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We report the experimental evidence coherence and stochastic resonance in a dynamics of fast chaotic
spiking of a semiconductor laser with optical feedback using an external nonwhite noise in the pumping
current. We characterize both coherence and stochastic resonance in the time and frequency domain. We
show that the regularity of the chaotic pulses in the intensity of laser diod increases when adding noise
and it is optimal for some intermediate value of the noise intensity. We find that the power spectrum of
the signal develops a peak at a finite frequency at intermediate values of the noise. The results show that
noise may help in extracting the periodic signal without synchronization in chaotic communication. Then
we reported the effect of external noise numerically on a single system by using bifurcation diagram.
Finally, we considered Chaos synchronization in a network of 28 distinct chaotic systems with indepen-
dent initial conditions when a normal Gaussian noise is added. The transition between non-
synchronization to synchronization states using a suitable spatio-temporal representation has been
reported. The role of coherence has also been considered.

� 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
Introduction

The significant issue from a chaotic dynamics, there is not clear
inquiries on how the dynamics could be controlled by an external
perturbation. Several techniques have been proposed to control the
dynamics of different systems, noise is one of these techniques.

Noise has always been realized as a source of perturbation or
disorder for dynamical systems, but in nonlinear systems, an ade-
quate amount of noise causes a more ordered behavior. After the
investigation by Benzi [1] which showed a resonance of dynamical
system when subjected to both periodic forcing and random per-
turbation, the phenomenon attracted a lot of interest in neural
sciences [2–4], electronic circuits [5], and optical systems [6–16].
The first experimental observation of coherence resonance in an
optical systemmade of a semiconductor laser with external optical
feedback done by Giudici et al. [10].

The two examples of noise-induced ordering in nonlinear
dynamical systems are stochastic resonance (SR) and coherence
resonance (CR). Coherence Resonance refers to coherent motion
stimulated by noise on the intrinsic dynamics of the regime with-
out the presence of an external periodic forcing [14]. SR was
defined as an improvement of the consistency of a system output
for certain range of noise amplitudes when the system is driven
by a weak periodic signal. This phenomenon has been studied in
different kinds of nonlinear systems Lindner et al. [17], in excitable
[6,11,15], bistable [5,18,19], and nonlinear systems [20]. CR has
been studied theoretically [6,21] and experimentally [10,22] in
excitable physical systems, which are characterized by their
response to external perturbations, and in a bistable system with
delay [23].

Synchronization phenomena are widely present in physics,
chemistry, biology, social science and many other fields and have
attracted much attention for years. The increasing interest in chao-
tic synchronization is motivated by its potential applications [24].
In particular, synchronization of chaotic oscillations in coupled
nonlinear systems is an important issue since its prediction by Pec-
ora and Carroll in 1990 [25]. One of the most surprising results of
the last few decades in the field of the nonlinear dynamics is that a
dynamical system and its copies can be synchronized with each
other when they are linked by the common excitation only [26].
Optical chaos can be used to hide information so it can be used
in privacy and security of optical communication [27,28]. It
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requires synchronization between emitter and receiver lasers to
encode and decode information.

Noise plays a constructive role in enhancing synchronization
[15,29]. Noise-enhanced synchronization may have significant
implications in various fields. For example, the circumstance
where different systems are not coupled or only weakly coupled
but subjected to an ordinary random forcing is of high relevance
in life sciences, especially in neuroscience or ecology [29]. Relevant
studies on the noise-induced synchronization of limit-cycle oscilla-
tors were carried out by Termae and Tanaka and by Goldobin and
Fig. 1. Experimental setup for coherence and stochastic resonance measurements.
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Fig. 2. The coefficient of variation R as a function of noise intensity.

Fig. 3. CR signal to n
Pikovsky, who analytically showed, by using the phase reduction
method that two identical limit-cycle oscillators driven by typical
weak Gaussian white noise always synchronize with each other
[30]. The equal standard deviations of the injected noise to the
uncoupled chaotic systems, colored noise gives rise to a higher
synchronization degrees than white noise [31]. On the other hand,
Wang et al. showed white noise plays a better role in enhancing
synchronization than colored noise [32].

The goal of this paper is to demonstrate the effects of noise cor-
relation time on the high chaotic rate optical system, to be specific,
a semiconductor laser with ac-coupled optical feedback [33]. On
the other hand, we studied the synchronization in an optical net-
work induced by the Gaussian white noise of zero means. For
Coherence resonance we add to the dc pump current amplitude
controllable ac-coupled noise, In the second section, we illustrate
the SR in the system, besides the noise, a weak periodic modulation
is added to pumping current. By changing the noise level for fixed
modulation frequency or, changing the modulation frequency at a
particular noise level. In all cases, the bias current is set constant to
be sure that the system has high chaotic intensity.

To obtain a quantitative measurement for CR and SR, we pre-
sent signal to noise ratio (SNR) indicator of the power spectrum
for increasing values of the noise variance r, measured in dBm/
Hz. This magnitude is defined as SNR ¼ 10logðPsPnÞ,where PS is the
value of the power spectrum of the experimental signal and Pn is
the comparing value of the power spectrum for the extrapolated
noise background, i.e. in the absence of external perturbation.
The experimental setup

We demonstrate these effect of noise in a single-mode semicon-
ductor laser experimentally. The Experimental setup is shown in
Fig. 1, it consists of a fiber-coupled source laser, is conveniently
package a pigtailed Fabry-Perot laser diod and current controller
into a single bench unit of type S1FC1550 with a wavelength of
1550 nm from Thorlabs. The light passed through two directional
couplers with the splitting ratios of 90:10 and 50:50. To generate
ac-optical feedback direction toward the cavity of the semiconduc-
tor laser, we connect the two output ports of Y coupler. The laser
bias current is always 19 mA. A high-speed InGaAs photodetector
(model 1811-125 MHz) from new focus, typical bandwidth is
125 MHz with a current gain of 40 V/mA converts 90% of the
detected light. The optical output detected by the photodetector
is observed with a LeCroyWaverunner LT342 500 MHz digital stor-
age oscilloscope connected to a personal computer running Win-
dows, enables to exchange data with a variety of Windows
applications such as OriginLab software.
oise ratio (SNR).
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To investigate the role of external perturbation a Gaussian noise
generator has been inserted into the feedback loop by Tektronix
AWG420, 200MS/s Arbitrary Waveform Generator whose ampli-
tude is a controllable parameter.

As an external perturbation, we add a periodic forcing to the
driving current of SL. As a result, the pump parameter P0 is modu-
lated by an external periodic signal with amplitude A and fre-
quency fe [14], as p(t) = p0[1 + Asin(2pfet)].
Fig. 4. Time series evolution and corresponding FFT characteristic a
Results

Coherence resonance

In the absence of noise, the laser output intensity is low, when
the noise is introduced to the system we observe the random dis-
tribution of spiking packets in time. When the noise level is
increased thespiking packets rate is increased as well until the
t optimum noise value (a) 200 kHz, (b) 48 MHz (c) for 83 MHz.



Fig. 5. SR signal to noise ratio (SNR) (a) 200 kHz. (b) 48 MHz. (c) 83 MHz.

Fig. 6. Time evolution and corresponding FFT characteristic at low noise level �64.26 dBm/Hz for optimum frequency values (a) 200 kHz (b) 48 MHz (c) 83 MHz.
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signal becomes more periodic, for higher noise the signal becomes
irregular completely.

We study the coefficient of noise variation, which is given as the
ratio of the standard deviation of interspike intervals from the cor-
responding mean value, Fig. 2 at optimal noise intensity
�50.6 dBm/Hz, R has a maximum value with the quality coefficient
of fit being R2 = 0:9197, indicating a quite good fit to the data
which is considered as a key indication for CR. Fig. 3 shows the
another quantitative indicator, signal to noise ratio which is also
�50.6 dBm/Hz.
Fig. 7. Stochastic resonance (SNR) at fixed noise level as a function of applie

Fig. 8. (a) The time series for dynamical model whe
Stochastic resonance

The laser has been directly modulated by an external periodic
signal and external noise generation (the experimental setup Fig. 1).
Weak sinusoidal signal (200 kHz, 48 MHz, and 83 MHz frequency)
with amplitude of 200microvolt was embedded to the feedback
loop. The power spectra for different noise levels were analyzed.
Although the added frequency is embedded, a sharp peak at the
FFT was observed. The power spectra of the laser output signals
for three values of the embedded frequencies were reported in Fig. 4.
d frequencies for optimal frequency (a) 200 kHz (b) 48 MHz (c) 83 MHz.

n X = 0.5 mV, (b) The FFT for dynamical model.



Fig. 10. Spatio-Temporal distribution for (a) non-synchronization, (b) synchroniza-
tion condition.
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To obtain a quantitative measure, we introduce the signal to
noise ratio (SNR) of the power spectrum for each value of the
embedded frequency Fig. 5. The optimal noise intensity is
�50.6d Bm/Hz for embedded driving frequencies 48 MHz, and
83 MHz, and �48.56 dBm/Hz for 200 kHz embedded frequency.

The same sequence was observed by fixing the noise level at
�64d Bm/Hz and changing the embedded driving frequencies with
an amplitude of 200 microvolt. The small noise level was chosen
according to [11]. The power spectra of the laser output signals
were reported in Fig. 6, the small level of noise enhanced the three
frequencies 200 kHz, 48 MKz, and 83 MHz as shown in Fig. 7 by the
quantitative value of SNR.

The dynamical model

A system of semiconductor lasers with optical feedback is mod-
eled by delay differential equations. The Semiconductor laser is
classified into class B. Therefore, the polarization term is adiabati-
cally eliminated, and the effect is simply replaced by the linear
relation between the field and the polarization. The population
inversion for semiconductor lasers is replaced by the carrier den-
sity N produced by electron-hole recombination. The photon num-
ber (which is equivalent to the absolute square of the field
amplitude) and the carrier density are frequently used as the vari-
ables of the rate equations for semiconductor lasers [27]. The
dynamic of the single mode semiconductor lasers can be described
by Lang-Kobayashi equations [34]. The rate equation for the evolu-
tions of the complex amplitude electric field E(t) and the carrier
number N(t) read as [35]:

dEðtÞ
dt

¼ 1
2
ð1þ iaÞ½GðtÞ � c�EðtÞ þ KEðt � sf Þ expð�xsf Þ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2bNðtÞ

p
X

ð1Þ

dNðtÞ
dt

¼ I
q
� ccNðtÞ � GðtÞjEðtÞj2 ð2Þ

G(t) is the optical gain that is defined by:

GðtÞ ¼ g½NðtÞ � No�
1þ sjEðtÞj2

where I is the injection current, |E(t)|2 is the number of photons
inside the cavity.

In the simulation, a set of typical semiconductor laser parame-
ters is considered with a line width enhancement factor a = 1.5,
Fig. 9. The bifurcation diagram, feedbac
transparency carrier number No = 1.5 � 108, differential gain coeffi-
cient g = 1.5 � 104, gain saturation coefficient s = 5 � 10�7, photon
decay rate c = 500 ns�1, carrier decay rate cc = 0.5 ns�1, sponta-
neous emission rate b = 1.6 � 10�6 ns�1, delay time sf = 10 ns, feed-
back strength K = 20 ns�1, Injection strength r = 20 ns�1. The
spontaneous emission processes are considered by introducing
independent Gaussian noise sources X with zero mean and unity
variance into the rate equation.
k strength as a control parameter.



Fig. 11. The mean coherence value (C) as afunction of noise level.
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Influences of noise on chaos

The effect of noise in dynamical systems has been concerned,
the modeling of this behavior is satisfied by programming the the-
oretical model of the nonlinear system where the bias current and
feedback strength fixed at 0.5 mA, 20 ns�1, respectively and(X) is
varied. When X = 0.2 mV, the laser output becomes unstable and
exhibits a periodic oscillation. By increasing the noise level

X = 0.5 mV, the system turns from periodic state to chaotic state
as shown in Fig. 8a, the decay in FFT diagram indicates that the
oscillation is chaotic running (Fig. 8b). Fig. 9 shows the bifurcation
diagram provides a full characterization of the response of our sys-
tem with Gaussian white noise intensity. At noise equal to 0, the
output form of the semiconductor laser is steady. When the noise
is increased to 0.2 mV, a fast scale dynamics behave like a period
doubling. As X is increased to 0.5 mV, the dynamics of the oscillator
becomes chaotic with small amplitude as shown from the bifurca-
tion diagram. After these values, the chaotic dynamic of the system
increases gradually with the increasing of noise parameter.
Optical networks

In the following, Synchronization phenomena in such optical
network have been characterized and reported. Numerical results
show that the synchronization of28 chaotic semiconductor lasers
is possible using Gaussian noise to couple the system.

We characterize the degree of order in the system by mean of
the spatiotemporal distribution and the coherence (C) To describe
the abrupt change quantitatively. In this part, Fig. 10 shows the
Space-Time representation of semiconductor lasers intensities.
When the coupling is zero, the time of peaks for each oscillator
are different from the other as illustrated in Fig. 10a, when the cou-
pling is 2.8, the birth of peaks for fixed time difference is observed
due to the time correlation between spikes at adjacent sites as
shown in Fig. 10b.

The synchronization and non-synchronization for the oscillator
could also be described by calculating the mean of the coherence
value in both non-synchronization and synchronization conditions.

Coherence takes values of one in the case of the perfect linear
interdependence between processes x any y and values close to
zero in the absence of any interaction at frequency x .At a given
frequency, if the Coherence equal to 1, the two signals are consid-
ered to correspond to each other perfectly at that frequency and if
the Coherence is zero the two signals are unrelated at that
frequency.

The Coherence is a function of frequency that measures the
degree of linear dependence of two signals by testing whether they
contain similar frequency components. The equation of Coherence
is:

Cxyðf Þ ¼ jPxyðf Þj2
Pxxðf ÞPyyðf Þ ð3Þ

where Cxy(f) is the Coherence function, Pxy(f) is the Fourier transfor-
mation of the cross-covariance function of process x and y, Pxx(f)
Pyy(f) is the Fourier transformation of the auto-covariance function
of process x and y, respectively. The cross-spectrum Pxy(f) is normal-
ized by the auto-spectrum Pxx(f)Pyy(f) lead to coherence. Fig. 11a
shows the dependence of the synchronization quality and the chao-
tic complexities on the mean complex value, when there is no cou-
pling between oscillators X = 0, the Coherence is close to zero and it
equal to 1 at synchronization condition x = 2.8. Fig. 11b represents
the mean value of Coherence as a function of noise level, it shows
three regions; the first region represents the non-synchronization
condition at zero or small value of noise, the second region repre-
sents the transition from non-synchronization condition to syn-
chronization condition with increasing of noise, and the last
region represents the synchronization condition at noise level equal
to 2.8 mV.

Conclusions

We have shown the existence CR and SR in high chaotic spiking
rate with optical feedback.

The system response to the external noise and exhibits a max-
imal coherence and stochastic resonance for the optimal value of
noise level and it considered as a critical parameter that controls
the dynamics of the system. The results show that noise may help
in extracting the periodic signal without synchronization in chaotic
communication.

The synchronization in the chaotic optical network is possible
when adding a typical Gaussian noise to the optical network that
works with different and independent initial condition and leads
to perfect synchronization as a consequence of a noise induced
change in time scale.
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