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ABSTRACT In this work we present a synthesis method for the design of RF and microwave Active
Inductors (AI) based on S-parameters and conformal transformations. The proposed approach allows to
study and define the desired AI characteristics directly managing the transfer function of an equivalent
two-ports network, thus overcoming the difficulties relative to the characterization of the classical closed-
loop architecture that characterizes both the proposed AI architecture and the classical gyrator-C capacitor
scheme. By analyzing the obtained AI open-loop transfer function, it is possible to define the design criteria
useful to obtain a single port equivalent network showing an inductive behavior at the desired frequency.
An example of application of the proposed approach is also provided and the obtained AI is used for
the design of a low-power active filter. Measurements are in good agreement with the simulation results,
demonstrating the feasibility of the proposed design approach.

INDEX TERMS Active inductor, active filter, graph theory, open-loop analysis, synthesis method,
S-parameters.

I. INTRODUCTION
In the integration process of modern RF and microwave sys-
tems, some difficulties arise with the use of passive elements
and they are due to technology limitations that allow fabricat-
ing components with a low-quality factor and high tolerances.
In particular, the use of spiral inductors is even more critical
because they require a large amount of substrate area and usu-
ally entail electromagnetic analysis due to coupling effects.
This has aimed the necessity to find suitable alternatives to
avoid the general degradation of the system performance.
If at higher frequencies it is more manageable, by substituting
lumped components with distributed elements, at lower fre-
quencies this solution cannot be pursuedwithout significantly
increasing the chip area. So, the definition of suitable alter-
natives has been necessary, and a promising solution relies
on the use of equivalent active inductors. Even if power con-
suming, active solutions are capable of ensuring high-quality
factors and tunability characteristics can also be achieved
with respect to passive solutions. Different active inductors
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have been proposed in the literature [1]–[10], and between
them, those based on the Gyrator-Capacitor approach [11]
are the more promising for practical applications. This solu-
tion is very simple, since an input voltage drives a load
capacitor through an inverting transconductance amplifier,
thus producing a 90 degree phase shift voltage; this, in turn,
drives the output current through a noninverting transcon-
ductance providing an inductive behavior from the input
terminal (Fig. 1a). Gyrator-C solutions employing differential
tunable active inductors (DTAI) [12] or voltage differenc-
ing transconductance amplifier (VDTA) [13] have been pro-
posed in the literature, with promising results. However, the
schematic complexity, in terms of the number of active and
passive components could be disadvantageous, especially for
lumped-element discrete RF boards. Starting from the base
gyrator-C scheme, an active inductor realized with a single
transistor has been already proposed by some of the same
Authors and fully investigated in different papers [14]–[20].
It has been conceived with an inverting amplifier, usually
realized with a single transistor in common emitter/source
configuration, and a passive, feedback network useful to pro-
vide the suitable phase delay between the input voltage and
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FIGURE 1. (a) Gyrator-Capacitor architecture; (b) the active inductor
scheme.

the output current. A phase shift of exactly 90 degrees pro-
vides an ideal equivalent inductive behavior at the input port
of the active network thus conceived (Fig. 1b). This kind of AI
(Active Inductor) is generally designed with an optimization
process of the network parameters, finalized to obtain the
desired inductive behavior. In fact, due to the presence of
a feedback network, it is not trivial to define useful design
equations, in particular when distributed elements are also
included in the design. In addition, the constitutive equations
are strictly related to the selected network topologies and so a
theoretical formulation of the circuit behavior has never been
formalized in real cases.

In this work, we propose a generalized synthesis method
for the design of a gyrator-based AI by means of Scatter-
ing parameters and conformal transformations. The proposed
approach allows determining the general impedance of the
AI proposed in Fig. 1b, directly managing the open-loop
response of the same circuit. The feedback structure is dis-
connected in a suitable reference plane and the open-loop
transfer function is designed looking at the S-parameters of
the same network. In this way, it is possible to determine
the proper characteristics of the closed-loop circuit, in order
to achieve the desired inductive behavior of the complete
structure. This approach allows transferring the design of a
single port network with a feedback loop, to that of a double
dipole network, so allowing the definition of a systematic
synthesis approach.

As a feasibility demonstration, the proposed approach has
been applied to the design of an AI for the implementa-
tion of a low-power, single-cell bandpass filter at 730 MHz,
already proposed in [20]. The design approach for the
above-mentioned filter has been also presented and dis-
cussed in other previous works [21]–[23]. The filter shows
a 3 dB bandpass of 50 MHz and a P1dB compression point

of 12 dBm with a quiescent power consumption of only
1mW.Measurements results are in good agreement with sim-
ulations demonstrating the reliability of the proposed design
method.

The work is organized as follows. In Section II, the AI
synthesis approach is presented; in Section III, a case study
is illustrated with the design of an active inductor, reporting
test and measurements results on a simple LC-filter, while in
Section IV conclusions are drawn.

II. THE AI SYNTHESIS METHOD
A grounded active inductor is an active, one-port, electric net-
work, whose input impedance is equivalent to that provided
by a passive shunt inductor in a limited frequency range [19].
Considering, for instance, the simplified electrical scheme in
Fig. 2, the combined operation of an inverting gain stage and
a suitable delay network allow obtaining the desired phase
shift between input current and voltage. In this case, by using
an ideal RC network and modeling the inverting amplifier
with a simple voltage-controlled current source, the input
impedance can be easily evaluated defining the expression of
the input current (equation (1)) and it is shown in (2).

Iin = Idelay network + gmV1

= Vin
jωC

1+ jωRC
+ Vin

gm
1+ jωRC

(1)

Zin =
Vin
Iin
=

1+ jωRC
gm + jωC

H⇒ Re [Zin]+ j · Im [Zin]

=
gm + ω2RC2

g2m + ω2C2 + j
ωRCgm − ωC
g2m + ω2C2 (2)

From (2), by fixing ω0, it is possible to evaluate the proper
values for R, C, and gm in order to obtain the desired induc-
tance level and minimizing, at the same time, losses.

FIGURE 2. Ideal representation of an active inductor.

Anyway, while this approach is suitable for simple and
ideal networks, it cannot be applied considering real compo-
nents and distributed elements, as usually happens in practical
applications. Also considering parasitics of the transistors,
equation (2) becomes evenmore complex and de facto useless
because it is no more trivial to obtain suitable design param-
eters. In addition, the description of the circuit in terms of
voltages and currents is strictly dependent on the considered
circuit topology.
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In this perspective, a different synthesis method is here
proposed; it is based on a conformal transformation of the AI
circuit and an equivalent description is carried out by means
of Scattering parameters.

Considering the AI general structure, as for instance in
Fig. 1a, a symbolic representation of the AI can be arranged
by means of traditional n-port network formalism as in
Fig. 3a. The ‘‘two-port network’’ block embeds the series
connection of the gain stage and the phase shift network,
while the input and output ports of the double-dipole are
shorted to realize the feedback connection. This circuit,
according to the graph theory andwaves formalism [24], [25],
can be further described as in Fig. 3b.

FIGURE 3. Generic representations of an AI with a double-dipole network
(a) and waves formalism (b).

The proposed descriptive scheme in Fig. 3b (presented
again in Fig. 4a) is suitable for some convenient manipula-
tions described as follows.

FIGURE 4. Graph transformation.

Port 1 and port 2 in the AI architecture are shorted and so
may be considered as a single electrical port; this means that
in the graph theory they can collapse in a single port as shown
in Fig. 4b, where Port Y is introduced. Now considering the
aim to obtain an open-loop representation of the circuit, Port
Y is paired with a second, virtual, port defined in the feedback

loop and named Port X , as shown in Fig. 4c. It is important to
remark that the latter is not a physical port, but the choice
is useful to obtain a proficient transfer function of the AI
without perturbing the overall characteristics of the circuit.
Thanks to the introduction of Port X and without loss of
generality, the circuit can now be analyzed as a double-dipole
network, whose equivalent representation is that provided
in Fig. 4d. The graph in Fig. 4d represents a more suitable
structure with respect to the original description provided in
Fig 3b to analyze the open-loop AI transfer function.

The generic transmission coefficients ρ can be easily
obtained by applying the Mason rule [22] between two nodes
of the graph and evaluated by means of (3).

ρ =
P1
[
1−

∑
L(1)(1) +

∑
L(2)(1) − . . .

]
1−

∑
L (1)+

∑
L (2)−

∑
L (3)+ . . .

+
P2
[
1−

∑
L(1)(2) +

∑
L(2)(2) − . . .

]
1−

∑
L (1)+

∑
L (2)−

∑
L (3)+ . . .

+ . . . (3)

In (3), the P coefficients (P1, P2, etc.) are all possible
paths within the graph that connect the two nodes (or
ports). The term

∑
L(2)(1) represents the sum of all second-

order closed-loop paths in the graph, that don’t intersect
path 1, which means that they haven’t any common nodes
or branches with the path 1. Similarly,

∑
L(1)(2) represents

the sum of all first-order loops that don’t intersect the path
number 2, and so on. The denominator of (3), also called
determinant, does not depend on the selected nodes, but it is a
function of the geometry of the considered graph. The generic∑
L(..) term has the same description of the corresponding

term at the numerator, but also considering the paths first
excluded. By applying this rule, the transmission coefficients
assume the expressions in (4) and (5), respectively.

bY
aX
=

S21
1− S11 · S22

(4)

bX
aY
=

S12
1− S11 · S22

(5)

The complete transfer function can be obtained by subtract-
ing (5) from (4):

G =
bY
aX
−
bX
aY
=

S21 − S12
1− S11 · S22

(6)

Anyway, in (6), the main contribution is accountable to the
S21 term, since the real network here considered embeds an
active device that is a non-reciprocal element, so the reverse
transmission S12 may be neglected without loss of general-
ity. With this assumption, the open-loop transfer function G
assumes the final expression reported in (7):

G =
bY
aX
−
bX
aY
≈

S21
1− S11 · S22

(7)

Considering a small S12, Eq. (7) is similar to that shown
in [26] and obtained with a different approach analyzing the
design of oscillators.
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From (7), it is possible to define the desired conditions
for the closed-loop network, in order to achieve an induc-
tive behavior at the input port of the closed-loop AI struc-
ture. In fact, by using the conformal transformations above
described, the open-loop transfer function corresponds to the
reflection coefficient seen at the input port of the closed-loop
graph (Fig. 3a), and it finds a counterpart in the AI general
structure of Fig. 1b.

The input reflection coefficient 0 of the AI block scheme
in Fig. 1a can be easily obtained considering the input
impedance Zin and the characteristic impedance of the cir-
cuit Z0, as shown in (8):

0 =
Zin − Z0
Zin + Z0

(8)

By considering 0|closed−loop = G|open−loop,noting that the
open-loop transmission coefficient G corresponds to the
reflection coefficient 0 at the input port of the closed-loop
circuit (as long as the impedance matching condition at ports
X and Y with respect to the reference impedance is verified)
and imposing an inductive behavior on the input impedance
at the desired frequency, it is possible to obtain the proper
condition for the transfer function G in the open-loop two-
ports configuration. In the Laplace domain, imposing the
generic input impedance Zin equal to ‘‘jωL’’, eq. (8) can be
re-arranged as follow:

G =
Zin − Z0
Zin + Z0

=
jωL − Z0
jωL + Z0

=
jωL − Z0
jωL + Z0

·
jωL − Z0
jωL − Z0

=
ω2L2 + j2Z0ωL − Z2

0

Z2
0 + ω

2L2

=
ω2L2 − Z2

0

Z2
0 + ω

2L2
+ j

2Z0ωL

Z2
0 + ω

2L2
(9)

The expression in (9) can be better managed if organized
highlighting the magnitude and phase of the transmission
coefficient G. They are reported in the following eqs. (10)
and (11), respectively.

|G| =

√√√√ (ωL)4 + Z4
0 − 2 (Z0ωL)2 + 4 (Z0ωL)2(
Z2
0 + ω

2L2
)2

=

√√√√ (ωL)4 + Z4
0 + 2 (Z0ωL)2(

Z2
0 + ω

2L2
)2

=

√√√√(
Z2
0 + ω

2L2
)2(

Z2
0 + ω

2L2
)2 = 1 (10)

6 (G) = tan−1
(

2Z0ωL

ω2L2 − Z2
0

)
(11)

These equations allow setting the desired behaviour of the
transfer function. In particular, the magnitude of the trans-
mission coefficient in (10) should be equal to 1 in order to
minimize losses, while its phase, accordingly to the Bode
plot of Eq. (9) must rely on the range (0 ÷ 180) degree to

FIGURE 5. Bode plot of an ideal inductor.

obtain an inductive behavior, as shown in Fig. 5. The equa-
tion (10) derives from an ideal situation where the considered
inductance L has no resistive part and constitutes the optimal
design condition for the active inductor to achieve a high
(ideally infinite) quality factor. It can be easily demonstrated
that, by adding a resistor to the definition of the inductor
impedance in (10), the modulus of the transfer function G
will be less than one and frequency-dependent.

In summary, in order to achieve an inductive behavior at
the input port once the feedback loop is closed, the transfer
function G should verify the following conditions in the
desired frequency range:

|G (ω)| =

∣∣∣∣ S21
1− S11 · S22

∣∣∣∣ ≤ 1 (12)

180◦ ≥ 6 [G (ω)] = 6
(

S21
1− S11 · S22

)
≥ 0◦ (13)

In (12) the modulus of G should be equal or less than one
at the frequency of operation, but, since there is an active
amplifier in the loop, it is mandatory to not exceed the unity.
A designer has to be aware that, by approaching the unity for
the modulus of G, the technological spread that affects the
circuit implementation could cause a malfunction of the sys-
tem. Therefore, according to the performance requirements,
the designer should put the necessary attention on this point.

For the sake of illustration, if a specific inductance value
L0 is required, eq. (8) can be arranged as in (14), where τ0
defines the ratio between L0 and Z0.

0 = −
(1− jωτ0)
(1+ jωτ0)

(14)

The two binomial terms in (14) - numerator and denominator
- have the same cut-off frequency and they both contribute to
a clockwise phase rotation, as it is shown in Fig. 6 for different
inductance values.

From a practical point of view, the phase behavior reported
in Fig. 6 may be difficult to synthesize, so without loss of
generality, its asymptotic diagram can be also considered.

VOLUME 8, 2020 50393



A. Leoni et al.: RF AIs Small-Signal Design by Means of Conformal Transformations

FIGURE 6. Bode plot of the active inductor input impedance for different
inductance values.

Defining ωt as 1/τ0, for ω < 0.1ωt , it is assumed that the real
part of the binomial terms in (14) is dominant with respect to
the imaginary part, thus the phase can be approximated with
a constant equal to 180 degrees. In the range [0.1ωt , 10ωt ],
the phase can be linearized with a fixed slope segment with
a slope equal to −π /2 rad/dec; while for ω > 10ωt , the
imaginary part becomes prevalent and the phase is again
constant and equal to 0 degrees.

As a consequence, the phase condition for the G transmis-
sion coefficient which has been already shown in (13) can be
re-arranged as in (15):

6 [G (ω)] = 180◦, ω < 0.1ωt
180◦ ≥ 6 [G (ω)] =≥ 0◦, 0.1ωt < ω < 10ωt
6 [G (ω)] = 0◦, ω > 10ωt .

(15)

Finally, the design algorithm following the proposed method
can be summarized as follows:

1) Define the desired inductor parameters (frequency of
operation, inductance value);

2) Design the inverting, single transistor amplifier accord-
ing to the chosen frequency range of operation;

3) Design the compensation network (eventually, adjust
the amplifier design parameters) in order to satisfy
the equations 12, 14 and 15 for the two-port network
constituted by the amplifier and the compensation net-
work. Themicrostrip dimensions and length of the final
arrangement (including the length of the feedback loop
connection) should be considered at this stage;

4) Close the loop, achieving a one-port schematic, and
verify the input impedance of the active inductor.

It is important to notice, that it is not trivial to obtain an
inductive behavior with an active equivalent solution at all
frequencies. A classical solution consists of enforcing the
desired inductive impedance only in the operative bandwidth
or, at least, nearby the operational frequency. In these cases,
the provided conditions, necessary to achieve an inductive
impedance, can be satisfied only in a limited frequency range
without loss of generality.

FIGURE 7. Asymptotic approximation (dashed line) of the phase diagram
(solid line) of the AI.

FIGURE 8. Schematic of the considered, low-power, inverting amplifier,
as depicted in [20]. 
2017 IEEE. All rights reserved.

III. EXAMPLE OF APPLICATION
As illustrated in the previous Section, the S-parameters in (7)
refer to a two-port network which is composed of an invert-
ing amplifier, followed by a passive phase shift network.
This allows to carry out the design directly considering the
open-loop circuit and focusing the attention on these building
blocks. As a first step, the amplifier must be designed with
the desired characteristics in terms of power consumption,
stability, and dynamic range. As a second step, the phase
delay network is defined in order to fulfill the goals relative to
the open-loop transfer function G. Finally, the feedback loop
can be closed checking the AI performance.

As a demonstration of the proposed method, an active
inductor design has been considered by applying the AI in
a simple resonator, an LC circuit which realizes a low-order
bandpass filter [20]–[23].

In particular, the tunable active filter, proposed by the same
authors in [20] has been taken into account for this example
of application, because of the availability of measurements
results.

The already proposed active stage is shown in Fig. 8. It has
been realized on a Taconic TLX-8 low-loss substrate with the
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BFG97 transistor provided by Infineon. All passive elements
are low-losses SMD components. The transistor is biased
at 2 V with a quiescent current of only 0.5 mA and this allows
to obtain a quiescent power consumption of only 1 mW.
Separate collector and base bias pins are used in order to
provide the prototype of a tuning capability of the bias current
with respect to possible transistor model variations.

In order to obtain a quasi-ideal, equivalent active inductor
a passive phase delay network has been introduced in the
design as shown in Fig. 1a and with the aim to verify the
conditions of eqs. (12) and (13). The complete schematic is
shown in Fig. 10. It has been conceived by means of R-L-C
components. It is important to notice that the use of tradi-
tional passive inductors in the AI circuit does not influence
the performance achievable by the AI since the AI quality
factor, according to eqs. (12) and (13), depends only on the
magnitude and phase of the transfer function, that means on
the correct phase delay between input current and voltage
considering the general scheme of Fig. 1a. In fact, from the
typical representation of a generic inductor quality factorQL ,
it is possible to achieve the following relationship with the
open-loop transfer function G :

QL =
Im {Zin}
Re {Zin}

=
Im

{
(1+ G)

/
(1− G)

}
Re

{
(1+ G)

/
(1− G)

} (16)

using the well-known relation Zin = Z0 (1+ 0in)
/
(1− 0in)

and recalling that the closed-loop reflection coeffi-
cient i0in = 0 is equal to the open-loop, two-ports network
transfer function G. By multiplying both numerator and
denominator of (16) by the term |1− G|2, the equation
becomes:

QL =
Im

{
1− G∗ + G− |G|2

}
Re

{
1− G∗ + G− |G|2

} = 2 · Im {G}

1− |G|2

=
2 · |G| sin (G)

1− |G|2
(17)

From the denominator of (17), it can be noticed that the
quality factor QL increases, as soon as the modulus of the
transfer function G approaches the unity, while it decreases
if |G| tends to 0, or if the term 6 G approaches 0 or π , at the
frequency of operation ω = ω0. This is in accordance with
eqs. (12), (13) and (15).

Moreover, two varactors (the BBY59 from Infineon) have
been included in the delay network and they are useful for tun-
ing purposes in case of possible mismatch problems or model
inaccuracies. Clearly, they can be used also to tune the AI
characteristics in order to realize a variable component. Fig. 9
illustrates the complete schematic of the AI in open-loop
configuration, as previously discussed. The transfer function
of this circuit must fulfill eqs. (12) and (13) in order to obtain
the desired inductive behavior and inductance value at a fixed
frequency.

In this example, Fig. 10 shows the magnitude and phase of
0 = G simulated for the complete active inductor, while in
Fig. 11 the final layout of the circuit is reported illustrating

FIGURE 9. Schematic of the complete open-loop network of the AI
proposed in [20]. 
2017 IEEE. All rights reserved.

FIGURE 10. Magnitude (left) and phase (right) of the two-port open-loop
transfer function G simulated for the complete active inductor.

FIGURE 11. Layout of the complete active inductor as proposed in [20].

2017 IEEE. All rights reserved.

also the considered cutting plane and the input port of the
active inductor that has been conceived. From Fig. 10 it can
be noticed that in a real case the inductive behaviour can be
obtained only in a limited frequency range, where the phase
of the complete network tends to 0 from 180 degrees, while
the magnitude of the transfer function is close to zero at
the desired frequency of 730 MHz. By closing the loop as
illustrated in Fig. 3, the equivalent impedance of Fig. 12 has
been obtained. As stated, it has an almost ideal inductance
behaviour at 730 MHz.

In addition, the simulated quality factor of the designed AI
is reported in Fig. 13, comparing it with the quality factor
of two commercial High-Q passive inductors from Murata
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FIGURE 12. Input impedance of the active inductor.

FIGURE 13. Quality factor simulation comparison for the designed AI and
two commercial passive inductors from Murata Manufacturing Co.

Manufacturing Company. It can be noticed that the Q of
the custom AI exceeds a value of 1800 at the frequency of
operation, underlining the great advantages of AI with respect
to passive solutions.

Tests have been performed including the designed active
inductor in a simple LC-filter obtained resonating the AI with
a shunt capacitor, as shown in Fig. 14. Cres is the resonating
capacitance, while Cdc are decoupling capacitors. The use of
the AI in this structure enhances the filter behaviour thanks
to the high-quality factor of the active circuit that has been
introduced. This prototype has been fabricated on the same
substrate, the TLX8, and by using similar SMD components
to those employed for the AI simulation.

In Fig. 15 the implemented prototype of the single-cell
bandpass filter, AI-based, is depicted, while in Fig. 16 the
S parameters of the single-cell filter are reported considering
both simulations andmeasurements. The experimental results
confirm the validity of the proposed method for Ai design by
means of conformal transformation.

FIGURE 14. Schematic of the prototype filter.

FIGURE 15. The implemented prototype of the single-cell bandpass filter
based on active inductor.

FIGURE 16. Linear analysis of the test circuit: Simulated (black lines) and
measured (grey lines) S-parameters. [20] 
2017 IEEE. All rights reserved.

As expected, the −3 dB bandwidth is about 50 MHz, for a
relative bandwidth of about 6.8%. The filter insertion loss is
2.5 dB at the central frequency, while both input and output
matchings are below −10 dB at the same frequency. The DC
power consumption of the circuit is 1 mW since the prototype
requires a bias current of 0.5 mA in the small-signal regime,
as simulated.

IV. CONCLUSION
A novel design method for the definition and synthesis of
active inductors is here proposed. The analysis is carried
out by means of S-parameters and conformal transformations
defined by using the Graph Theory. In this way, it is possible
to define the characteristics of a closed-loop circuit (that
is the architecture of an active inductor) analyzing it as a
double-dipole network, so simplifying the design process.
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An example of application has been also provided and the
conceived AI has been tested on a simple LC-resonator that
acts as a bandpass circuit. Results show the feasibility of the
proposed approach for the AIs design.
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