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Abstract

3D-printing of embedded piezoresistive sensors has been making the numerical dynamic simulation necessary to develop new smart
3D structures, which have essentially a dynamic nature. This work researches the potentiality of coupled piezoresistive finite-
element modeling (FEM) to dynamically simulate 3D-printed embedded sensors. A new modal approach is proposed, proving
theoretically the linearity of the weak coupled-field model, under the assumption of constant current and small perturbations.
This method has been numerically validated comparing it to the nonlinear full-transient analysis both in the time and frequency
domain, providing a reduction factor of the computation time of ∼ 600. Finally, the piezoresistive model has been experimentally
validated, highlighting its real effectiveness. The computation time performances of the proposed linear approach are opening new
possibilities to dynamically simulate whatever piezoresistive smart structure in the preliminary design phase.
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1. Introduction

Numerical simulations of sensors have become fundamental in the recent years due to the development of 3D-
printed embedded sensors O’Donnell et al. (2014), that require to be designed concurrently with the structure in which
they are integrated. The great enhancement of the fused deposition modeling (FDM) 3D-printing technique Muth et al.
(2014); Leigh et al. (2012) and the novel functional materials Wang et al. (2017); Nadgorny and Ameli (2018), which
has made possible to print sensors (functional materials) and structures (non-sensing materials) in the same build
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cycle Maurizi et al. (2019), realizing 3D-printed Smart Structures O’Donnell et al. (2014), has required to rethink the
product design, especially the preliminary phase of numerical simulations. Among the 3D-printed integrated sensors,
the piezoresistive strain sensory elements have been the object of a significant research interest Muth et al. (2014).
The need to simulate the entire piezoresistive sensors’ behavior, both electrical and structural, has therefore been
growing with the ability of the Additive Manufacturing to co-print sensors and structures, making possible to realize
free-shaped embedded sensors Dijkshoorn et al. (2018). In the preliminary phase of the product design, a numerical
coupled-field simulation is necessary to optimize the sensors’ shape, dimensions and location inside the structure,
forecasting the sensors’ sensitivity variation by a numerical parametric sensitivity analysis, without spending time
and resources in experimental tests. Coupled-field analyses are already performed to simulate classical strain gauges
Thangamani et al. (2008); however, the birth of the 3D-printing embedded sensing have been making this kind of
simulation essential to completely design 3D-printed Smart Structures Gooding and Fields (2017). The only structural
numerical modeling is just in itself an unavoidable, but not sufficient, instrument to design embedded sensors, giving
the opportunity to estimate in advance the interaction between structure and sensor. Indeed, structural problems, such
as stress discontinuities and slippage in the boundaries between sensor and component, could occur, generating critical
zones in which the fatigue phenomenon could produce failure; therefore, using the structural finite-element modeling
allows to identify these problems and adopt engineering solutions to avoid or reduce them. The inherent dynamic
Smart Structures’ behavior Vepa (2010) has made inescapable the necessity to simulate them dynamically, especially
for the integrated strain sensors. Indeed, dynamic strain measurements are essential in many applications, such as
medical diagnostics Sharafeldin et al. (2018), 3D-printed aerospace components Wang et al. (2017) and fatigue life
monitoring in smart structures Stark et al. (2014). Despite this, piezoresistive dynamic simulations of 3D-printed
smart structures have not been researched. In this work, piezoresistive dynamic simulations of FDM 3D-printed strain
sensory elements embedded in structures are performed and validated by experimental measurements carried out in the
previous work Maurizi et al. (2019). In particular, a modal (linear) approach for piezoresistive coupled-field dynamic
analyses to simulate embedded strain sensors is proposed and numerically and experimentally validated.

2. Theoretical Background

The FDM 3D-printed embedded strain sensory elements used in this work are made of conductive PLA (see
Section 4); therefore, the basic constitutive equation, which describes the electrical behavior of the sensor, is the point
form of the Ohm’s law E = ρ J (see Falcon et al. (2014)). Where E is the electric field vector (3 × 1), ρ is the
electric resistivity tensor (3 × 3) (symmetric) and J is the current density vector (3 × 1). Considering the quasi-static
approximation of the system of Maxwell’s equations, it follows that the electric field is irrotational; hence, the relation
E = −∇V can be obtained, introducing in this way the electric scalar potential V , measured in [Volt]. For a generic
continuum conductor, by the previous equations and the continuity equation ∇ · J = 0, neglecting the time-variation
of V, the following governing equation for the sensor’s electrical behavior is obtained:

−∇ · (ρ−1 ∇V) = 0 (1)

The application of the variational principle, the finite-element discretization to Eq. (1) and the approximation of
the voltage over one element through the element shape functions matrix N of size (ne

V × 1), where ne
V is the number

of degrees of freedom (DOF) of voltage of one element, gives the element electrical conductivity coefficient matrix of
size (ne

V × ne
V ), as follows ANSYS Inc. U.S.A. (2009).

KV
e =

∫
vol

(∇NT )T ρ−1 ∇NT d(vol) (2)

Indeed, the finite-element equation for one element that relates the nodal voltage vector V (with an abuse of nota-
tion) and the nodal current vector I, of size (ne

V × 1), can be written as KV
e V = I.

http://crossmark.crossref.org/dialog/?doi=10.1016/j.prostr.2020.02.036&domain=pdf
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To simulate dynamically the embedded strain sensors a piezoresistive finite-element model has been implemented in
this work. The coupled-field finite-element matrix equation for the global system, with an abuse of notation (using V
and I for the system), in the time domain is given by ANSYS Inc. U.S.A. (2009):

[
M 0
0 0

] {
ẍ
V̈

}
+

[
C 0
0 CV

] {
ẋ
V̇

}
+

[
K 0
0 KV

] {
x
V

}
=

{
F
I

}
(3)

where, defining n as the number of structural DOF, M is the mass matrix (n × n), C is the damping matrix (n × n),
K is the stiffness matrix (n × n), x is the displacement vector (n × 1) and F is the force vector (n × 1). The first row of
Eq. (3) is the classical structural equation. The second row represents the electrical part of the model, in which CV is
the global dielectric permittivity coefficient matrix (nV × nV ), that is neglected in this work; KV is the global electrical
conductivity coefficient matrix (nV × nV ). nV is the number of DOF of voltage of the global electrical system. The
numerical problem is weakly coupled ANSYS Inc. U.S.A. (2009). Indeed, ρ is variable with the stress tensor (S is the
tensor representation (3 × 3)), hence, with respect to the structural DOF x. Thus, KV is not constant, depending on x.
The electric resistivity ρ changes as consequence of applied loads, as follows ANSYS Inc. U.S.A. (2009):

ρ = ρ0 (Id + r) (4)

where ρ0 is the resistivity matrix (3 × 3) of the unloaded material, Id is the identity matrix (3 × 3) and r is the
relative change in resistivity (3 × 3), whose vector representation r̃ (6 × 1) is given by ANSYS Inc. U.S.A. (2009):

r̃ = π S̃ (5)

in which π represents the piezoresistive stress matrix (6 × 6), while S̃ is the vector representation (6 × 1) of the
stress tensor S. The component πi j of the matrix pi is a scalar value, which relates the i-th component of the relative
change of resistivity vector ∆ρ / ρ (6 × 1) to the j-th component of the stress vector S.
Considering only the first row of Eq. (3), it can be solved, under the hypothesis of mechanical linearity, by the well-
known modal approach Cianetti et al. (2017). Additionally, using the state space representation of the reduced modal
system (modal state space), whatever P structural quantity can be obtained both in the time and frequency domain. In
particular, P(t) results in:

P(t) = ΦT
P q(t) (6)

where ΦP is the matrix (m × r) of the structural quantity mode shapes, considering m modes and r outputs, and
q(t) is the vector (m × 1) of the modal coordinates.
The FRF matrix HPF force-to-physical quantity of size (r × p) can be computed as follows:

HPF = Φ
T
P Hq( f ) (7)

where Hq( f ) is the FRF matrix force-to-modal coordinates of size (m × p), obtained by the modal state space Kranjc
et al. (2016).

4 M. Maurizi et al. / Structural Integrity Procedia 00 (2019) 000–000

3. Proposed Modal Approach

Software for numerical simulations based on finite-element modeling, such as Ansys Mechanical APDL (Ansys,
Inc.) used in this work, implement piezoresistive coupled-field analysis solving Eq. (3) by a nonlinear solver (e.g.
Newton-Raphson) because the matrix KV depends on x, that is a DOF of the system. To overcome the nonlinear
setting of the problem, represented by Eq. (3), the authors proposes a linear modal approach.
Based on the consideration that the system of Eq. (3) is weakly coupled, the two equations can be solved separately; in
particular, the structural equation has to be solved before the electrical part, which needs the structural solution to be
solved (see Section 2). The problem is reduced to find out the solution of the electrical part (neglecting the contribution
of the matrix CV ), knowing the structural solution, that is the nodal displacements x(t) and every mechanical quantity,
such as the stress tensor S on the elements’ centroid.
To simulate the discrete electric circuit represented by the FDM 3D-printed embedded piezoresistive sensor, it is
possible to assume that the nodal current vector I(t) = k, with k = const. ∀ t, in the nodes where the current is
applied (zero elsewhere). In this way, a resistance (the sensory element) powered by constant current is obtained (see
Fig. 3 in Section 5).
In the time domain, the sensor’s electrical response on one node (the mode shapes have dimensions (m × 1)) results
in:

∆V(t) /V0 = Φ
T
∆V /V0

q(t) (8)

whereΦT
∆V /V0

is the matrix (m × 1) of the relative change of voltage, assumed to be the electrical sensor’s response.
The proposed modal approach has been implemented as reported in the scheme in Fig. 1.

Fig. 1. Implementation schemes of the nonlinear full-transient analysis and the proposed linear (modal) approach.
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of the matrix CV ), knowing the structural solution, that is the nodal displacements x(t) and every mechanical quantity,
such as the stress tensor S on the elements’ centroid.
To simulate the discrete electric circuit represented by the FDM 3D-printed embedded piezoresistive sensor, it is
possible to assume that the nodal current vector I(t) = k, with k = const. ∀ t, in the nodes where the current is
applied (zero elsewhere). In this way, a resistance (the sensory element) powered by constant current is obtained (see
Fig. 3 in Section 5).
In the time domain, the sensor’s electrical response on one node (the mode shapes have dimensions (m × 1)) results
in:

∆V(t) /V0 = Φ
T
∆V /V0

q(t) (8)

whereΦT
∆V /V0

is the matrix (m × 1) of the relative change of voltage, assumed to be the electrical sensor’s response.
The proposed modal approach has been implemented as reported in the scheme in Fig. 1.

Fig. 1. Implementation schemes of the nonlinear full-transient analysis and the proposed linear (modal) approach.
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4. Test Case

In the previous work Maurizi et al. (2019) the abilities of FDM 3D-printed piezoresistive sensors embedded in
structures to perform dynamic measurements and identify the system’s natural frequencies have been proven; besides,
the nonlinearities, the temperature effects, the dynamic range and the frequency range of the 3D-printed embedded
sensors have been investigated.
This work starts from the quasi-static and dynamic measurements performed in Maurizi et al. (2019), using the 3D-
printed embedded strain sensor as test case, and testing the effectiveness and the performances of the proposed modal
approach numerically and experimentally. The embedded strain sensory element and the structure have been printed
in the same build cycle by using a FDM printer dual extruder (Ultimaker 3), as shown in Fig. 2a.

Fig. 2. Sample and its experimental configuration. (a) CAD model of the sample and the embedded sensor and the 3D-printed manufactured
specimen. (b) Cantilever beam experimental set-up.

5. Piezoresistive Dynamic Simulations

In the previous research activity Maurizi et al. (2019) the experimentation has played a central role to investigate
the 3D-printed embedded strain sensor’s dynamic capabilities. However, in a preliminary design phase of the product
the experimental tests should be avoided to reduce the time and the costs.
Therefore, starting from the experimental results of Maurizi et al. (2019), piezoresistive coupled-field numerical dy-
namic simulations have been performed, implementing the approach described in Section 3.
To perform piezoresistive simulations, the elements solid227 have been adopted to mesh the integrated sensor. The
electrical boundary conditions for the sensor have been imposed to create an analogy between a simple concentrated
parameter model and the FEM model, which represents a continuum model; in Fig. 3 the similarity is shown. A cur-
rent of intensity I = 0.2 mA has been applied to the nodes on the two sensor’s surfaces shown in Fig. 3. Additionally,
a zero voltage has been imposed to the nodes on one of the two sensor’s surfaces as reference voltage.
Considering random ergodic white noise as input force, the numerical validation of the proposed modal approach is
shown in Fig. 4, in which the comparison in the time domain between the nonlinear full-transient simulation and the
modal approach is carried out. As evident, the match is almost perfect.
In Table 1, the computation time comparison between the full-transient and modal approach is highlighted, showing
how the proposed approach is 616 times (in this case) faster than the nonlinear method. Finally, the experimental
validation of the numerical piezoresistive model is shown in Fig. 5.

6 M. Maurizi et al. / Structural Integrity Procedia 00 (2019) 000–000

Fig. 3. Analogy between the concentrated parameters model of the sensor and its FEM model, and relative boundary conditions. (a) Concentrated
parameters model. (b) Finite-element model.

Fig. 4. Comparison between piezoresistive full-transient analysis and modal approach in the time domain with F(t) as input, in the range 5 Hz to
800 Hz. (a) Sensor’s response up to T = 5 s. (b) Zoom in the range 2 s to 3 s.

Table 1. Computation time comparison full-transient and modal approach.

Simulation Approach Computation Time [s]

Nonlinear Full-Transient 5.6878512 × 105

Modal Approach 922.23

6. Conclusions

The potentialities of numerical dynamic analyses to simulate FDM 3D-printed embedded strain sensory elements
have been researched. The structural simulations have been used to show the capability of numerical analysis to fore-
cast possible structural problems, which can occur in case of 3D-printed sensors embedded in systems. To completely
simulate piezoresistive sensory elements, piezoresistive coupled-field analyses have been implemented, proposing a
modal (linear) approach, which allows to avoid the nonlinear solver implemented by commercial finite-element soft-
ware. Besides, it can be assessed that the proposed method has validity under the hypothesis of constant electrical
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Fig. 5. Validation piezoresistive FEM model with experimental results of Maurizi et al. (2019). (a) Quasi-static conditions at 30 Hz in the time
domain, zoom in the range 0.4 s to 0.6 s. (b) Dynamic conditions in the frequency domain, in the range 5 Hz to 800 Hz.

current boundary conditions, while the hypotheses on the matrix π are not limiting. The computation time’s reduction
of this method, which has been numerically and experimentally validated, is considerably high (more than 600 times
in this work), if compared to the complete nonlinear approach. Additionally, despite the uncertainty of the numerical
model to represent perfectly a real 3D-printed embedded sensor, due to the presence of sources of noise in the reality,
the proposed linear approach represents a powerful and fast method to predict numerically the sensor’s response and
its sensitivity (gauge factor) in advance compared to the experimental tests.
This work shows the abilities of numerical piezoresistive models to simulate and completely characterize the 3D-
printed embedded strain sensor’s behavior, highlighting how the proposed modal approach is able to strongly reduce
the computation time.
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