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A B S T R A C T

Aeolian sediment transport has major repercussions for global climatic variations, air quality, human health,
agricultural areas, air and ground transportation, civil structures and infrastructures. This led to the develop-
ment of models to understand the involved physical process, and to predict the dynamics of aeolian sediment
transport. The sedimentation velocity is one of the key model parameters characterizing sediment behavior. It
allows the prediction of the mode of transport, the distribution of particles above the ground, and the sediment
transport rate. Despite its importance, there is substantial discrepancy among the sedimentation velocity laws for
natural particles, also due to the large dispersion of experimental data. This study proposes the statistical
characterization of the experimental measurements of sedimentation velocity available from the literature. 1812
experimental measurements were recovered from 11 studies. Their variability was discussed, providing an
aerodynamic reading. Nonlinear regression was carried out on the consolidated dataset in order to assess the
average value. Two well-known laws initially conceived for spheres were refitted to natural particles providing
high coefficients of determination equal to 0.90 and 0.93. Then, copula-based regression was performed in order
to seize the variability of sedimentation velocity. Finally, the results from the two approaches were compared
and critically discussed.

1. Introduction

Aeolian sediment transport is an important geomorphological agent
of change on many terrestrial and extraterrestrial surfaces. Blowing
sand can lead to the development of pans and scour hollows, form a
diverse array of landforms that range in scale from ripples to ergs (Pye
and Tsoar, 2009), cause abrasion of resistant materials (Paz et al., 2015;
Holze and Brucks, 2014), and sand drift can threaten civil structures
and infrastructures (Bruno et al., 2018). Blowing dust, often emitted as
a consequence of saltating sand, poses a wider set of environmental
concerns (Middleton, 2017) because of its potential long-term suspen-
sion and capacity for long-distance transport. Blowing dust can trans-
port vital soil nutrients from one location to another, but may also
constitute a human health hazard (Griffin, 2007), a traffic hazard for
aviation (Baddock et al., 2013) and highway (Li et al., 2018), and im-
pact the radiation balance of the atmosphere (Mass and Portman, 1989;
McCormick et al., 1995). For these reasons and many more, there is an
abiding interest to develop improved models to understand the funda-
mentals of aeolian transport, to interpret resulting landforms such as
ripples and dunes, to predict the dynamics of sediment transport, to

assess the windblown sand risk, and the efficiency of mitigation mea-
sures.

Quantifying the characteristics of sediments is a necessary step to
model their transport by wind. For a given wind condition in a parti-
cular environment, the size, shape, and composition (i.e. density) of a
particle will determine if it will be unmoved, or moved by creep, re-
ptation, saltation, suspension, or some combination of those modes of
motion. This basic premise is represented in the simplified rubric of
sediment diameter and density, as used in most of models for threshold
of motion, sand transport rates, and grain trajectories (for example see
Nickling and Neuman, 2009; Kok et al., 2012; Ellis and Sherman, 2013;
Valence et al., 2015; Baas, 2019). Implicit in these models are the as-
sumptions that sediment size and shape are adequately represented by a
single nominal value of particle diameter, and that composition is
adequately represented by a single value of density. The sedimentation
velocity is, however, a comprehensive, single characteristic of sedi-
ments that comprises the influences of, and is function of, particle size,
shape, and composition. The sedimentation velocity is commonly de-
fined as the maximum velocity a particle attains if falling unhindered in
a quiescent fluid of infinite extent. The terms fall velocity, settling
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velocity, and terminal velocity are often used synonymously with se-
dimentation velocity, and we will use the latter herein as representing
terminal settling velocity.

The estimation of sedimentation velocity is a key modelling issue
shared by different scientific communities operating in the fields of
fluid mechanics, ecology, powder technology, hydrology, volcanology,
geology, and aeolian research, amongst others. In aeolian research,
models that include sedimentation velocity are mainly concerned with
the prediction of mode of transport, distribution of particles above a
surface, and sediment transport rates. Critical values of the ratio of
sedimentation velocity to shear velocity, for example, have been de-
scribed as representing transition thresholds from one mode of trans-
port to another, such as from saltation to suspension on Earth and Mars
(e.g. Sundborg, 1955; White et al., 1997; Jerolmack et al., 2006; Kok
and Renno, 2009). In a similar vein, sedimentation velocity has been
used to describe vertical concentration profiles, dating back to the
original work of Rouse (1938b) and applied in air by Ishihara and
Iwagaki (1952), Anderson and Hallet (1986), Udo and Mano (2011),
Farrell and Sherman (2013), among others. Some approaches to sedi-
ment transport modeling also rely on a sedimentation velocity term to
different extents. For instance, the transport rate models of Owen
(1964) and Pischiutta (2012) replace the particle diameter with sedi-
mentation velocity, because the latter integrates more information
about the dynamic behavior of a particle than does its purely geometric
metric. Several saltation models include the sedimentation velocity, e.g.
Ji et al. (2004), Kok and Renno (2009), Wang et al. (2014), Preziosi
et al. (2015). Further, there is a large literature discussing the influ-
ences of sedimentation velocity on aeolian dust transport and deposi-
tion (e.g. Gillies, 2013; McTainsh et al., 2013; Marticorena and
Formenti, 2013; Fernandes et al., 2019) and microfauna (e.g. Rivas
et al., 2018).

The fundamental role of the sedimentation velocity in the models
above, and the difficulty in attributing experimental estimates, moti-
vate the development of robust laws to relate sedimentation velocity to
particle characteristics. If all particles were spherical, the sole diameter
would be relevant, and there would be little controversy concerning the
correct model, given the negligible variability in measurements (Brown
and Lawler, 2003). Conversely, there is substantial ambiguity between
the different laws that consider natural particles. The wording natural
particle is used herein as a synonym of non-spherical, irregularly-
shaped (i.e. with non-symmetric rough surface) particle (Loth, 2008).
Overall, two kinds of modelling approach to assess the sedimentation
velocity (or its aerodynamic drag counterpart) exist, that is size-depen-
dent laws (e.g. Farrell and Sherman, 2015 and references therein), and
size and shape-dependent laws (e.g. Bagheri and Bonadonna, 2016 and
references therein). The latter define the particle shape by one or more
descriptors referred to an equivalent ellipsoid, and need time-con-
suming laboratory procedures merging particle analysis and image
analysis for each particle (Wang et al., 2018). Regardless of the mod-
elling approach, all these laws remain purely deterministic, and do not
allow to completely reflect the large variability in measurements
(Farrell and Sherman, 2015). Such a variability stems from different
causes that can be categorized according to a general and recent clas-
sification of the uncertainties (Zio and Pedroni, 2013). Measurement
uncertainties are due to measurements errors and to heterogeneous
experimental procedures. For instance, Farrell and Sherman (2015) and
Brown and Lawler (2003) systematically and critically discuss the ef-
fects of fall column height and diameter on the available measurements
for particle sizes that might vary over several orders of magnitude,
respectively. Aleatory uncertainty mainly includes particle irregula-
rities, such as shape and surface roughness. Indeed, according to Loth
(2008), “[…] the shape characterization of the particles is often not
documented (e.g. a study may mention simply that sand particle of an ef-
fective diameter was used) and is generally difficult to measure”, and “[…]
irregularity generally leads to random protuberances orientations so that the
statistical variation of the drag is often large”. This motivates our re-

examination of existing data to refit existing well-established laws, and
to develop a novel statistical characterization of the sedimentation
velocity based on copula regression.

The paper is organized in five further sections. Section 2 briefly
reviews the equilibrium of freely falling particles, collects a number of
experimental measurements from the literature and critically analyzes
them. In Section 3, nonlinear regression is applied to the dataset and
the average sedimentation velocity for aeolian particles is recovered.
Copula-based regression is described and applied in Section 4 and the
results are discussed and compared in Section 5. Finally, conclusions
and perspectives are outlined in Section 6.

2. Background on falling particles

A single particle falling in any quiescent Newtonian fluid accelerates
until it reaches a constant velocity when equilibrium conditions are
met. Experimental procedures rely upon the direct measurement of the
particle diameter and the equilibrium sedimentation velocity.

2.1. Physical model

The single falling particle is subjected to three fundamental forces:
drag Fd, gravity Fg, and buoyancy Fb (see Fig. 1). They are commonly
expressed as

=F C d1
2 4d f d

2
2
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where p is the particle density, f is the fluid density, g is the accel-
eration of gravity, Cd is a drag coefficient, is the fall velocity, and d
the equivalent particle diameter (i.e., the diameter of a sphere with the
same volume as the natural particle). At equilibrium the fall velocity
in Eq. (1) is equal to the sedimentation velocity s, and the following
well known equality holds:

=F F F .d g b (4)

By substituting Eqs. (1)–(3) into Eq. (4), the drag coefficient can be
obtained as:

=C
gd4( )

3
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(5)

By substituting the particle Reynolds number Re into Eq. (5), one
transforms measurements into dimensionless quantities:

Fg

Fd Fb

Fig. 1. Forces acting on a falling particle.
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where f and µf are the kinematic and the dynamic viscosity of the
fluid, respectively. The dimensionless pair of Re and Cd is the form
traditionally used to compare the measured values for d and s (Rouse,
1938a). Alternatively, other studies adopt different but perfectly
equivalent dimensionless forms (see e.g. Dietrich, 1982; Le Roux, 2014
and cited references). Finally, it is worth remarking that given the di-
mensionless pair of Re and Cd, the corresponding dimensional forms d
and s can be recovered by inverting the transformation in Eq. (6) as:
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2.2. Data collection and aerodynamic regimes

The experimental apparatus to measure the sedimentation velocity
and the drag coefficient of freely falling natural particles has improved
over the years, from the first pioneering studies of Bagnold (1935), to
the most recent ones of Wang et al. (2018). The most common setup
includes a fall column (i.e. settling tube) filled with fluid (gas or liquid)
at controlled temperature and pressure. The particle sample is dropped
at the top, and the falling time is measured by means of a weighting
apparatus at the bottom (Shao, 2008). In recent times, the particle se-
dimentation is recorded by high-resolution cameras allowing the direct
particle velocity measurement by means of particle tracking techniques
(e.g. Wang et al., 2018).

In this study, experimental data are mapped on the dimensionless
plane Re-Cd through Eq. (6) in order to homogenize measurements
obtained in different Newtonian fluids (air, water, glycerine, oil) and
for different particle densities so to expand the cardinality of the dataset
and make it suitable for application by different scientific communities.
Moreover, the Re-Cd plane highlights the behavior of the falling parti-
cles by referring to well-established aerodynamic regimes (Stokes,
Newton and intermediate regimes, as in Achenbach, 1974; Johnson and
Patel, 1999). This provides a physical basis for the statistical treatment
of the data. The resulting dataset for natural particles is plotted in
Fig. 2(a). The colours correspond to the nature of the fluid, while the
symbols correspond to the experimental campaign. The high quality Re-
Cd dataset for smooth spheres collected by Brown and Lawler (2003)
and their aerodynamic regimes are included for reference only in
Fig. 2(a) and (b), respectively.

The present study addresses the careful collection of sedimentation
velocity measurements from the literature, and it is not intended to
provide new experimental measurements. The dataset includes two
main sub-ensembles: sand grains falling in air, and natural particles
falling in other fluids. Recently, Farrell and Sherman (2015) collected
all available s measurements of sand grains falling in air from the past
literature. They identified five studies, resulting in a collection of 352
distinct measurements from Bagnold (1935), Wilson and Huang (1979),
Cui et al. (1983), Malcolm and Raupach (1991), Chen and Fryrear
(2001). The dataset is then complemented by Re-Cd measurements of
natural particles falling in fluids of different densities and viscosity. Overall,
911 measurements of particles of different sizes and densities falling
through water, solutions of glycerine and water, and oil are obtained
from the sources reported in the popular study of Dietrich (1982), i.e.
Corey (1949), Wilde (1952), Schulz et al. (1954), Briggs et al. (1962),
Alger (1964), Romanovskiy (1966), Stringham et al. (1969), Komar and
Reimers (1978). In addition, the high-cardinality Re-Cd measurements
of volcanic deposits (304) and calcareous sand particles (521) falling
through solutions of glycerine and water are obtained from the recent

studies of Dioguardi et al. (2017) and Wang et al. (2018), respectively.
From Fig. 2, the Cd of natural particles is generally more scattered than
that for smooth spheres, consistent with findings in the literature (e.g.
Loth, 2008; Bagheri and Bonadonna, 2016). Spheres are basically de-
ployed along a curve, while the scatter for natural particles increases as
Re increases. Moreover, Cd of the vast majority of natural particles is
larger than that for spheres for the same Re. The test in fluids of dif-
ferent densities and viscosities provides Cd measurements covering the
range < <10 Re 102 5, and the corresponding aerodynamic regimes.
These are briefly reviewed in the following and related to the well-
known aerodynamic behavior of smooth spheres (Fig. 2b):

• Within Stokes’ regime ( <Re 20–25), the inertial terms are globally
negligible with respect to the viscous ones. The laminar boundary
layer is fully attached to the sphere (Fig. 2b, panel 1). The wake is
fully symmetric and steady without any recirculation region. As a
result, Cd is expected to be insensitive to the particle surface
roughness (Loth, 2008). However, at a given Re, the Cd of natural
particles is higher than that for spheres. This is caused by the in-
creased surface with respect to a sphere with the same equivalent
diameter (Loth, 2008), and the tendency of a particle to orient with
the largest projection area normal to the sedimentation direction
(Cox, 1965).

• Within the intermediate regimes ( < <20–25 Re 1000–2000), the la-
minar boundary layer is detached from the sphere. However, very
different wake patterns occur, and the transition from one to an-
other is not sharp even for nominal spheres, as testified by the
overlapping between successive regimes (Fig. 2b, panels 2–4).
Steady, axisymmetric, topologically similar wakes grow behind
spheres up to Re 130–300 in the form of a ring vortex, extending
from d0.5 to d1.5 as Re increases from 50 to 200 (Johnson and Patel,
1999). Then, the steady wake becomes non-axisymmetric up to
Re 270–420. Symmetry still exists in the x z plane, even if the
streamlines have out of plane components. The x y plane high-
lights that the vortex is no longer a closed separation bubble and
streamlines follow a 3d spiral path. Finally, the wake becomes un-
steady at about < <270 Re 2000. Vortex shedding in the from of the
so-called hairpin vortices occurs (Achenbach, 1974). For Re ap-
proaching 2000, laminar-to-turbulence transition progressively oc-
curs in the wake, even if coherent, large-scale wake structures still
hold (Tomboulides and Orszag, 2000). At a given Re within inter-
mediate regimes, the Cd of natural particles is expected to be higher
than the one occurring for smooth spheres (Loth, 2008), even if a
precise phenomenological reading is not straightforward because of
the flow complexity.

• Within Newton’s regime ( < < +e1000–2000 Re 3.7 5), the flow vis-
cous terms become globally negligible with respect to the inertial
ones. The separation of the laminar boundary layer occurs, laminar-
to-turbulence transition takes place downstream the separation
point, and irregular vortex shedding develops in the wake (Fig. 2b,
panel 5). Within this range, the separation point of spheres does not
move, and Cd is almost constant. Both the overall shape and the
surface irregularities of natural particles affect the position of the
separation point and Cd. According to Loth (2008), effects induced
by non-spherical shapes may be attributed to the increased sensi-
tivity of boundary layer separation to increased shape convolutions.
Effects induced by local irregularities are ascribed to local high
curvatures of the surface that induce the early boundary layer se-
paration, the wider wake and the higher Cd. Furthermore, as Re
increases, the sedimentation pattern is chaotic and tumbling
(Bagheri and Bonadonna, 2016) resulting in a greater dispersion of
measurements.

We critiqued the fall velocity datasets to remove potentially unreliable
Re-Cd measurements, and discarded those for the following reasons (see
gray-colored symbols in Fig. 2a). In particular:
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Fig. 2. (a) Measurements of drag coefficient versus particle Reynolds Number for natural particles and smooth spheres. (b) Smooth spheres aerodynamic regimes and
corresponding structure of the flow after Achenbach (1974) and Johnson and Patel (1999).
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• some experiments did not adopt a fall height equal to or greater than
the critical falling height, i.e. the required height to reach the se-
dimentation (terminal) velocity. This leads to underestimating the
sedimentation velocity and overestimating the drag coefficient.
Such conditions were previously identified by Farrell and Sherman
(2015) in Bagnold (1935), Wilson and Huang (1979), Cui et al.
(1983), Malcolm and Raupach (1991), Chen and Fryrear (2001).

• some experiments tested spherical particles. Such measurements are
not included because they are outside the scope of this study except
as described above for comparative purposes. Spheres have been
tested in Alger (1964), Stringham et al. (1969), Malcolm and
Raupach (1991), Chen and Fryrear (2001).

• the results obtained by Chen and Fryrear (2001) are not included
herein for two main reasons. First, some studies questioned their
validity, see e.g. Roux (2002), Chen and Fryrear (2002), or Le Roux
(2005). Secondly, those measurements are much different from
those of other experiments, with no apparent rationale (see Fig. 2a).

• a few pairs of Re and Cd measurements fall just below those found
for spheres within the Stokes and intermediate regimes. Such out-
comes could be caused by measurement errors or partially un-
controlled experimental procedures. In the following, all the Re-Cd
measurements less than those for equivalent spheres are discarded
in order to define a physically sound dataset, in agreement with the
well-established aerodynamic concepts detailed above.

The datasets used for our final analysis are summarized by source in
Table 1, including the particle diameters and densities, and subset
cardinality numbers #. The total number of the Re and Cd pairs used is
1812.

For reference to aeolian applications, the Re-Cd plane in Fig. 2 is
mapped into three regions, corresponding to dust < <d0.01 0.063 mm,
sand < <d0.063 2 mm, and gravel >d 2 mm size particles according to
ISO14688-1 (2017) categorization. The mapping follows from
Eq. (6) and by referring to quartz particles falling in air
( = = = =µ e e2650 kg/m , 1.23 kg/m , 1.84 5 kg/ms, 1.5 5 m /sp f f f

3 3 2 ).
From such a mapping, it clearly emerges that: (i) blown dust particles
fall within the Stokes regime; (ii) windblown sand particles are sub-
jected to both Stokes and intermediate regimes; and (iii) Newton’s re-
gime includes gravel particles in the granule size range and greater,
such as those observed in megaripples (e.g. Yizhaq and Katra, 2015).

3. Nonlinear regression

In the literature, a number of Cd laws for spheres exist (e.g. Clift and
Gauvin, 1971; Haider and Levenspiel, 1989; Brown and Lawler, 2003;
Clift et al., 2005). Among these, the law of Clift and Gauvin (1971) is
the most widely used, and it is considered by Bagheri and Bonadonna

(2016) to be one of the most accurate in the Re intervals of interest, and
it reads:

= + +
+

<C k k k24
Re

( Re )
1

for Re 3.7·10d S S
k N

k1 2
1

Re

5S
N
kN

3
2

3 (8)

where
= = = = = =k k k k k k1, 0.15, 0.687, 0.42, 42500, 1.16S S S N N N1 2 3 1 2 3 . Si-

milarly, a number of Cd laws for natural particles exist (e.g. Haider and
Levenspiel, 1989; Ganser, 1993; Tran-Cong et al., 2004; Bagheri and
Bonadonna, 2016; Dioguardi et al., 2017; Wang et al., 2018). Most of
these are defined on the basis of the existing Cd laws for spheres by
introducing particles shape correction factors. Recently, Bagheri and
Bonadonna (2016) proposed a new, relatively simple law for natural
particles by defining two shape-dependent parameters called Stokes’
drag correction kS and Newton’s drag correction kN :

= + +
+

C k
k

k
k

k24
Re

1 0.125 Re 0.46
1

d
S

N

N

S k k
N

2/3

5330
Re /N S (9)

In this study, Eqs. (8) and (9) are fitted to the Re-Cd dataset through a
nonlinear regression by considering kS and kN as free parameters.
The regression analysis allows the estimation of the average
value of the dependent variable Cd for fixed values of the independent
variable Re, by providing an estimate of each free parameter.
Fig. 3 shows the Re-Cd data with original drag laws for spheres,
i.e., the laws by Stokes (1851) with =C 24/Red , Newton (1687) with
C 0.46d , and Clift and Gauvin (1971), and fitted laws for natural
particles. The estimated parameters for Eq. (8) correspond to

= = = = = =k k k k k k0.2951, 0.6395, 1.24, 0.8327, 9849, 1.4104S S S N N N1 2 3 1 2 3 .
For Eq. (9), they are and = =k k1.2807, 2.6893S N . The two curves are
perfectly overlapped up to =Re 300. After that, they show different
trends. In particular, Eq. (8) better follows the data for very high Re
because of the large number of free parameters. Conversely, Eq. (9)
conserves the typical trend of C (Re)d for spheres resulting in higher Cd
for very high Re.

In Fig. 4, the Re-Cd dataset and the laws plotted in Fig. 3 are made
dimensional through Eq. (7) in the plane d- s, by standardizing for
quartz particles falling in air. Fig. 4 is complemented with some of the
best performing d( )s laws for spheres and natural particles (see Le Roux,
2014; Farrell and Sherman, 2015 and cited references), i.e. the laws of
Cui et al. (1983) and Le Roux (2014) for spheres, the ones proposed by
Cui et al. (1983) and Farrell and Sherman (2015) for sand only, and the
ones of Ferguson and Church (2004) and Le Roux (2014) for natural
particles of any diameter. It is worth highlighting that the law of Le Roux
(2014) coincides almost exactly with the sedimentation velocity derived
on the basis of the C (Re)d law of Clift and Gauvin (1971). The law of Cui
et al. (1983) behaves similarly, apart for large diameters. As far as the
sedimentation velocity of natural particles is concerned, Eqs. (8) and (9)
best fit the data for all diameters, while the other laws have analogous
performances only locally, e.g. Cui et al. (1983) for medium sand, and
Ferguson and Church (2004) for gravel. The law by Le Roux (2014)
deviates from data for gravels at d 4·10 3 m: we believe that such trend
is mainly due to the 5th-order polynomial law, and to the narrow range
of particle diameters considered for fitting. The linear law proposed by
Farrell and Sherman (2015) has the simplest form, but provides local
over and underestimation.

The goodness of fit of the laws for natural particles plotted in Fig. 4
is given in Table 2 in terms of coefficient of determination R2, by re-
ferring to sand-sized particles only (left column) and the whole domain
(right column). As far as sand-sized particles are concerned, all the laws
perform relatively well. In particular, the predictions of both the fitted
Eqs. (8) and (9) as well as the law of Ferguson and Church (2004) score
the highest R 0.922 . Conversely, when referring to all particles size,
the fitted Eq. (8) and Ferguson and Church (2004) perform better than
the rest (R 0.932 ).

Table 1
Details of the retained datasets .

Source Particle nature d [mm] p [kg/m3] #

Bagnold (1935) desert sand [0.139, 0.334] 2650 62
Schulz et al. (1954) fluvial sediment [0.2, 7.07] 2579–7500 492
Briggs et al. (1962) sedimentary rocks [0.07, 0.46] 3190–5070 125
Alger (1964) sedimentary gravels [24.4, 33.1] 2570–2980 59
Romanovskiy (1966) fluvialsediment [9.8, 74] 2220–2980 52
Stringham et al.

(1969)
steel and aluminium

spheroids
[12.3, 31.2] 2810,10150 79

Komar and Reimers
(1978)

basalt pebbles [7.23, 19.86] 3011 51

Cui et al. (1983) beach sand [0.36, 1.072] 2650 58
Malcolm and

Raupach (1991)
sand [0.138, 0.459] 2610 14

Dioguardi et al.
(2017)

volcanic deposits [2.18, 22.97] 813–1235 303

Wang et al. (2018) calcareous sand [2.9, 9.7] 1614–2833 517
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4. Copula-based regression

In the light of the uncertainties discussed in Section 1, and of the
highly scattered measurements of s for natural particles observed in
Section 2.2, a copula-based regression is performed. Such an approach
accommodates the variability of s for given values of d, by means of
statistical moments other than the mean, and with percentiles. For the
sake of brevity, the copula-based regression is briefly outlined as a
complete description of the copula modelling and quantile regression is

out of the scope of the present paper. Interested readers can refer to e.g.
Genest and Favre (2007) and Raffaele et al. (2016), where the copula
modelling is used to investigate the dependence between analogous
random environmental variables.

Within the copula modelling, both d and s are considered to be
random variables. The copula modelling is carried out on the bivariate
joint density function described by the marginal densities f d( ) and
f ( ), being = ( )/s sphere s s sphere, , where s sphere, is the sedi-
mentation velocity of a sphere with same equivalent diameter d. The

Table 2
Coefficient of determination R2 on d- s plane.

sand ( < <d6.3·10 2·105 3 m) all particles ( < <d10 4·105 2 m)

fitted Clift and Gauvin (1971) 0.9228 0.9310
fitted Bagheri and Bonadonna (2016) 0.9284 0.8927
Cui et al. (1983) 0.8247 –
Ferguson and Church (2004) 0.9198 0.9288
Le Roux (2014) 0.8944 0.0577
Farrell and Sherman (2015) 0.8807 –
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Fig. 5. Copula fitting procedure: (a) experimental dataset; (b) scatter plot of the pairs F d F( ( ), ( ))d ; (c) random sample from Frank copula; (d) resizing to the
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scatter plot of the d( , ) pairs, as well as their empirical marginal
densities are plotted in Fig. 5(a). The joint cumulative distribution of
the F d F( ( ), ( ))d pairs, as well as their uniform marginal distribu-
tions, are plotted in Fig. 5(b). The joint cumulative distribution can be
written as

= +F d C F d F d( , ) { ( ), ( )}, , [0, 1]d (10)

where Fd and F are the cumulative marginal distributions of d and ,
respectively, and C: [0, 1] [0, 1]2 is the copula of the pair d( , ). It is
worth stressing that the support of is bounded between 0 and 1 since

s s sphere, .
The copula C provides the dependence structure between the

random variables d and , by establishing their correlation and by
discarding the effect of their marginal distribution. Several copulas
have been proposed in the literature. Interested readers can refer to
Nelsen (2007), for a complete review. Generally, the choice of the co-
pula can be performed by visually comparing the F d F( ) ( )d

scatter plot of the observed dataset to an artificial dataset generated
from the fitted copula (Genest and Nešlehová, 2014), as done by
Raffaele et al. (2016). In this study, a goodness of fit quantitative as-
sessment is carried out. It is based on the rigorous numerical metho-
dology recently proposed by Sadegh et al. (2017) and implemented in
the MvCAT toolbox. Table 3 reports the 25 tested copulas sorted by the
overall ranking on the basis of the Root Mean Square Error (RMSE).

The Frank and Nelsen copulas produce the lowest RMSE. In this
study, the Frank copula is chosen because of its performance in this test
and because its use is widespread. The Frank copula is defined as fol-
lows:

= +C u v u v u v( , ) 1 ln 1 (exp( ) 1)(exp( ) 1)
exp( ) 1

, , [0, 1], 0

(11)

where = 2.72 is the best fitting parameter. In Fig. 5(c), a 3000 point
sample is generated with the Frank copula. This replicates the quasi
symmetric tail dependence in the lower-left and upper-right corners,
i.e. close to (0, 0) and (1, 1). However, a slight discrepancy between the
Frank copula-generated sample and the original dataset remains in the
lower-right corner, i.e. close to (1, 0) in Fig. 5(c). This is because the
scatter plot of the original dataset is slightly asymmetric with respect to
the bisector, while the Frank copula is symmetric. C u v( , ) is trans-
formed back into the original units by inverting the cumulative mar-
ginal distributions as =d F d F( , ) ( ( ), ( ))d

1 1 . Fig. 5(d) shows the
original experimental dataset with the copula generated sample in the
original d- plane. Both the d( , ) copula generated pairs and the
corresponding empirical marginal distributions show a good overall
match with those related to the original dataset.

Finally, d( , )s pairs and related statistics are derived from the ob-
tained copula generated sample d( , ). The size of the copula-gener-
ated sample is increased up to 107 in order to post-process the joint
probability density function f d( , )s . Fig. 6(a) plots the resulting con-
ditional densities f d( | )s of the sedimentation velocity for given values
of diameter together with the original dataset. Fig. 6(b) and (c) plot the
corresponding trend of the coefficient of variation (c o v. . .) and skew-
ness (sk) of f d( | )s , respectively.

It is worth noting that the c o v. . . and sk show the same general
trend: they increase with increasing d. Overall, s increases its varia-
bility up to non-negligible values (c o v. . 0.2), by preserving a

Table 3
Tested copulas sorted by ranking and associated Root Mean Square Error.

Rank Copula name RMSE

1 Frank, Nelsen 0.6088
2 Plackett 0.6339
3 Gaussian 0.6755
4 t 0.6829
5 Roch-Alegre 0.6897
6 Tawn 0.7010
7 BB1 0.7017
8 BB5, Galambos, Gumbel 0.7019
9 Burr 0.7450
10 Fischer-Hinzmann 0.7667
11 Marshal-Olkin 0.7735
12 FGM 0.7739
13 Fischer-Kock 0.7740
14 Cuadras-Auge 0.7772
15 Joe 0.7954
16 Linear-Spearman, Shih-Louis 0.8400
17 AMH 0.8421
18 Clayton 0.9374
19 Raftery 1.0475
20 Cubic 1.9749
21 Independence 1.9985
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quasi-symmetric distribution (sk [ 0.55, 0.2]) in the range
< <d10 104 2 m.

5. Comparative analysis

The results obtained through the nonlinear regression (Section 3)
and copula-based regression (Section 4) are compared. Fig. 7(a) plots
on the Re-Cd plane the fitted laws resulting from the nonlinear regres-
sion, the mean value µ and i-th percentiles of the drag coefficient p C( )i d
for =i {1, 5, 25, 75, 95, 99} from the copula-based regression, and the
original dataset. Fig. 7(b) plots the same curves and dataset on the d- s
plane by referring to quartz particles in air. Indeed, it is straightforward
to pass between the two planes thanks to Eqs. (6) and (7).

From the comparison of results, it emerges that µ C( )d and µ ( )s
follow almost exactly the fitted laws of Clift and Gauvin (1971) and
Bagheri and Bonadonna (2016) up to <Re 500 and <d 10 3 m,

respectively. After that, they slightly depart from each other, with the
relationship found by Bagheri and Bonadonna (2016) tending again to
the mean value for high Re and d. The copula-based regression enriches
the description of Cd and s, by taking into account and quantifying the
measured variability of Cd and s for given values of Re and d, re-
spectively. Extreme percentiles effectively bracket the majority of the
data by following their overall trend. It is worth noting that the local
accuracy of both non-linear and copula regressions are presumably
diminished by the paucity of data for extreme values of Re and d.

6. Conclusions

Accurately characterizing the sedimentation velocity of natural
particles is important for many aeolian modeling applications. In
practice, the sedimentation velocity of natural particles may be assessed
by means of direct experimental measurement, or through the
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definition of analytical laws as a function of the particle size. There are
challenges with both approaches. On the one hand, experimental
measurements requires special expertise and dedicated instrumentation
not always available, especially in the context of practical engineering
applications. On the other hand, there is substantial discrepancy in the
predictions made by the different sedimentation velocity laws. These
challenges underpin the motivation to attempt a copula-based approach
to include a statistical representation of the natural variability in the
data describing drag coefficients and sedimentation velocities.

The proposed statistical characterization is based on the collection
of a wide dataset of experimental measurements from the literature. As
a result, the data comprise different kinds of natural particles, from
aeolian sand grains to volcanic particles. The distributions of the data
were first compared to a well-controlled data set and model that pre-
dicts the well-known aerodynamic behavior of smooth spheres. Two
well-established drag laws were fit to the data with common nonlinear
regression, and their goodness of fit was assessed by reference to other
well-known laws for natural particles. Despite their overall goodness of
fit, they merely describe the average trend and do not provide any in-
formation about the variability of the sedimentation velocity. Hence, a
copula-based regression was performed to provide the trend of high
order statistics and extreme percentiles. The proper definition of drag
coefficient and sedimentation velocity as values associated with a given
probability density can account for the random variations of shape,
orientation, and roughness between grains in the absence of quantita-
tive descriptions. This paves the way toward the probabilistic modelling
of aeolian sediment transport.

From this work we can draw three conclusions:

1. Based upon analysis of the results of the non-linear regression as-
sessments of d and s for sand-sized particles, the fitted models of
Clift and Gauvin (1971) and Bagheri and Bonadonna (2016) and the
general model of Ferguson and Church (2004) provide excellent
estimates of sedimentation velocity based on grain size alone. Each
of those laws has a coefficient of determination of 0.92 or better.

2. For the broader range of particle sizes from 10 5 to 4·10 2 m, the
fitted model of Clift and Gauvin (1971) and the Ferguson and
Church (2004) model produce the best results, both with R 0.932 .

3. Regression using Frank’s cupola reproduces the trend of the fitted
laws by including important degrees of uncertainty about the mean,
thereby capturing one dimension of the variability in the underlying
data. Both fitted laws lie within the range between the first and third
quartiles.

In the light of these results, we hope that the statistical characterization
of sedimentation velocity will contribute to new modelling perspectives
bymoving from deterministic to probabilistic models of saltation and
suspension. A number of real world applications related to windblown
sand and dust hazards and related risk assessment could benefit from
such models. For example, it could be worth assessing the joint un-
certainty propagation from sedimentation velocity and friction velocity
to transport rate, distribution of particles above a surface, transition
thresholds from one mode of transport to another. Finally, for appli-
cations where risk assessment is desirable, the ability to attribute
likelihood conditions to such predictions will be of critical importance.
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