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1. Introduction

Stability of dynamic systems has been the primary study topic for system analysis. After
Lyapunov’s second method was created in 1892, it has been developed and applied by
many researchers in the past century with fruitful classical stability results achieved. Among
these important developments is the Input-to-State Stability (ISS) property, which was firstly
formulated by Sontag [1] and has found wide use in engineering by incorporating the idea of
nonlinear small-gain theorem [2, 3]. The ISS-based small-gain theorem has some advantages
over the earlier passivity-based small-gain theorem and is currently becoming a desirable
tool for nonlinear stability analysis, especially in the case of nonlinear robust stabilization
for systems with nonlinear uncertainties and unmodeled dynamics [4, 5]. Among all the
practical nonlinear systems with uncertainties, the systems of lower-triangular form are of
great importance; such systems have several special properties so that they are recently
attracting great attention. Firstly, the “lower-triangular” form has close connection with
feedback linearzation method; therefore this provides convenience to designers. Second,
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many real-world dynamic systems are of lower-triangular form [6, 7], and some general
systems can be transformed to lower-triangular form via mathematical method [8]. For this
reason, lower-triangle nonlinear system can find its wide applications in lots of practical
dynamic systems: turbine generator and water turbing generator [9], intelligent robot [10]
and missile [11], and so forth. However, dynamic processes in this field are very difficult to
describe exactly and depend on many factors. For example, imagining an attacking missile
tracking a moving target, this dynamic process is a classical problem of model following
and tracking; till now, different control algorithms have been put forward by using ideal
assumptions [12, 13]. However, the missile itself may have variable structures subject to
random changes and/or failures of its components or environments during its flight; such
problems also occur in the case of the moving of robots or the operation of generators.
Therefore, an urgent requirement appears to remodel such dynamic processes to meet the
need of accuracy and precision.

On the other hand, Markovian jump systems, which were firstly put forward by
Kac and Krasovskii [14], have now become convenient tools for representing many real-
world systems [15, 16] and therefore arouse much research attention in recent years. In
the case of fault detection, fault-tolerant control, and multimodal control, discrete jumps
in the continuous dynamics are used to model component failures and sudden switch of
system dynamics. With further study of Markovian jump systems, many achievements have
been made in the last decade, among which Shaikhet and Mao performed foundational
work on stochastic stability for jump systems [17-19] and jump systems with time delays
[20-23]. Based on the stochastic stability, more efforts are devoted to applications of jump
system model: system state estimation [24, 25], controller design [26-28], and hierarchical
reinforcement learning for model-free jump systems [29, 30]. However, in the referred works
concerned with controller design problems, assumptions are firstly made that system models
considered only consist of static uncertainty. This is an ideal approximation of real situation
and not the case nevertheless. As we know, Markovian jump systems are used to represent a
class of systems which are usually accompanied by sudden change of working environment
or system dynamics. For this reason, practical jump systems are usually accompanied by
uncertainties, and it is hard to describe these uncertainties, with precise mathematical model.
Thus, how to stabilize Markovian jump systems with unmodeled dynamic uncertainties is a
concernful work in our view.

In this paper, we focus on the switching controller design for a class of Markovian
jump nonlinear systems with dynamic uncertainties. The control strategy ensures robustness
property of systems in the presentence of dynamic uncertainties. And our main contributions
are composed of three aspects.

(i) Stochastic differential equation for Markovian jump system is given according to
generalized It6 formula, and the similar result is achieved by Yuan and Mao [19]
with a different method. Based on differential equation, the martingale process
caused by Markovian process is incarnated in the procedure of controller design
by applying mathematical transform.

(ii) We introduce the concept of Jump Input-to-State practical Stability (JISpS) and give
stochastic Lyapunov stability criterion.

(iii) By composing backstepping technology and stochastic small-gain theorem, a
switching controller is proposed. It is shown that all signals of the closed-loop
system are globally uniformly ultimately bounded. And the closed-loop system is
JISpS in probability.
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The rest of this paper is organized as follows. Section 2 begins with some mathematical
notions and Markovian jump system model along with its differential equation. In Section 3,
we introduce the notion of JISpS and stochastic Lyapunov stability criterion. Section 4
presents the problem description. In Section 5, a switching controller is given based on
backstepping technology and stochastic small-gain theorem. In Section 6, an example is
shown to illustrate the validity of the design. Finally, conclusions are drawn in Section 7.

2. Stochastic Differential Equation of Markovian Jump System

Throughout the paper, unless otherwise specified, we denote by (€2, ¥, {¥:} 50, P) a complete
probability space with a filtration {¥:},,, satisfying the usual conditions (i.e., it is right
continuous, and ¥, contains all p-null sets). Let |x| stand for the usual Euclidean norm for
a vector x and ||x;|| stand for the supremum of vector x over time period [fo,¢], that is,
[[oce]] = suptoSsst|x(s)|. The superscript T will denote transpose, and we refer to Tr(:) as the
trace for matrix. In addition, we use L,(P) to denote the space of Lebesgue square integrable
vector.
Take into account the following Markovian jump nonlinear system:

dx = f(x,u,t,r(t))dt + g(x,u,t,r(t))dw(t), (2.1)

where x € R”, and u € R™ is the state vector and input vector of the system, respectively.
r(t), t > 0 is a right-continuous Markov chain on the probability space taking values in
finite state space S = {1,2,..., N}, and w(t) is I-dimensional independent standard Wiener
process defined on the probability space, which is independent of the Markov chain r(t). The
functions f : R™” xR, xS — R"and g : R"™"" xR, xS — R™ are locally Lipschitz in
(x,u,k) € R™™ x S, for all t > 0, namely, for any h > 0, there is a constant K}, > 0 such that

|f (a1, 1,8, k) = f (52,10, 8, k)| V| g(31, 11,8, k) — g (22, up, 1, k) | < K (|1 — x| + |un —u2]),
V(x1,u1,t, k), (%2, u,t, k) €ER™ xRy xS, |x1| V |x2| V |ua| V |u2| < B

(2.2)

Consider the right-continuous Markov chain r(t), and we introduce ®(t) = [y (t), D2 (), ...,
@ (t)]", the indicator process for the regime r(t), as

1, T(t) = j/
D;i(t) = o (2.3)
0, r)#j,j=12,...,N.

And @(t) satisfies the following differential equation [15]:

D(t) = O(0) +I1 I t(I)(s)ds + M(b), (2.4)
0
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with M(t) = [Mi(t), Ma(b),..., Mn(@®)]F, an ¥;-martingale satisfying M(t) € L*(P), and
IT = []l'k]'] nxn the chain generator, an N x N matrix. The entries 7yj, k,j = 1,2,..., N are
interpreted as transition rates such that

myjdt + o(dt), if k#j,
P(r(t+dt)=j|r(t)=k) = (2.5)
1+ orydt + o(dt), if k=7,

where dt > 0 and o(dt) satisfies limg;.o(o(dt)/dt) = 0. Here mr; > 0 (k #7) is the transition
rate from regime k to regime j. Notice that the total probability axiom imposes iy negative
and

N
> m;=0, VkeS. (2.6)
j=1

Let C21 (R" x R, x S) denote the family of all functions F(x,t, k) on R"” x R, x S which are
continuously twice differentiable in x and once in ¢. Furthermore, we will give the stochastic
differentiable equation of F(x,t, k).

Fix any (xo, o, k) € R" x R, x S; by the generalized [t6 formula, we have

OO g [ LT )

F(x,t,1(8)) = F(xo0,to k) + f & S

fo

2
+ It %Tr [gT (x,u,s,7(s)) (BF(J;’+(S))g(x, u,s,r(s))|ds

to
2.7)

' OF (x,s,
+I Wg(x,u,s,r(s))dw(s)

to

t N
+I > [F(x,s,j) - F(x,,k)]dD;(s).

to j=1
According to (2.4), the differential equation of the indicator ®(t) is as following;:
dd(t) = TIO(t)dt + dM (). (2.8)

Submit (2.8) into (2.7) and notice that

N
> miF(x,t,k) =0, VkeS. (2.9)
j=1
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There is
O g [ BTN )i

o 0s o ox

F@JJGD:F@@mk)+I

t 621:' ,S,
+ Ito %Tr [gT (x,u,s,1(s)) Wg(x, u,s,r(s))|ds
¢ oF (2.10)
+ j Mg(x, u,s,r(s))dw(s)
o 0x
t N t N
+ J' > miiF(x,s,j)ds + J' > [F(x,s,) - F(x,s,k)]|dM;(s).
to j=1 to j=1
Therefore, the stochastic differentiable equation of F(x, t, k) is given by the following;:
_ OF(x,t,k) OF (x,t,k)
dF(x,t, k) = o dt + e fx,u,t k)dt
1 T 0*F(x,t,k)
+ ETr [g (x,u,t, k)Tg(x, u,t, k)| dt
+ ]Zl i F(x,t,j)dt + a;c, g(x,u,t,k)dw(t)

+ i [F(x,t,j) = F(x,t, k)] dM;(t).
j=1

We take the expectation in (2.11), so that the the infinitesimal generator produces [18, 19, 23]

F(x,t, k) N OF (x,t, k)
ot 0x

N
fout k) + > mgF(x,t, )
j=1

LF(x, k) = 2

(2.12)
02F(x,t,k)

1 T
+ zTr g (x,u,t k) 52

g(x,u,t, k)] .

Remark 2.1. The differential equation of Markovian jump system (2.1) is given as above and,
the similar result is also achieved by Yuan and Mao [19]. Compared with the differential
equation of general nonjump systems, two parts come forth as differences: transition rates
arxj and the martingale process M (t), which are both caused by the property of Markov chain
r(t) (see (2.4)). Up till now, switching controller design for jump systems contains only the
transition rate orx; in most cases. In this paper, the controller design will take into account the
martingale process as well since the jump systems considered here are of the form of lower
triangular. The detailed description will be given in Section 4.
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3. JISpS and Stochastic Small-Gain Theorem

Definition 3.1. Markovian jump system (2.1) is p-moment Jump Input-to-State practically
Stable (JISpS) if there exist X.£ function f(-,-), K function y(-), and a constant d. > 0 such
that

E|x(t k)|" < B(|xo|, t) +y(JJue(K)||) +de, VE>0,k €S, xo €R"\ {0}, p>0. (3.1)

Definition 3.2. Markovian jump system (2.1) is JISpS in probability if for any given e > O there
exist L£ function (-, ), K, function y(-), and a constant d. > 0 such that

P{|x(t, k)| < B(|xo|,t) + y(|Juc(k)||) +dc} >1-€, Vt>0,keS, xoeR"\{0}). (3.2)

Remark 3.3. The concept of Input-to-State Stability (ISS) is a well-known classical tool for
designing nonlinear systems, which means for a bounded control input u, the trajectories
remain in the ball of radius as f(|xol,0) + y(||u||); furthermore, as time ¢ increases, all
trajectories approach the smaller ball of radius y(||lu||). However, for general nonlinear
systems disturbed by noise and/or unmodeled dynamics, it is impossible to obtain such
strong conclusion, therefore some generalized results are put forward: Noise-to-State Stability
(NSS) [31] and Input-to-State practically Stable (ISpS) [32]. In the definition of ISpS, the
trajectories remain in the ball of radius as p(|xo|, 0) + y(||u||) + d. instead of B(|xol, 0) + y(||u]]).
Similar to ISS, as time t increases, all trajectories approach the smaller ball of radius y(||u||)+d.,
and the system is still BIBO. As can be seen in the following analysis of this paper, bound
d. can be made as small as possible by choosing appropriate control parameters. For some
special cases, if d. = 0, the ISpS is reduced to ISS.

Remark 3.4. The definition of Input-to-State practically Stable (ISpS) in probability for
nonjump stochastic system is put forward by Wu et al. [32], and the difference between JISpS
in probability and ISpS in probability lies in the expressions of system state x(t, k) and control
signal u;(k). For nonjump system, system state and control signal contain only continuous
time t with k = 1, while for jump system, they concern with both continuous time ¢ and
discrete regime k. For different system dynamic r(t) = k, control signal (k) will differ even
with the same time t taken and that is the reason why it is called a switching controller. Based
on the idea of switching control, the corresponding stability is called “Jump ISpS” and it is a
more general extension of ISpS. By choosing k = 1, the definition of JISpS will degenerate to
ISpS.

Remark 3.5. This paper introduces two kinds of JISpS in the sense of stochastic stability: p-
moment JISpS and JISpS in probability. According to the knowledge of stochastic process, if
one system is p-moment stochastically stable, it must be stochastically stable in probability by
using martingale inequality. Here only sufficient conditions for p-moment stochastic stability
are considered and now introduce the following stochastic Lyapunov stability criterion.
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Theorem 3.6. For Markovian jump system (2.1), let a1, a, A, and p be positive numbers. Assume
that there exist a function V (x,t,r(t)) € C*H(R" x R, x S;R.,), a K., function x(-), and constants
d, @ >0, satisfying

ar|x|P < V(x,t, k) <ar|x|P + @, (3.3)

2V (x,t,k) < -AlxP + y(Ju(K)|) +4, (3.4)

forall (x,t,k) € R* xR, x S, then jump system (2.1) is pth moment [ISpS and JISpS in probability
as well.

Proof. Clearly the conclusion holds if xy = 0. So we only need proof for xg#0. Fix such x
arbitrarily, we write x(t, k, xo) as x(t).
For each integer h > 1, define a stopping time as

Ty = inf {t >0 |x(t)| > h}. (3.5)

Obviously, 7, — oo almost surely as h — oo. Noticing that 0 < |x(t)] < hif 0 < t < 7, we can
apply the generalized It6 formula to derive that for any ¢ > 0

E[e WV (x(t ATy, EA T 7(EATL))]

tAT)

=EV(x,0,7(0)) + Ef e/ a)s (%)V(x(s),s,r(s)) + ﬂV(x(s),s,r(s))] ds
[\ a2

0

tATY

<EV(x,0,7(0)) + Ef e/ <a£) (o|x|P + @) — Ax|P + x(|us(r(s))|) + d] ds
[\ a2

0

tAT), r
= EV(x,0,7(0)) + Ef e s v (Jus (r(s))]) + %w +d|ds.
0 ) 2
(3.6)
Let h — oo, apply Fatou’s lemma to (3.6), and we have
t
E[e™ 'V (x(t),t,7(t))] < EV(x0,0,7(0)) + Ef e(/az)s [x(|us (r(s)]) + %w +d|ds.
0 2
(3.7)

According to Mean value theorems for integration, there is
E[e™ ™'V (x(t),t, k)] = eM*'EV (x(t),t, k)

< EV(x,0,7(0)) + E{sup [x(|us(k)|) + aizw +d

0<s<t

t
} . I eM®)sgg.
0

(3.8)
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Noticing the property of X, function, the following inequality is deduced:

¢
e()‘/"‘Z)tEV(x(t),t, k) < EV(x,0,7(0)) + x(sup|us(k)|> + aiw + d} . f e ®)s g
2 0

0<s<t

= EV (a0, 0,r0) + { (ol + v} (F) e 1)

< EV(x0,0,7(0)) + { y(Jlus®) ) + aizw s d} . <%>e<uaz>t_
(39)

Submitting (3.3) into (3.9) gives
e?/®)!t . o Flx|P < EV(x0,0,7(0)) + {X(”ut(k)”) + aiw + d} . <%>3W“z>f. (3.10)
2
Consequently,

1 ~(\as ) A
Bl < e BV (x0,0,7(0) + 1 { (b)) + o 1}

o: e" Wt xo P + —x(||ut(k)||) + —d + —w(l +e" Wty (3.11)
< 2 a1 B2 o 2
< B )+ s 2

In (3.11), define X£ function f(-,-), X, function y(-), and positive constant d. as:

a a 2
Bl ) = 2Vl y (a0l = T2yl de= 2d+ 2w
1 ai ai
(3.12)
There is
(3.13)
This completes the proof. O

Consider the jump interconnected dynamic system described in Figure 1:

dxi = f1(x1,x2,Z1,7(t))dt + g1 (x1, X2, E1, 7 (£) ) AWy,

(3.14)
dxy = fo(x1,%2,Z0,7(t))dt + g (x1, %2, 2, 7()) AW,

where x = (x 2T T e Rm*m js the state of system, and Z; (i = 1,2) denotes exterior

disturbance and/or interior uncertainty. W;; is independent Wiener noise with appropriate
dimension, and we introduce the following stochastic nonlinear small-gain theorem as a
lemma, which is an extension of the corresponding result in Wu et al. [32].



Advances in Difference Equations 9

(k) —

Wy ——>| xi-system x

x Xp-system |« W,
< E2(k)

Figure 1: Interconnected feedback system.

Lemma 3.7 (Stochastic small-gain theorem). Suppose that both the xi-system and x-system are
JISpS in probability with (21 (k), x2(k)) as input and x; (k) as state, and (2, (k), x1(k)) as input and
x2 (k) as state, respectively, that is, for any given €1, €2 > 0,

P{lxl(tlk)l < ﬂ1(|x1(0/k)
P([xa(t, K)] < (| %20, )

A+ 1Rl + v (IEe @) + di} 2 1-e,

(3.15)
A) (x| + v (|2 (K)[]) +d2} 21 - e

hold with P;(-,-) being KL function, y; and yui being Ko, functions, and d; being nonnegative
constants, i = 1,2. If there exist nonnegative parameters p1, pa, so such that nonlinear gain functions
Y1, Y2 satisfy

(IT+p)yie (1+p2)ya(s) <s, Vs>so, (3.16)

the interconnected system is [ISpS in probability with 2(k) = (Z1(k),Z2(k)) as input and x =
(x1,x2) as state, that is, for any given e > 0, there exist a XL function B.(-,-), a Ko function y,(:),
and a parameter d. > 0 such that

P{|x(t, )| < Be(|x0], 1) + Yo (|2 (R)|]) +de} > 1 - e. (3.17)

Remark 3.8. Small-gain theorem for nonlinear systems was firstly provided by Mareels and
Hill [33] and was extended to the stochastic case by Wu et al. [32]. The above stochastic
small-gain theorem for jump systems is an extension of the nonjump case. This extension
can be achieved without any mathematical difficulties, and the proof process is the same
as in [32]. The reason is that in Lemma 3.7 we only take into account the interconnection
relationships between interconnected system and its subsystems, despite subsystems are of
jump or nonjump case. If both subsystems are nonjump and ISpS in probability, respectively,
the interconnected system is ISpS in probability. In contrast, if both subsystems are jump and
JISpS in probability, respectively, the interconnected system is JISpS in probability and so on.
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4. Problem Description

Consider the following Markovian jump nonlinear systems with unmodeled dynamics
described by

d¢=q(y, & tr(t))dt,
dx; = xpadt + fi(Xi, t,r(t))dt + Ai(X, & t,r(t))dt, i=1,2,...,n-1

(4.1)
dx, = udt + fr,(X, t,r(t))dt + Ay (X, ¢, t,7(1))dt,

Yy =X,

where X; = (x1,x3, .. .,xi)T eRI (X €R") is system state vector, u € R is system input signal,
¢ € R™ is unmeasured state vector, and y is output signal. The Markov chain r(t) € S is as
defined in Section 2. f; : R' x R, x S — R is a smooth function, and A;(X, ¢, t,7(t)) denotes
the unmodeled dynamic uncertainty which could be different with different system regime
r(t). Both f;(-,-,-) and A;(-,-, -, ) are locally Lipschitz as described in Section 2.

Our design purpose is to find a switching controller u of the form u(x,t, k), k € S,
such that the closed-loop jump system could be JISpS in probability, and the system output
y could be within an attractive region around the equilibrium point with radius as small as
possible. In this paper, the following assumptions are made for jump system (4.1):

(A1) The ¢ subsystem with input y is JISpS in probability, namely, there exists a smooth
positive definite Lyapunov function Vy(¢,t, k) € C**(R™ x R, x S;R,) such that

arolél” < Vo(g, 1, k) < axlgl™,

(4.2)
LV(§,t, k) < =Aolg° + xo(lyl) + do,

where yo(-) is Ko, function, py is positive integer, and a0, @z, Lo > 0, dy > 0 are
constants.

(A2) For each i = 1,2,...,n, k € S, there exists an unknown positive constant p; < p;
such that

|Ai(X, ¢t k)| < P;Eil (Xi, k) + P;$i2(|§|/k)/ (4.3)

where p;, is known constant and $il(-, k),@iz(-, k) are known nonnegative smooth
functions for any given k € S.

For the design of switching controller, we introduce the following lemmas.
Lemma 4.1 (Young's inequality). For any two vectors x,y € R", the following inequality holds

1

vl (44)

&P
xTy < —|x|P +
p

where € > 0 and the constants p > 1, g > 1 satisfy (p—1)(g-1) = 1.
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Lemma 4.2 (Martingale representation [34]). Let B(t) = [Bi(t),Ba(t),...,Bn(t)] be N-

dimensional standard Wiener noise. Suppose M(t) is an FN-martingale (w.r.t. P) and that M(t) €
L2(P), for all t > 0, then there exists a stochastic process ¥ (t) € L2(P), such that

AM(t) = W(t) - dB(t). (4.5)

5. Controller Design and Stability Analysis

Now we seek the switching controller u(x, t, k) for jump system (4.1) so that the closed-loop
system could be JISpS in probability. Perform a new transformation as

Zj Zx,'—ai_1<X,'_1,t,k>, Vi=1,2,...,n, keS. (51)

For simplicity, we just denote a;_1(Xi_1,t, k), fi(Xi, t, k), Ai(X, ¢, t, k), q(y,é,t, k) by ai_1(k),
fi(k), Ai(k), g(k), where ap(k) = 0,a,(k) = u(x,t, k), Yk € S, and the new coordinate is
Z=(z1,22,..,2n).

According to stochastic differential equation (2.11), one has:

dZi = dxi - dzx,-,l (k)

. i1 a0,
= [t + £tk + At - 218 gy 50O ) 16 00)a
j=1 j
N N
= Y mgaia (j)dt + > [aia (k) — i (7)] dM; (1)
j=1 j=1 (5.2)
. i_l .
= [z + @ik + fik) + Ayt - 1B gy 51O D
j=1 ]
N
- Z T kjii-1 (])dt + l"l(k)dM(t)
j=1
Here we define
s & 0a;_ (k)
Ai k = Ai k - A k 2
(k) (k) ]Zl 5%, j (k) (53)

Ti(k) £ [ai—l(k) —a;i1(1),ai1(k) —ai1(2),...,ai1(k) - ai—l(N)]-

From assumption (A2), one gets that there exist nonnegative smooth functions ¢ (-, k),
¢ir (-, k) satisfying

|Ai(k) | < pidin (Xi, k) + pipia(IE], k). (5.4)

The inequality (5.4) could easily be deduced by using Lemma 4.1.
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Now we turn to the martingale process M(t); according to Lemma 4.2, there exist a
function ¥(t) € L?(P) and an N-dimensional standard Wiener noise B(t) satisfying dM(t) =
W(t)dB(t), where E[¥(H)¥(t)"] = ¢ () (t)" < Q < oo, and Q is a positive bounded constant.
Therefore we have

dz; = {zM +ai(k) + filk) + Ai(k) - %

(5.5)

i-1 o N
Y aagjk) [xje1 + £5()] = D mijaica () }dt +T;(k)¥(t)dB(t).
j=1 ] P

Remark 5.1. Differential equation of new coordinate Z(f) is deduced as above. The martingale
process resulting from Markov process is transformed into Wiener noise by using Martingale
representation theorem, and it will affect the Lyapunov function construction and affect the
remainder of the control design process; for nonjump systems with uncertainty, a quadratic
Lyapunov is chosen to meet control performance in most cases [32, 35, 36]. However, for jump
systems, this choice will fail because of the existence of martingale process (or Wiener noise).
To solve this problem, we suggest using quartic Lyapunov function instead of quadratic one,
and this will increase largely the difficulty of design.

Choose the quartic Lyapunov function as

V= li zf. (5.6)

In the view of (5.5) and (5.6), the infinitesimal generator of V satisfies

n

LV =3 Z?{Zm +ai(k) + fi(k) + Ai(k) -

i=1

oa;1(k)
ot

i1 o (k N . S
P a4 (0] - 3w <J>} IERCIRHD
j j=1 =1

j=1

n 3 1 oa;_1(k)
3) (2ca/3 4y : () — 241
< E Zi{<46i +46?_1>21+“z(k)+f1(k)+Al(k) ot

i—

L a1 (k N . .
= aa;; )[xj+1+fj(k)]_]_;”kj“i—l(])+#Zi[l”i(k)FiT(k)]2}+éQz‘

(5.7)
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The following inequalities could be deduced by using Young's inequality and norm
inequalities with the help of changing the order of summations or exchanging the indices
of the summations:

izgz. <§nz 4/3 4 1n211 4
- i“itl = 41‘:1 1 4 64 Zin
= i(é(‘jfl/e’ + L>z4
S\4 a5, )
03 2Ry T (k) < 5 3 2T QrT (k) (5:8)
i=1 i=1
<>z 4T (T (R)] +Z—Q2
i=1

I M) e
o1 16u

where 6p = o0, 6, =0,and 4 >0, 6; >0,i=1,2,...,n are design parameters.
Based on assumption (A2) and (5.4), we obtain the following inequality by applying
Lemma 4.1:

Z2Ai(k) < |ziAi(k)|

<|27| * [pidu (Xi k) +pipia (8], k)]

* X 5.9
= |2 lpida (Xo k) + |2} |pi g (2] k) 59)
_ 3= 5 1

< [p.23¢n (Xi, k) + 0] + | 2897 + NG
Here ;1 (X, k) = (p,/40:) 2292 (Xi, k), 0; > 0 are design parameters.
Submit (5.9) into (5.7), there is
o 3 543 4 1 ) L ' — 2 —2 3 Oai(k)
V< zl] {< l 6?_1 zi+ ai(k) + fi(k) + i (Xi, k) + iz} - =
il aai_ k N . 2
-> a;f ) [xji1 + fi()] = D mkjaia (j) + pzi [T (k)T (k)] (5.10)
j=1 j=1

NEPY) NP
+§4¢i(|§|,k) +§cr,+ 16#Q .
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Choose the virtual control signal as

ey - o (Bcan 1 > iy =7 v =23, Oais(k)

(k) =-cizi- (3617 ) AP (k) P
& oaii(k) S 2 (G110

+Z E)xj [xja + fi(k)] + Zﬂ'kjfxi—l(j) - pzi [T ()T (k)] "

j=1 j=1
Thus the real control signal u is u(x, t, k) = a, (k) such that
LV < —i iz + ilgbf(lgl,k) + i o; + 9—nQ2

i=1 s i=1 lop (5.12)

<=V + Vi (¢l k) +d-,

where ¢ = min{4c¢;}, d. = X" 00 + (9n/16p)Q?% and K., function V; is chosen to satisfy
Ve(lgl k) > S (1747 (¢, k).

Theorem 5.2. If Assumptions (A1) and (A2) hold and a switching control law (5.11) is adopted,
the interconnected Markovian jump system (4.1) is JISpS in probability, and all solutions of closed-
loop system are ultimately bounded. Furthermore, the system output could be requlated to a small
neighborhood of the equilibrium point with preset precision in probability within finite time.

Proof. From Assumption (A1), the ¢ subsystem is JISpS in probability. There exist a9, 20, po >
0 such that

arolé* < Vo(§,t, k) < axol”. (5.13)

Considering (5.12), for any given 0 < D; < ¢, there is

LV < —(c=D1)V + Ve(|¢|, k) +d. — D1V. (5.14)

Notice the fact that £V < -D;V < 0stands up aslongas V > (1/(c — D))V (|¢|, k) + (1/(c -
Dy))d and vice versa. Thus we have
Ypyoo3d.
| =5})

3
P{v< v,
{ _maX{C—Dl é[
3

ZP{{ﬁVS—llDlV}ﬂ{VSmax{ Vg”
C—D1

VO (é/ t/ k)
@10

VP 3d,
=il
VP 3d,
| =5})

1/po dz
]+C—D1}'

VO (‘;/ t/ k)
10

(5.15)

P{VSmax{e‘“D”V(O),C 3D Vg[
-

VO (é/ t/ k)
a0

VO (é/ t/ k)
10

v

1
v
- Dy é[

v

1
P{V < ge”lDltV(O) * 2
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In (5.15), appropriate parameter i; can be chosen to satisfy e™1P1*V(0) < max{(3/(c -
D))V;[IVo(@,t, k) /axol|V/P],3d=/ (c = D1)}.

According to Theorem 3.6 and (5.12), with switching controller u(k) adopted, the X
subsystem of jump system (4.1) is JISpS in probability with X; as system state and ¢ as input,
which means for any given €; > 0, there exists X£ function f;(-,-) = (1/3)e™P1'V(0), K,
function y1 (|| Vo (k)||) = (1/(c — D1)) Ve[| Vo (é, ¢, k)/ayl|*/?], and d; = 3d./(c — D;) such that

1oy 1 3 Vo(¢, 1, k) ”PO] 3d. } }
— = — < <
P{4|y| 4|Zl| _V_maX{C—Dlvé[ ay "c-Dy
(5.16)
> P{[V| < B1(V(0),t) + 1 (|| Vo(k)||) +d1}
> 1- €1.
On the other hand, according to Assumption (Al), there is
A
LYot K) < =oleP + oy +do < =2 2Vo (& 1K) + xo(J4VE)|) + o (517)

Similarly, by choosing parameter 0 < D, < Ag/ay, for any given e, > 0, there exist
KL function (1) = (1/3)e™2P*V;(&,0,k), Ko function p(||[V(K)|) = (Bax/ (Ao -
Dyaz)) xo([|4V (k)||'/4), and da = 3dpaag/ (Ao — Daary) such that

o )
P{Volr ) s max - xo(I4V O, 17—
{ o ) max{)to/azo—szo(” I Ao/ a0 = Dz

> P{|Vo| < f2(Vo(0),£) + 2 (J[V()|) + da}

21—62.

(5.18)

Here parameter 1, can be chosen to satisfy e 2P*V;(&,0,k) < max{(3/(\o/ax) -
D2) xo(14V (k) [I'*),3do/ (Ao / a20) — D2}
By combining (5.16) and (5.18) we choose parameters D1, D5, p1, p» guaranteeing that

(IT+p)yio (1+p2)ya(s) <s, Vs>0. (5.19)

According to stochastic small-gain theorem, for any given e > 0, there exists X £ function f.
such that

P{|Va(t, k)| < Be(|V=(0)|,£) +d.} > 1—¢, (5.20)

where V= £ (V, V)", dc 2 (1+p7) [di +11((1+p;")da) ] + (1 +p52) [da + 12 ((1+p7)dh)] is given
as in [32]. From (5.20) it can be seen that all solutions of closed-loop system are ultimately
bounded in probability.

According to (5.20) and the property of X£ function, for any given &; > 0, there
exists T > 0. If t > T, there is B.(|V=(0)|,t) < 61. At the same time by choosing approximate
parameter, it can be guaranteed that d, < 6;.
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Time t (0.05s)

Figure 2: Regime transition r(t).

Let 6 = 261, thus we have that for any given € > 0, there exists T > 0 and 6 > 0 such
that if t > T, the output of jump system y satisfies

P{ly(t)| <6} >1-¢, (5.21)

meanwhile 6 can be made as small as possible by choosing approximate parameters
¢i, 0i, D1, Dy, p1, p2 > 0. The proof is completed. O

Remark 5.3. Theorem 5.2 shows that if both X subsystem and ¢ subsystem are JISpS in
probability, the jump system (4.1) is JISpS in probability with appropriate control parameters
chosen. Meanwhile the system output can be regulated to a small region in probability with
preset precision within finite time. In the following simulation, we will show how different
parameters affect the system states and output.

6. Simulation

Consider a two-order Markovian jump nonlinear system with regime transition space S =
{1,2}, and the transition rate matrixis IT= [ 71 72] = [ ? 3, ].
The system with unmodeled dynamics is as follows:

dg = q(‘xllél t,T(t))dt,
dxy = xpdt + f1 (31, t,r(t))dt + A1 (X, &, 8, 7(E))dt,

6.1
dxy = udt + fo(X,t,r(t))dt + A (X, ¢, t,7(t))dt, (o)

Yy =X1.
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Control u
o
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-4

0 50 100 150 200
Time t (0.05s)

Figure 3: Switching controller u.

=X1

Output y

50 100 150 200
Time t (0.05s)

Figure 4: System output y.

Here

q(x1,é,4,1) ==& +0.2x; +0.5, q(x1,¢,1,2) = —¢ +0.3x; sint,
fi(x, 1) =3, fi(x1,,2) = x1,
ALX,E 1 1) = 03¢ +02x;sin(3),  A(X,E,t2) = xié, 6.2)
f2(X,t,1) = xysinx, f2(X,t,2) = x1 + x2,

Ay(X,¢,t,1) = 0.2¢ cos(2t) +0.1x1, Ay(X,¢,1,2) = xq|2[V/2.
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State x;

0 50 100 150 200
Time ¢ (0.055s)

Figure 5: System state x;.

From Assumption (A2), we have

ML <pildlpilnl  8iXg2) <pilP +pilal (63)
M(X &t 1) <pslel+pilaa],  Aa(X & 1,2) < pilél + pilx|,
where p} < 0.5, p; < 0.5, and the ¢ subsystem satisfies
402
ﬂV()(é,t, k) < _Eliﬂ +X0(|xl|) +d0/ (64)

where Vy = (1/2)¢&2, xo(|x1]) = 0.15|x1/%, do = 0.125. Thus the control law is taken as follows
(here 61 = 1).

Case 1. The system regime is k = 1:

3 1 1
ar(1) = —<C1 + Z)xl -x3 - Z;x? - Folx?’

1 . 1 1
ax(1) = —(cz + Z)ZZ(D —x1 sinxp — @zg(l)x% - Zzg(l)
- <c1 1t 2x1 + Zx% + Tolef) (2] +x2)
+ (1) + mpa (2) - pz2 (D) [ () -« ()]

z2(1) = x2 — a1 (1).



Advances in Difference Equations 19

2

19
1.8
1.7
1.6
151

Regime r(t)

141

13
12 ¢
117

1

0 50 100 150 200
Time t (0.05s)

Figure 6: Regime transition r(t).

Case 2. The system regime is k = 2:

1 7

7 1
d1(2) = —<C1 + A_L)xl - ZX? - Exl,

1 1 1 11 3 7
a(2) = —(cz + Z)ZZ(Z) - Fazzg(Z)x‘lL - Z123(2) - <01 + T + fo + Exﬁ) (x1+x2)
+ mnar (1) + Tpar (2) - pza(2) [ar (1) - m ()]

22(2) = x2 — a1 (2).
(6.6)

In computation, we set the initial value to be x; = =0.9, x, = 3.3 and the time step to be
0.05 second. For comparison, two groups of different control parameters are given. First, we
take the parameter with values ¢; = ¢ = 2, 01 = 0» = 1, ¢ = 5, and the simulation results are
as follows. Figure 2 shows the regime transition of the jump system, and Figure 3 shows the
corresponding switching controller u. Figure 4 shows the system output y which is defined
as the system state x1, and Figure 5 shows system state x.

Now we choose different control parameters as ¢; = ¢ = 6, 01 = 0o = 0.5, ¢ = 10
and repeat the simulation. The simulation results are as follows. Figure 6 shows the regime
transition of the jump system, and Figure 7 shows the corresponding switching controller u.
Figure 8 shows the system output y which is defined as the system state x;, and Figure 9
shows system state x».

Comparing the results from two simulations, all the signals of closed-loop system
are globally uniformly ultimately bounded, and the system output can be regulated to a
neighborhood near the equilibrium point despite of different experiment samples. As can be
seen from the figures, larger values of cj, ¢, help to increase the convergence speed of system
states while larger value of pand smaller values of 01,07 help to increase the precision. If
one wants the system states to converge to the neighborhood of the equilibrium point with
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Figure 7: Switching controller u.
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|
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Output y

50 100 150 200
Time ¢ (0.05s)

Figure 8: System output y.

fast speed and an acceptable precision, one should increase the value of ¢y, ¢, y and decrease
01,02 though this choice will increase the cost of control signals.

Remark 6.1. Much research work has been performed toward the study of nonlinear system
by using small-gain theorem [4, 32, 33]. In contrast to their contributions, this paper focuses
on the switching controller design for Markovian jump nonlinear system which is a more
general form of nonjump systems. For each different regime r(t) = k, the actual controller
u(k) is different, and it consists of two parts with obvious difference (see (5.11)): the coupling
of regime ry;a; 1(j) and pz; [Fi(k)l"l.T(k)]z, which are both caused by the Markovian jumps
(see (2.4)). By defining regime k = 1, the above two terms will reduce to zero. Thus this
switching controller design is capable of stabilizing the general nonjump system as well.
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State x;

0 50 100 150 200
Time ¢ (0.055s)

Figure 9: System state x;.

7. Conclusion

In this paper, the authors take into account switching controller design for a class of
Markovian jump nonlinear system with unmodeled dynamics. Based on the differential
equation and infinitesimal generator of jump systems, the concept of Jump Input-to-State
Stability (JISpS) and stochastic Lyapunov stability criterion are put forward. Moreover, the
martingale process caused by the stochastic Markovian jumps is converted into Wiener noise.
By using backstepping technology and stochastic small-gain theorem, a switching controller
is proposed which ensures JISpS in probability of the jump nonlinear system. And system
output can be regulated in probability to a small neighborhood of the equilibrium point
with preset precision. The result presented in this paper also stands for the general nonjump
system.
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