....2,1,0m . while the AFI tends to its maximum value which corresponding to the 

disentanglement between the TCAs at the half of periodic time (i.e.  )2/1(  mt .  Also, the regular 

fluctuations over the moving envelope in which the fluctuations are with similar amplitudes. In 

addition, the AWE also has a regular oscillation same as the behavior of the AFI where the function of 

AWE fluctuates between the maximum values and minimum values in the time interval consideration 

as observed in Fig. (1b). 

To understand the system better we reset in figure 2 the parameter 
jj  /  to nonzero value to cheek 

the effect of the external magnetic fields within the case of constant coupling between the TCAs (i.e.

1)( tf ). The external magnetic fields has a clear effect on the dynamical properties of the AWE 

compared with the other quantities. It is noticed that after adding the external magnetic fields the 

function of AFI oscillates between a maximum and minimum values with a periodic and regular 

behavior during the time evolution. Also, we see that the maximum values of AFI are increased after 
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the external magnetic fields taken into account (see Fig. (2a)). On the other hand, we see that the 

external magnetic fields have more effect on the dynamics of AWE in the beginning time where the 

amplitude of oscillations are reduced compared with the previous case. Over a short time, the 

amplitude of the oscillation is increased and the effectiveness of the external magnetic field decreases 

as observed in Fig. (2b).The AFI flow has a positive value in the case of increasing the AFI and negative 

value in the case of decreasing of AFI. Interestingly, it found that the monotonic behavior between AFI 

flow and entanglement measured by the von Neumann entropy. This results clarified that the single 

atom entanglement can be detected by the AFI flow of the system under consideration (see figure 2). 

   Now we come to discuss the effect of the type of time dependent coupling between the TCAs which 

presented in figures 3,4,5.  In figure 3 we have presented the effect of the time dependent coupling 

with the cosine shape function case (i.e. )cos()( ttf  ). It can be seen that the statistical quantities 

have a more regular and periodic during the time evolution. Also, it depicts an opposite behavior 

between the AFI and the VNE. As seen from the comparison between the temporal behavior of the AFI 

(a) and the VNE (d) are approximately connected by the relation )(34.0)( tItS AFV   Then 
VS  and

,AWS have a similar behavior at the time points ,...2,1,0,)2/32(  mmt   and for the time

 )2/12(  mt  both of them have an opposite behavior. 

    To visualize the effect of changing the shape function of the time dependent coupling from the 

cosine case to sine case we have in figure 4 the variation of quantum quantifies as a function of the of 

the scaled time t . It is regarded that the nonlocal correlation decreases during the time dynamics. 

Also, the AWE  has a more meaningful in the quantifying the amount of single atom entanglement 

under this type of time dependent coupling. 

  Now we focus the light of a realistic and experimental situation in the interaction between the TCAs 

in the presence of two external magnetic fields. In this kind of coupling the alignment or orientation of 

the molecular or atomic dipole moment using laser pulse and motion of the atom through the cavity 

[33,37,38]. This case of time dependent coupling has been considered in different investigations. The 

main results that the entanglement is enhanced for this kind of time dependent coupling. The behavior 

of the statistical quantities being a quasi periodic and regular. The maximum entanglement 

corresponds to the maximum value of the AWE and minimum value of the AFI (see figure 5). 

5. Conclusions  

To summarize, we have presented the model of an atom-atom interaction in the presence of an 

external magnetic field in x and z directions by exploiting different cases of time dependent coupling. 

We have investigated in detail the variation of single atom entanglement, atomic Wehrl entropy and 

Fisher information. The atomic Fisher information and its flow have used to quantify the entanglement 

and dynamical properties of the system. We have shown that the different quantifiers are very 

sensitive to the type time dependent coupling between the two coupled atoms. Also, the entanglement 

can be indicated by the flow of atomic Fisher information or the atomic Wehrl entropy. In addition the 

control and manipulation of these quantities greatly benefit in the presence of an external magnetic 

field and the kind of coupling among the two atoms. Furthermore, we have shown that all the 

statistical quantities has a monotonic or opposite monotonic behavior which depends of the type of 

time dependent coupling between the two toms. It is expected that our theoretical results can provide 

an important reference to implement different tasks of quantum optics and information. 



  

 9 of 10 

 

 

References 

[1] Fisher, R. A.: Proc. Cambridge Phil. Soc. 1929, 22, 700 reprinted in Collected Papers of R. A. Fisher, 

edited by J. H. Bennett (Univ. of Adelaide Press, South Australia, 1972), 15-40 

[2] Giovannetti,V., Lloyd, S., Maccone, L.: Quantum-Enhanced Measurements: Beating the Standard 

Quantum Limit. Science 2004, 306, 1330-1336. 

[3] Dowling, J.: Quantum Optical Metrology-The Lowdown On High-N00N States. Contemporary Physics 

2008, 49, 125-143 . 

[4] Jones, J. A., Karlen, S. D., Fitzsimons, J., Ardavan, A., Benjamin, S. C., Briggs, G. A. D., Morton, J. J. L.: 

Magnetic Field Sensing Beyond the Standard Quantum Limit Using 10-Spin NOON States. Science 2009, 324, 

1166-1168. 

[5] Simmons, S., Jones, J. A., Karlen, S. D., Ardavan, A., Morton, J. J. L.:Magnetic field sensors using 13-spin 

cat states. Phys. Rev. A 2010, 82, 022330 . 

[6] Higgins, B. L., Berry, D. W., Bartlett, S. D., Wiseman, H. M., Pryde, G. J.: Entanglement-free 

Heisenberg-limited phase estimation. Nature. 2007, 450, 393-396. 

[7] Dorner, U., Smith, B. J., Lundeen, J. S., Wasilewski, W., Banaszek, K., Walmsley, I. A.: Quantum phase 

estimation with lossy interferometers. Phys. Rev. A 2009, 80, 013825. 

[8] Cramer, H.: Mathematical Methods of Statistics (Princeton University Press, Princeton, NJ, 1946) 

[9] Dorner, U., et al.: Optimal Quantum Phase Estimation. Phys. Rev. Lett. 2009, 102, 040403 . 

[10] Giovannetti, V., Lloyd, S., Maccone, L.: Quantum Metrology. Phys. Rev. Lett. 2006, 96, 010401; 

Abdel-Khalek, S., ‏Int. J. of Quantum Information 2009, 7, 1541. Dynamics of Fisher information in Kerr 

medium. 

[11] Joo, J., Munro, W. J., Spiller, T. P.: Quantum Metrology with Entangled Coherent States. Phys. Rev. Lett. 

2011, 107, 083601. 

[12] Demkowicz-Dobrzanski, R., et al.: Quantum phase estimation with lossy interferometers. Phys. Rev. 

A2009, 80, 013825. 

[13] Tan, S. M., Walls, D. F., Collett, M. J., Nonlocality of a single photon, Phys. Rev.Lett. 1991, 66, 252. 

[14] Toth, G.,Simon, C.,andCirac, J. I.,Phys. Rev. A 2003, 68, 062310. Entanglement detection based on 

interference and particle counting 

[15] Berrada, K.,Abdel-Khalek, S.,EleuchH., Hassouni, Y. quant. Inf. Process. 2013, 12, 69 . Beam splitting and 

entanglement generation: excited coherent states 

[16] ZhengS. B.,andGuo, G. C.,Phys. Rev. Lett. 2000, 85, 2392. Coherent Control of an Atomic Collision in a 

Cavity 
[17]Purdy, T. P.,Yu, P.-L.,PetersonR. W., Kampel, N. S. and Regal, C. A. Phys. Rev. X 2013, 3, 031012. Strong 

Optomechanical Squeezing of Light 

[18] Gershenfeld N., Chuang, I. L.,Science. 1997, 275, 350. Bulk Spin-Resonance Quantum Computation 

[19] Wootters,W.K., Quant. Inform. Comput. 2011,1, 27. Entanglement of formation and concurrence  

[20] Bennett, C.H.,Bernstein, H. J.,Popescu, S.,Schumacher, B.,Phys. Rev. A 1996, 53, 2046. Concentrating 

partial entanglement by local operations 

[21] Popescu,S.,Rohrlich, D.,Phys. Rev. A 1997, 56, R3319. Thermodynamics and the measure of 

entanglement. Sandu Popescu and Daniel Rohrlich. 

[22] Nielsen, M. A.,Phys. Rev. Lett. 1999, 83, 436. Conditions for a Class of Entanglement Transformations 

[23] Werner, R. F.,Phys. Rev. A 1989, 40, 4277. Quantum states with Einstein-Podolsky-Rosen correlations 

admitting a hidden-variable model 

[24] Groisman, B.PopescuS., Winter, A. Phys. Rev. A 2005, 72, 032317. Quantum, classical, and total amount 

of correlations in a quantum state 

[25] Obada, A. S.-F., Abdel-Khalek, S. Physica A 2010, 389, 891-898. Entanglement evaluation with atomic 

Fisher information 

[26] Xiao-Ming Lu,  Xiaoguang Wang,  and C. P. Sun, Phys. Rev. A 2010, 82, 042103. Quantum 

Fisher information flow and non-Markovian processes of open systems. 

https://scholar.google.com/citations?view_op=view_citation&hl=ar&user=K1InbEoAAAAJ&citation_for_view=K1InbEoAAAAJ:zYLM7Y9cAGgC
https://scholar.google.com/citations?view_op=view_citation&hl=ar&user=K1InbEoAAAAJ&citation_for_view=K1InbEoAAAAJ:zYLM7Y9cAGgC
https://scholar.google.com/citations?view_op=view_citation&hl=ar&user=K1InbEoAAAAJ&citation_for_view=K1InbEoAAAAJ:mVmsd5A6BfQC
https://scholar.google.com/citations?view_op=view_citation&hl=ar&user=K1InbEoAAAAJ&citation_for_view=K1InbEoAAAAJ:mVmsd5A6BfQC
http://www.google.com.sa/url?sa=t&rct=j&q=&esrc=s&source=web&cd=2&cad=rja&uact=8&ved=0ahUKEwj5x_3stYbUAhVIOhoKHclQBlsQFggtMAE&url=http%3A%2F%2Flink.aps.org%2Fdoi%2F10.1103%2FPhysRevLett.87.037902&usg=AFQjCNFDZx7E8rX5sWOrmgLvysrP9fZpdA
http://www.google.com.sa/url?sa=t&rct=j&q=&esrc=s&source=web&cd=2&cad=rja&uact=8&ved=0ahUKEwj5x_3stYbUAhVIOhoKHclQBlsQFggtMAE&url=http%3A%2F%2Flink.aps.org%2Fdoi%2F10.1103%2FPhysRevLett.87.037902&usg=AFQjCNFDZx7E8rX5sWOrmgLvysrP9fZpdA
http://www.google.com.sa/url?sa=t&rct=j&q=&esrc=s&source=web&cd=2&cad=rja&uact=8&ved=0ahUKEwjq_fWexobUAhWK1xoKHUUABjUQFggoMAE&url=http%3A%2F%2Fdl.acm.org%2Fcitation.cfm%3Fid%3D2011326.2011329&usg=AFQjCNHgRTzSGJDxWTuZgX-x8mkB-O0i0w
https://scholar.google.com/citations?view_op=view_citation&hl=ar&user=K1InbEoAAAAJ&citation_for_view=K1InbEoAAAAJ:IjCSPb-OGe4C
https://scholar.google.com/citations?view_op=view_citation&hl=ar&user=K1InbEoAAAAJ&citation_for_view=K1InbEoAAAAJ:IjCSPb-OGe4C


  

 10 of 10 

 

[27] Abdel-Khalek, S. Annals of Physics 2014, 351, 952. Fisher information due to a phase noisy laser 

under non-Markoian environment.  

[28] Burkard,G., Loss, G. Phys. Rev. Lett. 2002, 88, 047903. Cancellation of Spin-Orbit Effects in Quantum 

Gates Based on the Exchange Coupling in Quantum Dots. 

[29] Khalil, E. M., Optik Int. J. for Light and Electron Optics 2013, 124, 1820. New features of the stationary 

and moving atom–atom entanglement. 

[30] Abdel-Khalek, S. Halawani, SHA., Optik Int. J. for Light and Electron Optics 2016, 127, 9020. New 

features of the stationary and moving atom–atom entanglement. 

[31] Obada, A.-S.,Abdel-Khalek, S.,J. Phys. A: Math. Gen. 2004, 37, 6573. New features of the atomic Wehrl 

entropy and its density in multi-quanta two-level system‏ 

[32] Abdel-Khalek, S.,Physica A 2008, 387, 779. The effect of atomic motion and two-quanta JCM on the 

information entropy. 

[33] Berrada,  K., Abdel-Khalek, S. Physica E 2016, 84, 361. Nonclassical properties and purity of a qubit 

system in photon-added squeezed thermal states with time-dependent coupling effect‏. 

[34]  Abdel-Khalek, S.  Physica A 2008, 387, 779. The effect of atomic motion and two-quanta on the 

information entropy.   

[35] von Neumann J.: The measuring process in mathematische grundlagen der quantenmechanik, Ch. V. 

Springer, Berlin, 1932. 

[36] Phoenix S. J. D. and Knight. P. L. Phys. Rev. A, 1991, 44, 6023–6029. Establishment of an entangled 

atom-field  state in the Jaynes-Cummings model.  

[37] Friedrich, B., Herschbach, D.: Alignment and trapping of molecules in intense laser fields. Phys. Rev. 

Lett. 1995, 74, 4623–4626.  

[38] El-Shishtawy,  R. M., et al, Energies, 2016, 9, 1063. Realistic Quantum Control of Energy Transfer in 

Photosynthetic Processes. 

http://scholar.google.com/citations?view_op=view_citation&hl=en&user=K1InbEoAAAAJ&cstart=20&pagesize=80&citation_for_view=K1InbEoAAAAJ:4OULZ7Gr8RgC
http://scholar.google.com/citations?view_op=view_citation&hl=en&user=K1InbEoAAAAJ&cstart=20&pagesize=80&citation_for_view=K1InbEoAAAAJ:4OULZ7Gr8RgC
https://scholar.google.com/citations?view_op=view_citation&hl=ar&user=K1InbEoAAAAJ&cstart=20&pagesize=80&citation_for_view=K1InbEoAAAAJ:SP6oXDckpogC
https://scholar.google.com/citations?view_op=view_citation&hl=ar&user=K1InbEoAAAAJ&cstart=20&pagesize=80&citation_for_view=K1InbEoAAAAJ:SP6oXDckpogC
https://scholar.google.com/citations?view_op=view_citation&hl=ar&user=K1InbEoAAAAJ&citation_for_view=K1InbEoAAAAJ:RHpTSmoSYBkC
https://scholar.google.com/citations?view_op=view_citation&hl=ar&user=K1InbEoAAAAJ&citation_for_view=K1InbEoAAAAJ:RHpTSmoSYBkC
https://scholar.google.com/citations?view_op=view_citation&hl=ar&user=K1InbEoAAAAJ&citation_for_view=K1InbEoAAAAJ:e5wmG9Sq2KIC
https://scholar.google.com/citations?view_op=view_citation&hl=ar&user=K1InbEoAAAAJ&citation_for_view=K1InbEoAAAAJ:e5wmG9Sq2KIC
https://scholar.google.com/citations?view_op=view_citation&hl=ar&user=K1InbEoAAAAJ&cstart=20&pagesize=80&citation_for_view=K1InbEoAAAAJ:u9iWguZQMMsC
https://scholar.google.com/citations?view_op=view_citation&hl=ar&user=K1InbEoAAAAJ&cstart=20&pagesize=80&citation_for_view=K1InbEoAAAAJ:u9iWguZQMMsC
http://xxx.lanl.gov/find/quant-ph/1/au:+Abdel_Khalek_S/0/1/0/all/0/1
https://scholar.google.com/citations?view_op=view_citation&hl=ar&user=K1InbEoAAAAJ&cstart=20&pagesize=80&citation_for_view=K1InbEoAAAAJ:l7t_Zn2s7bgC
https://scholar.google.com/citations?view_op=view_citation&hl=ar&user=K1InbEoAAAAJ&cstart=20&pagesize=80&citation_for_view=K1InbEoAAAAJ:l7t_Zn2s7bgC

