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ABSTRACT. We study a robot finger model in the framework of the theory
of expansions in non-integer bases. We investigate the reachable set and its
closure. A control policy to get approximate reachability is also proposed.

1. Introduction. Aim of this paper is to give a model of a robot’s finger in the
framework of the theory of expansions in non-integer bases and to use the methods of
this theory to study the reachability set and its closure. A discrete dynamical system
models the position of the extremal junction of the finger, namely the reached
point, starting with an initial point and a default angle (initial configuration). A
configuration is a sequence of states of the system corresponding to a particular
choice for the controls, while the union of all the possible states of the system
is named reachable set. The closure of the reachable set is named approzimate
reachable set. The finger is composed by phalanxes, whose configurations can be
studied by means of combinatorial analysis. The theory of expansions in non-integer
bases reflects on the model through the arbitrariness of the number of phalanxes
and it provides methods for the study of the asymptotic case, namely the limit
case of infinite phalanxes. This approach allows us to construct an explicit binary
control leading a phalanx to get close to any point in the approximate reachable
set with a priori fixed precision. Our model includes two binary control parameters
on every phalanx of the robot finger. The first control parameter rules the length
of the phalanx, that can be either 0 or a fixed value, while the other control rules
the angle between the current phalanx and the previous one. Such an angle can
be either 7, namely the phalanx is consecutive to the previous, or a fixed angle
w € (0,m).

The ratio between any phalanx and the preceding is a constant p < 1. This
assumption ensures the boundedness of the reachability set and the set of possible
configurations to be self-similar. In particular the sub-configurations can be looked
at as scaled miniatures with constant ratio p, also named scaling factor, of the
whole structure. An important parameter of self-similar dynamics is the branching
factor, i.e., the number of possible branches of a configuration. In our case the
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(A) w = /3 and the ratio (B) w = w6/7 and the ratio
between phalanxes is 21/3 between phalanxes is 21/7

FIGURE 1. Two configurations with 5 phalanxes, fixed w and fixed
ratio between phalanxes p.

branching factor is 4, namely the cardinality of the possible couples of controls.
In general, if for every given step the states do not overlap, the dimension of the
approximate reachable set is given by the relation D = g where B is the branching
factor and S is the scaling factor; we refer to [9] for a discussion in the case of
a robot-hand model whose approach is based on self-similar structures. For an
overview of the general subject we refer to [16] and to [1] and to the references
therein contained. The approximate reachable set in our model is intrinsically
overlapping, hence in the analysis we adopt a different approach. By geometrical and
combinatorial arguments, we show a condition ensuring the approximate reachable
set to have dimension 2 when the rotation angle is w = /3, namely to fill a region
of the plane. This region is determined by a particular class of configurations, the
full-rotation configurations.

We describe the obtained results and the organization of the paper. In Section 2
we introduce the model and we remark its relation with the theory of non-integer
number systems. In Section 3 we focus on two particular configurations: the full-
rotation and the full-extension configuration. We give a geometrical description of
the convex hull of the reachable points corresponding to full-rotation configurations
and we show a recursive relation describing the set of points that can be reached
with full-extension configurations. In Section 4 we investigate the structure of
the approximate reachable set by proving that it is a self-similar set and that it
is the (unique) fixed point of a particular iterated function system, say F,.. In
general, neither the reachable set nor the approximate reachable set are explicitly
known, nevertheless we show that the iteration F,. on the convex hull of the
approximate reachable set yields approximations of the approximate reachable set
whose accuracy is monotonically increasing with the number of iterations. Finally,
for every point x belonging to the approximate reachable set, we define the expansion
of x, namely a particular couple of control sequences ensuring the finger to reach an
arbitrarily small neighborhood of x. Expansions are characterized and we introduce
an algorithm generating them. The last section of this paper, Section 5, is devoted
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FIGURE 2. Full-rotation configurations.

to the particular case of w = /3. We give an explicit description of the convex hull
of the reachable points in the full-rotation, full-extension and general cases. We
then study some convexity issues and we get the following results: the approximate
reachable set is not a convex set, but if we restrict ourselves to the closure of the
full-rotation configurations, a simple condition characterizes its convexity.

For an overview on the theoretical aspects of expansions in non-integer bases
we refer to [15], [13] and [3]. In particular, expansions in non- integer bases were
introduced in [15]. For the geometrical aspects of the expansions in complex base,
namely the arguments that are more related to our problem, we refer to [5], [6],]7]
and to [11]. We also mention the paper [2] where connections between control theory
and expansions in non-integer bases are established.

2. The model. In this section we model a robot finger in the framework of non-
integer bases theory. In our model the robot finger is composed by n + 1 junctions
and n phalanxes. We assume junctions and phalanxes to be thin, so to be respec-
tively approximate with their middle axes and barycentres.

We also assume axes and barycentres to be coplanar and, by employing the
isometry between R?, we use the symbols xg,...,x, € C to denote the position of
the barycentres of the junctions, therefore the length I; of the k-th phalanx is

I = |2k — 21|

and the configuration of robot finger is described by the system

— Wi
{xk B l‘k;j + e (1)
o = loe 0
with wo, ..., wy € [0,27]. We now introduce two binary control sequences (uy)p_;
and (vg)p_,, respectively ruling the length of each phalanx and the angle between
two consecutive phalanxes. In particular, to represent phalanxes with a different
length at each junction we assume

I = —, (2)
oF
with
1 extension
up = . . (3)
0 rotation or no motion

We assume that the length of the phalanxes is decreasing, hence p > 1.
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Remark 1. The length of the finger is finite for all n. Indeed

n

- Uk 1
;lk:ZE<j'

k=1 P
Example 1. If wy = 0 for all k, then z, = 29 + Zj;é l;.

Let us now focus on (vg). In our model, the angle between two consecutive
phalanxes is either 7 or a fixed w € (0,7). If vy = 0 then the angle between the
k — 1-th phalanx and the k-th phalanx is 7, while if v, = 1 then the angle between
the £ — 1-th phalanx and the k-phalanx is w so that

1 rotation of the angle w
v = . (4)
0 no rotation
(see Figure 3).
I\\H/
m
Tk41
(A) Vk+1 = 0. (B) Vk+1 = 1.

FIGURE 3. In both cases ugy; = 1.

We also remark that in the case ug41 = 0, namely when z, and x4 coincide,
the model keeps memory of the choice of vy, affecting the successive rotations,
see for instance Figures 4 and 5.

Tp—1 T = Tr41 Tr—1 T = Tg41

(A) vktr = 0; (B) vk1 = 1.

FIGURE 4. In both cases ug1; = 0.
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Tht2 /
[ ]

(A) Vi1 =0 (B) vp41 = 1.

FIGURE 5. In both cases ug4+1 = 0, ug4o = 1 and vg4o = 1.

As xp, is the vertex of the angle between the k-th phalanx and the k& + 1-th
phalanx, we have the relations
arg(zp41 — o) — arg(Tp—1 — Tg) = Vg1w + (1 — Vp41) 7. (5)
Remark 2. In the case kK = 0, (5) holds by introducing z_; := 0. Remark that
this notation is consistent with (1), indeed o = x_1 + lpe~°.
We have the following relation between wy and the the first k control digits
(vj )?:1-

Proposition 1. Let k >0 and v; € {0,1} for j=1,...,k. Then
k
wk:—Zvj(ﬂ—w)—l—wo—i—ka (6)
j=1

Proof. By induction on k. If & = 0 then (6) is immediate. Assume now (6) as
inductive hypothesis and consider k > 1. As (1) implies

iw .
Tpy1 — T = 1"+

we may deduce by (5) and (6)
Wet1 = arg(Trr1 — Tg)
=arg(xp_1 — o) + V1w + (1 — vpy1)m
=m +arg(zr — Tp—1) +vpw + (1 —vp)7
=wg — Vg1 (T —w) + 27

k+1
= —Zvj(ﬂ'—w) +wo+2(k+ )7
j=1

hence the thesis. O

The following Corollary gives the case of full rotation or full extensions in a fixed
direction wy.
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-04

-04 -02 0.2 04

-02F
-041
-06
-08

-101

-12r

~14f ~14f -14t

(D) (E) (¥)

FIGURE 6. Various steps towards the initial condition zo = 0 of a
robot finger with w = 67/7 and p = 21/3.

Corollary 1. Let k> 1. Ifv; =1 for every j =1,...,k, then
wy = —k(m — w) + wo + 2km.
Ifv; =0 for every j =1,...,k, then wy, = wy.

Generally
k
T = X9 —|— lee“"j
j=1
Using (2) and Proposition 1 we obtain the system

k
T = xo+ etwo E u_ze_iz:ib:l(ﬂ'_w)vn

=P

o — lo ezwo
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Remark 3. Due its linearity, the system is easily invertible (see Figure 6) so to get
a dynamics driving the finger to retract its phalanxes:

Uk—j+1 —i 30 2 o (m—w),

T =T 1 — / :
J J pk_J+1 (8)

To = T-

By rewriting (7) in explicit form we have

k

ap =g+ ey ljjeizz;:l i(1=vn) (m—w) =i j(m—w) 9)
j=1
Then setting
A = pet(Tw) (10)
and
¢ = ujei S (1=vn)(r—w) (11)
we have
. k Coi
T =z + "0 Z )\—]] (12)
j=1

In the analysis, we assume without loss of generality o = 0 and wy = 0, then in
what follows all reachability properties and notions of reachable sets will always be
referred to the origin,

To make the finger able to reach with high precision a point in the reachable set,
giving an appropriate sequence of 0 and 1, we need to analyze the behavior of xy
hence the sequence in non integer bases

k
G
M\

Jj=1

for possible large number k.

3. Remarkable configurations.
3.1. Full-rotation configurations. In the full rotation configurations, the rota-
tion controls vy are constantly equal to 1. In view of the assumption
W = T = O,
of Corollary 1 and of (12), the system (1) takes the form

k
Tp = E L=t ilr—w)

P

with u; € {0,1}. By setting A := pe’(™*) | we get the more compact equation

k
Ui
j=1

In other words the full rotation configuration are finite expansions in base A and
with alphabet {0,1}. In Figure 7 we show all the full rotation configurations of
length 4 with p = 2'/3 and w = 7/3.
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(a) (B) (c) (D
u=(0) v=(1) u= (1) v=(1) u=(0,1) v=(1,1) u=(1,1) v=(1,1)

(1)
u=(0,0,0,1)
v=(1,1,1,1)

FIGURE 7. Full rotation configurations with p = 2/3 and w = 7 /3.
The gray area represents the convex hull of the reachable points in
the general case.

We denote R,(Cf T)(/\) the reachable set in time k restricted to the full-rotation
configurations, namely:

k
4 Uj
R0 =1{ 1w € {013 (14)
j=1
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and we remark that the reachable sets are related by the recursive formula

B0 (RV0) + )

(15)

——
R
[
P
>
S~—
Il

We are interested in a qualitative study of conv(R,(gf T)()\)), the convex hull of
R,(CfT)(/\). To this end we note that R,(CfT)()\) is a finite set (with at most 2% el-
ements), hence its convex hull is a convex polygon that we call Py ().

In view of (15) we have

Py =0. 16)

namely for every k € N, Py is the convex hull of the union of Py, with its translation
P+ ﬁ Hence it is useful for our purposes to set for every u,v € C

{Pk+1 = conv (Py U (P + 51))

u-v:=|u||v]cos(argu — argv) = R(u)R(v) + (u)I(v)

and the following result, whose proof can be found in [12].

Lemma 3.1. Let P be a polygon with clock-wise ordered vertices v',..., v and let
n; = (V7 — vjfl)J‘ = ei%(vj —viTh
for j =1,...,1. Assume the index operations to be performed modulus | so that

n; = e’ (vl —vl). Then for every t € C, t # 0, there exists two indices ji, jo €
{1,...,1} such that
nj,_1-t<0 and n; -t>0 (17)
nj,_1-t>0 and nj -t <O0. (18)
Moreover the convex hull of P U (P +t) is a polygon whose vertices are:
vit vz it ot v T g v ot (19)

In particular | edges of conv(PUP +1t) are parallel to the edges of P and 2 edges
are parallel to t.

Remark 4. As the index operations on the vertices are considered modulus [, if
j1 > jo the expression in (19) means

vitoovh v v v e v T g v 4t (20)
conversely if j; < jo the extended version of (19) is
vit v v et vt vt v T e v (21)

In this Section we use only the last statement of Lemma 3.1, namely the qualitative
part of the result. The explicit characterization of the vertices of conv(PU(P+t)) is
used in Section 5, where the convex hull of the reachable full-rotation configuration
is studied the particular case w = /3.

We are now in position to prove

Theorem 3.2. For every k € N Py is a polygon with 2k (possibly consecutive)
pairwise parallel edges. Each couple of parallel edges is parallel to X™7, with j =
1,...,k.
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Proof. We remark that Pi(A) = {0,+} can be looked at as a polygon with two
vertices and with two overlapped and parallel to A~' edges. As

1

Pj+1:ConV(PJU(PJ+W))

for every j = 1,...,k — 1, by iteratively applying Lemma 3.1 we get that P} has
pairwise parallel edges and every couple of edges is parallel either to A™! or to any
of the successive translations, i.e., \™2,..., A7%. O

3.2. Full-extension configurations. Full extensions configurations are charac-
terized by the fact that the extension controls uy are constantly equal to 1. In this
case the set of reachable points is

k

e 1 —1 J Vo (T—w
R (pw) =Y —e i Znam@=) |y, € {0,1} (22)

P

Proposition 2. For every p > 1 and w € (0, )

. 1 —i(m—w)

P p
and for k> 1
e 1 . efi(ﬂfw) .
R (p,w) = p (1 + R (p, w)) U — (1 +RY )(p,w)) L)

Proof. Equality (23) immediately follows by (22). Moreover any reachable point

Tyl € R,(ciel) (p,w) satisfies

k+1
L5 v(r—w)
LTrt+1 = Z EE "=

k+1

6_7; v1 (7‘-_"") 1 . .
= 4 Z et vi(m—w)—i > 7 o vp(T—w)
P =Y
et vi(m—w) e
= |14+ Z —e' 321 vnpa(m—w)
p =
—1 v (mT—w k .
= ;() 14+ Z ie*iZizl U1 (T—w)
p =
et v (T—w)
_ T
p
where
k+1 1 )
=, iy U (T—w e
= e ) € 1
j=1

(in particular we set ¥, = v,41). Thesis follows by taking into account both cases
vy =0 and vy = 1. O
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P

u u
v v

1,1,1,1)
1,1,1,1)

FIGURE 8. Full extension configurations with p = 21/3 and w =
m/3: the control digits uj, are constantly equal to one. We remark
the self-intersecting configurations in (G) and (H).

4. Approximate reachability and control sequences. We define approximate
reachability set the following

oo

> Uj —iS0 L wn(r—w
R (p,w) = (U Rk(p,w)) = Z p—;e o vn(m=@) |y, € {0,1) 5. (25)
k=1 j=1
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Remark 5. Ro(p,w) is a bounded set. Indeed if © € Roo(p,w) then

oo

oo
|l’| = Z ufj:eiizfml o (T—w) < Z
j=1

=

oo

zzﬁzi

Uj =i 30—y vn(m—w) j
o el

p]

By simple computations we have the following result, stating that every point in
the approximate reachable set may be reached by the finger with arbitrary precision.

Proposition 3. Let p > 1, w € (0,7) and © € Ry (p,w). For every k > 1 there
exists ©, € Ri(p,w) such that

1
o —an] < — (26)

pE(p—1)
4.1. Approximate reachable set. We approach the study Ro.(p,w) by means
of the Tterated Function System (IFS) theory. To consider the set of representable
numbers as the attractor of an iterated function system is a rather classical approach
in the study of expansions in non-integer bases (see for instance [7]). Relations
between representability in non-integer bases and discrete control systems where
established by Y. Chitour and B. Piccoli in [2], where the reachability of linear
discrete control systems is discussed by means of results coming from the theory of
expansions in non-integer bases. In this section we extend the idea of Chitour and
Piccoli in two different directions: we consider a different linear dynamics, indeed
both rotation and translation are controlled, and we deep the relation between dis-
crete control systems and expansions in non-integer bases by using fractal geometry
arguments.

For a general introduction on fractal geometry and, in particular on fractals
generated by iterated function systems, we refer to [4]. We recall that an IFS F is
a finite set of contractive maps, namely

F={fn:C—>Clh=1,...,H}
and for every z,y € Cand h=1,..., H
[fn(z) = fu)] < enlz -y
for some 0 < ¢, < 1. The Hutchinson operator acts on the power set of C as follows

H H
FX) = mnx=U U .
h=1

h=1lzeX

We now state an adapted version of Hutchinson’s classical theorem, originally
proved in [10].

Theorem 4.1. Let F be an iterated function system. There exists a unique closed
bounded set R, the attractor, such that R = F(R). For an arbitrary X C C let
FR(X) = F(F*1(X)). Then for closed bounded X,

R = lim F*(X).
k—oc0
in the Hausdorff metric.

Attractors can be constructed by remarking that if X C C satisfies
F(X)cX (27)
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then

R= ﬁ FHX),
k=1

namely the sequence F*(X) provides increasingly good approximations of R [4].

Remark 6. For linear iterated function systems, X = conv(R) satisfies (27).
Indeed if & € F(conv(R)) then Z = fp(z) for some h = 1,...,H and some
x € conv(R). In particular

z = fplaz; + (1 — a)xs)

for some « € [0,1] and 21,22 € R such that x = axy + (1 — @)xs. As fj is a linear
map we also have

T = Otfh(ﬂfl) + (1 - O‘)fh(‘rQ)

and setting Z1 := fr(z1) and Z3 := fr(z2) we may rewrite the above equality as
follows

Z=aZ + (1 — o).

Since x1,x9 € R = F(R) then Z1,Z5 € R, and consequently Z is a convex combina-
tion of elements of R, namely & € conv(R).

Remark 6, together with the following Proposition, motivates our interest on the
convex hull of the reachable set (see Figure 9).

Proposition 4. For every p > 1 and w € (0,7), the approximate reachability set
R (p,w) is the (unique) fized point of the IFS

fp,w:{fhic—)(:|h:1,...,4}

where

e—i(m—w)

o (28)
f3:x0—>%(ac—|—1) f4:xr—>eT(x—|—1).

flzsm—)%x forxz

Proof. Roo(p,w) is the fixed point of F,, if and only if

Roo(p?w) = U fh<ROO(p?w))
h=1

We prove the above equality by double inclusion. First of all remark that for every
h=1,...,4

e—iv(ﬂ—w)

fu(z) = T(u +x) (29)

for some u,v € {0,1}. In particular
h =1 if and only if u = v = 0;
h =2 if and only if u =0 and v = 1;
h =3 if and only if v =1 and v = 0;
h=4if and only if u =v = 1.
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Now, let € R (p,w). We have

o0 .
xr = E uizefi o1 Vn(m—w)
Jj=1 P
—ivy (m—w) e . y
— € Uy + E Uj+1 6—122:1 Unt1(m—w)

p o P’

Therefore, setting v = u; and v = v; in (29), we obtain

o

r=fp Z uji‘;le*iZi:lvnH(W*w)
=1 P
for some h =1,...,4. As
Z UJ+1 e—i Z'Zw,:l Vpp1(T—w) c Roo(paw)
- o’
j=1

we get x € Ui:l fr(Roo(p,w)) and, by the arbitrariness of z,
4
Roo(pyw) C U fn(Roo(pyw)).
h=1
Now consider
4
z e | m(Ruo(p,w))
h=1

so that

T = fh(x)
for some h =1,...,4 and some € Roo(p,w). In view of (29) and of the definition
of Roo(p,w), for appropriate u,v € {0,1} the above equality is equivalent to

—iv(r—w)
e
F= (u+a)
p
e~ w(m—w) Ui
= u -+ 46_22"11 vp (T—w)
=3 L emiThy o)
=

where 4; = u, U1 = v and, for every j > 1, 4; = uj—1 and ¥; = v;—;. Hence
Z € Reo(p,w) and, by the arbitrariness of Z, we get the inclusion

4
U /(B (p,w) € Rec(p,w)
h=1

and hence the thesis. O



ROBOT’S FINGER AND EXPANSIONS IN NON-INTEGER BASES 85

>

(A) conv(Rso (21/37 7/3)) (B) For/3 /3 (conv(Reo (21/3, 7/3)))

> >

(©) Fhiya  plcomv(Roo(22,7/3))) (D) Fiuja , q(conv(Roo(2/%,7/3))

FIGURE 9. Various approximations of R, (2'/3,7/3). The set
conv(Ro (2'/3,7/3)) is explicitly characterized in Section 5.

4.2. Expansions of a reachable point. In Proposition 3 we showed that for
every € R (p,w) there exists an arbitrary close reachable point. In particular for
every given € > 0, if k € N satisfies

L <
—— <€
PH(p—1)
then there exists xy € Ri(p,w) satisfying
|z — x| <e. (30)

Our goal is to determine some control sequences (uj);?:l and (1@)?21 depending on
x such that xj in (30) satisfies

Ui T _
z= 3 LI Ehy vnr=p),
p]
j=1

To this end we focus on the particular class of expansions.
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Definition 4.2. Let € R (p,w). A couple of infinite binary control sequences
((uy)52y, (v5)52,) is an expansion of x if

o0

T = Z %e—izizl Un(T—w) (31)
=P

Remark 7. If ((uj);?';l, (vj)‘]?’;l) is an expansion of x then

oo

Ui _ix~d 1
P = b LTI ] [ e .
= pH(p—1)

for every € > 0 and any sufficiently large k.

We want to find sufficient and necessary conditions for a couple of control sequences
to be an expansion of a given x € Ry (p,w). To this end, we recall the definitions
firx— %x

—(m—w)i

fg:l"—)e

Py 32
f4:x»—>e(p)(ac+1) (32)

f32$’—)%($+1)

and we introduce the decision function

d:{1,2,3,4} — {0,1} x {0,1}
such that

d(h) = (u,v)
if and only if

e*ivw
fn(z) (u+x)
Remark 8. We have
d(l) = (0,0), d(2) = (LO);
d(3) = (1,0); d(4) = (1,1).
Lemma 4.3. Let k > 1, hi,..., hy € {1,2,3,4}, (uj,v;) = d(h;) forj=1,....k
andr € C. Then
AP Tk
fhl 0:-+0 fhk (T) — Z pf;efl S 1 vn(m—w) 4 pfkefz Som U (m—w) (33)
j=1

Proof. By induction on k. If £ = 1 then it follows by the definition of decision
function that for every hy = {1, 2, 3,4}

U1

.fh1 (T)

e—ivl (r—w) + ie—ivl(ﬂ—w)

(34)
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where (u1,v1) = d(h1). Fix now & > 1 and assume (33) as inductive hypothesis.
For every hiy1 € {1,2,3,4}

fhl °ne fhk © fthrl(T) = fhl ©---0 fhk(fthrl(T))
=Jfn o0 fn, (ukﬂe_mkﬂ(ﬂ_w) + re_“’kﬂ(ﬂ—“’))
P P
= Z —jeil St vn(T—w)
— p
i (ukﬂe—ivkﬂ(w—w) 4 /re_ivk+1(7r—w)> ol S v (m—w)
N\ p P

k+1 )
zzﬁef@;:wn(ww) FIEANPES) Sus EHC S
J
Jj=1 p

1
okt

This proves the inductive step and, hence, the thesis. O

Theorem 4.4. With the same notations of (32) and of Remark 8 Let p > 1,
w € (0,7), z € Reo(p,w) and (u;);° and (v;)5° be two infinite binary sequences.
Set for every j > 1

hj = d ' (uj,v)),
ro =
and
rj = i (ro1)
Then ((uj)52,, (v5)32,) is an expansion of x, namely

o0

Uj i Uy (T—
r= Z ;;e L= vnlm=p) (35)
j=1

if and only if (rj)52, is bounded. In particular if (35) holds, then r; € Roo(p,w) for
every j > 0.

Proof. Assume (35). By definition of r; and by Lemma 4.3 for every k > 1
rh=fpo frl(@)

= (fni oo fu) 7 (@)

= z— Z uf]:efzz _1 Un(m—w) pkefi Zi:o Uy (T—w)
— pJ
Jj=1
oo
_ Z Ujfk o= i Loy vtk (T—w)
. o
Jj=1

hence for every k > 1,
T € ROO (pa OJ)

and, also in view of Remark 5, we get that (rj)52, is bounded.
Suppose now that (ry)32, is bounded. By the relation

= fo 0 fiy (@)
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and by Lemma 4.3

k

T =fn, 0 fu () =Y Ui =i Sy vn(m—w) 4 %eﬂ'z’;zo o (T—w)

=

Therefore the boundedness of (r4)72, implies

k 00
- Uj =S on(r—w) | Tk ik _jvp(r—w) — N Y~ 50 vn(r—w)
klgf;ozpje ! +pke 0 *ije ! :
j=1 j=1
and, consequently, (35). O

4.3. Control algorithms. In view of Theorem 4.4, to construct a couple of control
sequences approximating ¢ € R (p,w) we may proceed as follows. We set o = x
and we remark that R (p,w) = Fpu(Roc(p,w)) implies the existence of hy €
{1,2,3,4} such that

ro € fh1 (ROO(p7w))

and we define

ry = fh_ll(To).

By construction, r; € R(p, o) therefore there exists ho such that r1 € fi, (Roo(p,w))
and we may define

ro 1= fh_zl(ro).

By iterating this argument we get the sequences (r;)32; and (h;)72; with the fol-
lowing properties:

rj = fp, (rj-1)

and 7,_1 € Roo(p,w) for every j > 0. By Theorem 4.4, if (u;,v;) = d(h;) for every
7 > 1 then

Remark 9. If ', h" € {1,...,4} the intersection

fh’(Roo(pa w)) N fh" (ROO(paw))

could be not empty. In particular, if

rji-1 € fh’(ROO(p7w)) N fh”(Roo(pa W))a

then h; is arbitrarily chosen in {A’,h”}. This ambiguity possibly gives rise to
different expansions and to infinite different algorithms to generate expansions.
The described method is a generalization of a classical techniques for expansions in
non-integer bases in the unidimensional case.
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We now construct an expansion where, at every step, the choice to not rotate
and to not extend the phalanxes is privileged. We set

ro = I (36)
1if rj—l S fl(Roo(paw));
2if rj1 € fo(Roo(p,w)) \ fi ' (Ros(pyw));

h; = . _ (37)
T3 € fa(Roo(p.w)) \ Uiy fiH (Roo(p,);
4 otherwise
ri = fi (i) (38)
(uj,v;) = d(hy) (39)
By construction r; € Ro(p,w) hence, by Theorem 4.4,
(oo}
Uj J v (mT—p)i

xr = Z p—;eanl n(m=p)i, (40)

j=1

Moreover (37) implies that, when it is possible, null controls are chosen.

5. Case w = 7/3. Before we discuss this model case we wish to point out that
the results obtained here can be generalized to the case w = gm with fixed g € Q,
nevertheless this would involve more sophisticated combinatorial arguments. The
aim of this paper is mainly to show the connections between the model and the
theory of expansions in non-integer bases and we privileged a model case in order
to make the computations more handly. The case w = ¢qm with fixed ¢ € Q will be
object of a further study.

In general the configurations that can be obtained in our model are combina-
tions of rotations of the angle m — w and translations, in particular every extended
phalanx is parallel to an integer power of ¢("=“) on the complex plane (see (1) and
Proposition 1 and recall the assumption wy = 0). By choosing w = ¢ with ¢ € Q,
the number of possible directions for phalanx is finite and, in particular, if w = 7/3
the possible directions are €'2™/3, ¢47/3 and €2, Since we assumed w € (0,7),
this case realizes the minimal number of possible different directions and numerical
simulations suggest that it provides the minimal number of extremal points for the
convex hull of the reachable set.

Here we obtain an explicit description of the extremal points of the convex hull of
the reachable set and a convexity condition for the set of points that can be reached
by full-rotation configurations.

5.1. The full rotation case with w = 7/3. We now discuss the particular case
of w = 7/3, so that fixing p > 1

and, in particular
We recall the notations
k
fr U
BRIV =437 3F [y € {01}
j=1

and
Pr(X\) = conv(R,(CfT) (A)



90

ANNA CHIARA LAI AND PAOLA LORETI

In general a polygon on the complex plane is a simple finite chain of edges whose
endpoints are the vertices. An extremal vertexr of a polygon is a vertex which is
the common point of two edges not lying on the same line. Clearly a polygon is
characterized by the ordered list of its extremal vertices, hence we introduce the

notation

Ve()) := {u’ | v/ is an extremal vertex of Pj(\)}.

For k=0,...,5 we computed V;(\) by hand:

Vo(A) = {0}

vl(A){o,i}

ol 3]

R

R R N
RSN

(D) k=14 (E) k=5

FIGURE 10. Py()\) = conv(V}) with k = 1,...,5 and A = 21/3¢127/3,



ROBOT’S FINGER AND EXPANSIONS IN NON-INTEGER BASES 91

while for larger k’s we have

Theorem 5.1. Let k> 1,

G|
Skosk® 1= ) r
Jj=ko
and
1 1
ag = Sq p,p3, br = X51,k71,p3, Cp 1= §51,k71,p3
Then
Var(A) = {ak, ag + br, br, b +ck, cr, cx +ar} (44)
Vars1(A) = {ag, ar +bry1, bry1, brgr +cr, c, ok +ar} (45)

Vait2(A) = {ak, ar + bis1, bry1, b1 + Cog1s Cht1s Chy1 +ar} (46)

Proof. By induction on k. The inductive base k = 1 is given by (41),(42) and (43).
Assume now (44),(45) and (46) as inductive hypothesis. To prove the inductive step
we need to show

Vakr1)(A) = {ak+1, a1 + bty brgrs b1 + cryr,
Chy1s Ch1 T api1}  (47)

Vatet)+1(A) = {ars1, apq1 + brga, brga, brgo + cryt,
Ck+1s Ckt1+ agpt1}  (48)

Vaet)+2(A) = {ars1, apr1 +brgo, brga, brgo + cryo,
Ch+2, Chi2 +aktr}  (49)
Since the proves of (47), (48) and (49) are similar, we focus only on (47). Call
ui, o, ..., Uy, the extremal vertices of Pspy2()), so that by inductive hypothesis
Wipio = a1

2
U0 = ak + bt

6
U3pyo = Ckt1 + Gk,
and consider the normal vectors

1 o —iT 1 6
N340 =€ "2 (U o — Ugpio)
and for j > 1

J R o | j—1
N3y 0 =€ 2 (Ug o — Uypiy).

In view of the recursive relation
1
P31y (A) = conv <P3k+2 U (P3k+2()\) + /\3(k+1)>>

we want to apply Lemma 3.1 to have a list of vertices of P(;41)(A). Then we select
from such a list the extremal vertices, so to get V3(41)()). In view of Lemma 3.1,
we need to find a couple of indices j; and js such that, setting t := ﬁ = p:,(,‘ihm

n?,)}cjrlz -t <0 and n§}€+2 >0 (50)

n 5-t>0 and nd. ., t<O0. (51)
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We have that j; = 3 and jo = 6. Indeed

-3 1. 1

st = Suan (52 3] ke >0 )

3 - 1
1’13k+2 t=—1 Si,k,pg . W = O, (53)

and
5 V3 1 1

n3k+2 -t = Sl,k,pS (2 — 5 . W < 0, (54)

6 - 1
n3k+2 -t =1 Si,k‘,pg . W = 0 (55)

By Lemma 3.1 the (possibly not extremal) vertices of P31 are
3 4 5 6
U3g42, U3gqo, Ugpi2, Uggy2,

6 1 2 3
U3pio T8, Uz o+t uzp, o+t ug, o+t

Since the order on the vertices of a polygon is invariant for circular shift, we may
rearrange the above vertices in the following manner

1 2 3 3
Uz +t, U3 o+t Uz o +Htiug,,

4 5 6 6
U3p 4o, U3pyo, Ugpio, Uspyo +E.

By a direct computation we have that the only not-extremal vertices are ugk ottt
and ugk 4o because they are convex combinations of other vertices. Hence,

o 2 3 4 5 6
Va(es1)(N) = {Uzp 40 + 6,034 0 + b, U3y o 0z o, U3y 0, uG, o+ t)

1 1
= ak—FW, ak+bk+1+m, b1, bry1 + Crt,

Ck+1, Ck+1 1+ Ok + }
p3(k+T)

={ak+1, Qkt1 +brt1, g1, brg1 + Chg1s Chg1s Ch1 + Q1) -

5.2. A full extension case with w = 7/3. We assume the full extension condition
uy = 1 for every k € N and, as in Section 5.1, that w = w/3. We provide an explicit

characterization of the convex hull of R,(Cf e)(p, w).
Lemma 5.2. Let
conv(RY (p, 7/3)) = conv({vl | j =1,...,J}) (56)

then

conV(R,(cﬂ_el) (p,7/3)) = conv ({;(1 + Vfc)} U { e 5 1+ qu)}) (57)
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(c) k=38

Ficure 11. (A), (B) and (C) respectively represent
Py (21/3e27/3) = conv(V}) with k& = 6,7,8. In (D) Py(2'/3¢727/3)

with £ = 2,...,6 are overlapped, so that the clearest area is
P,(2/3¢27/3) and the underlying darker areas range between
k=3 and k = 6.

Proof. By Proposition 2
e 1 e 671‘2% e
R ) = (1 B o3 = (14 B (0m/3)
hence the inclusion

e 1 j e i j
COHV(R,(:_:_l)(p, 7/3)) 2 conv ({p(l + vk)} U { 5 (1+ Vk)}>

is immediate, because since for every j =1,...,J

vE e RY9 (p,m/3)

then
_i2m
3

. 6 . e
(1+v1), (1++v]) € B (p,m/3)

S

for every j =1,...,J. Define now

427

{Zj lj=1,...,2J}:= {;(1+Vi)}U{e ps (1+vi)}_

93

(58)
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and fix x € conv(R,&{fl) (p,7/3)), so that

x=oar;+ (1 —a)xs (59)
for some « € [0,1] and some z1,x2 € R,(Cj_cfl) Now, (56) implies that
U 1 m
r1 = 1+ .’31
p

for an appropriate v € {0,1}. As
J
1= v
j=1

for some pi,...,uY > 0 with Z}'le u; = 1, then for an appropriate J(z1) C

{1,...,2J}
I = Z [IJJIZj

jeJ(x1)
o . . . J
Similarly there exist u?,...,u% > 0 with ijl u? = 1 such that
m= ) 7
JE€J (22)

for some J(z2) C {1,...,J}. Hence setting for every j =1,...,2J
ap; + (1 —a)pd if j e J(xy)NJ(xs)

. Oéu} if j € J(x1) \ J(x2)
’ (1—a)ys if j € J(xz2) \ J(x1)
0 otherwise
we have p1,..., 12y >0, Zfil w; =1 and, in view of (59),

27
x = E iz’
Jj=1

Therefore # € conv({z’/ | j = 1,...,2J}) and thesis follows by the arbitrariness of
x. O

Theorem 5.3. For every p > 1 and for every k > 1 then the convex hull of
R,ife) (p,m/3) is a (possibly degenerate) triangle, whose vertices are

"1 1o, 1, 1o,
V;l€ = Z — vi = Z 76727”/3 and vg = e 2m/3 4 Z 7674W2/3.
il iy p s
Proof. By induction on k. If £k =1 then
e 11 _2m
R pnf3) = {2 | = (vhovt = vi)

hence the base of the induction is immediate. Consider now k£ > 2. By inductive
hypothesis

conv(Ry!) (p, 7/3)) = conv({v}, v}, vi}) (60)



ROBOT’S FINGER AND EXPANSIONS IN NON-INTEGER BASES 95

F1GURE 12. Convex hull of R,(cfe)(Zl/B, m/3) with k =2,...,8.

hence by Lemma 5.2
1
coms (R (p.7/3) = conv (514 {vh v v))

1 .
U S0 ki) o
By the definition of v}, vZ and of v} we may rewrite the above equality

COHV(RIEJJ:,-el) (p,m/3)) = conv ({Vllc+1a V12c+17 Vi+1a
27i

1 1 e 3
;(V,%'i‘].% ;(Vz'i‘].),

(vi+1)}) (62)

therefore to complete the proof of the inductive step, we need to prove that the
reachable points

2mi

e 3

p

Lo o L s
—(vi+1), =(vi+1) and
p(k )p(k

(vi+1)

can be written as a convex combination of v}, ;,vZ,; and v}, ;. Thesis hence
follows by following relations

-1
k+1

1 1
o ifav=— Z — then
P\ P’

1
;(vﬁ +1)= Ozv,lCJrl +(1- a)vi_ﬂ; (63)
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AR LS AR LS
.lfO[:Zf Zf andB:Zf Zf then
o\ = o\ =z
1
;(vi—i—l) :av,lcﬂ—k(l—a—ﬁ)viﬂ—kﬁviﬂ; (64)
-1 -1
uan gl I gy 1[{<a1
01f0[=2*ﬂ 27 andﬁzf 27 then
=\ P\
_2mi
5 /.3 1 2 3
(vit+t1l) =avi +(1—a—B)viy + BV (65)

O

5.3. General configurations with w = 7/3. In this section we investigate the
convex hull of the reachable configurations in the general case by assuming w = %.
We recall that any reachable point of the system (1) is of the form

k

_ U;] —i(r—w) Zi: U
Tk = Z pj e 1
j=1
with uj,v; € {0,1}. We now show that a reachable point can be expressed by a
recursive formula.

Proposition 5. For every p > 1, w € [0,7) and k > 0, if 41 € Rey1(p,w) then

e~ 1 (m—w)

Thyl = f(ul + L%k) (66)

for some &y, € Ri(p,w) and uy,v1 € {0,1}.

ifuw=T
Moreover if w = %

1 3 _ V3
R(xps1) = — (1 — vl) (u1 + R(Zx)) + —01S8(Z). (67)
p 2 2p
and
1 3 N V3 B
S(apr1) =—(1—zv1 ) S(@k) — —v1 (ug + R(Tg)) - (68)
p 2 2p
Proof. If ¢;11 € Riy1(p,w) then
Bl v
) =i VU (T—w
Thy1 = Z 2 o= 3 nmn Un(T—w)
j=1
" kL ‘
_ Y gy (m—w) Y —idY L vp(r—w) —ivy (T—w)
= e + -€ n=2 e
) 25

e~ i1 (m—w)

k-~
=+ Y “fjjefz‘zfml T (m=w))
P =r

e (m—w)

= ——(u1 + ¥)
P

with Ty € Ri(p,w) and uq,v; € {0,1}.
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Equalities (67) and (68) follow by the relations
R(zy) = R(=)R(y) — 3(2)3(y)

and
S(zy) = R(2)S(y) + () R(y);
indeed
e—T/L'Ul _ 6—2%2’01 B
R(xpr1) :§R< 5 ) R (uy + Tp) —%( 5 > S (uy + Tg)
1 3
= ; (1 — 2’1}1) (U1 + éR(LUk)) + 71}1%(‘%]6)
and
6_7“)1 e—Ll7)1
S(zps1) =N ( 5 ) S(ur + 2r) + ( 5 R(u1 + zx)
1 3 5 3 -
= ; (1 — 21}1) X(Zg) — Zvl(ul + R(Zx))

Next result is a preliminary approximation of conv(Ry(p,w)) and before stating
it we introduce the following notation
k1
Sk07k1 =
J=ko

1

e (69)

Remark 10. With notation given in (69), by Theorem 5.3 the vertices v}, v? and
v of the convex hull of R,(cfe)(p, m/3) satisfy

1 L2 —izm, 3 _ €
Vi =S1k; ViE=S1ke ‘3; Vp=

Proposition 6. Let p > 1, and for every k > 1 define

W 1= Slyke*i%.
Then
Ry(p,w) C Ty(p,w) := conv({v},vi wi}). (70)
Proof. By induction on k. If k =1 then
1 e‘iz?ﬂ 1 .92
Ri(p,w) = {O, ;a P } = {Oavlavl}

hence we just need to check that 0 € Ty (p,w). If a = 8 = § then
avi+Avi+ (1 —a—Bjwi =0;
hence 0 is a convex combination of the vertices of T*(p,w) and

Ry (p, w) cT (p7 w).
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Now assume (70) as inductive hypothesis and consider zy4; € Ri+1(p,w). By
Proposition 5 and by (70) we have that for some 5, € Ry (p,w), some uq,v; € {0,1}
and some oy, Bi € [0,1] with oy + Bk € [0,1]:

v 2T
6“)13

Tt = (u1 + Zg)

—jvq 27
67,1}13

= p (u1 + Ckkvllc + ﬂkv% + (1 — g — b’k)wk) .

To complete the proof we show that x4 can be written as a convex combination
of Vi 1,Vi, and wy 1, namely we need to show the real solutions o and 3 of the
equation

1 2
OéVk+1 + 5Vk+1 =+ (1 — 0 — 6)Wk+1 =
. 2w
e "1

= . (u1 + vy + Bevi 4+ (1 — oy — Bk)wk)

to satisfy
a,B,a+ B €[0,1]. (71)
By a direct computation we have
e if v;1 = 0 then

pHp—1) M—l(%
pk+1(p _ 1) pk+1 —1

1
PFp=1) | pF-1

+
karl(p _ 1) pk+1 -1
and «a, 8 € [0,1] because u; € {0,1}, ag, Bk € [0,1] and p > 1. Moreover

kp—1 F_1
pf+§?p__1)<+ pf+1__1(1<— ar — Br) € [0,1]. (72)

B=-1-wu) B

l—a—ﬂzéﬂ—m)

e if v; = 1 then, also remarking

_2x
e vl =v2,
_2x
eIV =V
and
_i2x
e "IV = v},
we get

PMp-1) -1
pFti(p—1) = pFtt—1

(1—ax —Br)

Prlo=1) . p=1
-1

1
B = §(2U1+1)p

and, consequently o, 3,1 —a — 3 € [0,1].
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Corollary 2. For every x € R(p,7/3):
1
- 551,k < R(xk) < Stk

- ?5% < Q(ag) < ésm

?%(xk) + %“(xk) <0

and

Proof. By Proposition 6,
xp € T*(p,7/3)
and, in particular,
xp =aSyk + 551,k€_i2‘% +(1-a- ﬁ)sl,ke_i%ﬂ
for some «, B, + B € [0,1]. Therefore

1 3
R(zr) = —551,1@ + 50451,1@

99

(73)

(74)

and, by choosing respectively & = 0 and o« = 1 we obtain the inequalities in (73).

Moreover

S(xk) = ?SI,}% —V3 (5 + %) Sik

and the relations &« > 0 and 0 < a4+ 8 < 1 imply (74). Finally 8 > 0 implies

V3 1 V3 [ 1 3
7%(361@) + 53(3«”1@) =3 (—25171@ + 204517k>

2 2 2
V3
= _BTSL’C

Next result refines the upper bound of ()

Corollary 3. For every k > 2 and zi, € Ri(p,7/3)
3
S(a) < %sg,k.

Proof. By Proposition 5, for every k > 1

—juq 2T
el’U13

Tyl = (Ul +3~3k)

for some Ty € Ri(p,7/3) and some uy,v; € {0,1} and, in particular,

S(@sy) = %(1 - gvl)%(ik) - ;/jvl(ul +R(E)).

Then Corollary 2 implies that if v;1 = 0 then

1., V3 V3
SNxpt1) = ;%(wk) < 7psl’k = 752,k+1-

+ L <\/§51,k -3 ([3 + g) 51,k>
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2

-2

FIGURE 13. The gray area is the convex hull of Ry(2'/3,7/3), the
underlying black area is the triangle Ty(2'/3, 7/3).

and if v; = 1 then

1 V3

S(zry1) = _5%@’“) B 7(1“ +R(E)

V3 V3

1 Sik+——S1k
p 4p
2

IN

V3

= —So k41

Remark 11. The estimation

3
v,

is sharp, indeed

4mi

Soke” 3 € Ri(p,m/3)

i 3
%(527166743 ) = \/7_52,14:-
Experimental data suggest the vertices of the convex hull of Ry (p,7/3) to be v},

vZ, v} and the following

and

vi = Sg,ke_%”; (77)

Remark 12. The vertex v,1C is reached by the all-zero rotation control sequence
v; = 0, 5 = 1,...,k and the all-one extension control sequence u; = 1, with
j=1,...,k. The vertex vz corresponds to the rotation control sequence v; = 1



ROBOT’S FINGER AND EXPANSIONS IN NON-INTEGER BASES 101

(a)
u=(1,1,1,1)
v =(0,0,0,0)

FIGURE 14. Extremal configurations.

and v; = 0 for j = 2,...,k and to the all-one extension control sequence. The
vertex v} is reached if v; = vy = 1, v; = 0 for j = 3,...,k and to the all-one
extension control sequence. Finally we get the vertex vi if v; = vy =1, v; = 0 for

j=3,...,kandu; =0andu; =1for j=2,... k.

Moreover the vertices v,le, . ,V% are clock-wise ordered on the complex plane.
Our goal is to prove v}, ..., v} to be the vertices of conv(Ry(p,/3)), namely
conv({v},vi,vi vi}) = conv(Ry(p,7/3)) (78)

So far, excepting Theorem 5.1, our argument for the study of convex hulls con-
sisted in a trivial inductive application of the definition of convex set, namely we
showed an explicit convex combination for every reachable point. In this case, this
approach leads to involved formulas and consequent long computations, hence we
prefer an indirect method. First remark that the vertices vi,..., v} are reachable
points, thus

COHV({V}C, VI%:? Vga Vi}) c COHV(Rk (pa 77/3))
To prove the other inclusion
conv(Ry(p,7/3)) C conv({v},vi,vi, vi}) (79)

we need to show that every reachable point belongs to conv({v},vZ,vi,vi}). The
convex hull of a finite set of complex numbers is in general a polygon on the complex
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plane and we may employ the isomorphism between C and R? to have access to
results related to the Point-In-Polygon Problem (see for instance [8] and [14]). A
polygon can be looked at as the limited intersection of a finite number of half-planes,
whose generating lines are given by the edges, namely the differences between two
consecutive vertices. The exterior criterion states that a point belongs to a convex
polygon if and only if it belongs to the “same side” of each half-plane. Moreover, if
the vertices are clock-wise ordered, the point must belong to the right side of each
half-plane. This can be formalized by introducing the so called edge-function: let
be v! and v? a couple of clock-wise ordered consecutive vertices and = € R?

Hyi 2 (z) i= (x — v?) - (v — vt

We have that

<0 if x belongs to the right side of the half-plane generated by
vi1 and vo
Hyi y2(z) = ¢ =0 if z belongs to the line intersecting both vy and v
<0 if  belongs to the left side of the half-plane generated by
vy and vo

(80)
hence a point belongs to the polygon if Hy1 y2(x) > 0 for every couple of clock-wise,
consecutive vertices v! and v2.

In the complex plane geometry, the vector n is normal to e if the difference

between their arguments is 5, namely

n=ez'e.
We also recall that the scalar product on the complex plane is given by
u-v==Ru)R(v)+ I()3(v).
We adapt the exterior criterion to our case as follows.
Proposition 7. Define
g =ed(vi —vi); n

3 2

™ 81
n; :=ec%'(vi-vi); n ). &)

2
k
4.
k .
We have

x € conv({Vvi, Vi, vy, Vi})
if and only if for every h=1,...,4

(x —vi)-nf <o.

Next results state that the reachable points zj satisfy the conditions of Proposi-
tion 7.

Lemma 5.4. For every p > 1, k > 1 and xy, € conv(Ry(p,7/3))
(zx —v}) -np < 0.

Proof. For simplicity we consider zyy; with k£ > 0 instead of the equivalent case of
x, with £ > 1. First of all recall from Proposition 5

; 27
e "1

Tpy1 = (w1 + Zx)
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for some Z;, € Ry(p,7/3) and some u1,v; € {0,1}. By the definition of v},

R(Vis1) = Stk+1; (82)
3(vhy) =0 (83)

and by the definition of nj

. AT
ng =i (Sl,k —Sgpe” " )

and
R(ngy,) = ?52,1&1; (84)
S(ngyy) = Stpe1 + %»5'2,1@-1-1- (85)
We now distinguish the cases v; = 0 and v; = 1. If v; = 0 then by Proposition 5
Rlzsr) = - (w1 + R(@) (56)
Sawn) = 29 (87)

This, together with u; € {0,1}, (75) in Corollary 2 and Corollary 3, implies

V3 [ EVEORE U
(Zh41 = Vip1) - Dy :U17S2,k+1 + P 7%(%) + 5\’"(961@) S2,k+1

/3

B 3
S(@k)S2 k41 = 5 S1k152041

3 3 3
\[SQ,kJrl + £52 k V3

- —5 S
5 V2 5 DL k+192,k+1

If v; = 1 then by Proposition 5

§R($;H_1) = 72ip (u1 —+ %(fk)) —+ ?%

%(:L’k+1) = —Zip%(fk) — ? (Ul + %(i’k)) . (89)

and by Corollary 2 and u; € {0,1}
V3

(Tht1 = Vigr) Mpgy = — 5(351,1@“ + Sokr1) (ur + R(Zk))

1 V3

+ —S(@k) — —=S1,k+152,k+1

4p? 2
_V3 L VI V9O
<% (3S1,k+1 + S2.k+1)S1k + 8p? Sik 2

(Zk) (88)

S1,k+152,k+1

=0.
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Lemma 5.5. For every p > 1, k > 1 and xj, € conv(Ry(p,7/3))
(o = v3) 02 <0 (90)

and
(g —v3)-ni <0. (91)

Proof. By Lemma 6, x), belongs to Tj(p, 7/3), the triangle whose vertices are w; =
v}, w? =v? and
an 3
wi = Slﬁke_l% = vi + iz

Therefore (90) is immediate. Now

x - 3 xS
ni= et v = (wiowd - ) er B g W) o2)
14 Sl,k
therefore
(fv—wi) -ni <0;
moreover
S 27
. e 4r om 3
nj =e¢'s ( +So e F — 51,1@6_’23) = _£S2,k
p p

and, consequently,

3 3 \/g \/g 3

(a:k—vz)nk:(a:k—wk)ni—kz?ni§17nk20

Lemma 5.6. For every p>1, k > 1 and xj, € conv(Ry(p,7/3))
(xp — vi) -nf <0.

Proof. The proof is very similar to the proof of Lemma 5.4. We consider x; with

k > 0 instead of the equivalent case of x; with k > 1 and we recall from Proposition

5

; 27
e "

Tyl = (u1 + Zx)

for some Z;, € R(p,7/3) and some u1,v1 € {0,1}. By the definition of v{_
1

R(Vig1) = _552,k+1; (93)
V3
S(Vig1) = 5 S2k+L; (94)
(95)
and by the definition of n}
V3 1
Ny = 2 + 2
We now distinguish the cases v; = 0 and v; = 1. If v; = 0 then by Proposition 5
1 -
R(xgy1) = ; (ur + R(ZTx)) (96)
1.
S(@r41) = ;g(xk) (97)
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and this, together with Corollary 2, implies

V3 1 V3

(T4t = Vig1) - Mg e (k) + Tpgs(fk) - 7527k+1
V3 V3 V3
<-— —Sik— 7S
=12 1,5+ 1? 1,k % 2,k+1
=0.

If v; = 1 then, again by Proposition 5
1 -
R(zpi1) = — (u1 + R(2x))

S(zpr1) = =S (T)

Dl—D

and, consequently,

\/gul 1 o~ \/g

(@hr1 = Vipr) Mgy = 202 ﬁ‘s(jk) — 5 Sk
V3 V3
<—Sikr— =S
SOl T 9oLk
=0.

In view of the above reasonings we may finally conclude
Theorem 5.7. For every p > 1 and for every k > 1

conv(Ry(p,7/3)) = conv({vh, v, vi, vi}).

105

(100)

5.4. Approximate reachability for w = 7/3. The study of R (p,w) is rather
complicated even in the case w = 7/3: we give a non-convexity result and an

approximation from above of Ro.(p,7/3). For h =1,...,4 define

vl = lim v}
k—o0
so that
1 e %
vl = —— vz =
A p—_@lz" —i4m h piz‘l‘%f’:
v3:es—|—ed, vi= %"
> p p(p—1) > plp—1)

Letting £ — oo in Theorem 5.7, we get
conv(Roo(p, m/3)) = conv ({vi,, vi, v, vi})
and, in particular
Roo(p,/3) C conv ({vi, v&, v, vi}).
We now prove that the above inclusion is always strict.
Proposition 8. For every p > 1, Roo(p,7/3) is not convez.
Proof. Fix a € (0,1) and consider

Ty 1= avgo + (1 — Oé)Vio S CODV(Roo(pa 77/3))

(101)
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-3}

(a) Ro(2'/%,7/3) (5) Re(2/%,7/3)

-3

(c) Rs(2"%,7/3) (D) Rio(2'/%,7/3)
FIGURE 15. Gray areas represent conv(Rs(2'/2,7/3)).

We want to show that z, € Rs(p,7/3). In order to get a contradiction, suppose

on the contrary that z, € R (p,7/3). By Proposition 4

4
Roo(pﬂr/?)) = p,ﬂ/S(ROO(p77T/3)) = U fh(ROO(paﬂ—/?)))
h=1

where for every h =1,....4
e—iv%”

fu(@) = ——(u+2)

for appropriate v,u € {0,1}. Hence z, € Rs(p,7/3) implies the existence of

x € Roo(p, m/3) such that
e—iv%r
(u+x) (102)

To =
p
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for some u,v € {0,1}. By solving the above equation with respect to z and by
recalling the definition of z,, we obtain

r=qe 1-VF 4 eI gy, (103)

p—1
As we assumed x € Roo(p, 7/3) then
x € conv(Rao (p, 7/3)) = conv({vi ,vZ,v3 vi1})

and in particular

(z—v5) ng <0
(z=vi) ni <0
3 3 (104)
(1‘ - Voo) ‘ng, <0
(x—vi)-n? <o
But
o if v =0 in (103) then (z — vi) -n% > 0;
e if v =1and u=0in (103) then (x — vZ)-nZ > 0;
e ifv=1and u=1in (103) then (z —v3)) - n3 >0
and we get the required contradiction. O

We want to show a (rough) approximation from below of R (p,7/3). To this end,
consider the full rotation case and recall the notation A = pezT”. Letting £k — oo in
(14) we have

(o)
RU™ = Z% |uj € {0,1} . (105)
j=1
Define now
1 . 1 . 2 1 (1+)\).
uoo'ip?’l—l’ uoo.fp31_1 ;
3. — el . 4 ._ 2y y.2 .
um.—p3f1A—Auw, uoo.—p3f1(A+A)—Auoo,
5 ._ 2 _ .3 . 6 ._ 2 }
By Theorem 5.1 we have
conv(RY™) = conv ({uly, [h=1,...,6}) = X", (106)

Remark 13. Xéi” is a hexagon on the complex plane whose edges are pairwise
parallel.

Our goal is to show a necessary and sufficient condition on p to have Ré’.ﬁ” =
Xégr), so that
XU" € Ro(p,7/3).
Our approach is based on the uniqueness of the fixed point of IFSs. First of all
remark

RYM = %Rgg” U %(Rgf’“) +1).

In other words RY" is the (unique) fixed point of the IFS

) L s L s
Fomy = {gl T T, g2 1T )\(1+x)}.
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Remark 14. By the definition given in (28)-Proposition 4, g1 = f2 and go = f.
We have
Lemma 5.8. For every p > 1
RYM — xU")
if and only if

Fls(XY) = x¢0. (107)
Proof. Thesis immediately follows by the fact that Réﬁ” is the unique fixed point
(fr)
of ]:pnr/3' O
g1(ul,) . o g1(uy) = ud
g2(u,) e
8 92(uoo)
gl(uoo).

#ga(ud)
1 /
g1(us,)
° * gi(ul)
g(ul) = ul,® * () =g

FIGURE 16. gl(XC(X];T)) U gz(Xc(x’jT)) with p =213 - 0.1

Theorem 5.9. RY" = XY if and only if p < 21/3.

Proof. By Lemma 5.8 and by the definition of ]-"Ef:/)?’, it suffices to show that

g1 (XE) uga(x{7) = X7, (108)

Remark that g, (X&) and go(X{") are two hexagons on the complex plane, whose
mutual positions are described in Figures 16, 17 and 18: we just need to show that
the situation therein represented is general. By the definition of g; and g, we have
that for every p > 1

e by a direct computation

gi(ud) =ul,  g(ul)=ul
gi(ud) =u,  go(ud)=nud
gi(ul) =ul,  g(ud)=ul
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g1(u) = ul, eg1(ug;) = ul,

pud)=ule — em(uy)=u}

g1(ud)s
g2(ul, ) -‘1‘92(11&) ‘
, gl(ugo ) = ucl>O
g2(ul) = ule 1
plul)e el
' g2(ud)
go(ul,) = u‘;’o\' ¢ ga(ud,) = ul,

FIicUure 18. gl(XCgT)) U QQ(XC(X{T)) with p= 21/3 +0.1

e gi(ul) and go(ul)) are internal points of XY" | indeed setting
p—1 p—1
o= — Bi=—
p p
we have
04,6,1—04—66 (Oal)
and
1 1
() = 5 anl kgl (1 Al
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1
gput)=———1+N+<=(1-a-pul +au’ +pu’;

1
p?—1 A
e the points g1(ud)) = ul,, g1(uk), g2(ud) and go(u) = ub,

indeed setting

are aligned,

1
== 109
V= (109)

we have

g1(uZ) = (1 —y)ul, +yud

6

g2(ud)) = yul, + (1 —y)ud, (110)

o the points g1(ul) = ud,, g1(us), g2(ud)) and ga(us,) = u, are aligned,

indeed

g1(ud) = yud, + (1 —y)ul,

(111)
g2(ud) = (1 —y)ud, +yul..

By the reasonings above (108) holds if and only if the following pairs of edges are
overlapped:

e the edge with endpoints ul_ and g;(u? ) and the edge with endpoints g»(u?,)
and u®_;
e the edge with endpoints u?_, g1 (u3,) and the edge with endpoints go(u%,) and
4
ug;

In view of (110) and (111) this is equivalent to have
1

pSZ

’Y:

N |

and, consequently, to

O

Corollary 4. If p < 2'/3 then for every y € Xéé%) and for every € > 0 there exists
xy € Ri(p,7/3) such that

ly —z| <e.
Proof. Fix € > 0 and consider k € N such that

1

— < E.
pH(p—1)

By Theorem 5.9 we have
ye XU = RU(p,7/3) C Roo(p,7/3).
Hence thesis follows by Proposition 3. O
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