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Abstract

District heating networks are commonly addressed in the literature as one of the most effective solutions for decreasing the 
greenhouse gas emissions from the building sector. These systems require high investments which are returned through the heat
sales. Due to the changed climate conditions and building renovation policies, heat demand in the future could decrease, 
prolonging the investment return period. 
The main scope of this paper is to assess the feasibility of using the heat demand – outdoor temperature function for heat demand 
forecast. The district of Alvalade, located in Lisbon (Portugal), was used as a case study. The district is consisted of 665 
buildings that vary in both construction period and typology. Three weather scenarios (low, medium, high) and three district 
renovation scenarios were developed (shallow, intermediate, deep). To estimate the error, obtained heat demand values were 
compared with results from a dynamic heat demand model, previously developed and validated by the authors.
The results showed that when only weather change is considered, the margin of error could be acceptable for some applications
(the error in annual demand was lower than 20% for all weather scenarios considered). However, after introducing renovation 
scenarios, the error value increased up to 59.5% (depending on the weather and renovation scenarios combination considered). 
The value of slope coefficient increased on average within the range of 3.8% up to 8% per decade, that corresponds to the 
decrease in the number of heating hours of 22-139h during the heating season (depending on the combination of weather and 
renovation scenarios considered). On the other hand, function intercept increased for 7.8-12.7% per decade (depending on the 
coupled scenarios). The values suggested could be used to modify the function parameters for the scenarios considered, and 
improve the accuracy of heat demand estimations.

© 2017 The Authors. Published by Elsevier Ltd.
Peer-review under responsibility of the Scientific Committee of The 15th International Symposium on District Heating and 
Cooling.

Keywords: Heat demand; Forecast; Climate change

Energy Procedia 126 (201709) 939–946

1876-6102 © 2017 The Authors. Published by Elsevier Ltd.
Peer-review under responsibility of the scientific committee of the 72nd Conference of the Italian Thermal Machines Engineering Association
10.1016/j.egypro.2017.08.167

10.1016/j.egypro.2017.08.167 1876-6102

 

Available online at www.sciencedirect.com 

ScienceDirect 

Energy Procedia 00 (2017) 000–000  
www.elsevier.com/locate/procedia 

 

1876-6102 © 2017 The Authors. Published by Elsevier Ltd. 
Peer-review under responsibility of the scientific committee of the 72nd Conference of the Italian Thermal Machines Engineering 
Association.  

72nd Conference of the Italian Thermal Machines Engineering Association, ATI2017, 6-8 
September 2017, Lecce, Italy 

Zero-Dimensional Model for Dynamic Behavior of Engineered 
Rubber in Automotive Applications 

L. Zoffoli *ͣ, E. Corti ͣ, D. Moro ͣ, F. Ponti ͣ, V. Ravaglioli ͣ 
ͣ DIN - University of Bologna, viale Risorgimento, 2, 40136, Italy 

Abstract 

This paper presents a zero-dimensional model for the simulation of the mechanical behavior of automotive engineered rubber 
components, such as flexible couplings. The objective is to develop a real-time-capable model, able to simulate the behavior of a 
driveline containing elastomer components: the engineered rubber model has to correlate stretch to stress, the mechanical behavior 
being represented by means of a hysteresis cycle. The study presents the implementation of Maxwell and Voigt models, showing 
their limits in the representation of the material behavior: elastomers present a nonlinear response in the relationship stress-strain. 
A combination of Maxwell and Voigt models, with stiffness and damping variable according to the stress and strain rate, to 
represent nonlinear material responses, is coupled to a relaxation model, in order to represent the Mullins effect (the rubber 
mechanical behavior also depends on load history). 
Experimental tests have been carried out with different pre-load settings, stress amplitudes and stress frequencies.  Tests results 
have been used to calibrate the parameters defining the simulation model, comparing the model outputs to experimental data: an 
optimization algorithm has been applied, with the aim of minimizing the results discrepancy with respect to experimental results. 
The optimization tool has been also used to reduce the number of parameters defining the model, in order to simplify the required 
computational power, avoiding at the same time over-parametrization.  
In the second section of the paper, the model is used for the simulation of a different rubber component, whose behavior is identified 
using quasi-static load ramps, frequency and amplitude sweeps, steps and random cycles. An alternative model formulation, 
minimizing the degrees of freedom is then applied to the new dataset. The model parameters are separately optimized using different 
tests, in order to capture the specific mechanical behavior. Finally, the identified parameters are used to simulate the elastomer 
response in random tests, comparing the results to experimental data, to evaluate the simulation quality in terms of RMSE. 
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1. Introduction 

The main purpose of this work is the definition of a simulation model of elastomeric components for real-time 
applications. Real-time environment implies zero-dimensional modelling for simplicity and low computational cost. 
Modelling elastomeric components is required in many simulations tasks: from Hardware in The Loop simulations 
(where the driveline response should interact with the control actions of the device under test), to torsional models 
incorporated in engine/vehicle control systems [1, 2]. Control-oriented rubbers models are the first step in the process 
of a many model-based control systems development: the possibility to have a general model, capable to simulate 
different elements with different parameters, is mandatory in automotive driveline controls [3, 4]. Simple elastomeric 
models are also used for simulating shock absorber elements and for the study of vehicle dynamics behaviours [5, 6]. 

The analysis of experimental data on the frequency domain could also be used to highlight stiffness and damper 
dependence on the excitation dynamics: however, the main goal of this work is elastomer components real-time 
simulation, carried out on the time domain. The elastomeric component model has been developed for two different 
types of flexible couplings. Fig.1 shows an example of a generic flexible coupling made with elastomeric material: 

Fig. 1 a) example of a generic flexible coupling b) torsional elastomer scheme 

Elements shown in Fig 1a)-b) react to an applied momentum with an angular stretch. As for other materials, 
elastomers behaviour is usually descripted by [7, 8] the relationship between stress (load applied in a specific area) 
and deformation. Main purpose of this paper is to describe this relationship with a zero-dimensional approach. 

Due to the complex phenomena determining the behaviour of rubber materials, elastomers are usually simulated 
using 2D/3D models [9, 10], rarely with mono-dimensional modelling [11, 12]. 

The model definition is grounded on the literature, but also on experimental data analysis. Experimental data are 
available for both elements in the form of imposed deformation and corresponding material reaction in terms of 
load/torque response. Deformation velocity and acceleration are also usable for the model development. Tests have 
been carried out according to different combinations of load amplitude, preload, load frequency and load shape: the 
goal is to explore as extensively as possible the components behaviour. 

In the proposed approach, flexible couplings are simulated by means of concentrated parameters models: the 
model’s parameters are determined stimulating the simulated system with a set of displacement inputs and comparing 
the corresponding torque outputs with experimental data. The evaluation of the simulation quality is based on the 
RMSE resulting from the comparison. An auto-identification process is used to optimize the model response, 
minimizing RMSE: this improves the model accuracy leading rapidly to the choice of optimal parameters settings. 
Finally, the model is simplified, reducing the number of parameters, while maintaining a good simulation quality. 
Nomenclature 

𝜎𝜎 stress  
𝜖𝜖  deformation 
𝜃𝜃  angle 
𝑐𝑐 damping element constant 
k spring constant  
𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅  root mean square deviation 

© 2017 The Authors. Published by Elsevier Ltd.
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2. Experimental Setup 

Tests have been carried out using hydraulic linear actuators connected to the elastomer under test by means of a 
rigid arm, while measuring the actuators displacement and force. These data can be easily converted into proper inputs 
and outputs for the model (in the case of a flexible coupling I/O are more likely angular displacement and torque). 
The actuators can be programmed in terms of displacement waveform as a function of time, and also average value 
(pre-load), amplitude and frequency can be set. A schematic of the test equipment is shown in Figure 2. 

Fig. 2 schematic of the test equipment  

In order to exhaustively describe the components behaviour, the first flexible coupling has been tested imposing 
sinusoidal displacements with different frequencies, amplitudes and offsets, while for the second elastomer also 
different profiles (steps, triangle waves, random profiles) have been introduced, for a better representation of the 
component actual use. This approach also allows assessing the model quality using different types of test with respect 
to those used for the model parameters optimization. 

3. Elastomer behavior 

The behaviour of elastomers is highly non-linear, with the output stress (force or torque) depending on time 
(memory effect), on the strain average value and amplitude (changes in the modulus of elasticity according to the level 
of deformation), and strain derivative (modulus of elasticity during loading phase is different with respect to the 
unloading phase). Figure 3 shows an example of the results pertaining to the tests carried out on the first elastomer: 
three different tests are presented with the same deformation frequency but different combinations of preload and 
stroke (each test is represented with a different colour in the two plots). 

Fig. 3 a) torque response vs rotation b) torque response vs speed rotation 

Available data show several typical elastomer behaviour characteristics:  
• Presence of a load-deformation hysteresis loop; 
• Quasi-linear response during loading phase; 
• Non-linear response during unloading phase with decreasing of Young's modulus; 
• Variable response with respect to time: firsts cycles are affected by higher stiffness than steady cycles; 
• Translation of hysteresis loop depending on preload. 
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The literature [7, 9, 13] shows how all these behaviours are typical of elastomeric elements, which are affected by 
non-linear response: first phase of hysteresis loop is characterized by a decrease of Young's modulus (softening) 
followed by an increase (stiffening), also visible in Figure 3. 

Another peculiarity is the response variation with time, also known as Mullins effect: during the first loading cycles, 
due to the material anisotropy, the elastomer shows a higher stiffness then in latter cycles. Mullins effect is more 
visible during loading phase and it is caused by the variation of the material structure which dynamically depends on 
the stress level: structure changes require time, thus the material reaction to strain may be different from cycle to cycle, 
especially for low strain cycle frequencies. All these facets need to be taken into account in the model development. 

4. Basic simulation models 

In order to develop a model that could be run in real-time, the present study starting point is one of the simplest 
model offered by the literature [7, 8]: the Maxwell model is based on a damping element in series with a spring. 

Fig. 4 a) Scheme of Maxwell model b) Torque response to an input impulse   c) Simulation result vs experimental data 

The model response is descripted by the equation 
𝜎𝜎(𝑡𝑡) = 𝑘𝑘(𝜖𝜖𝑘𝑘 − 𝜖𝜖𝑐𝑐) = 𝑐𝑐𝜖𝜖�̇�𝑐(𝑡𝑡)  (Eq. 1) 

that means damper and spring are affected by the same stress.  
Fig 4b shows why this model alone cannot be used represent the behaviour of the elastic coupling: the model has 

unlimited relaxation, because the torque response to a deformation step asymptotically decreases to zero. 
The limit of this model is the impossibility to reproduce static stiffness: after a while the component reaction to the 

imposed strain damps out. The result does not change with the addiction of another Maxwell branch in series.  
Another possible elementary approach is the Kelvin-Voigt model [14], based on a damper and a spring in parallel. 

Fig. 5 a) Scheme of Kelvin-Voigt Model b) Simulation result vs experimental data 

In this model, represented in Figure 5 a), both elements are subject to the same strain: 
𝜎𝜎(𝑡𝑡) = 𝑘𝑘𝜖𝜖(𝑡𝑡) + 𝑐𝑐𝜖𝜖̇(𝑡𝑡)  (Eq. 2) 

The model can capture both static and dynamic stiffness separately, respectively by means of the spring constant 
and damping coefficient, but it is not able to describe the load/unload asymmetric behavior at the same time. With this 
implementation, it is easier than with the Maxwell model to reproduce the hysteresis loop, but it is not possible to 
reproduce the “relaxation effect”. Results do not change with the addiction of another Kelvin-Voigt branch in parallel. 
To improve the model response, it is possible to add a mass element, but the result is not truly different: the main 
effect is to modify the shape of the hysteresis loop, without affecting the symmetrical shape of the loop. 
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A possible next step is to combine the Maxwell model with the Kelvin-Voigt one to capture the positive effects of 
both implementations [16] as shown in figure 6. 

Fig. 6 a) Scheme of Simulation Model b) Simulation result vs experimental data 

The Kelvin-Voigt model is able to generate static stiffness, while the Maxwell component reproduces the relaxation 
effect. Figure 6b compares simulation results to experimental data: the hysteresis loops are similar, even if Mullins 
effect and material non-linearity behaviours (asymmetry in the loops) are still not captured by the simulation.  

Mullins effect [13, 17] consists in the time-based damped response of rubber, so the authors introduced in the 
model a first order transfer function for the simulation of this aspect. The stretch input is split into low frequency and 
high frequency contributions, the filtering action being managed by the transfer function. The simulated stress 
response is then given by the combination of two different factors: low frequency stress, related to low frequency 
stretch, and high frequency stress, that depends on the high frequency stretch component. 

The model output able to simulate Mullins effect could then be computed as follows: 

𝑀𝑀𝑒𝑒𝑒𝑒𝑒𝑒−𝐾𝐾 = 𝑀𝑀𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝐿𝑒𝑒𝐿𝐿 + 𝑀𝑀𝐻𝐻𝐻𝐻𝐻𝐻ℎ𝐿𝐿𝐿𝐿𝑒𝑒𝐿𝐿 = ( 1
1+𝜏𝜏𝑒𝑒) θ ∗ k1(𝜃𝜃) + 𝜃𝜃 (1 − ( 1

1+𝜏𝜏𝑒𝑒)) ∗ 𝑘𝑘2(𝜃𝜃, �̇�𝜃) (Eq. 3) 
A Kelvin-Voigt with a Maxwell component model and a first order transfer function can simulate the Mullins 

effect: Figure 7 shows that the first cycles have higher Torque for the same stress, if compared to steady state cycles. 

Fig. 7 Simulation result vs experimental data with Maxwell+Kelvin-Voigt 

The model response can be improved with the insertion of variable parameters instead of constant values for the 
springs and dampers elements. Non-linear behavior means that stiffness and damping values depend on deformation 
and/or on its derivative. 

4.1. Parameters Auto-Identification Process: Flexible Coupling 

Due to the presence of lookup tables defining the dependence of stiffness and damping on strain and strain speed, 
a first tuning of the model defines 45 parameters (9 breakpoints for each lookup table), that have to be identified in 
order to fit experimental data. A high number of breakpoints allows fitting the dependency from deformation and 
velocity.  

Experimental data have been used to implement the automatic identification of all the parameters with the support 
of Matlab-Simulink Toolbox Parameters Estimation. The auto-identification process is based on nonlinear least square 
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optimization method and Trust-Region-Reflective algorithm. The difference between simulated and measured torque 
is the cost function to be minimized. The process optimization is focused on steady conditions, excluding the initial 
preload application and the beginning of the tests (Mullins effect is identified separately). Appropriate parameters 
starting points and sound constraints are fundamental to obtain a robust and reliable result. 

The Toolbox has also been used to assess the sensitivity of the simulation results to the number of parameters. The 
simulation quality obtained after the identification, evaluated in terms of RMSE with respect to experimental data, is 
significantly improved compared to that obtained with first attempt values. The number of parameters has been 
decreased from 45 to 20, in the attempt to obtain the best compromise between model accuracy and complexity. Non-
linearities, typical of elastomers, forced to maintain dependencies of stiffness and damping on deformation and 
deformation velocity. 

Fig 8a shows RMSE of all available tests normalized with respect to the maximum RMSE of all three models, 
while Fig 8b shows RMSE percentage with respect to absolute maximum value of torque measured in all available 
tests: RMSE is significantly decreased after the optimization. The simulation accuracy obtained running the simplified 
model (using only 20 parameters) is still acceptable, being the RMSE always lower than 5% of the maximum stress. 
Taking into consideration the model objective (real-time simulation), the optimization effort and the quality of the 
results, the model based on 20 parameters seems a correct choice. 

Fig. 8 a) RMSE normalized wrt maximum RMSE b) RMSE normalized wrt maximum torque’s value 

5. Simulation Model and Automatic Parameters Identification: Second Flexible Coupling 

The previous model can be adapted to other rubber elements that have similar behavior in the stress-stretch 
relationship. The goal of the present section is to analyze the behavior of a different flexible coupling, using the same 
approach discussed in previous sections. 

In this case, experimental data are available in the form of tests composed of several patterns: amplitude sweeps 
with different frequencies 5-15-25Hz; sine sweeps in 5-15-25Hz and different preload combinations; quasi-static load 
ramps; steps with different load and preload; sweeps of frequencies. Moreover, a random test is available, which is 
important for model validation. 

Fig. 9 shows an example of available experimental data: 

Fig. 9 Example of available test 
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Hysteresis load-deformation loops like those shown in previous figures can be easily observed in Figure 9: the 
model discussed previously could simulate this elastomer, provided that parameters are re-identified. Random test 
inputs will then be used to evaluate the simulation quality in general running conditions: Figure 10 shows that the 
model is perfectly able to reproduce the stress resulting from the application of a random strain. The outputs of the 
model with optimized parameters is superimposed with experimental data. Normalized indexes with respect to 
maximum torque value count 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = 1.30%. 

Fig. 10 a) Comparison between experimental data (random test) and simulation result b) High freq. zoom 

Since results are reliable, the next step is to simplify the model definition, removing the Mullins effect, that for the 
considered elastomer is not significant, and reducing the parameters dependencies on deformation and deformation 
velocity. 

The new model is defined according to Figure 11 and is made of two Maxwell branches and one spring in parallel. 
Only the second Maxwell branch has a stiffness value variable with deformation (linear dependency), while all the 
other parameters are kept constant. The three elements simulate different facets of the elastomer reaction to 
deformation: the static, quasi-static and the high-frequency behavior. 

A different approach has then been used for parameters identification: every single branch is optimized on a specific 
test:  

• K1 spring is estimated according to average values of stress and strain measured during the tests shown in 
Fig 11, aiming at the identification of a “static stiffness”; 

• K2-C2 Maxwell branch is optimized on slow ramps, to simulate the quasi-static behavior and relaxing effect; 
• K3-C3 Maxwell branch is optimized on frequency and amplitude sweep, to catch high frequency effects. In 

this case, the spring stiffness linearly depends on deformation, thus it is defined by two parameters (offset 
and gain). 

Dedicated parameters identification allows minimizing the DOF of the model without a relevant decrease of 
estimation accuracy: normalized estimators with respect to maximum torque value count 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = 1.50%. 

This result shows how it is possible to have a comparable torque estimation with only 6 parameters and with 
dedicated branches optimizations. 

Fig. 11 Simulation model scheme for new elastomer model 
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6. Conclusions 

The purpose of this study is to develop a zero-dimensional model for a generic elastomer component. Starting from 
simple models, a more complex concentrated parameters model has been developed. The main characteristics are the 
combination of Maxwell and Kelvin-Voigt models, with damping and stiffness depending and deformation and 
deformation speed, and the splitting of low-frequency and high-frequency behaviors, to highlight Mullins effect. 

The introduction of automatic parameters identification allows decreasing the degrees of freedom of the model, 
while maintaining good accuracy. The parameters optimization and the comparison of different modeling solutions 
are carried out based on 12 different tests, evaluating RMSE. The best compromise solution (based on 20 parameters) 
is compatible with real-time simulations both in terms of accuracy and computational power. 

The approach in easily extendable to the simulation of other rubber components, thus the model has been re-
optimized against a new dataset pertaining to a different coupling, composed of quasi-static ramps, high frequency 
sweeps and random load variations). Simulation results are satisfying, leading to an average percentage RMSE of 
1.3%. A further simplification is possible for the considered component: the simplified model has been coupled to a 
dedicated parameters identification strategy. Results show that the decreasing in the number of parameters (from 20 
to 6) justifies the light increase in percentage RMSE (from 1.3% to 1.5%).  

References 
[1] Ahmad Zaim Solehin (2010), “Modelling and simulation of modified skyhook control for semi-active suspension”, Bachelor Of Engineering 

University Malaysia Pahang, 2010 
[2] Feng X., Lv, T., Xu, Pejiun and Yunqing Zhang (2017), “Mount Model Dependent on Amplitude and Frequency for Automotive Powertrain 

Mounting System”, SAE Technical Paper 2017-01-04045, 2017 
[3] Andreea E. Balau (2011), “Overall Powertrain Modeling and Control Based on Driveline Subsystem Integration”, PhD Thesis, IASI, 2011 
[4] Cho, David and J.K. Hedrick (1989) "Automotive Powertrain Modeling for Control", Journal of Dynamics Systems, Measurement, and Control 

111(4) (1989): 568-576 
[5] Yamauchi, Hiroshi, Sugahara, Toshihiko, Mishima, Masaru and Noguchi Eishin (2013) "Theoretical Analysis and Proposition to Reduce Self-

Excited Vibration of Automotive Shock Absorber”, SAE Technical Paper 2003-01-1471, 2003 
[6] Dzierzek Slawomir (2000) "Experiment-Based Modeling of Cylindrical Rubber Bushings for the Simulation of Wheel Suspension Dynamica 

Behavior”, SAE Technical Paper 2000-01-0095, 2000 
[7] Huber, N. and C. Tsakmakis (2000) “Finite deformation viscoelasticity laws”, Mechanics of Materials 32 (2000): 1-18 
[8] Burtscher, Stefan, Dorfmann, Alois and Konrad Bergmeister (1998) “Mechanical aspects of high damping rubber”, in 2nd Int. PhD Symposium 

in Civil Engineering, 1998, Budapest 
[9] Qi, H.J. and M.C. Boyce. (2004) "Constitutive model for stretch-induced softening of the stress-stretch behavior of elastomeric materials.", 

Journal of the Mechanics and Physics of Solids 52 (2004): 2187-2205. 
[10] Dargazany, Roozbeh, Khiem, Vu Ngoc and Mikhail Itskov (2014), “A generalized network decomposition model for the quasi-static inelastic 

behavior of filled elastomers”, International Journal of Plasticity 63 (2014): 94-109 
[11] Samuel Kwofie (2003), “Description of cyclic hysteresis behavior based on one-parameter model”, Materials and Engineering A357 (2003): 

86-93 
[12] Samule Kwofie (2011), “Description and simulation of cyclic stress-strain response during residual stress relaxation under cyclic load”, 

Procedia Engineering 10 (2011): 293-298 
[13] Diani, Julie, Fayolle, Bruno and Pierre Gilormini (2009) "A review on the Mullins effect", European Polymer Journal 45 (2009): 601-612. 
[14] Zhang, Junshi, Ru, Jie, Chen, Hualing and Jian Lu (2017), “Viscoelastic creep and relaxation of dielectric elastomers characterized by a Kelvin-

Voigt-Maxwell model, Applied Physics Letters 110(0): 044104 
[15] Ayoub, G., Zairi, F., Nait-Abdelaziz, M. and J.M. Gloaguen (2011), “Modeling the low-cycle fatigue behavior of visco-hyperelastic 

elastomeric materials using a new 
[16] Hackl, Andreas, Hirschberg, Wolfang, Lex, Cornelia and Georg Rill (2017), “Parameterization Process of the Maxwell Model to Describe the 

Transient Force Behavior of a Tyre”, SAE Technical Paper 2017-01-1505, 2017 
[17] Paige, Ryan E. and Will V. Mars, “Implication of the Mullins Effect on the Stiffness of a Pre-loaded Rubber Component”, Cooper Tire & 

Rubber Company, 2004 ABAQUS Users’ Conference 
[18] Reese, Stefanie and Sandjay Govindjee (1998), “A Theory of Finite Viscoelasticity and Numerical Aspects”, Int. J. Solids Structures Vol. 35, 

Nos 26-27, pp. 3455-3482, 1998 
[19] Gautieri, Alfonso, Vesentini, Simone, Redaelli, Alberto and Ballarini Roberto (2013) "Modeling and measuring visco-elastic properties: From 
collagen molecules to collagen fibrils", International Journal of Non-Linear Mechanics 56 (2013): 25-33. 
[20] Spelch, John E., Quintero, Kelvin, Dosier, Borgsmiller, Lindsey, Koo, Harry P. and Paul H. Ratz, “A mechanical model for adjustable passive 

stiffness in rabbit detrusor, J Appl Physiol 101 (2006): 1189-1198 
[21] Kurt Miller, “Experimental loading conditions used to implement hyperplastic and plastic material models”, Ann Arbor, MI USA 


