
Special Issue Article

Advances in Mechanical Engineering
2015, Vol. 7(8) 1–8
� The Author(s) 2015
DOI: 10.1177/1687814015591735
aime.sagepub.com

Axisymmetric stagnation-point flow of
a third-grade fluid over a lubricated
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Abstract
In this article, axisymmetric stagnation-point flow of a third-grade fluid over a disk lubricated with a power law fluid is
considered. Due to thin lubrication layer of variable thickness, third-grade fluid experiences a partial slip on the surface.
The flow problem is governed through a system of nonlinear partial differential equations with nonlinear boundary con-
ditions. A nonsimilar solution is presented in this article by implementing hybrid homotopy analysis method. This
method combines the features of homotopy analysis and shooting methods. The results varying from no-slip to full-slip
case are discussed under the influence of pertinent parameters.

Keywords
Axisymmetric flow, third-grade fluid, lubricated surface, slip condition, hybrid homotopy analysis method

Date received: 2 January 2015; accepted: 15 May 2015

Academic Editor: Yunn-Lin Hwang

Introduction

The flows of non-Newtonian fluids have important role
in several industrial and engineering processes.
Newton’s law of viscosity does not hold for such fluids,
and their rheological properties cannot be explained by
a single constitutive relationship. The relationship
between shear stress and shear rate in the non-
Newtonian fluids is nonlinear. The mathematical mod-
els based on the flows of non-Newtonian fluids are
more nonlinear and have higher order derivative terms
in the governing equations when compared with the
Navier–Stokes equations. A glance at the literature
shows that different constitutive relationships have
been proposed for non-Newtonian fluids. Among these
models, the differential-type fluids of second and third
grades have got special attention of the researchers.
Numerous studies are available for the flows of non-
Newtonian fluids. Some recent studies may be directed
in the investigations1–8 and references therein.

The study of flow phenomenon over a lubricated
surface has important applications in machinery

components such as fluid bearings and mechanical
seals. Coating is another major application including
the preparation of thin films, printing, painting, and
adhesives. In biological fluids, the applications of such
flows include flow of red blood cells in narrow capil-
laries and of liquid flow in the lung and eye. A review
of literature suggests that various attempts are avail-
able for the flow over a lubricated surface. Stagnation-
point flow considered by Homann9 in a rigid plate was
discussed against a thin lubrication layer by Yeckel
et al.10 for the first time. An analytical study of flow of
a viscous fluid flowing over another viscous fluid was
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carried out by Blyth and Pozrikidis.11 A slip boundary
condition was introduced by Andersson and
Rousselet12 for the flow over a lubricated rotating disk.
Santra et al.13 discussed the axisymmetric stagnation-
point flow of a viscous fluid over a lubricated surface.
In Santra et al.,13 a similarity solution was obtained for
the governing equations using numerical technique.
Sajid et al.14 extended the problem discussed by Santra
et al.13 by including a general slip boundary condition.
Recently, in another article, Sajid et al.15 analyzed the
two-dimensional stagnation-point flow of a viscoelastic
Walter-B fluid over a lubricated surface. They obtained
a numerical solution using the hybrid method. The
analysis of non-Newtonian fluid flows over a thin
lubricated layer is an open area of research. This fact
motivated us to discuss the axisymmetric stagnation-
point flow of a third-grade fluid over a lubricated sur-
face of variable thickness. Third-grade fluid is preferred
in the sense that it can describe the shear thinning or
thickening effects. The mathematical model for the axi-
symmetric stagnation-point flow of a third-grade fluid
over a power law lubricant give rise to nonlinear differ-
ential equations with nonlinear boundary conditions.
The hybrid homotopy analysis method (HAM)16 is
implemented to obtain the solution of this nonlinear
problem. This method combines the features of
HAM17–23 and shooting method.24 This article is orga-
nized as follows: section ‘‘Mathematical formulation’’
contains the details of the mathematical model consid-
ered in this article. The hybrid HAM is explained in
detail in section ‘‘Hybrid homotopy analysis solutions.’’
Section ‘‘Results and discussion’’ is devoted for the
results and their discussion. The concluding remarks
are included in section ‘‘Concluding remarks.’’

Mathematical formulation

Consider a steady, incompressible, axisymmetric
stagnation-point flow of a third-grade fluid over a
lubricated surface. The lubricant obeys the constitutive
relationship of a power law fluid. Cylindrical coordi-
nates (r, u, z) are chosen to develop a mathematical
model of the considered flow situation. The axisym-
metric nature of flow suggests that all quantities are
independent of u, and azimuthal component of velocity
vanishes identically. It is assumed that the power law
lubricant spreads on the surface from a point source at
origin and makes a thin layer of variable thickness h(r).
The constant flow rate of the lubricant is given by

Q= h(r)

0
U r, zð Þ2prdz ð1Þ

where ½U (r, z), 0, W (r, z)� is the velocity field for the
lubricant. The equations that govern the axisymmetric
flow of a third-grade fluid are

∂u

∂r
+

u

r
+

∂w

∂z
= 0 ð2Þ

r u
∂u

∂r
+w

∂u

∂z

� �
= � ∂P

∂r
+

∂trr

∂r
+

∂trz

∂z
+

trr � tuu

r

ð3Þ

r u
∂w

∂r
+w

∂w

∂z

� �
= � ∂P

∂z
+

∂trz

∂r
+

∂tzz

∂z
+

trz

r
ð4Þ

where trr, trz, tuu, and tzz are

trr = 2m
∂u

∂r
+ 2a1

u
∂2u

∂r2
+w

∂2u

∂r∂z
+

∂w

∂r

∂u

∂z
+

∂w

∂r

� �
+ 2

∂u

∂r

� �2
" #

+a2

∂u

∂z
+

∂w

∂r

� �2

+ 4
∂u

∂r

� �2
" #

+ 4b3

∂u

∂r

∂u

∂z
+

∂w

∂r

� �2

+ 2
∂u

∂r

� �2

+
∂w

∂z

� �2

+
u

r

� �2

( )" #

ð5Þ

trz =m
∂u

∂z
+

∂w

∂r

� �
+ 2a2

∂u

∂z
+

∂w

∂r

� �
∂u

∂r
+

∂w

∂z

� �

a1 u
∂2u

∂r∂z
+

∂2w

∂r2

� �
+w

∂2u

∂z2
+

∂2w

∂r∂z

� ��

+ 3
∂u

∂r

∂u

∂z
+

∂w

∂r

∂w

∂z

� �
+

∂u

∂z

∂w

∂z
+

∂u

∂r

∂w

∂r

�
+ 2b3

∂u

∂z
+

∂w

∂r

� �

∂u

∂z
+

∂w

∂r

� �2

+ 2
∂u

∂r

� �2

+
∂w

∂z

� �2

+
u

r

� �2

( )" #

ð6Þ

tuu = 2m
u

r
+ 2a1

u

r

∂u

∂r
+

w

r

∂u

∂z
+

u

r

� �2
� �

+ 4a2

u

r

� �2

+ 4b3

u

r

∂u

∂z
+

∂w

∂r

� �2

+ 2
∂u

∂r

� �2

+
∂w

∂z

� �2

+
u

r

� �2

( )" #

ð7Þ

tzz = 2m
∂w

∂z
+ 2a1

u
∂2w

∂r∂z
+w

∂2w

∂z2
+

∂u

∂z

∂u

∂z
+

∂w

∂r

� �
+ 2

∂w

∂z

� �2
" #

+a2

∂u

∂z
+

∂w

∂r

� �2

+ 4
∂w

∂z

� �2
" #

+ 4b3

∂w

∂z

∂u

∂z
+

∂w

∂r

� �2

+ 2
∂u

∂r

� �2

+
∂w

∂z

� �2

+
u

r

� �2

( )" #

ð8Þ

in which u and w are the radial and axial components of
velocity in a third-grade fluid, respectively; m is the visc-
osity; and a1, a2, and b3 are the material parameters.
The order and magnitude analysis results in the
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following equation that govern the boundary layer axi-
symmetric flow of a third-grade fluid
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where r is the fluid density. The usual no-slip condition
at the fluid–solid interface suggests that

U r, 0ð Þ= 0, W r, 0ð Þ= 0 ð10Þ

It is assumed that there is no variation in the velocity
of the lubricant in the axial direction, therefore

W r, zð Þ= 0, for z 2 0, h rð Þ½ � ð11Þ

At the interface z= h(r) where both the fluids inter-
act, we impose the continuity of velocity and shear
stress so that

u=U , w=W at z= h rð Þ ð12Þ
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∂U
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where k is the consistency index and n is the power law
index. Furthermore, equations (11) and (12) together
yield

w r, h rð Þð Þ= 0 ð14Þ

It is assumed that power law lubricant forms a very
thin layer on the disk, and thus, following Joseph,25 we
impose boundary conditions (12)–(14) at the disk. The
velocity at the free stream is assumed to be

u= cr, w= � 2cz ð15Þ

where c is any positive constant. Following Santra
et al.,13 we assume that radial component U of the
power law lubricant varies linearly in the following way

U r, zð Þ= Û rð Þz
h rð Þ ð16Þ

where Û (r) is the radial component of velocity for both
the fluids at the interface. Hence, by substituting equa-
tion (16) into equation (1), one can obtain the thickness
of the lubrication layer as follows

h rð Þ= Q
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ð17Þ

and hence the boundary condition given in equation
(13) becomes
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Introducing dimensionless variables
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The governing boundary value problem takes the
form

f 000+ 2ff 00 � f 02 + 1� 2K1 f 002 + ff iv
� �

� K2 f 002 + 2f 0f 000
� �

+ 3Hdf 002f 000= 0
ð20Þ

f 0ð Þ= 0, f 00 0ð Þ
1+ 2 K1 � K2ð Þf 0(0)

+H df 002 0ð Þ+ 12f 02(0)

 �

" #

� l f 0 0ð Þf g2n
= 0, f 0 ‘ð Þ= 1

ð21Þ

where

K1 =
a1c

m
, K2 =

a2c

m
, H =

b3c2

m

and d=
cr2

n
, l=

ffiffi
n
c

p
m

k

Qc

p

� �1
3

=
Lvisc

Llub

ð22Þ

Here, we have expressed slip parameter l as the ratio
of viscous and lubrication length scales Lvisc and Llub,
respectively. For small flow rates and highly viscous
lubricants, Llub is small, and hence, l becomes large.
For the case when l! ‘, the conventional no-slip con-
dition f 0(0)= 0 is retrieved from equation (21). In the
reverse case, slip coefficient l vanishes, and one obtains
the full-slip boundary condition. Hence, l is an inverse
measure of slip.

Hybrid homotopy analysis solutions

The boundary value problems (20) and (21) are first
converted into two initial value problems using shoot-
ing method.20 For this, we assume

f 0 0ð Þ= s ð23Þ

and from equation (21), one obtains the value of f 00(0)
and is given by

f 00 0ð Þ= � 21=3 1+ 2K1s� 2K2s+ 12Hs2ð Þ
A

+
A

321=3Hd

ð24Þ

where
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A= 27d2H2ls2n +
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Differentiating equations (20), (21), (23), and (24)
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It is pertinent to mention here that equations (20)
and (25) have zero coefficient with the highest deriva-
tive term when h= 0 and K1 ! 0; therefore, they can-
not be integrated by a standard integration scheme.
For numerical computations, we replaced ‘ by h‘ and
divided the domain 0�h�h‘ into subintervals
½(i� 1)K,K�, i= 1, 2, 3, . . ., having fixed length H .
The first-order initial value problems in each subinter-
val are
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Initial value problems (27)–(29) are solved using the
HAM in each subinterval. The numerical values
obtained through HAM at the end point of the ith sub-
interval are used as the initial conditions for the
(i+ 1)th subinterval.

Zero-order deformation problems

The zero-order deformation problems are
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where p and L are embedding parameter and auxiliary
linear operator, respectively, and f i

0(h), Fi
0(h),

Gi
0 , gi

0(h), Y i
0(h), and Zi

0(h) are chosen as initial guesses
at each subinterval. Here, we take auxiliary parameter
to be �1 and auxiliary function to be 1. This is due to
the fact that convergence of the hybrid HAM is con-
trolled through the subinterval length, that is, H , and
the order of approximation.

mth-order deformation problems

The mth-order deformation problems in each subinter-
val are obtained by differentiating zero-order deforma-
tion problems m times with respect to p and are
given by
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The final solutions in each subinterval are thus given
by

f ,F,G, g, Y , Z½ �i =
XM

m= 0

f ,F,G, g, Y , Z½ �im ð44Þ

The solutions of the problems (36)–(43) proceed in
the following manner. First s is assumed, and system of
initial value problems is solved for i= 1. From this
solution, an initial condition for the second subinterval
is evaluated, and a solution is obtained for this interval.
This procedure is repeated, and an analytic solution is
evaluated in each subinterval. A zero-finding algorithm
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is chosen to evaluate the correct value of s which leads
to FN

0 (h‘)= 1.

Results and discussion

The procedure explained in previous section is imple-
mented in computational software mathematica for
finding the numerical values at the end points of the
subintervals and analytic solutions inside each subinter-
val. For the validity of the developed algorithm, a com-
parison of the present solutions with the existing results
in the case of no slip when l! ‘ for the viscous fluid
is given in Table 1. It is evident from the numerical val-
ues that our results agree well with the existing results.
In Table 2, the numerical values of f 00(0) are given for
different values of the slip and third-grade fluid para-
meters. These numerical values provide the missing
conditions for obtaining the velocity profiles. Table 2
depicts that more drag force is required when one
moves from full-slip to no-slip regime. In the case of
full slip, almost zero drag force is experienced by the
fluid at the surface, and therefore, slip has suppressed
the effects of free stream velocity. The numerical values
also show that drag force at the surface is a decreasing
function of the third-grade fluid parameter. The influ-
ence of the pertinent parameters on the velocity profile
is plotted in Figures 1–4.

Figure 1 is plotted to investigate the effects of slip
parameter on the velocity field f 0. The full-slip case is

represented through the profile when l! 0, and the
no-slip case is represented when l! ‘. It is clear from
this figure that in the full-slip case, the slip on the sur-
face dominates the effects of the free stream velocity,
and almost no change is observed in the velocity
throughout the semi-infinite domain. The momentum
boundary layer thickness also decreases with increasing
slip. The behavior of fluid parameter K1 on the velocity
profiles is presented in Figure 2. From this figure, we
see that the velocity decreases by an increase in the
parameter K1. Figure 3 is displayed to analyze the

Table 1. Comparisons of the numerical values of f 0(h) for the no-slip case (l! ‘) with Santra et al.13 and White26 for viscous fluid
when K1 =K2 = d=H= 0.

h Present Santra et al.13 White26

f 00(0)= 1:31193769 f 00(0)= 1:31193769 f 00(0)= 1:31194
f 0(h) f 0(h) f 0(h)

0.0 0.0 0.0 0.0
0.6 0.60870994 0.60870994 0.60871
1.2 0.89597727 0.89597727 0.89598
1.8 0.98315816 0.98315816 0.98316
2.4 0.99845935 0.99845935 0.99847
3.0 0.99992397 0.99992397 0.99993

Table 2. Numerical values of f 00(0) when K1 = 0:1, K2 = 0:1, d= 1:0, and n= 1=3.

l H= 0:05 H= 0:10 H= 0:15 H= 0:20 H= 0:25

0.1 0.062638 0.045925 0.036145 0.029765 0.025286
0.5 0.311059 0.238497 0.189931 0.156605 0.132762
1 0.585974 0.489095 0.403875 0.336385 0.285061
5 1.081374 1.048075 1.020699 0.998414 0.981302
10 1.119646 1.085586 1.058376 1.037805 1.025145
50 1.137523 1.102976 1.075842 1.056366 1.046788
100 1.138625 1.104048 1.076923 1.057528 1.048178

Figure 1. Influence of slip parameter l on the fluid velocity
f 0(h).
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influence of third-grade fluid parameter on the velocity
profile f 0. This figure elucidate that the velocity
increases, and the momentum boundary layer decreases
by an increase in the third-grade fluid parameter. The
effects of power law index n on the velocity profile f 0

are shown in Figure 4. The results show that for a shear
thinning lubricant, the boundary layer thickness is
more when compared to the shear thickening fluid.
Furthermore, the velocity increases by an increase in
the power law index. However, the boundary layer
thickness is a decreasing function of the power law
index.

Concluding remarks

The stagnation-point flow of a third-grade fluid over a
disk lubricated with a power law fluid is discussed in
this article. The governing equations are transformed
to a nonsimilar ordinary differential equation subject
to nonlinear boundary conditions. A hybrid HAM is

employed for obtaining the quantities of interest. The
findings of this study are as follows:

1. Slip increases the velocity and suppresses the
boundary layer thickness;

2. Slip effects dominate the effects of free stream
velocity;

3. Fluid velocity is an increasing function of third-
grade fluid parameter;

4. Fluid velocity is more for a shear thickening
lubricant when compared with a shear thinning
lubricant;

5. Comparison of the obtained results with the
existing literature is in an excellent agreement.
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Appendix 1

Notation

c positive constant
f dimensionless fluid velocity
F,G, Y , Z derivatives of fluid velocities f , g
g derivative of velocity with respect to

s

h thickness of the lubrication layer
i,m indices
k consistency index
K interval length
K1,K2,H dimensionless material parameters
L auxiliary linear operator
Llub lubrication length scale
Lvisc viscous length scale
n power law index
p embedding parameter
P fluid pressure
Q volume flow rate of the lubricant
(r, u, z) cylindrical coordinates
s missing condition
u,w radial and axial velocity components

of the third-grade fluid
U ,W radial and axial velocity components

of the lubricant
Û velocity for both the fluids at the

interface

a1, a2, b3 material parameters of the fluid
d local Reynolds number
h dimensionless independent variable
h‘ value of infinity for numerical

calculations
l slip parameter
r fluid density
trr, trz, tuu,tzz stress components
xm constant takes the value 0 or 1
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