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ABSTRACT. A classical n-firm oligopoly is considered first with linear demand
and cost functions which has a unique equilibrium. We then assume that the
output levels of the firms are bounded in a sense that they are unwilling to make
small changes, the output levels are bounded from above, and if the optimal
output level is very small then the firms quit producing, which are realistic
assumptions in real economies. In the first part of the paper, the best responses
of the firms are determined and the existence of infinitely many equilibria is
verified. The second part of the paper examines the global dynamics of the
duopoly version of the game. In particular we study the stability of the system,
the bifurcations which can occur and the basins of attraction of the existing
attracting sets, as a function of the speed of adjustment parameter.

1. Introduction. Assume n firms produce the same product or offer identical ser-
n
vice to a homogeneous market. Let x denote the output of firm k, s = > xy the
k=1
output of the industry. If p(s) is the inverse demand function and Cy(zy) is the
production cost of firm k, then its profit is given as

Il = 2kp(s) — Cr(r) (1)
In this way a n-person game is defined, where the firms are the players, the set of
non-negative real numbers is the strategy set of each player, and the payoff of player
k is given by equation (1). This game is one of the most frequently studied models in

mathematical economics. A comprehensive summary of the earliest results is given
n [16], their multiproduct generalization with case studies are discussed in [17].
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The studied models were mainly linear making equilibrium and stability analysis
relatively simple. The attention recently turned to the analysis of nonlinear models
due to the drastically improved computational power. The authors of [3] offer a
review of the most recent development in this area.

In this paper, we first consider the baseline Cournot model with no output ad-
justment constraints (called model I), in which case there is a unique equilibrium.
Next, we consider the case (called model IT) when it is difficult (costly) for firms to
make output adjustments. Thus, we introduce the additional assumption that the
firms are not willing to make very small output adjustments, since the small profit
increase is insufficient to offset all required fixed adjustment costs in the production
process such as difficulties in modifying input contracts or in coordination between
divisions within a firm. This “stickiness” in outputs is analogous to the literature
on “sticky prices” (][9], [22]) whereas the sticky price is reflected in the speed of
adjustment parameter and ours is reflected in the modified best response function.
We further assume that the amount of output in each time period is bounded from
above due to limited resources, such as physical capacity of the plant, so the output
adjustments are also bounded from above. It’s also assumed that firms are not
willing to produce at a very low output level to avoid fixed operation and mainte-
nance costs. These additional assumptions result in nonlinear, discontinuous best
response functions and infinitely many steady states of the dynamic system.

We investigate in particular the dynamics in the duopoly case. We are partic-
ularly interested in the attractivity of the fixed point meaning that the trajectory
converge to that fixed point. The interesting dynamics occur when the set of fixed
points is no longer attracting, at this point, 2-cycles are the only possible attrac-
tors; in particular, at least one periodic point (or both) must take on the values
introduced in the constrained model II.

The dynamics of model II are particularly interesting from a mathematical point
of view as well. Indeed, the model is described by a discontinuous two-dimensional
piecewise linear map, with several borders crossing which the system changes its
definition, although limited to a rectangular absorbing region of the production
phase plane (21, x2). The dynamics associated with piecewise smooth systems is a
relatively new research area, and several papers have been dedicated to this subject
in the last decade ([27], [7]). This growing interest in nonsmooth dynamics is
from both the new theoretical problems with constraints and the applied fields.
In fact, many models are described by constrained functions, leading to piecewise
smooth systems, continuous or discontinuous. We recall several oligopoly models
with different kinds of constraints considered in the books [19] and [3], nonsmooth
economic models in [6], [18], [10], [24], financial market modeling in [12], [25], [26],
Shelling segregations models in [20], [21], and modeling of multiple-choice in [4],
1], [5).

Model IT considered in the present paper is characterized by several constraints,
leading to several different partitions of the phase plane in which the system changes
definition. Moreover, the definitions in some regions are degenerate, as mapped into
points or segments of straight lines. When the existing 2—cycle has a periodic point
colliding with a border of the regions, then a border collision occurs, which in our
case is always a persistent border collision, as it is simply transformed in a 2—cycle
belonging to different partitions (see [14], [15], [23]).
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The structure for the rest of this paper is as follows. Section 2 introduces the
model set-ups and Section 3 analyzes the steady state. In Section 4 we investi-
gate the dynamics of the affine duopoly model I, while Section 5 is devoted to the
piecewise linear and discontinuous model II. In particular, in subsection 5.1 the
symmetric case is fully described, while the proper argumentations are given for
the general case in subsection 5.2. Section 6 concludes.

2. Mathematical models.

2.1. The baseline Model I. Assume linear demand, p(s) = a — bs and hetero-
geneous cost functions, Ck(zr) = cprr + di, kK = 1,...,n. The profit of firm £ is
therefore quadratic,

Iy = zx(a — bxy — bsg) — (cpzy + di), (2)
which is a strictly concave function in z;. s = > x¢ denotes the output of the
ik

rest of the industry from firm %k ’s perspective. The profit maximizing quantity zj,

is derived by simple differentiation,
o1l
— =a—2bxp — bsg — ¢ =0,
8£Ek

leading to
a—cp — bsy
2b '
It is well known that there is a unique equilibrium of this static game.
The dynamic extension of this model with discrete time scales and adjustments
toward best responses can be modeled by the discrete system defined as:

zp(t+1) = ap(t) + Ki [Tt + 1) — 2x(2)] 4)

for k =1,2,...,n where K > 0 for any k is the speed of adjustment parameter of
firm k. The usual assumption that Kj < 1 models firms with “cautious” behavior,
however, more “aggressive” firms may select K > 1 counting for the continuation
of the trend in rival firm’s output levels. We also assume that the best response of
firm % in the next period, T} (¢ + 1) depends only on the aggregated output of the
rest of the industry in the current period, sy (t):

(3)

xy =

f;(t+1):%_bbsk(t). (5)

2.2. Model II with output adjustment constraints (fixed capacity). As-
sume next that the firms do not want to make adjustment below a certain threshold
ex (“sticky output” constraint) from an initial output level, z, and cannot produce
outputs greater than a specified (fixed) positive threshold Ly (capacity limit con-
straint), or smaller than a given small threshold, I. That is, if the optimal output
falls below this threshold, firm will simply choose not to produce. Based on these
additional conditions, the modified best response of firm k& becomes

*_

Tl if |$k .’L‘k| S €L
= Lk if T3 Z Lk
Beloman) =3 700 oy,

x7 otherwise

(6)

Fig.1 illustrates this function. It can be shown that the two restrictions on
a firm’s responsiveness to rivals’ behavior imply that the firm’s reaction curve is
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FIGURE 1. Best response function of firm k as given in (6).

still downward sloping although it now has points of discontinuity, always in the
form of downward jumps, and is thus no longer globally linear in rivals’ output. It
follows that the resulting oligopoly game is of strategic substitutes, so that a pure-
strategy Nash equilibrium always exists as a consequence of the general properties
of submodular games that satisfy a common aggregation property, namely that each
firm’s profit function depends only on own output and on total rivals’ output (see
[13] and [1], [2]). We could develop a best response dynamic model based on Ry,
however, there is no guarantee that the new output levels (¢ + 1) would satisfy
the constraints posed in (6). Instead we use a two step process. In the first step,
we apply the best response dynamics based on the unconstrained reaction function
(3), and then in the second step we enforce condition (6) on the computed output
levels.

Therefore, the corresponding dynamic model now has the form,
xk(t) if ‘i‘k(t +1) - l‘k(t)| <€

Ly if 21,(t+1) > Ly

we(t+1) = 0 i Ep(t+ 1) < Iy (7)
Tt +1) otherweise
where
Tt 4+ 1) = ap(t) + K [Zh(t +1) —21(0)], k=1,2,..,n. (8)

Notice that the function defined in (7) is discontinuous and nonlinear making the

equilibrium and stability analysis different with respect to the linear baseline model
L

3. Steady states. Consider first the baseline model I defined in (4): an output
vector (Z1,--+ ,ZTp), where Z; = z;(t + 1) = x;(t), is a steady state if and only if for
all k,
a—cp — bZZ;ékj@
2b

:.’Z‘k



DYNAMIC OLIGOPOLIES WITH ADJ. CONSTRAINTS 69

implying that
a —c — bs
Ty = 72 . (9)
Summing up equation (9) for all k = 1,2, ...,n, we have

na— Y ,_, c¢ —nbs
b

5=

that is,

BT L% D= G . (10)

(n+1)b

Then from (9) and (10) we can derive the equilibrium output levels of the firms:

a+ Yy ce— (n+1)cy (11)
(n+1)b

The attractivity analysis of the linear system in (4) will be given in the next section.

Here we only remark that in order to have a fixed point with positive coordinates,
we assume that the following condition (k) holds:

VAl

T =

n
(hn) : a>(n+1)ck—ZCg for k=1,2,....,n . (12)
=1
Due to the additional constraints, the steady states of model II is different from
(11). An output vector (Zy,---,Z,) is a steady state of the system if and only if
for all &,
afckszhéka_c@ €L
' — 7| < =4 13
2b =R, (13)
which can be rewritten as
Eo% 9 <N gt < o g2 E (14)

b Ky, oy Ky,

Note that the steady state of model I in (11) clearly satisfies these relations which
means that the equilibrium quantities in the baseline model will always be one of
the solutions in the models with the additional constraints. There are infinitely
many steady states in model II since (14) is satisfied by a bounded polyhedron,
denoted ER (Equilibria Region, or region of fixed points) as in Figure 2 for the case
n = 2. In particular, ER belongs to the positive orthant assuming a small enough

e and by condition (h,) in (12).

Example 1. Consider a Cournot duopoly, i.e. n = 2, then the relations in (14)
can be rewritten as

a— C1 €1 a—C €1
_o & < 22, < 9 L 15
b K, Strten s et e (15)
and
a — C a — C
2902 g2y < 2402 (16)

b Ko b K,
Fig.2 illustrates the set of feasible solutions of the duopoly example. The equilib-
rium region E'R is determined by the intersections of the straight lines of equations

a — C1 261

— 17
b K a7)
a — C1 261
- — 18
5 x (18)

To = —2x1 +

To = —2%1 +
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| 2
‘xl
and
1 a— Coy €9
= —— —_— 4+ = 19
T2 571 + 5 + X (19)
1 a— Co €2
= —— - — 20
=Tt T TR, (20)

The region ER includes the unique equilibrium, E, of the baseline model. From
(11), B = (o, 25), and

E _ a+cz1)’b7262 (21)

{l«{f:aﬂz?m
)

3b

Note that E belongs to the positive quadrant Ri as long as condition (h,,) is met,
that is,

(h2) : a+ca—2cp>0anda+c¢; —2c2 >0. (22)

In the next two sections, we consider in detail the dynamic behavior of the
duopoly models I and II, respectively, assuming that condition (hg) in (22) holds.
We show that the system with the bounded output adjustments, due to the con-
straints of the model, is in some sense more stable than the baseline model. The
intuition behind this observation is that despite the stability condition of E and of
E'R is the same in both models, model II has bounded dynamics even when ER is
not attracting.

4. Stability analysis and dynamics of Model I. Let us explicitly rewrite the
best response dynamics for n = 2: a point (z1,x2) is mapped into (z},x%) by

{ o) = fi(z1,22) = (1 — Ky)wy — Blas + 552K,
vy = fa(z1,72) = (1 = Kao)xo — 221 + “F2 Ko

(23)

2
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which is a linear, or more precisely, an affine model. We can refer to it as a linear
model, following the common usage in dynamical systems, as it is topologically
conjugate with a linear model after a change of variable setting the fixed point of
(23) into the origin. Its fixed point, £ = (z¥, 2¥), has been given explicitly in (21).
Notice that its position in the phase plane (z1,22) does not depend on K; and
K5 while the stability of the equilibrium FE clearly depends on K; and Ks. From
the Jacobian determinant of the linear map in (23), we find that the characteristic
polynomial is given by

PA\) =X —trA+D (24)
where
tr=2— (K + Kj) (25)
D=1—-(K;+ K+ %KlKg.
The sufficient stability conditions of E are:
P)=1—tr+D= ZKlKQ >0 (26)

3
P(—l):1+tT+D:4—2(K1+K2)+ZK1K2>O

3
D<1: zKlKQ < (Kl +K2)

While P(1) > 0 is always satisfied, condition P(—1) > 0 is satisfied iff

8 16—8K
1. Ki < 3 and Ky < 8—3K11

2. Ky > % and Ko > 186__38?11.

Meanwhile, condition D < 1 is satisfied iff

1. K1 < % and K> >0

2. Ky >3 and Ky < 5354

These conditions can be summarized in Fig.3. We denote by S the stability
region of the fixed point E, which is bounded by an arc of hyperbola (denoted F
in Fig.3). At the bifurcation curve F of equation Ky = 186:3811((11 one eigenvalue is
equal to —1.

For values of (K, Ks) outside of the stability region S, the fixed point is either
a saddle or a repelling node. Recall that in a linear model when the equilibrium is
a repelling node then all the trajectories, apart from the fixed point, are divergent;
when the equilibrium is a saddle, all the trajectories are divergent except for the
fixed point and its stable set, which is the eigenvector associated with the stable
eigenvalue. We now determine the eigenvalues and eigenvectors of the linear system,
model I, which will also be useful for the dynamic analysis of model II. In general,
given a 2x2 Jacobian matrix

J— { Jir o Ji2 }

Jor Ja2

with Jio # 0, Jo; # 0 and real eigenvalues, we can find the eigenvalues, A4, and
the eigenvectors, e, with slopes m4 by solving the system,

Ji1 Jig 1 =\ 1
Jo1 Jao M4 my |’
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0op | K, @ 10 0 O

FiGure 3. Stability region of model I in the parameter plane
(K1, K3) in yellow. In (b) the enlargement of (a) is shown.

or, equivalently,

)

{ Jun +maJip = At
Jor +myJog = Apmy

so to find

~Joo— Jun £/ (Joo — J11)? + 4120
m4 =

2

Axr = Ji1 + maJio.

For the specific duopoly model, by substituting J;; = 1 — K3, Ji2 = —%, Jap =
—% and Joo = 1 — K>, we obtain:

_ Ky — K1 F /(K2 — K1)? + K2 K4
Ky
Ko+ Ky i V(K2 — K1)2 + KoK,
2 2 '

m4t

(28)

It can be seen that

(Ko — K1) — /(K2 — K1)? + KoK <

= 0
m4 Kl )
while
(K2 — K1) 4+ /(K2 — K1)2 + K2 K4
m_ = > 0.
K
The eigenvalue A\_ = 1— KQ;K LY (K27K;)2+K2K1 becomes unstable when crossing
the value A\_ = —1 and the bifurcation occurrs for Ko 16=8K 1f Ky > 2, the

=
system is unstable regardless of the value of K. o

If K1 < 2, the system is stable only if K is small enough, i.e. when the point
(K1, K5) belongs to region S (the yellow region in Fig.3). If K5 is large enough, i.e.
(K7, K>5) is outside region S, then the fixed point F is a saddle since the eigenvalue

Ks—K1)2+ K2 K .
Ap =1-— Ky (K ;) 21 never bifurcates.
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For K7 > 2, Ay also becomes negative and unstable when crossing the value
Ap =—1for Ky = 186:38[€1. This occurs on the right side of the vertical asymptote,
that is, on the right branch of the hyperbola in Fig.3a. For (K7, K5) in the gray
region in Fig.3a, both eigenvalues are negative with Ay < —1, and E is therefore a
repelling node.

In the special case of equal speed of adjustments K = K; = K5, the eigenvectors

e+ have constant slopes m4., as in fact we have:

K
m4 = —1 (associated with the eigenvalue A =1 — 5)
. . . 3K
m_ = +1 (associated with the eigenvalue A\_ =1 — 7)

The fixed point E is globally attracting if K < %. At K = % (see the point @ in the
enlargement of Fig.3b), one eigenvalue (A_) becomes —1. For K > § the eigenvalues
are A+ < —1, and FE is a repelling node.

5. Stability analysis and dynamics of Model II. In the duopolistic competi-
tion, a point (z1,z2) is mapped by model II into (2, z%) = T'(z1,z2) where

X1 if |ff1 — 171| S €1
L, if T > Ly
0 if T <l

T otherwise

X9 if |52 — .’L‘Ql S €2
Loy if To > Lo
0 if EQ <ly

To otherwise

and

{ 1=/ ($1,1‘2)=(1—K1)$1—%$2+ St Ky (31)
Ty = fo(x1,22) = (1 — Ka)zo — %Il + 52 Ko

We can rewrite the piecewise linear map more explicitly as follows:

v if =t — | < 7
/ Ly if Ty > Ly
- ’l 32
71 0 if F1 <y (32)

1 if 14 €31 < Ly and |§17I1|>61

v e —m <
/ Lo if To > Lo
= - 33
T2 0 if Ty <o (33)

%2 if l2§3§2<L2 and |52—l‘2|>62

As shown in the previous section there is no unique fixed point but instead a whole
region E'R of fixed points, which includes the equilibrium E of the baseline model.
By its definition, the map takes on different values depending on the position of
a point (z1,z2) in the phase plane. We can thus subdivide the phase plane into
regions B; j = 1,2, ..., in each of which the map takes different definitions. These
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regions R; are bounded by segments of the straight lines satisfying the following

equations:

that is, in explicit form:

(Ta) : %1 = L1
(Tb) : 51 = ll
(7”0): :Lg
(’I’d) . 52 = lg
K a—c
(ra) : (1 — K1)y — 71:52 + K~ LY=L,
K a—c
(’I"b) : (1 —Kl)l‘l — 711‘2 +K1( % 1) =1
K a—c
(’I’C) : (1 —Kg)l’g — 72£C1 +K2( 2b 2) = L2
K. a—c
(’/‘d) : (1 —KQ)J,‘Q — 72],‘1 +K2( % 2) =y

(34)

Let us denote R; the region bounded by segments of all the four lines, in which the

map is defined as in the linear model I except for the region ER of fixed points.
Consider the regions of interests which are defined as'

Ry
Ry
Rs
Ry
Rs
Rg
Ry

= {(El,CUQ ‘ll<§1§L1 and l2<§2§L2}

( )

((,Cl, 2) ‘ll <71 < Liand 7y < 12}
(iEl, 2) ‘56‘1 <lyand lr < .%2 < LQ}
(w1, 72)
(21, 72)
( )

xr1,T2 ‘.Tl < [y and 52 < lg}

X1, T2 ‘ll <71 <Ly and 79 > L2}
X1, T2 ‘Zl > L1 and 75 > LQ}

= {(x1,$2) ‘.’El >Liand I < 25 < LQ} .

{
{
{
{
{

The map in each region is defined as

(581, 1‘2) € Ry

€ Ry

Dz, xh) = (f1

(2, 2h) = (71,0) = (f1 (z1, 22) , )
(2, 25) = (0,22) = (0, f2 (z1,22))
- 0,0)

From the definition of the map, the rectangle

D= [0, Ll] X [O, Lg]

= %1,[/2) = (fl ($1u$2)7L2)

= Ll,gg) = (L17f2 (xlaxQ))'

(38)

is absorbing, as it follows immediately from (32) and (33) that any point of the
plane is mapped in D in one iteration and an orbit cannot escape from it. D is
therefore the region of interest.

In general, depending on the values of the parameters, only a few of the regions
R; for 7 =1,2,... may have a portion, or subregion, present in D, or R; ND # &, as

IThere are other possible regions. However, we focus on these seven regions since we are only
interested in the positive quadrant of the phase plane, R%r
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shown in Fig.4. In Fig.4a only two regions have points in D, while in Fig.4b there
are four regions.

20

L,
X2
0
Rs
-10 Ta R7 -10 R6 Te R7
0 TN
R (a) 20 0 (b) 20

FIGURE 4. Regions of the phase plane, at the parameter values
L1:L2:9, 11:l2:.01, 61:62:0.1, 0120220.2,0,:10,
b=1,and K; = 0.9, K = 1.31in (a), K1 = 1.2, Ky = 1.5 in (b).
Inside region R; segments of the 4 lines determining region of fixed
points ER are also shown, together with the eigenvectors of the
fixed point F inside FR.

Since we assume €; and €; are small enough, ER is internal to the positive
quadrant and in the R; region. Therefore, the fixed points are surrounded by a
region where the mapping is the same as in the baseline model. Fig.4 also shows the
segments which are intersecting to give the region ER of fixed points (and E € ER),
and segments of the eigenvectors e; and e_ of E, which are also invariant lines for
the linear map defined in R;\ER.

A fixed point p is stable if there exist a neighborhood U;(p) and a neighborhood
Us(p), Ui(p) C Us(p) such that any initial condition (i.c. for short henceforth) in
Ui (p) has the trajectory inside Us(p). Meanwhile, p is attracting if it is stable and
the trajectory with any i.c. in Uj(p) converges to p. It is clear that each fixed
point belonging to ER can be stable but not attracting. Since E'R is surrounded by
points with the same mapping as in model I, we have that as long as the K; and Ko
belong to the stability region S, determined for model I, the neighborhoods Uj (p)
and Us(p) exist for any p € ER and any i.c. in U;(p) has the trajectory converging
to a point in ER. Thus FR consists of points which are stable but not attracting,
while the invariant set ER itself is an “invariant attracting set”. We therefore have
shown that the stability region of model II in the parameter space (K7, K2) is the
same as for model I, and we can state the following

Proposition 1 (local stability). Let (K1, K2) € S(stability region of model I), then
the invariant set ER of model 1 is attracting.

In addition, similar to the fixed point E being globally stable when (K7, K») is
in S, ER is globally attracting for the same (K7, K3) range. As remarked above,
any point of the plane is mapped in one iteration in the rectangle D in (38). Clearly
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when F is stable then all the points in R; with a trajectory in R; will end in ER.
When any of the regions R; satisfying R; N D # & exists, its points are mapped
on the borders of D and the mappings on these border points are the same as in
model I and therefore are contractions. For example, considering Fig.4a when ER
is attracting and Re ND # &. Then all the points of R, ND are mapped into the
x1—axis, on the border of D, obtaining a point (z},2%) = (f1 (x1,22),0) which can
either be in Ry or in Ry again. The contraction f; is applied until the point enters
Ry; thus ER is globally attracting. We will not provide a rigorous proof of the
global attractivity of ER when (K7, K3) € S because of the many possible cases to
comment, but in all scenarios the reasoning is the same.

When the parameters K; and K, are outside of the stability region and F is a
saddle, the points around E'R behave as in the linear map thus the stable set of
ER can be defined, and ER can declassified as an “unstable” invariant set hav-
ing the same properties of a saddle. This means that there are points (a set of
positive Lebesgue measure) in the phase plane whose trajectories ultimately end in
ER, which constitute the stable set of FR. Meanwhile there are also points in a
neighborhood of ER that diverge away from the neighborhood. Clearly when F is a
repelling node then locally all the points around ER diverge, and E'R can be defined
as a locally repelling invariant set. Similarly we can explain the dynamic behavior
at the bifurcation value, when the parameters K; and K5 are on the boundary F
of the stability region, and one eigenvalue is A_ = —1. The related eigenvector e_
leads the points in R; to a segment of cycles of period 2 (while the other eigenvector
ey is inside the stable set of ER).

Fig.4b shows an example where F is a saddle. In this case, the eigenvector e_
associated with the eigenvalue A_ < —1 plays an important role at the bifurcation
value (when A_ = —1). That is, when A_ = —1, the points of the eigenvector
e_ belonging to R1\FR include two segments filled with 2-cycles (stable but not
attracting). In general the 2-cycle at the external side of these segments has one
point on some border, which can be either a border of the region D or a border
line ry, (k € {a,b,c,d}). This determines which regions will contain the attracting
2-cycle which exists after the bifurcation (when A_ < —1).

It is worth noting that the map is defined either by constant values or by linear
functions (as explicitly reported in (37)). Therefore, when the invariant set EFR
is unstable, the map cannot have an attracting set in one single region, that is,
the possible attractors are obtained only by the piecewise definition of the map,
and must necessarily have points in two different regions. In our specific model
II, the system can only have 2-cycles as invariant stable sets. In addition, due to
the particular structure of the functions in (37), at least one periodic point of the
attracting 2-cycle must belong to the border of D (i.e. must include one of the
constants xo = 0, x9 = La, 1 = 0, 1 = L1), or both belong to the border of D.

As stated above, for A_ < —1 and Ay > —1 (i.e. when E is a saddle)), besides an
attracting 2-cycle, there exists a set of points (of positive Lebesgue measure) which
are mapped into ER in a finite number of iterations, which is called stable set of
ER, W#(ER). Clearly, this stable set includes segments of the eigenvector e of F,
at least the portions in region R;, as well as all the other points in a neighborhood
of e belonging to the invariant curves of model I crossing F' R, that is, points which
are mapped (also in model IT) into ER, where they will be fixed.
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To comment on the existence of some border collision bifurcations which char-
acterize the 2-cycles when ER is unstable, we start with the symmetric case and
establish a few properties before analyzing the general case.

5.1. Model IT in the symmetric case.

Property 1 (first symmetry). Let L=L1 =Ly, =13 =13, c=c; =cy and ¢ =
€1 = €. Let the speed of adjustment parameters have the values (K1, Ks) = (£,1)
and let {(a(t),b(t)), t > 0} be the trajectory associated with the initial condition
(a(0),b(0)). Then {(b(t),a(t)), t > 0} is the trajectory associated with the initial
condition (b(0),a (0)) when the parameters have the values (K1, K3) = (1,§).

That is, via the change of variable x5 := x7 and x; := x5 we have the same
dynamics when K7 and K5 are interchanged.

As a particular case of Property 1 we have another property when K7 = K» (on
the diagonal of the two-dimensional parameter plane in Fig.3):

Property 2 (second symmetry). Let L = L1 = Ly, l =13 = la, ¢ = ¢1 = ca,
e=¢e =€ and K = K1 = Ky. Then, besides the symmetry of the trajectories as
stated in Property 1, we have that map T is invariant on the diagonal, d, of the phase
plane, and its restriction to d is a one-dimensional system x (t+1) = Ty (z (1))

(x =21 = x2) given in (39) and (40).

In fact, from the initial conditions x (0) = z1 (0) = x2(0), we have = (t) =
x1 (t) = x2 (t) for any integer ¢t > 0. The iterates are given by the one-dimensional
map x (t + 1) = Ty (x (t)) defined as follows:

x if |z—z|<e
L if z>1L
L@ =30 %  7<i (39)
T otherwise
where
~ 3 a—c
z=fi(za)=fa(z,2) =1~ 5Kz +K— (40)

5.1.1. Dynamics along the diagonal d. We can immediately see that as long as
0 < K < 2 the straight line represented by Z = f; (z,z) in (40) has a non-negative
slope and smaller than 1. Therefore, the mapping T, has a segment of fixed points
" 2 2
€ g €
5507 T 3K
where 2 = ¢ is the same value occurring for the fixed point in model I, and the
segment E'R, is globally attracting. For K > % the straight line = = f; (z,z) has a
negative slope, and the qualitative graph of the one-dimensional map T} is shown in

ERg = [2F (41)

Fig.5. The map Ty still has the segment of fixed points ERy = [z¥ — 3276(, P 4 32—;(}
For = > p;, where
21 K(a—c¢) 2 a—c
- - - K2 ¢ 42
P33R T he—3k) 3k 2K g U (42)

the map is constant and equal to 0. Based on the position of the vertical intercept,

we can further analyze two cases. One is associated with K (%;¢) < L; here the

production limit is not binding as shown in Fig.5a, while the second case refers to
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FIGURE 5. Qualitative graph of the one dimensional map Ty. In

(a) when f;(0,0) = K(%°) < L, in (b) when f;(0,0) = K (%) >
L.

K(%¢) > L, so that the upper capacity limit constraint is binding as shown in
Fig.5b. Therefore, the mapping is constant and equal to L for 0 < x < pr,, where
2L K(a—c) 2 (Kafc
 2-3K b(2-3K) 3K-2 2b

PL - L). (43)
The dynamic behavior of the one-dimensional map T} is straightforward to ana-
lyze.

Case (i) (Attractivity). For 0 < K < 4, the segment E Ry of fixed points is globally
attracting - and independently of the shape of the map, that is, both for 0 < K < %
andfor%<K<%.

At the bifurcation value K = % we can have different dynamic behaviors, leading
to two different attracting 2-cycles after the bifurcation, which can be completely

described as follows.

Case (ii) (K%< < L at K = 3). At K = § we have Ty(0) = 2(%;¢) = 2z¥ < L,

and p; = 2(%%) — 1 < T4(0). In this case the segment (z¥ + §,p/] is filled with
periodic points of period 2, and it is mapped in the segment [I, 2% — 5). Moreover,
from p; < T,;(0) we have that at the bifurcation value the points 0 — T;(0), that is
0—2(%;°), belong to a 2—cycle, and it is the only one surviving after the bifurcation.
In fact, for K > % the map has a global attractor, the unique 2—cycle with periodic
points 0 and Ty4(0) = f;(0,0) = K(%z°). This holds as K increases as long as a

border collision bifurcation occurs (at K43¢ = L). When K > %, the globally

attracting 2-cycle is then given by the two extrema: 0 — L.

Case (iii) (K%< > L at K = 3). At K = 3 we have Ty(0) = L < K%*¢. In

this case the segment (z¥ + 5, L] is filled with periodic points of period 2, and
it is mapped in the segment [22% — L, 2% — §). In particular, the 2—cycle on the

border having periodic points L and Ty(L) = 2z¥ — L, is the only one which will
survive after the bifurcation. For K > % the map has a global attractor, the unique

2—cycle with periodic points L and Ty(L) = fi(L, L) = 2225 L + K %¢. This holds

2
321,12(5;26 , the globally attracting

as K increases until L = p;. Therefore, for K >
2—cycle is given by the two extrema: 0 — L.
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The transition case between (ii) and (iii) occurs when K%< = L at K = 3,
then at the bifurcation value K = % all the points not fixed belong to 2—cycles,
that is (2% + 5, L] is mapped into [0, 2% — 5), and for any K > % the attracting

2—cycle is given by the two corner points (0,0) — (L, L).

5.1.2. Dynamics outside the diagonal d. When the initial conditions for the two
firms are not the same, we need to consider the two-dimensional map T. The
region FR of fixed points includes the segment ER; of Ty on the diagonal of the
phase plane (21, ), inside which there is also E = (¥, 2F). Recall that in this
symmetric case of equal speed of adjustments K = K; = K the eigenvectors e

have constant slopes m; = —1 (associated with the eigenvalue Ay = 1 — %) and
m_ = +1 (associated with the eigenvalue A\_ =1— %), corresponding to the main

diagonal d in the phase plane, which is invariant and on which the restriction is the
one-dimensional map T, described above. The intersection point P; between the
straight lines (rp) and (r4) is given by

Pr= (pi,p1) (44)

where p; has been defined for the one-dimensional map Ty in (42), while the inter-
section point Pr, between the straight lines (r,) and (r.) is given by

Py = (pr,pr) (45)

where py, has been defined for the one-dimensional map Ty in (43).

Case (i) (Attractivity). For 0 < K < 3, the region ER of fixed points is globally
attracting, independently of the shape of the map Ty on the diagonal, that is, for
both 0 < K < % and % < K < %. In fact, when K < % the points P, and Pr,
are external to the rectangle D so that D belongs to Ry; for other ranges of K,
the points P, or Py, may be internal to the rectangle D. However, the points of D
either belongs to Ry or are mapped into R; in one iteration. For example, Fig.6a
and Fig.8a show two examples in the different Cases (i¢) and (¢i7). We can see that
in both examples, the regions R; N D # @& with R; # R;, are mapped on borders
of D belonging to Ry leading to the global attractivity of ER.

At the bifurcation value, K = % (A= = —1), the existing 2—cycles belong to the
main diagonal and thus are related to those determined for the map Ty. For K > %
and Ay > —1 the main diagonal is attracting, apart from ER4, and the existing
attractor is the 2—cycle on the main diagonal determined for the one-dimensional
map Tjy.

Case (ii) (K%;¢ < L at K = §). The intersection point between the straight lines

(ry) and (r4) is on the diagonal, given by P, = (p;, p;) where p; has been defined in
(42) and

a—cC a—c

(£i(0,0), £:(0,0)) = (KTb’ Tb)' (46)

At the bifurcation value K = 2 we have (f(0,0), f(0,0)) = (2%;¢,2%:¢) = 2F, and

P = (pi,pm) = (2%;° — [,2%;° — ) which is smaller than (f;(0,0), f;(0,0)) on the

diagonal (as (2%° — 1) < 2%;¢). Therefore the segment bounded by the points
(2P + 5 P + 5) and P = (p, ) is filled with periodic points of period 2, and it is
mapped in the segment bounded by (I,1) and (z¥ — 5 P — 5), and (f:(0,0), f:(0,0))

belongs to region R4 so that

a—Cc _a—¢

(0.0~ == 277)
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is a 2—cycle of the map belonging to the regions R; — R4, surviving after the
bifurcation. That is, the attracting 2—cycle of the map after the bifurcation is
(07 0) - (fz(o’ 0)7 fz(07 O)) :

a—c _a—c
T
Fig.6b shows an example of this. As discussed above, other than this attracting
cycle on the diagonal, a stable set W*(ER) consisting of points of the plane whose
trajectory ends in ER in a finite number of steps also exists (and thus W*(ER)
includes the portion of e in region R;).

(0,0) = (K (47)

15

Ry Pl Rg\
x2 X

0 ) (@ 15 0 ) b 15

FIGURE 6. Regions of the phase plane in case (ii), at the parameter
values L =9,1=.01, e=0.1, c=0.2,a=10,b=1,and K =0.9
in (a), K = 14 in (b). Inside region R; segments of the 4 lines
determining F'R are also shown, together with the eigenvectors of
E. In (a) ER is globally attracting. In (b) the stable set W*(ER)
is shown in azure while the basin of attraction of the 2-cycle (0,0)—

(K %%, K %¢) is given in red.

A border collision takes place when (0,0) merges with Py, (i.e. when py =
0) or, equivalently, when the other periodic point reaches the extremum of D,
(K a2bc’Ka C)
= (L,L). This occurs when K = %, after which the 2—cycle is given by the
corner points (0,0) — (L, L), see an example in Fig.7a. The stable set W*(ER) is
larger than E'R as long as F is a saddle. At K = 4 the second eigenvalue bifurcates,
A+ = —1, so that for K > 4 the invariant set ER becomes repelling, and all the
other points converge to the 2—cycle (0,0) — (L, L), see an example in Fig.7b. The
attracting 2—cycle always attracts all the points not belonging to W*(ER) or ER.

Case (iii) (K%< > L at K = 4). At the bifurcation value K = % the segment on
the diagonal bounded by (2 + 5 P+ §) and (L, L) is filled with periodic points
of period 2 and it is mapped to the segment bounded by (22% — L,2z% — L) and
(zF — §,2F — §). In particular, the 2—cycle on the border having perlodlc points

(L, L) and T( L) (22F — L, 20F — L) is the only one which will survive after the
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0 X (a) 15 0 x (b) 15

FIGURE 7. Parameters as in Fig.6 and K = 1.9 in (a), K = 4.1 in (b).

15

R Rl X
R
5 PL
0L R

FIGURE 8. Regions of the phase plane in case (iii), at the parameter
values L =5,1=.01, e=0.1, c=02,a=10,b=1,and K = 1.2
in (a), K = 14 in (b). Inside region R; segments of the 4 lines
determining E'R are also shown, together with the eigenvectors of
E. In (a) ER is globally attracting. In (b) the stable set W*(ER)
is in azure while in red is the basin of attraction of the 2-cycle
(L, L) = (B35 L+ K(%°), 2525 L+ K (%))

el
(=2}

bifurcation. For K > % the unique attractor of the map is the 2—cycle with periodic
points (L, L) and T(L, L) = (22K L+ K¢, 223K [ %< which belongs to the
regions Ry — Rg. See an example in Fig.8b, where the stable set W*(ER) is shown
in azure and the basin of the 2-cycle in red. This holds with increasing K as long as
a border collision bifurcation occurs, when (L, L) = P; occurring for K = SQZ)ZJL(—E;_%
after which the attracting 2—cycle is given by the corner points (0,0) — (L, L). At
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K = 4 the transverse eigenvalue bifurcates, so that for K > 4 the invariant set ER
becomes repelling, and all the other points converge to the 2—cycle (0,0) — (L, L).
It is simple to comment on the transition between cases (i¢) and (iii), when
S =Lat K= %. As we have already seen, at K = % all the points not fixed
on the diagonal of D belong to 2—cycles, and then, for any K > % the attracting
2—cycle is given by the two corner points (0,0) — (L, L).
Summarizing, we have proved the following

Proposition 2 (Dynamics in the symmetric case). Let L = Ly = Lo, l = 1; =
lo,c=c1 =co,e=¢€ =€ and K = K1 = Ky. Then
(i) For 0 <K< é the region ER is globally attracting.
(ii) 2= ) < L and
(a) K = 3, the segment bounded by the points (z¥ + §,2% + §) and P =
(pl,pl) = (29%;° —1,2%;° — 1) is filled with periodic points of period 2;
(b) 3 < K < 2L the 2-cycle (0,0) — (K%<, K%:¢) belongs to the regions
Ry — Ry, and attracts all the points not belongmg to W#(ER);
(c) zliLc < K < 4, the 2-cycle (0,0) — (L, L) belongs to the regions Rg — Ry,
and attracts all the points not belonging to W*(ER).
(iii) 2% ) > L and
(a) K = 3, the segment bounded by the points (z¥ + §, 2% 4+ §) and (L, L) is
ﬁlled with periodic points of period 2;
) 3 <K< ;bbL(LaJlrc, the 2-cycle with periodic points (L, L) and (335 L +

&, 2= 3KL+K“ 7<) belongs to the regions Ry — Rg and attracts all the

points not belonging to W*(ER);

(c) 32&(5;26 < K < 4, the 2-cycle (0,0)— (L, L), belongs to the regions R¢— R4
and attracts all the points not belonging to W*(ER).
(iv) For K > 4 the 2-cycle (0,0) — (L, L) attracts all the points not belonging to

ER.

5.2. Model II in the general case. In the general case, the dynamics in the
phase space are not symmetric with respect to the diagonal. However, as long as
the point F of model I is attracting, the region E R appears to be globally attracting
in the general case as well.

At the bifurcation value when A\_ = —1, we have segments of 2-cycles on the
etgenvector e_, belonging to region R, and the closest border determines which
region will have the attracting 2—cycle when A_ < —1.

Let us describe, via a few examples, how the attracting 2-cycle and the related
bifurcations can be determined.

As a first example, we consider the same parameters used in Fig.4a, with K; =
0.9, and varying K. The bifurcation A_ = —1 occurs at Ky = % = 1.660377... and
the closest region is Ry. Therefore, when A_ < —1, there will be a 2-cycle belonglng
to the regions Ry — Ry. As a point in Ry is mapped into a point (z3,0) we can
determine the attracting 2-cycle analytically. As T («7,0) = (f1 («7,0), f2 (z7,0))
the 2—cycle must satisfy T2 (z%,0) = (2%,0) and thus

z1 = fi(f1(21,0), f2 (21,0)) (48)
leading to

*_
Ty =

4 a—cl_Kga—cz>

8 — 4K, — K, <(2 ~ K 2 2 (49)
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For Ky = 1.67 an example is shown in Fig.9a. As K5 increases, the periodic point

(x7,0) approaches the border (r.) and its image T (z7,0) = (f1 (z7,0), f2 (z7,0))

approaches the upper boundary xs = Ly. The bifurcation occurs when (27, 0) € (r.)

leading to

. 405(2 — K)

K2 = a—c a—ci\’
Ly + (2 - K1)(2%5% — 452)

If K; = 0.9, we have K>=2.002. For K5 > K> the 2-cycle has the periodic point
(x7,0) belonging to region Rs thus the attracting 2-cycle is in the regions Rs — Ra
with periodic points («*,0) — ((f1 (*,0), L2) where x* satisfies

¥ = fl(fl (.Z‘*,O) ,Lg) (51)

(50)

leading to
a — C1 L2
. % 22— K)) (52)
An example is shown in Fig.9b. This 2-cycle (z*,0) — ((f1 (z*,0), L2) persists for
any Ky > K5 (as it no longer depends on K5).

15

0 X (a) 15 0 xl . (b) 15

FIGURE 9. Phase plane at the parameter values Ly = Ly = 9,
l1:l2:.01, 61262:0.1, 01202:0.2,a:10,b:1,
K, =0.9, and K3 = 1.67 in (a), Ko = 2.1 in (b).

For a different value of K7, the attracting 2-cycle undergoes two border collision
bifurcations as K5 increases. As a second example we consider the same parameters
used in Fig.4b, with K; = 1.2 and varying K5. The bifurcation A\_ = —1 occurs at
Ky = % = 1.45 and leads to a 2-cycle belonging to the regions Ry — Ry given by
(x1,0) € Ry and T (23,0) = (f1 (23,0), f2 (z7,0)) € Ry where 27 has been defined
in (49) (see Fig.10a). Now at this bifurcation, four regions belong to the rectangle
D, as shown in Fig.10a.

The attracting 2-cycle undergoes another border collision when T (z7,0) belongs
to the straight line (1) which also corresponds to the collision (z7,0) = (0,0) and

occurs for
a— C

Ky =2(2 - Ky) (53)

a — Cg
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FicURE 10. Phase plane at the parameter values Ly = Lo = 9,
l1:l2:.01, 61262:0.1, 01202:0.2,(L:10,b:1,
K; =12, and Ky =1.51in (a), Ky = 1.6 in (b), K3 = 1.836735 in
(c).

FiGURE 11. Phase plane at the parameter values Ly = Ly = 9,
l1=10=.01, € = =01, ¢ =02, c0=1,a=10,b =1, and
Kl == 097 K2 = 1.7 in (a), Kl == 1.7, K2 =0.9 in (b)

For K1 = 1.2, we find that 1?2 = 1.6 (see Fig.10b). At this collision, and after, the
attracting 2-cycle belonging to the regions Ry — Ry is given by

a — Cp
2b

a — Co9
2b )

(0,0) = (K1 , Ky (54)

a—cCca

By increasing K&, the periodic point (K %52, K22—b) approaches the upper line
ry = Ly and the contact occurs when (0,0) € (r.) leading to K»(“5;2) = Lo that is

Ky = 2bLy (55)

a—co
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In our example, we get Ko = 1.83673... (see Fig.10c). For any Ky > K, the
attracting 2-cycle belongs to the regions R5; — R4 and is given by
a—C

20

We notice that the two examples considered above for different values of (K1, K2)
= (&,7n) are in the case described in Property 1 (as L1 = Lo, Iy = l2, c1 = ¢
and €1 = €3), so using examples with (K1, K2) = (n,€) we get cycles which are
symmetric with respect to the diagonal (1 = x3) of the phase plane. For example,
for (K7, K2) = (0.9,1.67) the attracting 2—cycle is (1.90256, 0) — (4.60026, 6.59436),
so that for (K7, K3) = (1.67,0.9) the attracting 2-cycle is (0, 1.90256) — (6.59436,
4.60026).

However, in the asymmetric case this is clearly no longer true (For example, see
Fig.11), but the local stability is not affected (as it depends only on K; and Ks
and the eigenvalues are unchanged unlike the eigenvectors). The reasoning on the
bifurcations occurring to the periodic points of the attracting 2—cycle as a function
of the parameters is similar to the one performed in the previous examples.

As remarked above, when the invariant set ER is not attracting the 2—cycle
must have the two periodic points in two different regions, at least one periodic
point must belong to the border of the region D (with one constant z; = L; or
x; = 0) and whenever one of the periodic points crosses a border defined by the
lines (rg) the 2—cycle changes its definition. The number of lines which can be
crossed depends on the regions R; with a portion in the absorbing rectangle D.
Ultimately the 2—cycle must have both two periodic points on the border of the
region D.

(0,0) = (K1 , L2) (56)

6. Conclusion. In this paper we have introduced a realistic assumption into a
well-known oligopoly model, as defined in the baseline model. If the demand and
all cost functions are linear, then the additional assumptions result in the loss
of the linearity and the continuity of the dynamic model and the uniqueness of
the steady state. Although in model II there are infinitely many steady states,
defining a whole region ER, the invariant set ER is attracting under the same
conditions of the baseline model. Clearly model II restricts and bounds the possible
output values; therefore leads to a different behavior when the invariant region
ER is not attracting. In the symmetric case all existing attracting 2—cycles are
fully determined in Section 4.2. In the general case there are many possibilities,
depending on the parameters. However, we have shown how to detect analytically
the periodic points of the attracting 2—cycle, having at least one periodic point (or
both) on the borders of the absorbing rectangle D.

The results show that with the added nonlinear constraints, we lost the ability
to predict future outputs precisely at the unique steady state; however, for a mod-
erately small speeds of adjustment K; and K5 we can still expect the outputs in
the long run to be in a steady state set, ER. When the speeds of adjustment are
outside the stability region, the dynamics of model IT become two-cyclical. For the
symmetric duopoly case, we find that firms will either be both producing nothing or
both producing at the amount that is equal to the monopoly output (in the static
model) multiplied by the speed of adjustment or at the capacity limit. This result
may first seem surprising but actually quite intuitive since firms are best responding
to the rival firm’s output level in the previous period. A firm will choose to produce
at the monopoly level, while bounded by the capacity limit and adjusted by K,
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in the current period when the rival firm produced nothing in the last period. A
similar result holds for the asymmetric case.

Without adaptive learning in the speed of adjustment parameters (as assumed
in this paper), it may be best for the government to ensure that a small enough K
is used by the firms to avoid the outcome swinging between nothing is produced or
a total amount greater than the competitive equilibrium is produced.

For the future study, we plan to examine the dynamics of the system with a
flexible capacity limit constraints, as a percentage of the current output levels.
Interestingly, the dynamics and bifurcations become much richer, leading also to
chaotic behaviors.
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