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Abstract

An analytical expression of diffraction line profiles of spherical hollow nanocrystals (NCs) is derived. The particular
features of the profile lines, enhanced peak tail intensity, are analyzed and discussed as a function of the NC size para-
meters (outer and inner radius, shell thickness). The explicit formula for the integral breadth, the Fourier particle size, and
the Scherrer constants are also obtained and discussed in detail. The diffraction line profiles of hollow CdS NCs of
zincblende and wurtzite crystallographic structure are calculated and compared with Debye scattering profiles. The
diffraction profiles of both approaches exhibit an enhanced peak tail intensity that can be considered as a fingerprint of the
hollow NC structure.
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Introduction yielding either polycrystalline or monocrystalline hollow
nanostructures.> On the other hand, some synthetic
routes”> allow a high control of the NC shell thickness
by tuning the process parameters properly.

In order to visualize the hollow nanostructure morphol-
ogy and to determine the microstructural properties (size,
shape, crystallinity, etc.), high-resolution transmission
electron microscopy techniques (HRTEM, STEM) have
been successfully used.'® However, as for polycrystalline
materials, NCs, and colloids, X-ray diffraction methods

Recently, hollow NCs are attracting an increased scientific
and technological interest due to their intriguing optical,
electronic, electro- and photochemical, and catalytic prop-
erties that may find use in potential applications in diverse
fields such as nanoscale encapsulation and drug delivery,
photocatalysis and plasmon photonics, energy storage
(anode material in Li-ion batteries), and nanoreactors. Dif-
ferent synthesis approaches for the fabrication of nanoscale
hollow structures are reported: Kirkendall cavitation pro-
cess,' > template-free hydrothermal method,* template-
engaged replacement reactions,” galvanic replacement
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may also be suitable for the microstructural characteriza-
tion of hollow NCs.

In fact, X-ray scattering methods are experimental tools
frequently used to investigate the structural properties and
to determine morphological and structural parameters and
to evaluate the ordering and architecture of nanoscale mate-
rials.'” In particular, for nanocrystalline materials, X-ray
diffraction is a very powerful and nondestructive evalua-
tion tool that provides useful information for a better com-
prehension and understanding of the functional properties
of nanocrystalline materials and that allows to optimize
fabrication processes and synthesis procedures.''*'?

In most cases, the interpretation of the experimental
data is achieved only by modeling of the diffraction pro-
files. Here it is fundamental to use the correct model for
the data analysis. The line shape and width (breadth) of
the diffraction peaks depend on several parameters and
factors like crystallite shape and size, microdefects, strain,
and so on."* In many cases, nanocrystalline particles exhi-
bit a geometrical structure (shape) that reflects their crys-
tallographic structure; the diffraction line profile and
breadth are related to the size and shape of the nanocrys-
tallites. Analytical formulae for some particle shapes
(spheres, cubes, cylinders, octahedral, tetrahedra) were
found and are frequently used.'*"

Therefore, X-ray diffraction is a very powerful method
in characterizing quantitatively the shape and size of crys-
talline nanoparticles (nanopowders, colloidal nanoparti-
cles, nanocomposites, etc.), and the microstructural
parameters can be extracted from X-ray diffraction line
profiles by pattern decomposition that is still a very fre-
quently used data analysis approach.'*'¢

In this work, we derive an analytical formula that
describes the diffraction (line profile) on hollow spheres,
that is, spherical shell NC. In addition, the analytical
expressions for integral breadth and Fourier apparent size
are derived; as well known, these parameters are usually
employed in the pattern decomposition method.'*'®!” The
diffraction line profile features are discussed as a function
of the microstructural parameters (size), and the line profile
calculated by the analytical kinematical formula is com-
pared with calculations based on the Debye equation.

Diffraction on hollow spherical
nanocrystals
Diffraction line profile

The intensity diffraction line profile of a crystallite of
dimension D can be expressed as'*!*
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with ks =k — ko =2 (sinf — sinf), where 6, is the
Bragg angle and 6 is the scattering angle. V(z, D) is the
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Figure 1. Common volume function V(t, r, R) as a function of the
displacement t of a hollow sphere of outer radius R = |5 nm and
of different inner radius values r. For comparison, the common
volume function of a solid sphere with R = |5 nm is also shown
(black line).

common volume function of the crystallite and the “ghost”
crystallite shifted by distance ¢ parallel to the diffraction
vector; 7 is the value for which ¥V(¢, D) = 0. V(¢, D) is an
even function and the common volume function has the
boundary conditions

lin(} V(t,D)=Vy, and lim V(1,D)=0
t—

n—+

where Vj is the volume of the crystallite. In order to solve
equation (1), the volume function V(¢, D) must be known.

For spherical shell structures, with internal radius » and
outer radius R, first the solution of the volume function V{(¢, r,
R), that is, the common volume function of the shell crystal-
lite and the “ghost” crystallite shifted by distance ¢ parallel to
the diffraction vector, has to be found. This function has
been derived and is given in Appendix 1. Figure 1 shows
the function V(z, r, R) for a spherical shell with R = 15 nm
and r = 3, 8, and 13 nm, respectively (for comparison, the
function of a full sphere of radius R = 15 nm is also given).

As a consequence of diffraction in the far-field approx-
imation, the diffraction intensity profile corresponds to the
Fourier transform of the crystallite. It follows that the Four-
ier transform of a crystallite, V(¢ D), represents the crystal-
lite size broadened and shape-dependent line profile.

Generally, the shape of crystalline objects is defined geo-
metrically only by the outer surface. Of course, this is not the
case of hollow structures that are geometrically defined by
an inner surface too. In the case of spherical crystals, the
geometrical shape is defined simply by their inner and outer
radius (or diameter). Hence, solving equation (1) for sphe-
rical shell structures, with inner radius » and outer radius R,
we obtain the normalized peak profile function
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Figure 2. Calculated diffraction profiles of hollow spheres of outer radius R = |5 nm and inner radius r = 3 nm, 8 nm, and 13 nm,
respectively (linear (a) and logarithmic scale (b)). The diffraction profile shape changes with the inner radius r. The peak intensity is
reduced while the tails are increased in intensity, and in addition the profile shape exhibits characteristic features that became more

pronounced for thin shells (greater inner radius). The profiles for r = 0 nm correspond to the full sphere diffraction pattern.

I(kg,r,R) =

(R> = 13) - (27 - k)

where the terms Tj(k,, r, R) are given by

Ty = 6(rk,AR)* | 1 — 2(mk,Ar)? m(ﬂ)_ /

T, =3 [( cos(h;AR))? - (1 + 2(mhsAr)?) — (cos(mhyAr))? - (1 + z(wksAR)Z)}

{sin(ZwksR)z + sin(ZWkSr)z}

N W

T; =

Ty = 3k, [AR- [1 - Z(WkSAr)z} - sin(27k,AR) — Ar - [1 — 2(nk,AR)?] - sin(ZWksAr)]

Ts = —3mky[r - sin(4nksr) + R - sin(47ksR))

with Ar=R—rand AR=R+r.

The diffraction profile patterns of hollow nano-
spheres calculated with equation (2) exhibit peculiar
features. Figure 2 shows the diffraction line profiles
for a hollow nanosphere of outer radius R = 15 nm
and different inner radius values » = 3, 8, and 15
nm, for both linear (Figure 2(a)) and logarithmic (Fig-
ure 2(b)) scale. For comparison, the diffraction profile
of a full sphere with radius R = 15 nm (» = 0 nm) is
also shown (black line). No appreciable difference is

observed between the diffraction profiles of the full
sphere and the hollow sphere with » = 3 nm. However,
with increasing inner radius, the maximum peak inten-
sity decreases as expected (decrease of the scattering
volume), while the intensity of the tails increases with
increasing hole radius. In particular, for hollow spheres
of thin shells, a pronounced broadening and tail inten-
sity enhancement is observed. The central peak width
remains essentially the same for full and hollow
spheres indicating that the main parameter that
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Figure 3. Calculated diffraction profile of a hollow sphere of outer radius R = |15 nm. The diffraction profiles are calculated, in
accordance with equation (6), as a function of the inner (core) radius values r that vary between 0 nm and |3 nm. The diffraction profile

patterns are plotted in linear (a) and logarithmic scale (b).

determines the peak width (FWHM) is the outer radius
value R, while the intensity decay of the diffraction
peak tails is determined by the inner radius 7.

The high frequency intensity oscillations (labeled as
“h”) close to the peak maximum are due to the whole
dimension of the sphere, that is, the periodicity is
related to the outer radius R. In contrast, the low fre-
quency oscillations (labeled as “s”) and their periodi-
city are related to the inner radius r of the hollow
sphere, more precisely the periodicity is related to the
shell thickness (R — 7). From the experimental point of
view, in most cases, it will be difficult to observe the
intensity oscillations in the diffraction profile curves.
But the low frequency oscillations could be observed
experimentally similarly to the oscillations of spherical
crystallites.

The development of the diffraction profile pattern as a
function of the inner radius r (hole) is shown in Figure 3.
The outer radius of the hollow sphere is kept constant at R
= 15 nm, while the inner (core) radius values r vary
between 0 nm and 13 nm. The diffraction profile patterns
are plotted in linear (Figure 3(a)) and logarithmic scale
(Figure 3(b)) since some features are more pronounced in
the low intensity range, particularly the intensity decay of
the intensity tails.

Crystallite size definitions (integral breadth and
Fourier size)

General considerations. The diffraction line profile and
peak width depend on the crystallite size. In general,
the peak broadening increases with decreasing crystal-
lite size. Pattern decomposition approaches usually
employ the integral breadth as a measure of dispersion
of the intensity diffraction profile and is defined as the
width of a rectangle having the same area and height as

the line profile.'>'® The integral breadth due to size
effect is given by

+7 v

0
= | —=dt 3
=7 e
here, for a spherical shell structure with outer diameter D
(=2 R), 7 = D. The integral breadth apparent size &3 is
defined as the reciprocal of the integral breadth, that is,

€g = 67!, Hence, the integral breadth apparent size is a
volume-weighted size

+7 2R
= (Dy) :/%)dt - Vlo./V(t)dt @)
-7 0

(Dy) is an “apparent” thickness (volume average thick-
ness) of the crystallite along the diffraction vector direc-
tion, that is, perpendicular to the diffraction planes.

Crystallite size broadening can also be described in
terms of the Fourier coefficients, A(¢) in the range t€{0,7},
given as

_ V(t,rR)

A(n) = =505 (5)

The area-weighted apparent size, or Fourier apparent

size, is defined as'>'¢
-1
1 dA(z,r,R v
= — [ —- dd(t,rR) —— 0 (6)
Vo dr L 7'(0)

where V/V'(0) is the reciprocal of the initial slope (¢ =
0) of the Fourier transform of the diffraction line profile
(equation (1)). The Fourier apparent size can be inter-
preted as the total area of projection of unit volume of
the crystallites onto the reflection planes, that is, the
apparent “thickness” (area-weighted size) of the
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Figure 4. Ratio €, of the integral breadth €3 and Fourier
apparent size g, of the hollow sphere with the same parameters
used in Figure 5.

crystallite in the direction of the diffraction vector. The
Fourier apparent size does not represent the physical
dimension of the crystallite.

Both quantities, &g and ¢,, are referred to as appar-
ent sizes and are related to the actual physical dimen-
sion 7 (thickness) of the crystallite along the
diffraction vector by the Scherrer constant that must
be determined. In general, &5 and ¢, are smaller than
the actual size 7 and are not equal, that is, the ratio &g/
er # 1, but in some cases can be as high as 2 depend-
ing on the crystallite shape.'®

It should be also recalled that the second derivative of
the Fourier transform V(z, D), namely V"(¢, D), is propor-
tional to the distribution of the thickness parallel to the
direction of the diffraction vector.'*

Integral breadth and Fourier apparent size of spherical hollow
NCs. Considering equations (1) and (A9), the integral
breadth apparent size (in reciprocal units) due to size

_r2 5
gg(r — 0) = lim {431((153—23) {(R—Fr) . <2 — In

r—0

and

5,{(1*—>O):§-R

(10)

As already mentioned, generally the values of integral
breadth ¢5 and Fourier apparent size ¢ of a crystallite are
not equal and the differences depend also on the crystallite
shape. Here, it is interesting to note that the ratio &, = 5/
&, of hollow spheres depends strongly on the ratio between
inner and outer radius (7/R) and the difference between the
area-weighted (¢,;) and volume-weighted (e3) apparent
sizes is particularly pronounced for hollow spheres of very
thin shells. Figure 4 shows the ratio &, of the integral
breadth &3 and Fourier apparent size ¢,, of the hollow sphere

(b)
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Figure 5. The integral breadth ¢ (a) and Fourier apparent size €,
(b) of a hollow sphere dependence on the outer radius R (range:
13—15 nm) and inner radius r (range: 0—13 nm).

effect of a spherical shell with inner radius » and outer
radius R can be determined from equations (4) and
(A10) as

&5 iM [(R+r)2- (2— 1n§;:) —2rR}

(7)

From equation (6), the Fourier apparent size of a hollow
spherical crystallite can be obtained
4(R° 1)

== IR

(3)

Here, it is interesting to note that the equations of the
hollow spherical crystallite yield as limiting case for » — 0
the known relations of a full spherical NC. In fact, if the
inner radius approaches 0, r — 0, that is, we consider the
limiting case of a full sphere, the well-known expressions
of spherical crystallites are obtained for the integral breadth
and Fourier apparent size

) o]} =3

parameters as calculated by equations (7) and (8) and used
in Figure 5(a) and (b).

R—
R+

©)

Scherrer constants of spherical hollow NCs. The “true” size p,
defined as the cube root of the mean crystallite volume
(p = /Vy), is related to the apparent size through Scher-
rer’s equation; p = K- g or p = K, - ¢, for the integral
breadth or Fourier apparent size, respectively. K3 and K,
are the Scherrer constants and are dimensionless numbers.
As pointed out by Langford,'® the concept of “true” size
has little physical significance and Scherrer’s approach
has been replaced by modern procedures and data
analysis.



Nanomaterials and Nanotechnology

wurtzite structure

zincblende structure

Figure 6. Constructed CdS hollow NC of zb (a) and w structure
(b) used for the Debye diffraction calculation; Cd and S atoms are
in blue and yellow color, respectively. Here, for a better visuali-
zation of the hollow structure (labeled h) of the CdS NCs, part of
the shells are removed (labeled s). zb: zincblende; w: wurtzite.

Nevertheless, in the following, we report the analytical
expressions for the Scherrer constants obtained by the pro-
cedure described in'®

3 iTF(R3 — )
; (1)
[(R ) (2 - 1nﬁ) - 2rR]

R+

KH =
! E R—r

4 (R+r)*—rR
and

D S

3/97?
\/ (R3 — r3

These expressions are very complex if compared to the
Scherrer constants of other crystallites of various shape and
depend on crystallite size parameters (here, » and R), simi-
larly to rectangular parallelepiped,'® cylindrical,'” and hex-
agonal'® crystallites. It can be easily verified that for r = 0
(full spherical NC), the Scherrer constants Kz and K,; in
equations (11) and (12) take the known expressions % . ﬁ

397r

(12)

and , respectively.'”

Diffraction intensity profiles: A
comparison with Debye diffraction

For a comparison of diffraction intensity profiles and pow-
der patterns, we consider a CdS spherical shell NCs of both
zincblende (zb) and wurtzite (w) crystallographic structure.
Figure 6 shows a schematic representation of the hollow zb
and w CdS NCs.

The whole diffraction pattern (powder pattern) that
includes all the (k) diffraction peaks can be written, con-
sidering equation (2), as

Io(ks,r,R) = Y L myy - [Fipa?
i

I(kg,r,R) (13)

Intensity (arb.units)

(103) B
(110)  (112)
201)

(211) |
(202) (203) (105)

15 20 25 30 35 40 45 50

Scattering vector (nm")

Figure 7. Whole diffraction patterns of hollow CdS NC of w
structure calculated with the Debye scattering formula (A) and
equation (I3) of this work (B). w: wurtzite.

where Fj;; and my;; are, respectively, the structure and
multiplicity factors of the Akl reflection. L contains the
Lorentz and polarization factors.

For small crystal structures, the calculation of the inten-
sity I(s), with the scattering vector s = 27 - k, can be also
performed considering direct crystalline space, using the
Debye scattering equation®® %2

Zf

where ry is the distance between the ith and jth atoms. In
order to obtain the intensity for given values of momentum
transfer, the atomic scattering factors f(s) are calculated by
using the known relation

sm s - rij) (14)

§ - rj

(15)

with the corresponding coefficients a;, b;, and ¢ for Cd and
S atoms, respectively.

First, in order to calculate the Debye diffraction pattern
(equation (14)), unrelaxed spherical CdS clusters with zb and
w phase were built (Figure 6)**; a first cutoff radius R from
the center of the crystal defines the external size whereas a
second cutoffradius  corresponds to the internal radius of the
hollow cluster. For the spherical NCs of both the crystallo-
graphic structures, an outer radius R = 3.60 nm has been
considered, while an inner radius of » = 2.00 nm and r =
1.95 nm for the zb and w crystallographic structure, respec-
tively, is considered in order to fulfill the requirements to have
a hollow NC constituted by an integer number of atoms.

The whole (powder) diffraction patterns in the range of &
=13 nm ' and 52 nm " of a hollow w CdS NC calculated
by the Debye scattering equation (curve A) and equation
(13) (curve B) are shown in Figure 7 The Miller indices of
the diffraction peaks are reported in correspondence of
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Figure 8. Whole diffraction patterns of hollow CdS NC of zb
structure calculated with the Debye scattering formula (A) and
equation (13) of this work (B). zb: zincblende.

curve B. The diffraction peak positions and relative inten-
sity ratios in curve B are in accordance with the data of
ICCD n.80-0006> of bulk w CdS. For some diffraction
peaks, particularly for (100), (110), (112), and (211), the
Debye scattering pattern shows a noticeable discrepancy in
the relative intensity ratios.

Similarly, the diffraction patterns of hollow zb CdS NC
(Figure 8) also show a discrepancy of relative intensity
ratios between Debye scattering (curve A in Figure 8) and
the scattering curve calculated by equation (13) (curve B in
Figure 8). Also here, the diffraction peak positions and
relative intensity ratios of curve B are in good agreement
with the data of ICDD n.80-0019%° of bulk zb CdS.

The intensity ratio differences may be related to the fact
that Debye scattering considers the real atomic ordering
and configuration on the NC surface (in the case of hollow
nanocrystals, also the interior surface must be taken into
account). On the contrary, the approach used for deriving
equation (13) considers the structure factor of the crystal-
lographic unit cell and the specific form factor of the NC;
the structure factor is “smeared out homogeneously” over
the whole nanocrystal structure and surface effects cannot
be taken into account. Similar observations are reported in
literature also for full NCs and are particularly noticeable
for small-sized NCs (<10 nm),** %’ for larger sized NC
structures this effect may become negligible.

The most striking features in the diffraction patterns of
Figures 8 and 9 are the observed intensity modulations at
the peak tails (tail intensity enhancement) that are particu-
larly observable at “isolated” diffraction peaks. The tail
intensity enhancement, as discussed above and shown in
Figure 2, is a fingerprint of line diffraction profiles of hol-
low NCs. Figure 9(a) shows the diffraction line profiles of
the (220) peak in Figure 8 for the Debye scattering (blue
solid line) and the model of this work, equation (13), (red
circles). A perfect correspondence of the line profiles is
observed. The enhanced tail intensity on both sides of the

T T T T T T T T
this work (a)
Debye scattering
15 .
_ (220)
E )
5
E‘ 10
&
=
k7]
| =
L
£ 5
0F
1 1 1

29 30 31 32 33
Scattering vector (nm™)

28 29 30 31 32

Scattering vector (nm™')

Figure 9. Diffraction line patterns of the (220) peak in Figure 8
for the hollow CdS NC (a) calculated with the Debye scattering
formula (blue line) and equation (13) of this work (red circles).

For comparison, the (220) diffraction line profile of the full CdS
NC (r = 0 nm) is also shown (b).

peak is well pronounced and is notably evident if compared
with the diffraction line profile of full NCs (Figure 9(b))
calculated with both approaches by taking » = 0 nm.

Conclusions

An analytical expression of the diffraction line profile of sphe-
rical hollow NCs, with outer and inner radius R and r, respec-
tively, has been derived using Wilson’s approach. In addition,
formulae for the integral breadth and Fourier particle size and
the Scherrer constants are derived. For » = 0, all the formulae
lead to the known expressions of full spherical NCs and are
discussed as a function of the geometrical (size) parameters.
The diffraction line profiles of spherical hollow NCs
exhibit an enhanced intensity at the tails of the diffraction
peaks that can be considered as a fingerprint of the hollow
nanostructure. For comparison, the diffraction profiles of
spherical hollow CdS NCs of zb and w crystallographic
structure were compared with the diffraction curves calcu-
lated using the Debye scattering equation. Generally, a good
correspondence and the same features of enhanced peak tail
intensity were observed; differences of some peak intensity
ratios (more pronounced at very small particle size <10 nm)
are interpreted as a consequence of the atomic ordering and
configuration at NC surface that is better and more realisti-
cally described in Debye scattering. The analytical expres-
sions derived could be helpful for correct interpretation and
quantitative analysis of diffraction data of hollow NCstruc-
tures of particle size in the range between 10 nm and 100 nm.
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Appendix |

Calculation of the common volume function of a
spherical shell

The calculation of the common volume function V(f) has
been performed according to the procedure adopted and
described by Wilson.'* Here, ¥(¢) is calculated by solid
of revolution method and a washer method that is particu-
larly indicated in the case of hollowed objects.*® As shown
in Figure Al, it is convenient to calculate the common
volume of a spherical hollow crystal and its “ghost” shifted
by ¢ considering the appropriate integration regions, that is,
limits of integration. Depending on the magnitude of the
inner 7 and outer radius R of the spherical shell, there are
two cases that can be considered: » < R <3rand 37 <R. It
is obvious that the first case holds for very thin shells, that
is, the magnitudes of the inner and outer radius values are
very close, while the second case describes spheres with
thicker shells (i.e. relatively small hole). For the two cases,
integration regions with different integration limits have to
be considered. However, the final results are identical as
can be easily demonstrated.

In the following, we report for the two cases the expres-
sions of the common volume function for the different
integration regions as well as the integration of the common
volume function over ¢, that is, [ V'(¢) dz that is related to
the apparent size of the crystallite (equation (4))."*'®

For the definition of the appropriate integration limits, it
is convenient to determine the intersection point x, between
the outer radius R of the 0-sphere and the inner radius » of
the translated 7-sphere (“ghost” crystal) for the translation ¢
along the translation axis x

R — 247
2.t

X0 =

i) First, we consider the case of thin shells (r <R < 3r)
as schematically shown in Figure Al(a)).

Integration region 1: ¢ € [0, R — 7]

R r+t

Vi) = 27 /(Rz—xz)dx—/(rz—(x—t)z)dx

2

’—g- [8(R? — ) — 6t(R + %) + 1]
(A1)

the integration of the volume in the overlapping region 1
yields

r<R<3r

case

case 3r<R

Figure Al. Common volume function calculation with the
integration regions for the two possible cases depending on
the inner and outer spherical hollow clusters: r < R < 3r (a)
and 3r < R (b).

R—r
VI:/Vl(t)dtzg(R—r)z(%’z—&-10r+7R2) (A2)
0

Integration region 2: ¢t € [R — r, 2r]

X0

Va(t) = 2 /(R2 —x?)dv— / (r2 - (x—t)2> dx

L
2

:z.lﬂl
2 t

with
2r

vy = / Va(r) dt :%(Rz — )2 ln<R

R—r

2r

—r

)

Integration region 3: ¢ € [2r,R + 7]
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V3(t):2/ —x?)dv— /r—x—t)dx

—4r) — IW

(SN

6(R? — r2)* + 412 (3¢

t

~E

(AS)

with

R+r

V3:/V3(t)dt

2r

= g®=r) {(24(R+r)2 : ln(R+r)) ~R*— 6rR + 74

2r
(A6)

Integration region 4: ¢ € [R + r, 2R]

r+t

7' /(%_4x—nﬁdx
(R®

!

2

:%[ ) — 6t(R: + 17) + 1]
(A7)
with
2R
vy = / A0 dt:4—7;(7R+r)(R—r)3 (A8)
r+R

In summary, for case » < R < 3r, the common volume
function ¥(¢, r, R) for the four integration regions is

g- [8(R® — ) — 6t(R? + r?) + ] ifre [0,R—1]
2 232
; {(’ :R )} ift e [R—r 2]
V(trR)=
2 2\2 2 4

% |:6(R —r?) +4ttr(t4r)t:| ifre 2rR+1]

g- [8(R® — %) — 61(R? + 12) + £*] ift € [R+r 2R]
(A9)

and its integration along ¢ in the scattering direction, v, is
R—7r
V—ZVJ {(RJrr) (271n<R+r>>72rR}

(A10)
For the case of thick shells (37 < R), as schematically shown
in Figure Al(b), we obtain for the total common volume

function V¢, r, R) and v, that is, the integration of V(¢ r, R)
along ¢ in the direction of scattering, the following expressions:
For integration region 1: 7 € [0, 27]

Vl(f)=27f/ —x?)dx — 7r —(x—1) )dx
:Z-[82(R3—r)—6t(; ) + 7]

(Al1)

with the integration of the volume in the overlapping
region

2r
Vi :/V]
0

Integration region 2: ¢ € [2r,R — 7]

(f)dt = 27rr(§R3 -2 — rR2> (A12)

(A13)
with
R—r
vo= [ Va(t)dt= %(R —3r) - (41R? — 25rR? + 3r2R — 123/°)
2r
(A14)

Integration region 3: 1 € [R — r, R + 7]

V3(t):27r/ —x?)dx — /r—x—t )dx

o~

T |6(R* - P2+ A2t — 4r) — 1
12 t
(A15)
with
R+r
vy = / V}(l)
R—r
T 2 o2 o (RETY 3112 3
—6[3(R ) ln<R—r) r(16r° — 11r"R+ R°)
(A16)

Integration region 4: ¢ € [R + r, 2R)
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R
V4(t):27T/(R2—x2)dx:%-(t+4R)-(t—2R)2
(A17)
with
y 1 3rR  5R* + 77
_ _r 4_ 4 2R tr
V4—/V4(l‘)df—4|:12(7R 7‘)+FR |:2 3 :|:|
r+R
(A18)

Finally, for case 3r < R, the common volume
function V(¢, , R) for the four integration regions is

[8(RP = 1) — 61(R? +17) + 1]

2 t £ 4
or (2R3 _lpr 25
T (3 2Nty

if t € [0,2r]

[

ifre [2r,R—r]

V(t,r,R) =
T |6(R* — 1) + 4 (1 — 4r) — ¢ .
12.{ ; :l ifte R—r,R+7]
55 (t+4R) - (t = 2R)° if 1€ [R+7r,2R]
(A19)

and the integration of V{(#, r, R) along ¢ in the direction of
scattering is

4
V= E Vi =
J=1

(R—r)*- {(R—f—r)z- (2— 1n(2*

7))~

(A20)

NN

Figure A2 shows for comparison the common volume
function V(¢, r, R) for different NC shell thickness. The

sy 200 T T T T T T T
E = full sphere
£ 180 —— i) hollow sphere (r=1.1nm) |
= 160 b =i} hollow sphere (r=1.1nm) |
> \ —— i) hollow sphere (r=1.1nm)
£ 140 \ iv) hollow sphere (r=1.1nm) |
:8 120 — = i) hollow sphere (r=2.0nm)
c | \ = = i) hollow sphere (r=2.0nm) |
2 100 N\ iii) hollow sphere (r=2.0nm) _|
@ N\ iv) hollow sphere (r=2.0nm)
5 80 \ .
S 60t > .
é 40} ]
€ 20 R=3.6nm =}
8 0 C 1 1 1 1 1 1

= _—-',—J -
7

translation ¢ (nm)

Figure A2. Common volume function V(t, r, R) for spherical
hollow NCs with outer radius R = 3.6 nm and different NC shell
thickness, that is, r < R < 3r (dashed lines) with r = 2.0 nm (shell
thickness 1.6 nm) and 3r < R (solid line) with r = I.1 nm (shell
thickness 2.5 nm). The different colors indicate the various inte-
gration regions. The grey solid line refers to the full spherical NC
with radius R = 3.6 nm.

outer radius R = 3.6 nm is the same for both cases, r =
2.0 nm (dashed lines) with » < R < 3r (corresponds to
the example shown in Figure 8) and » = 1.1 nm with 3r
< R (solid line); the different colors indicate the various
integration regions. For comparison, also the common
volume function of a full spherical NC with radius R
= 3.6 nm is shown (grey solid line). The deviation of
V(t) from a full NC increases with reduced shell thick-
ness and, as expected, the difference is more pronounced
at small translation ¢ and reaches 0 for r = 2 R.
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