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ABSTRACT

By considering an exactly solvable model for a driven two non-interacting qubits, each coupled to a bosonic environment with zero temperature, under the non-
Markovian dissipative process, we study the variation of coherence and correlations in terms of different physical parameters. We show the influence of the external
classical driving field as well as the initial quantum states. Moreover, we highlight the relationship between the coherence, single-qubit population, and correlations
according to the physical parameters of the whole system. We reveal that the preservation and enhancement of coherence and correlations may occur by adjusting the

strength of the classical driving field, initial states, and non-Markovian effects.

Introduction

Coherence plays a essential role for quantum information in parti-
cular for metrology [1-12], it might also be more considerable than
entanglement to process the achievement of quantum algorithms
[13,14]. Recent investigations have shown that coherence and quantum
entanglement present a crucial role in biological systems [15,16].
Correlation is becoming one of most attractive research subjects in
quantum physics [17-20]. Most of efforts in quantum information
processing are focused on studying, measuring and quantifying the
correlations. In other words the research is oriented toward analyzing
how to distinguish the quantum correlation (QC) from the classical ones
[17,19,21-26]. Several phenomena in various quantum processing
tasks are widely depending on entanglement (a specific type of QC).
Several studies have explored the way to split system states into se-
parable and entangled states [27,28]. Other Kinds of QC [29-34] pre-
sent an estimated power to quantum processing and some of them have
been observed experimentally[35-37]. QCs have been investigated
[23-25], such as quantum discord (QD) [23,24] which has recently
attracted a considerable attention. The QD has been used as a powerful
tool for some tasks in quantum communication and computation
[38,39,41,40]. In Open quantum system [42-45], decoherence and
fluctuations and irreversible dissipative dynamics are caused to the
interaction between the quantum system and its surroundings. Re-
cently, the dynamics of entanglement and QD in open systems has been
discussed [46-51]. It is shown that for Markovian systems, QD is more
robust than entanglement. Entanglement sudden death [46,47] can be
observed with a non-vanishing QD [48-52].

The research on the effects of the classical driving field is received
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increasing attention due to the main changes in the different tasks of
quantum optics and information. The study of a driven two-state system
in the context of non-Markovian dynamics has been introduced [53],
where the authors have explored the dissipative dynamics of the driven
two-state system for two kinds of reservoirs and they have showed that
it is greatly affected by the spectral properties. Li et al. [54] have ex-
amined the precision of the parameter estimation of a single driven
qubit interacted with a vacuum. They have shown that the precision
could be improved and preserved complectly for a great deal of time in
the case of non-Markovian regime with the support of classical driving.
Recently, Zhang et al. [55] have used an external classical driving field
to speed up the evolution of a qubit in a zero-temperature reservoir
considering Markovian and non-Marovovian dynamics. In the same
context, it is shown that the quantum evolution can be accelerated by a
classical-driven system coupled to a photonic crystal waveguide in the
existence of a mirror [56]. More recently, it is proven for a qubit system
in a photonic crystal waveguide, the entanglement trapping is obtained
by adjusting the strength of the classical field and the memory time
[571.

Due to the above mentioned importance of coherence and correla-
tions for different quantum technology tasks, it is important to com-
prehend how these principal resources are linked to each other. More
recently, several works have explored the relation between the co-
herence and different correlations as defined by entanglement as well as
QD [58-62]. In this paper, we address this question, and investigate
effects that may lead to effective way to protect and enhance the co-
herence and entanglement. We examine the coherence and correlations
for a driven two-qubit system locally immersed in non-Markovian en-
vironment at a zero-temperature. We examine if and to what extent
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Fig. 1. Quantum coherence in terms of the dimensionless time Rt and driving
strengths Q/R. Panel (a) shows the coherence as a function of the dimensionless
time Rt for the initial qubit state |®) = 1/~/2(] + ) + | — )) in different driving
strengths Q/R of the external classical field. The blue and red lines exhibit the
strong-coupling regime (1 = 0.01R) for Q/R = 0 and Q/R = 1, respectively. The
green and black lines exhibit the weak-coupling regime (1 = 10R) for Q/R = 0
and Q/R = 5, respectively. Panel (b) shows the asymptotic behaviors of the
coherence as a function of the dimensionless quantity Q/R with Rt = 50 for both
strong-coupling and weak-coupling regimes when the initial qubit state is
|®) = 1/¥2(] + ) + | — ). The blue and green lines exhibit the strong-coupling
regime for 1 = 0.05R and 1 = 0.5R, respectively. The red and black lines exhibit
the weak-coupling regime for 1 = 2.5R and 1 = 4R, respectively. (For inter-
pretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

coherence and correlations initially present may be protected and en-
hanced for a set of pure and mixed states of qubit pairs. We explicitly
show that, for non-Markovian environments with the applied classical
field, high values of the amount of coherence and correlations can be
achieved. Finally, we highlight the relationship between the coherence,
population, and correlations.

This paper is structured as follows. In Section “The physical model
and quantities”, we describe the two-qubit dynamics driven by classical
fields in a non-Markovian reservoir and we review the fundamental
concepts of coherence and correlations. In Section “The main results”,
numerical results are presented. The physical phenomena that can be
detected in the existence of the classical driving field with non-
Markovian dissipative process are explained. Finally, the conclusion is
given in Section “Conclusion”.
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Fig. 2. Population in terms of the dimensionless time Rt and driving strengths
Q/R. Panel (a) shows the population as a function of the dimensionless time Rt
for the initial qubit state |®) = 1/¥2 (| + ) + | — )) in different driving strengths
Q/R of the external classical field. The blue and red lines exhibit the strong-
coupling regime (1 = 0.01R) for Q/R = 0 and Q/R = 1, respectively. The green
and black lines exhibit the weak-coupling regime (1 = 10R) for Q/R = 0 and
Q/R = 5, respectively. Panel (b) shows the asymptotic behaviors of the popu-
lation as a function of the dimensionless quantity Q/R with Rt = 50 for both
strong-coupling and weak-coupling regimes when the initial qubit state is
|®) = 1/~2(] + ) + | = )). The blue and green lines exhibit the strong-coupling
regime for 1 = 0.05R and 1 = 0.5R, respectively. The red and black lines exhibit
the weak-coupling regime for 1 = 2.5R and 1 = 4R, respectively. (For inter-
pretation of the references to colour in this figure legend, the reader is referred
to the web version of this article.)

The physical model and quantities

We consider a qubit system immersed in a zero temperature struc-
tured reservoir. The system which consists of a qubit system, of a
transition frequency w,, that interact with an electromagnetic field.
Furthermore, the qubit system is driven by an applied classical field
with the frequency wr. The Hamiltonian reads [55]

o) ) )
H= 7°cz + E weaj @ + Qe “Floy + e“Flg ) + Z g (aoy + aj o),
3 3

®

where the operators o, and o. are described by
g, = [u)(u| — |1){l], oy = |u){ll, and o_ = of which are defined by the
excited level |u) and the ground state |I);a; (a;) is the annihilation
(creation) operator for the field with mode k, which is characterized
through the frequency w,;Q and g, describing the coupling constants of
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Fig. 3. Quantum and classical correlations as a function of the dimensionless time Rt for the initial Bell state [¥) = 1/v2(| + =) + | — +)) in different driving
strengths Q/R of the external classical field. Panels (a) and (b) exhibit the strong-coupling regime (1 = 0.01R), where panels (c) and (d) exhibit the weak-coupling
regime (4 = 10R). The blue solid line is for the quantum discord, Red solid line is for the entanglement of formation, and green solid line is for the classical
correlation. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

the qubits with the classical driving field and with field mode k, re-
spectively. The frequency Q is assumed to be small compared to the
driving frequency and atomic frequencies [63].

In this manuscript, we assume that the transition frequency of the
qubit in resonant with the applied field frequency, i.e., wy = wp. In the
dressed-state basis {| + ) = 1/v2(D) + ), | = ) = /2 (1) — [u)},
taking into consideration 2-rotating reference frames through two
unitary transformations, U; = exp[—iwro,t/2] and U, = exp[—iwoZ,t/2]
[55], four terms of no-conservation energy will occur. According to the
rotating wave approximation discussed in Ref. [55], the Hamiltonian
defined in Eq. (1) will be transformed into an effective Hamiltonian,

CUI ’
Hep = —3, + Z coka,zak + Z & (@Zy + a,IZ_),
2 k 3 (3]

where with o’ = 2Q + @, and g, = g,/2. Here 3, and X, are decribed
by, =1+ Y +|—-1=X—=1Z=|4)—1 and =_ = Z}. A notice-
able feature of the transformed Hamiltonian is that the elements of the
basis have been amended to {| + ), | — )}, as the qubit system interacts
with its surrounding. We shall now analyze the coherence and corre-
lations for a class of environment that considers the decoherence and
dissipation of the two-level system. We consider a Lorentzian spectral
density as

1 AR

S@) = ——
@) 27 (w — @) + A2

3
where R presents the coupling strength, 1 is the spectral width, and w,
defines the reservoir center frequency.

We suppose that the qubit system is initially defined in a super-
position with a vacuum state, and then in the dressed-state base and in

the the context of the non-Markovian dynamics the reduced density
operator expression can be given as [55]

P (OIEMP O]

P = ( pLOF® o (0)+0,0)1 - |a(r)|2)]'

@

where
B(t) = A1@-e0l2] cosh| @t/2 | + Msmh ot/2|],
© (5)

and

0 = 22 — 2R1 — (& — @) — 2i(c — w,)A. ©)

Generally, there exist two regimes [64]: strong-coupling regime
(/2 < R), where the non-Markovian dynamics takes place, and weak-
coupling regime (1/2 > R), where the comportment of the quantum-
system dynamics is Markovian. The non-Markovian effects become re-
levant when the correlation time of reservoir will be larger than the
relaxation time. Note that for ultrastrong coupling regime, the Rabi
model will be more convenient to describe the qubits dynamics and the
rotating-wave approximation breaks down. In the considered basis, the
single-qubit excited-state population is given by

P(1) = p., (O)IE@P. %)

The dynamics of the two-level atom is dependent only on the E(t).
The function Z(t) contains the environmental spectral density in-
formation and the coupling constant. In this context, the dynamical
behavior of the coherence and correlations depends on the considered
initial states and the Hamiltonian model of (2). To get the expression of
the correlations under the classical driving field and non-Markovianity
effect, we will identify the density matrix elements of the qubits system.

To describe the standard procedure for obtaining the dynamics of
the two qubits, we consider a quantum system with noninteracting
parts A and B each part containing a qubit S = A, B that is locally
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Fig. 4. Quantum and classical correlations as a function of the dimensionless time Rt for the initial entangled mixed state
p=1/3[(1 — a)| + +){ + +| + 2]¥){¥| + a| — —)( — —[] in different driving strengths Q/R of the external classical field with a = 1/2. Panels (a) and (b) exhibit the
strong-coupling regime (1 = 0.01R), where panels (c) and (d) exhibit the weak-coupling regime (1 = 10R). The blue solid line is for the quantum discord, Red solid
line is for the entanglement of formation, and green solid line is for the classical correlation. (For interpretation of the references to colour in this figure legend, the
reader is referred to the web version of this article.)

interacted with a reservoir Rg = Ry, Rp. For each part, the time evolu- subsequent times by knowing the time-evolution of single-qubit state

tion of the reduced density operator for one qubit is introduced as [65] (4), as reported by the standard procedure [65]. Therefore, we can get

. PR . P, the explicit expression for the evolution of the two qubits in terms of the

Bs(t) = Trrg{Us (175 (0) ® Ppg(0)UL(0)} (C)) function Z(t). The two-qubit diagonal elements of the state 5 (t) are

By way of the Kraus operators W§"ﬁ (t), the Eq. (8) turns into [66] given in terms of the dressed-state basis {| + +), | + =), [ = +), | = =)}
as

~ ~ T
ps(0) = 3} WP B, WEF ().
gﬁ; ©) P (O=py, OIEMD
— [=} 2 = 2 = 2
The composite system T = A + B has the time evolution operator pzz(t)—p11(0)|:(t)|2(1 l:(t) |2) + Pzz(O)I:(t)IZ
Uz (t) defined as Uz(f) = Uz (t) ® Ug(t). According to the Kraus op- P33 (D)= (OIEMOFA — [EDF) + p35(0)[E(D]
erators, the two-qubit system is characterized by the reduced density Pas (D=1 = (01, (1) + o (8) + p33(0)), (13)
matrix
. s and the non-diagonal elements
prt) =, >, Wi OWE° 0 OWLF (OW° (o).
a7 A0 o, (=R MEMEMDP,  py (1) = p(OEDIED)P
Considering the basis {|0), [1)} for the single qubit and inserting the PaO=p, OE)?,  py(t) = py (MIEMD)P
unity operators I = |0){0| + |1){1| between Kraus operators and density P20 ()=p; (MEM( — [E®)P) + po, (OE()
states in Eq. (9), the time evolution of each qubit takes the form P (O=p (MEMDQA — [EE)P) + py (0)E(D), (14)
=3 AF e ), o ()= BL ()pp™ (0).
oy () ; ir (0P, (0), pF (6 r% o (D" (0) an with Py ) = p;. (). According to the relation given in Egs. (13) and (14),
we can examine the time variation correlations for the two-level sys-

Executing the same approach for 57(¢) in the form of Eq. (10), the time tems in terms of the physical parameters for any initial state.
evolution of the two qubits is written as Baumgratz et al. [67] proposed simple measures of coherence. In
ﬁTii'Jj' (t) = z Alil;'(t) B r{'{m p Tnmm o), Fhe d-dimensional Hilbert spa.ce with fixing a specific basmd{ll)},'th'e
Wt a2 incoherent states take the density operators ot the form ¢ = 3., p; [i)(il.
) ) ) Thus, the distribution of the off-diagonal elements of ¢ can be used to
Clearly from Egs. (11) and (12) the time evolution of the two-qubit detect the coherence quantity. A useful measure of coherence should
matrix elements can be deduced from the density matrix of the single verify ceratin conditions such as monotonicity [67]. ; norm quantum
qubit. coherence meets such conditions is defined by

Let us now build the density operator of the qubits system at
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The entanglement of formation (EOF) is a quantifier of entanglement,
drawn up about twenty-one years ago [68]. In the case of two-qubit
system, Wootters introduced an analytical solution in terms of con-
currence [69]. It can be evaluated by

E(p)=H [w]

2 16)
where H is a function defined by
H = —xlog,x — (1 — x)log,(1 — x), 17)
and
Clp) = max{0, V& — V& — V& — JAu}, (18)

where 1; are the eigenvalues listed in decreasing order of p5. 5 denotes
the time-reversed density operator

P =(0® g)p* (o, ® o) 19)

where p* is the complex conjugate of the state p and o, defines the Pauli
y operator. We mention that the EOF takes the values E = 0 for a se-
parable state and E = 1 for a maximally entangled state.

On the other hand, the QD was primarily determined through the
mutual information, where the latter is identified as the QC minus the
classical correlation (CC) [23], and it is given by the well know formula
[24]:

{Hk})

where .7 (p,) describes the mutual quantum information (MQI), which
detects the total correlations and the quantity maxm,y.# (o, |{I}) is
obtained when a measurement is executing over the quantum sub-
system B, and it describes the maximal classical mutual information
[24,23]. If p, and p;; are the reduced density matrix of subsytem A and
B, respectively, subsequently the MQI is given as

S (pAB) = S(PA) + S(pg) - S(,OAB)

where S. denotes the von Neumann entropy. The CC is defined as:

{Hk}]
{Hk}],

=S(p,) — min Z ka(pA
g
where, p, [{ITi} = Trs(ILk, 5 I1) [Trap(Tkp, )] defines the reduced
operator state of subsystem A after getting the outcome k in subsystem
B and II; defines the set of positive operator valued measures in the
outcome k with the probability p, = Tryp(IIxp,zI1k). The QD is defi-
nitely given by

8ip = ‘/(pAB) - Chp
The indicated definition is a nonsymmetric formulae with regard to the

choice of the quantum subsystems and it is constantly positive. The
definition of CC in Eq. (22) displays an optimization problem.

8,5 = 7 (04) — max.v/
AB (ap o [PA 20)

(21)

% ap=max.7 | p
A= (A

(22)

(23)
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Nevertheless, the QD can be determined for generic cases [70,71].
The main results

In order to demonstrate the effect of the classical driving field on the
coherence and different kinds of correlations, in Figs. 1-5, we plot the
dynamics of the coherence measure, QD, EOF, and CC with respect to
different strength of the driving field for Markovian and non-Markovian
regimes. In this manuscript, we assume that the transition frequency of
the qubit system in resonance with the center mode of the reservoir,
i.e., wg = w, with R = 1.

In Fig. 1, (a), the dynamics of coherence for the initial optimal state
can be compared with reference to Markovian and non-Markovian en-
vironment for various strengths of the classical driving field Q/R. The
blue and red lines are corresponding to the strong-coupling regime for
Q/R = 0 and Q/R = 1, respectively. The green and black lines are cor-
responding to the weak-coupling regime for Q/R =0 and Q/R =5,
respectively. It is worth noting that the driving field may partially re-
tard the coherence loss for the case of the Markovian dynamics, but the
coherence measure still exponentially decays to zero with the time.
Whereas for the non-Markovian dynamics, the dynamical behaviour of
coherence is different as in the Markovian one. The coherence displays
damped oscillations in the absence of the classical driving field. By
reason of the long correlation time of the non-Markovian reservoir, the
influx of information backs to the qubit system from reservoir as a result
of the memory effect. On the other hand, we observe that the presence
of classical driving field in the non-Markovian regime strictly affects the
dynamics of the coherence. We observe that the presence of the clas-
sical driving field can enhance and preserve the coherence from the
non-Markovian environmental effects, where the increasing in the
strength of the driving field leads to the increase of the coherence. In
Fig. 1(b), we plot the asymptotic behaviors of the coherence in terms of
the dimensionless quantity Q/R with Rt = 50 for both strong-coupling
and weak-coupling regimes. The blue and green lines exhibit the strong-
coupling regime for A = 0.05R and A4 = 0.5R, respectively. The red and
black lines exhibit the weak-coupling regime for 4 = 2.5R and 1 = 4R,
respectively. Generally, we observe that the coherence measure in-
creases with the decrease of the A/R. This can be explained by the fact
that more information can be returned to the two-level system for
smaller value 1/R accompanied by an enhancement of the non-Mar-
kovian effect. Whereas, for smaller non-Markovian effects, the co-
herence can be enhanced by augmenting the strength of the classical
driving field. We also observe that the maximal value of coherence
occurs at a some values of driving strength of the classical field Q..
When Q. < Q, the coherence of the two-level system increases mono-
tonically with the enhancement of Q. In addition, the value of Q. is
dependent on the parameter 1. Smaller value of 1 is, more non-Mar-
kovianity effect and it becomes easier to restore the coherence by the
driving field. In the case of the weak-coupling regime, only a insignif-
icant part of coherence could be enhanced and protected. These results
proved that the preservation and enhancement of coherence is bene-
fited considerably from the combination of strength of the classical field
and the memory effect of the environment. In Fig. 2, we show the po-
pulation variation in terms of the dimensionless quantities Q/R and R¢,
respectively, with respect to the different physical parameters. From the
figures, it is clearly shown, that the population exhibits similar behavior
as the coherence. This shows that the physical interpretation of the
coherence enhancement depends on the relationship between the dy-
namics of coherence and the population for the two-level system.
Whenever the enhancement and preservation of the population is oc-
curring, coherence enhancement and preservation follows.

We now examine the time variation of the quantum and classical
correlations for the driven two-qubit system under non-Markovian
dissipative effect. In Figs. 3 and 4, we plot the correlations as a function
of dimensionless quantities Rt for various values of Q/R for initial pure
and mixed states. The blue line is for the QD, red line is for the EOF, and

Results in Physics 17 (2020) 103083

green line is for the CC. We observe that the dynamics of correlations
versus time is influenced by the strength of the classical driving Q
during the quantum evolution. The correlations decay with time almost
monotonously for Markovian environments. However, the increase of Q
may retard the correlation loss during the dynamics. The smaller value
of Q is, the correlations decay speeds up always more. The drop phe-
nomenon of the correlations can be understood from the fact that the
correlation time is larger than the correlation time of the reservoir and
E(t) is a Markovian exponential decay. For the non-Markovian dy-
namics, the plots show that the correlations oscillate in the absence of
classical driving field and exhibit rapid oscillations for non-vanishing Q.
Moreover, the amount and the order of the correlations are significantly
affected by the purity of the initial state of the two qubits. Within this
regime, E(t) displays oscillations with a quasi-coherent exchange of
energy between the qubits and its environments. To get an intuitive
comprehension of the influences of the applied field strengths and the
non-Markovian features on the asymptotic behaviour of the correlations
(classic and quantum), we show in Fig. 5 the correlations in terms of the
dimensionless quantity Q/R for Rt = 50. In particular, we observe that
the shape of the correlations is similar to the coherence. From this re-
sult, we deduce that the enhancement of the correlations can be caused
by an appropriate adjusting of the initial state and strength of the
classical driving field.

Conclusion

We have examined the dynamics of coherence and correlations in a
driven two-qubit system. This system is interactiong with zero-tem-
perature non-Markovian reservoirs. We have analyzed to what extent
coherence and correlations initially present may be protected and en-
hanced for a class of pure and mixed states of non-interacting qubit
pairs. Our results indicate that the coherence and correlations can be
drastically improved and enhanced by an appropriate adjusting the
classical driving field performed on the qubits. We have proven that, for
non-Markovian environments with the driving strength of the applied
classical field, high values of the amount of coherence and correlations
can be achieved. Finally, we highlighted the relationship between the
coherence, population, and correlations. An important study will be
devoted to the study of the influences of temperature environments on
the dynamics of coherence and correlations with a classical driving
field. Our present work, from the point of view of phenomenological,
might permit the explanation of some experimental observations of the
coherence and correlations under the influence of a realistic environ-
ment giving further indications for future investigation on this topic.
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