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1 Introduction

The Cahn-Hilliard equation
Ou=rAw and w=—-Y9Au+g(u) inQ (1.1)

is central to materials science; it describes important qualitative features of two-phase systems,
namely, the transport of atoms between unit cells. This phenomenon can be observed, e.g.,



when a binary alloy is cooled down sufficiently. One then observes a partial nucleation (i.e., the
apparition of nucleides in the material) or a total nucleation, the so-called spinodal decompo-
sition: the material quickly becomes inhomogeneous, forming a fine-grained structure in which
each of the two components appears more or less alternatively. In a second stage, which is called
coarsening, occurs at a slower time scale and is less understood, these microstructures coarsen.
We refer the reader to, e.g., [5], [6], [22] and [32]; see also [25] and [26] for qualitative studies of
the spinodal decomposition and [21] for studies on the coarsening. Here, 2 is the domain occu-
pied by the material, u is the order parameter (it corresponds to a density of atoms), w is the
chemical potential and g is a double-well potential whose wells correspond to the phases of the
material; one usually considers polynomial potentials of degree 4, typically, g(s) = i(s2 —b?)2,
b > 0. Now, such potentials are approximations of the following thermodynamically relevant
potential:

g(s) = —cos® +c1 (14 8)In(1 +8)+ (1 —s)In(l —s)), sec(—=1,1), cog>c1 >0 (1.2

Furthermore, & is the mobility (we assume that it is a positive constant; more generally it should
depend on the order parameter) and 9 > 0 is related to the surface tension at the interface.

Equation (1.1) has been extensively studied and is now essentially well understood as far
as the existence, uniqueness and regularity of solutions and the asymptotic behavior of the
solutions are concerned. We refer the reader, among a vast literature, to, e.g., [1], [4], [7], [8],
[10], [11], [12], [14], [17], [19], [23], [27], [28], [29], [30], [31], [32], [33], [34], [35], [37], and [38].

In most works, the equations are endowed with Neumann boundary conditions for both u
and w (which means that the interface is orthogonal to the boundary and that there is no
mass flux at the boundary) or with periodic boundary conditions. Now, recently, physicists
have introduced the so-called dynamic boundary conditions, in the sense that the kinetics, i.e.,
Oyu, appears explicitly in the boundary conditions, in order to account for the interaction of the
components with the walls for a confined system (see [15] and [16]; see also [20] where numerical
simulations are performed).

From a phenomenological point of view, such boundary conditions can be derived as follows.
Consider, in addition to the usual Ginzburg-Landau free energy

Uer(u, Vu) = / (;9 |Vul? +g(u)) dz, 9>0
Q

(the chemical potential w is defined as a variational derivative of gy, with respect to u), the
following boundary free energy:

Upc(u, Vru) = /

v
(f Vrul? + h(u)) do, v>0
F 2
(thus, ¥ = U+ ¥ pe is the total free energy of the system), where I' is the boundary of 2 and
Vr is the surface gradient. Then, writing that the density on the boundary I' relaxes towards
equilibrium with a rate which is proportional to the variational derivative of ¥ with respect

to u (the test function z below being taken in a suitable space),

e

,2) = / (—0Au+ ¢'(u))z dz + / (—vApru + 9(dpu)|r + W (u))z do,
Q r
we obtain the dynamic boundary condition

é@tu =vAru —9(Opu)lr — W' (u) onT, d>0. (1.3)



Here, Ar is the Laplace-Beltrami operator and (9,u)|r denotes the outer normal derivative of
u on I'. However, we can consider a boundary condition like

é@tu = —9(0pu)|r —h'(u) onT (1.4)

as well. This is seen as a particular case of (1.3) if we allow the choice v = 0 there. Indeed,
the operators Ar and Vr formally disappear in such a case and it is understood that the
corresponding contributions have to be ignored. In particular, this is mandatory in one space
dimension, since the above boundary operators are meaningless in this case.

The Cahn-Hilliard equation (1.1), endowed with the dynamic boundary condition (1.3), has
been studied in [7], [17], [28], [33], [34], and [37]. In particular, one now has the existence and
uniqueness of solutions and results on the asymptotic behavior of the solutions. We should note
however that all these results have been obtained for regular potentials g, only (typically, g is
a polynomial potential of degree 4 as above or is at least of class C?).

In this paper, we are interested in the more general equations

Ou—Aw=0 1in

Opw=0 onT

w=T10u—Au+Bu)+r(u)—f inQ

v=ulp and v + (Opu)lr — vArv+ Br(v) +7r(v) = fr onT
u(0) =up in Q

~ o~~~
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where the potentials have been generalized. Namely, we have split ¢’ and h' as ¢’ = 8+ 7 and
h' = PBr + 7r, respectively, where 8 and Or are monotone and possibly non-smooth, while 7
and 7p are more regular perturbations, and we are interested in keeping 3 and [Or as general as
possible (especially ). Moreover, we have introduced a nonnegative parameter 7 in (1.7) and
kept the coefficient v in (1.8), by allowing the value v = 0, while we have normalized the other
positive constants to 1, for simplicity. Furthermore, we have added the forcing terms f and fr.
Note that we can thus consider the dynamic boundary condition

Opv + (8nu)|p + ]ﬂo(’l} — UF) =0, ko>0 (110)

with a given ur as a particular case of (1.8) with v = 0.

We remark that, for 7 > 0, we obtain the viscous Cahn-Hilliard equation introduced in [30]
(see also [18] where similar models are derived and, e.g., [2], [13] and [27] for the mathematical
analysis of the viscous Cahn-Hilliard equation with classical boundary conditions and [28] for
dynamic boundary conditions and regular potentials). Furthermore, following [28], we view the
dynamic boundary condition as a separate (parabolic if v > 0) equation on the boundary.

Compared with the previous results, we consider in this paper less regular nonlinear terms;
in particular, 7 and 7w are only Lipschitz continuous, while S and fr are subdifferentials of
convex functions (the classical Cahn-Hilliard equation, with such potentials and with classical
boundary conditions, is considered in [19]). In that case, equations (1.7) and (1.8) have to be
read as differential inclusions. We are then able to obtain well-posedness results for problem
(1.5)~(1.9) on any finite time interval (0, 7).

More precisely, we can show uniqueness in a very general framework and global existence
under further assumptions on the nonlinearities, and the most interesting case is the following.



Roughly speaking, we allow 3 and fr to be essentially arbitrary (in particular, they could have
a bounded domain like 8 does in (1.2)), but we assume that [ grows faster than fr and that
the other boundary contributions satisfy a sign condition. However, we can avoid compatibility
conditions on the nonlinearities, provided that both § and fr are everywhere defined and satisfy
some growth conditions that depend on the dimension d of €.

2 Main results

In this section, we carefully describe the problem we are going to deal with and state our results.
As in the Introduction, €2 is the body where the evolution is considered and I" := 0€2. Moreover,
0y, still denotes the outward normal derivative on I'. We assume Q € R¢, with 1 < d < 3, to be
bounded, connected, and smooth, and write |{2| for its Lebesgue measure. Similarly, |T'| denotes
the (d — 1)-dimensional measure of I'. As far as the one-dimensional case is concerned, see the
forthcoming Remark 2.1. Given a finite final time 7', we set for convenience

Q=02 x(0,t) and X;:=T x (0,¢) for everyt € (0,T) (2.1)
Q:=Qr, and X :=Xp. (2.2)
Now, we describe the main features of the structure of our system. Further assumptions will be
made later on. We are given functions 3, Or, 7, nr and constants 7, v satisfying the conditions
listed below.
B,Br: R — [0, +0c] are convex, proper, and Ls.c., and 5(0) = BF(O) =0 (2.3)
m and 7 are Lipschitz continuous (2.
T,v2>0. (2.5)

We define the graphs 0 and Gr in R x R by
B:=83 and fp:=0dfr (2.6)

and note that 3 and fr are maximal monotone. Moreover, 3(0) > 0 and Sr(0) > 0. Further-
more, we note that both 8 and Or might have effective domains, denoted by D(53) and D(fr),
respectively, which might be different from the whole real line. In the sequel, for any maximal
monotone graph v : R — 2% we introduce the notation (see, e.g., [3, p. 28])

~°(r) is the element of v(r) having minimum modulus (2.7)
7Y :=e (I — (I +ey)7"), the Yosida regularization of v, for £ > 0 (2.8)
and still use the symbol v (and, e.g., 7Y as a particular case) for the maximal monotone operator
induced by ~ on any L2-space.
Next, in order to state our concept of solution in a simple way, we set
V:=HYQ), H:=L*Q), Hyr:=L*I)
Ve :=HYT) ifvr>0 and Vp:=HY3T) ifv=0
V= {’U eV: 'U|F € VF} (29)

the latter being endowed with the graph norm. Note that V=V if v = 0. As H = H°(Q2), we
denote the (standard) norms of H and V by || - ||g. with & = 0,1, respectively. More generally,



we use such a symbol for H*(2) with real k¥ > 0 and the analogous one, namely, || - ||, for
H*(T') with real k > 0. In particular, |- [|o,r is the norm in Hpr. On the contrary, we write
|- Iy for the norm in Vi since the definition of such a space depends on v. For the sake of
simplicity, the same notation will be used for both a space and any power of it. We recall the
optimal trace theorem for V', namely, the inequality

lzlrlli/2,0 < Mallz|l1,0 for every z € V (2.10)

where M depends on 2, only. Finally, the symbol (-, -) stands for the duality pairing between
V* and V. In the sequel, it is understood that H is embedded in V* in the usual way, i.e., so
that (u,v) = (u,v), the inner product of H, for every u € H and v € V.

Remark 2.1. In the one-dimensional case d = 1, the open set 2 is a bounded interval (z1,x3).
Hence, I' = {z1,22} and Vr = Hp = R2, since the “surface measure” is the 0-dimensional
Hausdorfl measure (i.e., the counting measure) in this case, and the same holds for other
spaces, e.g., L>(I'). Moreover, V = V and d,v(z;) = (=1)'dv(x;)/dx for any smooth v and
i =1,2. Finally, we set

v=0 if d=1 (2.11)

since the surface gradient Vr and the related Laplace-Beltrami operator Ar are meaningless
and have to be ignored in that case, as said in the Introduction.

At this point, we can describe our problem, which consists in the variational formulation
of system (1.5)—(1.9). Namely, we formally multiply the equations by test functions free on T',
integrate by parts both in {2 and on I', and take the boundary conditions into account. However,
as # and Or might be multi-valued, we have to include selections & and &r of B(u) and of Gr(v)
in the definition of solution. Moreover, the regularity of all ingredients has to be made precise.
So, just to start, we give the data f, fr, and ug satisfying (further assumptions will be specified

later on)
f€L?0,T;H), fre€L?0,T;Hy), and ug€V (2.12)

and look for a quadruplet (u,w, &, &r) such that

we L0, T;V)NHY0,T;V*) and 70w € L*(0,T;H) (2.13)
v:=ulp € L>(0,T;Vr) N H'(0,T; Hr) (2.14)
w e L*(0,T;V) (2.15)
€€ L*(0,T;H) and €€ f(u) ae. inQ (2.16)
ér € L*(0,T; Hr) and &r € Br(v) ae. on X (2.17)
u(0) = ug (2.18)
and satisfying for a.a. ¢t € (0,7)
(Oru(t), 2) +/ Vw(t) - Vz=0 (2.19)
Q

/Qw(t)z:/QT&gu(t)z—&-/Fatv(t)z—i—/QVu(t)-Vz—i—/Fz/va(t)-Vrz
+ [ 6O+ mu®) = 10) =+ [ (60(0) + mr(ote) - o) 2 (2.20)

for every z € V and every z € V, respectively.



Remark 2.2. We note that the definition of v given by (2.14) has to be read as v(t) = u(t)|r
for a.a. t € (0,7) and it is understood that the symbol z in the boundary terms of (2.20)
actually means z|r. However, in order to simplify the notation, we use the same symbol for
a function and its trace on the boundary, unless some misunderstanding arises. As far as this
point is concerned, we note that 9;(z|r) = (9¢2)|r whenever z is a smooth function, while the
right-hand side of such a formula is meaningless in the opposite case. On the contrary, the left-
hand side exists (at least in a generalized sense) whenever z € L%(0,T; V). Therefore, the true
meaning of J;z on the boundary is the latter. Moreover, we note that an equivalent formulation
of (2.19)—(2.20) is given by

/T<8tu() 2(#)) dt+/Vw V=0 (2.21)

/wz—/n’?mz—&—/@wz—&-/Vu Vz—&-/qua Vrz

4 /Q (€+mw) — f) 2+ / (&0 + mr(u) — fr) 2 (2.22)

for every z € L2(0,T;V) and every z € L?(0,T;V), respectively, where we have simply written
u instead of v in the boundary terms. Finally, we point out that the regularity requirements
(2.13)—(2.17) are choosen just in order that the variational problem makes sense and a general
uniqueness result holds (Theorem 2.4 below). Indeed, every solution satisfying (2.13)—(2.17) is
automatically smoother and fulfils (1.7) and (1.8) a.e. in @ and a.e. on X, respectively, as we
show in the forthcoming Remark 5.4. On the other hand, also some regularity in a different
direction (like some boundedness with respect to time) holds for the solution we construct under
the assumptions of our existence results (Theorems 2.8 and 2.9 below), as the a priori estimates
we establish in the proof given in Section 5 clearly show.

Remark 2.3. Note that, by testing (2.19) by the constant 1/|€2|, we obtain
O(u(t)q) =0 fora.a.te (0,7) and u(t)o = (ug)o foreveryt e [0,T] (2.23)

where, more generally, we set
* 1 * *
vG = i (v*,1) for v* € V*. (2.24)
Clearly, (2.24) gives the usual mean value when applied to elements of H.

Now we state our results. The simplest one regards uniqueness. However, our conclusion is
partial even though it holds in a very general case.

Theorem 2.4. Assume (2.3)—(2.6) and (2.12) with the notation (2.1)~(2.2) and (2.9)—(2.11).
Then, any two solutions to problem (2.13)—(2.20) have the same first component.

Remark 2.5. A statement like Theorem 2.4 is typical for problems having some bad multi-
valued nonlinearities and cannot be improved, unless further assumptions are made (see also
the forthcoming Remark 3.1). In particular, if 3 is single-valued, the component £ is uniquely
determined as well. Then, a comparison in (2.20) with z € HJ (Q2) shows that the same happens
for the component w. Finally, writing (2.20) once more with such an information, we see that
even the component &1 is uniquely determined and we have a full uniqueness result.



While the above uniqueness result is rather general and even continuous dependence can be
proved under the same hypotheses (see the forthcoming Remark 3.2), we can ensure existence
just under further assumptions. We recall that our aim is to keep the maximal monotone
operators as general as we can, mainly, and we can do that under suitable conditions. As far
as the data are concerned, we assume that

feHY0,T;H) and fr € H'(0,T; Hr) N L¥(%) (2.25)
up € H*(Q) and O,up =0 ( )
vuglr € H*(T) (2.27)
Bluo) € L'(Q), Bluglt) € L'(T), and Br(uglr) € L(T) (2.28)
the mean value of uy belongs to the interior of D(g). (2.29)

Moreover, a further assumption is needed, which is weaker or stronger depending on whether
or not the viscosity constant 7 is positive (see (2.8) and (2.7) for notation).

B°(up) € H and B(uolr) € Hr (2.30)
—Aug + BY (up) — f(0) remains bounded in V as e — 0T if 7 = 0. (2.31)

Remark 2.6. If v > 0 and (2.26) is taken into account, (2.27) is equivalent to ug € H>/%(Q),
and to Arug|r € Hr. Let us comment (2.31), which looks involved. If ug € H3(Q) and
f(0) € V, then it regards just boundedness for 8Y (ug). In such a case, 3 cannot be too irregular
on the range of ug, and a sufficient condition for (2.31) is the following: the closure of the range
of ug is included in some open interval where 3 is one-valued and Lipschitz continuous. For
instance, if 8 comes from the logarithmic potential (1.2), this simply means that sup |ug| < 1.
Finally, we note that (2.28) and (2.30) are not independent (the latter implies some of the
former, indeed), and we have written all of them just for convenience.

As far as the structure of the system is concerned, we need some compatibility condition on
the main nonlinearities and on the perturbation 7 on the boundary. Namely, we assume that

D(Br) 2 D(B) and pr(0) = {0} (2.32)
and that real constants «, Cr, o, L, Mr, and r4 exist such that

a>0, Cr>0, o€(0,1), Lr>sup|np|

and  Mr > |mr(0)] + [ fr]lze ) (2.33)
r— <0 <7y, and ry belong to the interior of D(/5) (2.34)
|8°(r)| > «|Bp(r)] — Cr  for every r € D(3) (2.35)
o|Bp(r)| > Lr|r|+ My for every r € D(0Br) \ (r—,74). (2.36)

Remark 2.7. The above assumptions merit some comment. The first of (2.32) is quite nat-
ural and the second one is not restrictive in the applications. Assumption (2.35) is the main
compatibility condition. Clearly, it is satisfied whenever  is singular and Gr is not. Moreover,
if D(6r) = D(B) and both 8 and fr are regular, it becomes a growth condition on fr with
respect to 3, and the same happens if both 8 and fr are singular. Let us come to (2.36) and
to the restrictions on the constants given by (2.33)-(2.34). If D(3) = D(fr) = R, then (2.36)
is surely satisfied (with arbitrary Lp, Mr and suitably big ri) if Sr 4+ 7p is stricly superlinear
at infinity. Indeed, for any decomposition Or + 7 with a Lipschitz continuous nr, exactly Or



is superlinear in such a case. Finally, if D(/) is bounded while D(0r) is not, (2.36) essentially
requires that the nonlinear boundary term has a decomposition Sr + nr such that the monotone
part is much bigger than the perturbation near the boundary of the body double-well potential.
In particular, in the case the latter is the logarithmic potential (1.2) and the boundary condi-
tion has the form (1.10) for some given ur, then (2.36) is fulfilled provided that sup |ur| < 1.
Indeed, we can take Or(r) = kor and 7r(r) = 0 as far as the decomposition is concerned. Then,
it suffices to choose o, M € (0, 1) sufficiently close to 1 and Lr small enough.

Here is our main result.

Theorem 2.8. Assume (2.3)—(2.6) and (2.12) with the notation (2.1)~(2.2) and (2.9)—(2.11).
Moreover, assume (2.25)—(2.36). Then, there exists a quadruplet (u,w,&,&r) satisfying (2.13)—
(2.18) and solving problem (2.19)—(2.20).

However, as said in the Introduction, we can prove a different existence result that requires
growth conditions on § and Gr instead of compatibility and sign assumptions. On the contrary,
less is required on the data. As far as the structure of the system is concerned, we ask that

D(B) = D(fr) =R (2.37)

in any case, while the details of the further hypotheses depend on the dimension d of 2 and on
whether or not the boundary differential operators actually appear in the equations (i.e., on v).
If d =1 that is all. If d = 2, we require that

B°(r) =0O(|r|?) as|r| —» +oo, for somep>1 and

either v>0 or pp(r)=0(r|9) as|r| — +oco, for some q > 1. (2.38)

If d = 3, we assume that

B°(r) = O(r|*) and B(r) = O(|r|?) as|r| — +oco, for some ¢ with

g>1 ifvr>0 and ¢qe€[l,2] ifv=0. (2.39)
Theorem 2.9. Assume (2.3)—(2.6) and (2.12) with the notation (2.1)~(2.2) and (2.9)—(2.11).
Moreover, assume (2.37) and either i) d =1, orii) d =2 and (2.38), oriii) d = 3 and (2.39).

Finally, assume (2.26), (2.28), and either 7 > 0 or f € H(0,T;H). Then, there exists a
quadruplet (u,w, &, &r) satisfying (2.13)—(2.18) and solving problem (2.19)—(2.20).

Remark 2.10. In connection with the definition of mean value given in Remark 2.3, we recall
some facts. First of all, as €2 is bounded and smooth, the well-known Poincaré inequality holds
true, namely

||v||§Q < MQ(HVUH(Q)’Q + [val?) for every v € V (2.40)

where Mq depends on (2, only. Next, we define
domN:={v*eV*: v3=0} and N:domN — {v eV : vg =0} (2.41)

by setting for v* € dom N

Nv* eV, (Nv')q=0, and / VNv* - Vz = (v*,z) foreveryzeV (2.42)
Q



i.e., Nv* is the solution v to the generalized Neumann problem for —A with datum v* that
satisfies vq = 0. As Q is bounded, smooth, and connected, it turns out that (2.42) yields a
well-defined isomorphism, which satisfies

(w*, No*) = (v*, Nu*) = /(VNU*) -(VNv*)  for u*,v* € domN. (2.43)
Q
Moreover, if we define || - ||« : V* — [0,400) by the formula
[ 12 == IVN" = (0"))[§ o + (vl for v: e V* (2.44)
it is straightforward to prove that || - || is a norm that makes V* a Hilbert space. Therefore, if
|| - |lv+ stands for the dual norm to || - ||1,q, the following inequalities hold

1
g, 1V lve = o7l < Moo

vy« forov* eV* (2.45)

where Mg depends on 2, only. Indeed, as the latter holds thanks to (2.40), the former follows
from the open mapping theorem, provided that we possibly replace Mg by a bigger constant.
Note that

(v*, Nv*) = |[v*]|?  for every v* € domN (2.46)

by (2.43)—(2.44). Finally, owing to (2.43) once more, we see that
* * d * 2 d * 2
2(0w* (1), Nv*(t)) = 7 [VNv*(t)|* = T lv*(®)|lz for a.a. ¢t € (0,T) (2.47)
Q
for every v* € H'(0,T;V*) satisfying v§,(t) = 0 for every ¢ € [0, 7.

Throughout the whole paper, we widely use the notation and the properties introduced in
the above remark, as well as the elementary inequality

1

ab < 6a* + = b*> for every a,b >0 and § > 0. (2.48)

Moreover, we account for the easy inequalities we derive at once. We have
¢
120130 = 1205 o + 2/0 (0r2(s), 2(s)) ds
t 1 t

<100 +5 [ 102 ds+ 5 [ () ds

for every t € [0,7T], 2 € L*>(0,T; V)NH(0,T;V*), and § > 0. Owing to (2.45), we conclude that
¢ ¢
12050 < 12(0)15 o +5/0 ||3t2(3)||3d5+66/0 12()11% o ds (2.49)

where ¢s depends on €2 as well. Using a similar argument for boundary terms, we easily see
that the inequality below also holds true

t t
lz2®l5 - < 120113 ¢ +5/0 10e2() 113 ¢ d8+65/0 ()15 1 ds. (2.50)
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Here, we have to assume that z € H'(0,T; L*(T)). Finally, we recall the inequality
HzH(QJQ < 5||Vz||%79 +cs||z||? for every z €V (2.51)
which holds for every § > 0 and some constant cs depending on 2 as well.

We conclude this section by stating a general rule we use as far as constants are concerned,
in order to avoid a boring notation. Throughout the paper, the symbol ¢ stands for different
constants which depend only on €2, on the final time 7', and on the constants and the norms
of the functions involved in the assumptions of either our statements or our approximation. In
particular, ¢ is independent of the approximation parameter € we introduce in the next section.
A notation like ¢s (see, e.g., (2.51)) allows the constant to depend on the positive parameter 9,
in addition. Hence, the meaning of ¢ and ¢s might change from line to line and even in the
same chain of inequalities. On the contrary, we use different symbols (see, e.g., (2.40)) to denote
precise constants which we could refer to. By the way, all the constants we have termed Mg
could be the same, since sharpness is not needed.

3 Uniqueness

In this section, we prove Theorem 2.4. We take two solutions and label their components with
subscripts 1 and 2. First of all, we observe that u; and us have the same mean value thanks
to (2.23). Hence, we can write (2.19) for both solutions and test the difference by Nu where
u = u; — ug. More precisely, we write such a difference at time ¢ = s, choose z = Nu(s) in it,
and integrate what we get over (0,t¢) with respect to s, where ¢ € (0,7 is arbitrary. At the
same time, we write (2.20) for both solutions, choose z = —u(s) in the difference, and integrate.
Finally, we add the obtained equalities to each other. If we set for convenience w := w; — wy
and introduce an analogous notation for the other components, we have

/Ot@tu(s),Nu(s)) ds + | Vw - VNu — / wu

t

Q1
1
+1/ |u(t)|2+7/|u(t)|2+/ |Vu|2+1// |vpu|2+/ cut [ eu
2 Ja 2 Jr Q: = . =

— [ ()~ @) u+ [ (arua) — me(un)

t pon

Now, we use (2.47) for the first term on the left-hand side and cancel the next two integrals
accounting for (2.42). Moreover, we observe that the last two integrals on the left-hand side
are nonnegative since 3 and Sr are monotone. Finally, we owe to the Lipschitz continutity of m
and 71 (see (2.4)). Hence, if we forget three nonnegative terms on the left-hand side, we obtain

1 1
Sl + Slu@Er+ [ Vel <e [ P [

t Qt Zt

At this point, we account for (2.51) and get

t
/ |u? ga/ |Vu|2+05/ |u(s)||? ds.
t t 0

Therefore, it suffices to choose § small enough and apply the Gronwall lemma to obtain v = 0.
Hence u; = us, and the proof is complete.
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Remark 3.1. In connection with Remark 2.5, we present a simple example of non-uniqueness
in the case of a multi-valued 8. Assume that 7, Br, 7r, f, and fr vanish identically and let
ro € R be such that 3(rg) is not a singleton. Now, pick any smooth w depending on time, only,
such that w(t) € B(rg) for every t and choose v = rg, £ = w, and & = 0. Then, (u,w,&,&r)
solves problem (2.13)—(2.20) with ug = ro. Hence, there is a big family of solutions to the same
problem.

Remark 3.2. The argument used in the above proof can be applied to obtain a continuous
dependence result. Indeed, just the terms involving the data appear, in addition. If we consider
the solutions corresponding to two sets of data, we have with a self-explaining notation

flur — U2||2Loo(o,T;V*) + 7llur — u2||2Lw(0,T;H) + flur — u2||%°°(O,T;Hp)

+ V(w1 = ug)[[F2(q) + VI Ve (w1 = ua)[[ 725

12 + 7lluo,s — wo2llg o + luos — uo2llf ¢

< C{HUO,1 — Up,2
11 = Pl o + I = Frol3a0z00m) |

provided that ug,; and ug 2 have the same mean value.

4 Approximating problems

This section contains a preliminary work in the direction of proving Theorems 2.8 and 2.9.
We consider an approximating problem, depending on the parameter ¢ € (0,1), obtained by
smoothing the worst nonlinearities 3 and Sr of problem (2.19)—(2.20). Moreover, we replace
the coefficient 7 (which might vanish) by a positive value in order to make the solution more
regular. So, we define the real number 7. and the functions f., Br : R — R by the formulas

7. = max{r,e} (4.1)
Bo(r):=pY(r) forreR (4.2)
Bre(r) = ﬁf{ae(r —eCr) ifr < —eCr
= ﬂ%fag(r +eCr) ifr>eCr
= éﬂgm(—zgcp) if —eCp <71 <0
T
eCr

where a and Cr are the same as in (2.35) and notation (2.8) for Yosida regularizations is used.

Blee(2eCr) if 0 <r < eCr (4.3)

Remark 4.1. As far as the proof of Theorem 2.9 is concerned, we can simply take

ﬁp’s = 63{5 . (44)

The above complicated definition of fr is justified by the forthcoming Lemma 5.1, which is
needed just in the proof of Theorem 2.8.

Moreover, we define for convenience B 5, B re : R — R by the formulas

Be(r) ::/0 B.(s)ds and [Bre(r) ::/0 Ore(s)ds forr e R. (4.5)
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As the Yosida regularization of a maximal monotone operator is monotone and Lipschitz con-
tinuous, such a property holds for both 5. and fr.. Moreover, such functions vanish at 0. It
follows that 3. and 3 e are nonnegative convex functions with (at most) a quadratic growth.

Then, the approximating problem consists in finding a pair (ue,w.) satisfing the regularity
properties and the Cauchy condition given below

u. € L*°(0,T; V)N HY(0,T; H) (4.6)
uc|r € L>(0,T; Vy) N H*(0,T; Hr) (4.7)
w. € L*(0,T;V) (4.8)
u:(0) = ug (4.9)

and solving, for a.a. t € (0,T), the variational equations

/8tu€ z+/ng = (4.10)
/Qws(t)z:Tg/ﬂatus(t)z—k/ratus(t)z—i—/QVug(t)-Vz+u/FVpug(t)~sz

[ (Buluctt) + ml) = £0) 2+ [ (Brefuc(o) +mr(u0) = fr(0) = (411)

r

for every z € V and for every z € V, respectively. An equivalent formulation of (4.10)—(4.11) is
the following

/atuaz—i—/ Vw: -Vz=0 (4.12)
Q Q
/Qwsz:TE/Q&UEZ—%/E@UEZ—%/QVUE~VZ+V/EVFUE'VFZ
+/ (ﬁa(ua)‘f'ﬂ'(us)_f)Z"‘/(ﬁF,E(UE)—‘rﬂ'F(UE)—f]_")Z (413)
Q by

for every z € L*(0,T; V) and every z € L?(0,T; V), respectively. Note that, as for (2.19)—(2.20),
we have

Ot(ue(t)n) =0 fora.a. te (0,7) and wu.(t)g = (up)q foreveryte [0,T]. (4.14)

We can prove a well-posedness result for the above problem as a particular case of the theorem
stated below. Indeed, its proof does not require that the operators involved in the problem are
exactly the previous ones. Just some more smoothness in addition to the regularity conditions
required for § and fr is needed, indeed.

Theorem 4.2. Assume that §c, Bre : R — R are monotone and Lipschitz continuous and that
they vanish at 0. Moreover, assume 7. > 0 and (2.4). Finally, assume (2.12) and (2.26). Then,
there exists a unique pair (ue, we) satisfying (4.6)—(4.9) and solving (4.10)—(4.11).

The uniquess part follows as a particular case of Theorem 2.4. Hence, the rest of the section
is devoted to the proof of existence. For convenience, we refer to the precise notation introduced
for the approximating problem, but it is clear from the proof we give that just the assumptions
of the statement are used. Our argument relies on a Galerkin scheme and a compactness method
based on suitable a priori estimates performed on the discrete solution.
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The discretized problem. We consider the problem
AeR, eeV\{0}, and / Ve-Vz:/\/ ez forevery z€eV (4.15)
Q Q

which is the variational formulation of the eigenvalue problem —Ae = Ae with homogeneous
Neumann boundary conditions. It is well known that (4.15) has infinitely many eigenvalues.
More precisely, there exist two sequences {A,}n=12.. and {e,}n=12 . such that, for every
n > 1, A, is an eigenvalue and e, is a corresponding eigenfunction, the sequence {\,} is
nondecreasing, and the sequence {e,} is orthonormal and complete in L?(2). We observe that

Ve;j-Ve; =0 fori#j and / Ve, =X\ >0 fori>1. (4.16)
Q Q

Indeed, (4.15) clearly implies both equalities. Moreover the second one holds true for every 4
and implies that A; > 0 for every i. In order to verify that A; > 0 for ¢ > 1, we notice that
A = 0 is an eigenvalue, whence A\; = 0, and that any non-zero constant is an eigenfunction.
Furthermore, every eigenfunction is a constant since €2 is connected by assumption. We deduce
that, for every ¢ > 1, e; cannot be a constant, whence A\; > 0. Moreover, as e; is a constant
and {e,} is orthonormal in H, from (4.15) and (2.41)—(2.42) we easily deduce that

1
e; € domN and Ne; = X e; for everyi > 1. (4.17)

Now, we can introduce the discretized problem. We set

V, :=span{e; :i=1,...,n} foreveryn>1 (4.18)
ull is the L?(Q)-projection of ug on V;, (4.19)

and note that V,, C V since e; € H?(2) for every i. Then, we look for a pair (u”,w?) satisfying
u” € H'(0,T;V,) and w” € L*(0,T;V,) (4.20)

solving the following variational equations

/atu z+/ Vw? ( (4.21)
/ /8tu z+/0tu

/ Vul(t) - Vz+ u/ VruZ(t) - Vrz
4 / (B-(ur () + w(un (8) — F(1)) 2
+ / (Bre (W (£)) + wp(u (1)) — fr(0)) 2 (4.22)

for a.a. t € (0,T) and every z € V,,, and fulfilling the Cauchy condition

ul (0) = ug . (4.23)
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Before studying the discretized problem, we make a remark. As e; € V,, for every n, we can
choose z = e; in (4.21). On the other hand, e; is a constant. Hence, we deduce that

1

6tu (t)=0 foraa.te (0,7) (4.24)

i.e., we have the same property as in the continous case (see Remark 2.3 and (4.14)).

Theorem 4.3. The discretized problem (4.21)—(4.23) has a unique solution satisfying (4.20).

Proof. Clearly, an equivalent formulation is obtained just taking z =e;, i = 1,...,n, in equa-
tions (4.21)—(4.23), and this leads to a system of ordinary differential equations. Precisely,
(the dependence on ¢ and n is not stressed to simplify the notation, here and later on) let u(t)
and w(t) be the vectors of the coordinates of uZ(t) and w(t) with respect to the base of V,,
we have chosen, i.e., the (column) n-vectors u(t) := (u;(¢)) and w(t) := (w;(t)) satisfying

= ujlt)e; amd wl(t) =Y wilt)e;

Jj=1

and consider the n x n matrices A := (a;;), B := (b;;), Al := (al ;), and Bl .= (br) defined by

— — ro._ ro._
a;j .7/erei, bi; .f/QVerVei, a;; '7/1“ejei’ and bij .fz//FVperVpei.

Then, equalities (4.21)—(4.22) take the form

Au'(t) + Bw(t) =0
Aw(t) = 7. AU/ (t) + AT (t) + Bu(t) + BYu(t) + F(u(t)) — £(t) + G(u(t)) — g(t)

where the components of the functions F, G : R™ — R™ and f,g: (0,7) — R" are given by
Fi(y) := /Q(ﬁs + ) (Z yjej) ei fory=(y1,....yn) ER"
Gi(y) == /(6FE+WF (Zyjej) e; fory=(y1,...,yn) €ER"

= / ft)e; and g;(t / fr(t)e; fora.a.te (0,T)
Q
for i =1,...,n. Moreover, (4.23) becomes
u(0) = (uo,1,...,u0,n) where wug;:= / uge; fori=1,...,n. (4.25)
Q

As A = I, the identity matrix, we can rewrite the above system as
(I, +7.B + BA")u'(t)
= —B(Bu(t) + B u(t) + F(u(t)) — f(t) + G(u(t)) — g(?)) (4.26)
w(t) = 7.u/(t) + AT/ (t) + Bu(t) + B u(t) + F(u(t)) — £(t) + G(u(t)) — g(t) (4.27)
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and we have to look for a pair (u, w) satisfying u € H'(0,T;R"), w € L?(0,T;R"), equations
(4.26)—(4.27), and the Cauchy condition (4.25). To discuss the latter version of the system,
we recall that 3., Ore, m, and 7r are Lipschitz continuous, whence F and G enjoy the same
property. Furthermore, from (2.12), we infer that f,g € L?(0,T;R"). Therefore, the proof is
complete once we show that we can solve (4.26).

To this end, we note that b;; = 0 if either ¢ = 1 or j = 1 by (4.16). Hence, the first scalar
equation of (4.26) becomes v} (t) = 0, so that u;(t) is a known constant (see (4.25) with i = 1).
Hence, by assuming n > 1, we eliminate uy from (4.26) and just look for the components u,
of the solution with j > 1. If we set v := (ug,...,u,) and remember that the first row and
column of B vanish, we see that the remaining part of (4.26) is the (n — 1)-dimensional system

(In-1 +7.C + CD)V'(t) = h(t) — H(v(t)). (4.28)

In (4.28), the matrices C' and D are obtained by deleting both the first row and the first column
of B and AT, respectively, and the symbols I,,_1, h, and H have an obvious meaning. We just
note that h € L2(0,7;R""!) and that H : R"~! — R"~! is Lipschitz continuous. Now, C is
positive definite by (4.16). Therefore, (4.28) is equivalent to

(€ + mds + DIV(6) = O () — H(v(0)

and the matrix in front of v/(¢) is positive definite. Indeed, 7. > 0 and D is at least positive
semidefinite, since such a property holds for A", as one immediately sees just by owing to the
definition. Hence, the above system can be solved for v’(t), thus for v(¢) by the standard theory,
and the proof is complete. O

Once we know that the discretized problem (4.21)—(4.23) has a solution, we would like to
let n tend to infinity and conclude the proof of Theorem 4.2. However, before doing that, we
prepare some preliminary density results. We note at once that the first part of the next lemma
applies with z = ug, due to (2.26). The last sentence holds for ug if v > 0 and (2.27) is assumed
as well (see also the first part of Remark 2.6).

Lemma 4.4. Assume z € H?(Q) and d,z|r = 0 and set
2 is the L*(Q)-projection of z on V. (4.29)

Then, we have that
Zn — 2z strongly in V. (4.30)

Moreover, the sequence {z,} is bounded in H®/?(Q) whenever z € H*/?(Q).

Proof. We represent z and z, by means of their Fourier coefficients with respect to the system
{e;} and apply (4.29). Thus, we have

o0 n oo
z= E a;e; and 2z, = E a;e;, whence z—z,= E a;e;,
i=1 i=1 i=n+1
for some real sequence {a;} € ¢2. Now, we observe that our assumptions on z imply that

—Az = Z)\iaiei, —Az, = Z)\iaiei , and {\a;} € 2. (4.31)
i=1

i=1
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Therefore, using the trace theorem for H?(Q), the regularity theory for the Neumann problem,
and the Parseval identity, we obtain (in both cases v > 0 and v = 0)

1z = zally = 12 = zalli o + 12 = 2zlli < cllz = zallfr o

(oo}

< (s = mldam + 1-AG = 2)Bag) =c S (a2 +7a?)
1=n+1

and (4.30) follows. Finally we observe that the norms

o 1/2
I2llsp0 and (37 (a2 +27%a2))
1

1=

are equivalent on the space {z € H*/2(Q) : 0,z|r = 0}. Therefore, the last sentence follows
with the same argument as above. O

Lemma 4.5. The set of functions z € H?(Q) such that d,z|r = 0 is dense in V.

Proof. Let Vo be the set of functions z € H?(Q) such that 9,,z|r = 0. We assume u € V to be
orthogonal to Vy in V and prove that v = 0. We recall that V is endowed with the graph norm.
However, we can use the inner product defined by

(u,2)y = / Vu-Vz+ / (uz +vVru - sz)
Q r

since it induces an equivalent norm. Therefore, our assumption means that
/ Vu-Vz+ / (uz + vVru - sz) =0 for every z € V. (4.32)
Q r

By taking first z € C°°() with compact support, we infer that —Au = 0 in Q in the sense
of distributions (i.e., Vu is divergence free), whence also (see [9, Thm 1, Ch. IX A, p. 240] for
such a trace theorem and [24] for the general theory of Sobolev spaces with real index and for
the notation used in the present paper)

Opulr € HY2() and / Vu-Vz = {(Oyulr,z|r)r for every z €V (4.33)
Q
where (-, - )r stands for the duality pairing between H~'/2(T') and H'/?(T"). It follows that

(Onu|r, z|r)r + / (uz + vVru - sz) =0 for every z € V.
r

On the other hand, the map z + (z|r, 0, 2|r) maps H?(Q) onto H*>/%(T') x HY/2(T') (see, e.g.,

[24, Thm. 8.3, p. 44]). In particular, every element of H?/?(T) is the trace of some z € V.

Hence, the above conclusion becomes

(Onu|r, zr)r + / (uzp + vVru - Vpr) =0 for every zr € H3/2(I).
r

Now, we observe that H3/2(T") is dense in both H'(I') and H'Y/?(T) (thus in Vi), as is well
known, and that the left-hand side of the above equality defines a functional (zr being the
variable) which is linear and continuous with respect to the norm of H 1/ 2(I), i.e., an element of
the dual space V., in both cases v > 0 and v = 0. We conclude that such an equality actually
holds for every zr € V. By combining with (4.33), we deduce that (4.32) holds for every z € V,
in particular with z = u, and immediately derive that u = 0. O



17

By combining the first part of Lemma 4.4 and Lemma 4.5, it is straightforward to deduce
the corollary stated below.

Corollary 4.6. Let V., be the union of the family {V,, : n > 1}. Then, the set of Voo -valued
step functions is dense in L*(0,T;V).

Now, we perform a priori estimates on the discrete solution (u”,w?) in order to solve the
approximating problem by letting n tend to infinity. In the sequel, d is a positive parameter.

First a priori estimate. By (4.24), we have dyuZ(t) € dom N for a.a. t € (0,T). Moreover,
(4.17) implies that Nowu?(t) € V,, for a.a. t € (0,T). Hence, we can test (4.21) by Noyu? and
integrate over (0,t), where t € (0,T] is arbitrary. More precisely, we write (4.21) at time ¢t = s
and choose z = NOyuZ(s). Then we integrate over (0,t) with respect to s. At the same time, we
note that dyu?(t) € V,, for a.a. t € (0,T) and test (4.22) by —d;u”. Then, we add the equalities
we have got to each other and add the same quantity to both sides for convenience. Accounting
for (2.46), we obtain

/Hatu ||2ds—|—/ Vw? - VNOu. / w dyu” _|_7—6/Q 0pu”|? + / EXE
+3 [ [1veaop+ [ Bro)+ [ o)

@2 g+ (1)
_ /Qﬂuz(t)) - / ol (1)) + / o+ [ goar

pI
1 v
+ 7/ Vupl? + 7/ Veul |

+ [ Bty + [ Bretay+ [ 7o)+ [ 7o)

+luz (015 o + lluz (05 r (4.34)

where we have set for convenience
w(r) = / 7(s)ds and 7p(r):= / 7r(s)ds for r € R. (4.35)
0 0

The second term on the left-hand side and the third one cancel out, due to the definition
(2.42) of N. As all the other integrals are nonnegative, we consider the right-hand side. Owing
to (2.12) and recalling (4.1), we immediately have

T, 1
/ f&tu’;—l—/ fr Ol < i/ \8tu?|2—|—f/ Ol + ..
Q: 2, 2 Jq, 2 s,

Now, we recall that all the nonlinearities have a quadratic growth. Hence, collecting the first
two terms on the right-hand side of (4.34) and the last six ones, their sum is estimated by

[P e [P ve. [ P se [P (4.30)
Q r Q T
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On the other hand, owing to (2.49)—(2.50), we see that the sum of the first two integrals of
(4.36) is bounded by the quantity

t
0/h£F+0/hﬂﬁ+5/(Wmﬂﬁﬁ+ﬂaﬁwm&0®
Q I 0
t
ves [ (luzes)
0

Finally, we have to consider all the terms involving ug that either come from the above estimates
or have not yet been considered. To this aim, it suffices to apply Lemma 4.4. Therefore, we
can choose § small enough and apply the Gronwall lemma. We conclude that

6.0+ IVuZ ()15 + lluZ (s)II5.r) ds.

luZ || Lo 0, 75v)nE1 0,751y + U2 Tl Lo (0,7 v0)nE (0,75 ) < Ce (4.37)

just forgetting some positive integrals.

Second a priori estimate. If we test (4.21) by w” and integrate with respect to time, owing
to (4.37), we easily obtain

T T T
[ v @ad=- [ @@ <s [ur@Fadore. @3
0 0 0

On the other hand, by testing (4.22) by 1/|€|, recalling that all the nonlinearities are Lipschitz,
squaring, integrating in time, and owing to (4.37) once more, we get
T
2 2 2
| Ol dt < o g + 0 0

+ C||fH%2(O,T;H) + C”fF”%?(O,T;Hp)
+e(1+ ||Ug||2L2(0,T;H) + ||Ug||2L2(0,T;Hr)) Sce. (4.39)

Adding (4.38) and (4.39) to each other and using the Poincaré inequality (2.40), we get

T T
A|mawﬁgﬁswmA (V2 () 2.0 + | (wl())al?) dt
T
smm/n%wmﬂﬁ+%+%
0

whence immediately
lwellL2(0,m5v) < ce (4.40)

by choosing ¢ small enough.

Conclusion. By well-known weak and weak star compactness results, we see that (u.,w,)
exists such that

ul — ue weakly star in L>(0,T; V)N H(0,T; H) (4.41)

ul|r — ue|r weakly star in L>°(0,T;Vr) N HY(0,T; Hr) (4.42)
wl — we weakly in L?(0,T;V) (4.43)
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as n tends to infinity, at least for a subsequence. Moreover, owing to the compact embeddings
V C H and Vi C Hr, we can apply [36, Sect. 8, Cor. 4] and derive the strong convergence

ul — u.  strongly in C°([0,T]; H) and ul|r — uc|r strongly in CY([0, T)]; Hr).
In particular, we have that u.(0) = ug by (4.23) and (4.30) applied to ug, and that
Be(ul) — Be(ue) and w(ul) — mw(ue) strongly in C°([0,T7]; H)
Bre(ul) — Ore(us) and mp(ul) — mr(ue) strongly in C°([0,T]; Hr)

just by Lipschitz continuity. Now, we fix m > 1 and note that V,,, C V,, for every n > m.
Therefore, (4.21)—(4.22) imply that

/6tu z—i—/Vw -Vz=0
/wz—ra/atu z—i—/(?tu z—l—/Vu Vz—l—u/Vpu -Vrz

+ /Q (Be(ul) + m(ul) — f) 2 + / (Bre (u™) + 70 (u™) — fr) 2

for every n > m and every V;,-valued step function z. By applying the above convergence, we
see that the variational equations (4.12)—(4.13) are satisfied for the above test functions. As m
is arbitrary, the same holds for every z € L?(0,7;V) by Corollary 4.6. As (4.12)—(4.13) and
(4.10)—(4.11) are equivalent to each other, the proof of Theorem 4.2 is complete.

Remark 4.7. In the a priori estimates of the above proof we have used the generic notation c.
for brevity. However, it is clear that, for fixed € (whence 7. is fixed too), if we let 5., Ore,
m, 7r, and the data wug, f, fr vary in some families (e.g., depending on some parameter &’ in
addition) such that the assumptions of Theorem 4.2 are fulfilled and the inequalities

sup 3L + sup fr,. + sup |7 + sup |7p| + [7(0)] + |70 (0)]
+ | o,r:1) + I frllz2 om0y <M = M, (4.44)

hold true for some constant M and all the functions and the data of such families, then the
corresponding solutions (u.,w.) satisfy

| we || oo (0,7 ) 0,751 + e || oo (0,750 ) (0,731 + [ Well L2003y < M= ML (4.45)

where the constant M’ depends on ¢ and M, only. In particular, if we fix & but perturb
the given functions m, 7p, the approximating monotone functions . and fr. given by (4.2)
and (4.3), and the data by replacing them with smoother functions and data, depending on some
parameter &', and a bound like (4.44) holds uniformly with respect to &', then the corresponding
solutions satisfy the analogue of (4.45) uniformly with respect to &’.

If the functions entering the structure of the system and the data are smoother, further
regularity of the solution can be proved. We confine ourselves to show the result stated below,
even though it is not sharp. However, it will be sufficient for our purpose in the sequel. It is
understood that all previous assumptions (e.g., (2.26)—(2.27)) are satisfied.

Proposition 4.8. Assume f € CY([0,T); H), fr € C([0,T); Hr), and let 3, Br, m, 7r be
C?-functions with bounded second derivatives. Then, we have

O, € L0, T;V)NHY0,T; H) and Opuc|r € L=(0,T;Vr) N HY(0,T; Hr).  (4.46)
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Proof. From the above argument, it is clear that (4.46) follows whenever we can perform the
corresponding a priori estimate on the solution of the discretized problem. To this aim, we
observe that the first component u? of such a discrete solution actually has a second time
derivative since the nonlinear functions involved in the structure of the system of ordinary
differential equations are of class C! under the above further assumption. Hence, we can
differentiate (4.21) and (4.22) with respect to time and test the equalities we get by NOZu?
and —d2u?, repectively. By doing that, summing, integrating over (0,¢), and adding the same
integrals to both sides for convenience, we obtain

t
/ o ds <. [ o+ [ o
S0z o+ 2 / Vedul (O] + / O (¢
:i (Be + 1) () 3, (10 2) — £ [ (Bre + 7o) () 01 (1002 1?)
2 2
Q¢ M

+ 8tf 615211,? + 8tf1" 615 U/E + = / |V8tu ‘2 / |Vp(9tu

/|3tu (t)]* + /|8tu (4.47)

We deal with each term on the right-hand side, separately. We integrate the first term by parts
and owe to boundedness of both 5. and (8: + 7)”. We obtain

1
=5 [ G aoar?) <c [0z +e. [ putOP e [ lowz
. Q Q Qt

A term like the first one on the right-hand side is already present on the right-hand side of (4.47)

and the last one can be treated owing to the Holder inequality and to the continuous embedding
V C L*(Q) as follows

t t
[ 1ot < [ 1026100 6) s < ¢ [ o2 (9l ey 00i2 ()] .
We observe at once that the first factor in the last integral has already been estimated in L%(0, T)
by (4.37) (whence we are allowed to apply the Gronwall lemma below). We argue similarly for
the second term of the right-hand side of (4.47) and just modify the last inequalities this way

t
[ 1o < [ o 9w 02 (5) gy s
poM 0

t t
< C/o 10 ()]l 2 0y |9z ()13 jo,r ds < C/O 10 ()] 2 0y 19z ()15 ds

by owing to the continuous embedding H'/?(T") ¢ L*(T") and the optimal trace inequality (2.10).
Also in this case, we note that the first factor in the last integral has already been estimated in
L?(0,T) by (4.37). As the subsequent two terms of (4.47) can be easily treated, let us come to
the last two integrals. As the second one is similar if ¥ > 0 and vanishes if v = 0, we consider
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the first one, only. We have

/ Bl (t)[2 = / O (0)[2 + 2 / Dyl OPu?

Q Q Qt

< [lowz P +6 [ 1P res [ lowr< [ 10a2O)F +5 [ |0+ cse.
Q Q1 Q¢ Q Q¢

by (4.37). So, it remains to find a bound for all the integrals involving d,u?(0). To this aim, we
recall that J;u? is a continuous V,,-valued function. In particular, both equations (4.21)—(4.22)
and (4.24) hold for every t € [0,T]. Therefore, we can write the equations at ¢t = 0 and test
them by No;u”(0) and —d;u?(0), respectively, and take the sum. By recalling (2.26)—(2.27),
integrating by parts in space, and applying Lemma 4.4, we get

10,42 O)12 + 7210 O) 2.6, + Bl (0) 2.0
- / (£0) + AuZ(0) — (- + m)(u(0))) Bl (0)

4 / (r(0) + vArU?(0) — (Bre + ) (w2 (0))) B (0)
< Z 0w (0)R g + 5 10l Ol + -

whence a bound for the initial values. Therefore, by collecting the previous inequalities, choosing
¢ small enough, and applying the Gronwall lemma, we obtain the desired estimate

[0eul | oo 0,75v) + 10l Lo (0,5v1) + 1072 || 20,00y + 107 U2 | L2 (0,750 < e

uniformly with respect to n. Hence, (4.46) is proved. O

5 Existence

In this section, we prove Theorems 2.8 and 2.9 at the same time. In principle, our argument
is similar to the one used to prove Theorem 4.2. Here, the starting point is a solution (uc,w;)
to the approximating problem (4.9)-(4.11). However, as the nonlinearities 8 and [r are not
Lipschitz continuous, much more care is needed. Estimates for f.(u.) and for fr.(uc) are
crucial, indeed, and this is a difficulty. Moreover, as the solution to the approximating problem
is less regular than the discrete one, some trouble might arise in justifying an analogous choice
of the test functions. For instance, we would test (4.10) by No;u. and (4.11) by —0;u., and we
are not allowed to do it. Indeed, while No;u. is well-defined and belongs to L?(0,T;V), there
is no reason for d;u. to belong to L?(0,T;V) if v > 0, so that the desired choice of the test
functions might not be admissible. Therefore, a more sophisticated procedure is needed, and we
sketch a possibility here in connection with Remark 4.7 and Proposition 4.8. If we perturb the
structure and the data according to the former remark (thus obtaining new nonlinearities and
data depending, say, on some small parameter ¢’ in addition) so that the latter can be applied,
then the desired choice of the above test functions is admissible and this produces an estimate.
If such an estimate is uniform with respect to €, it is conserved in the limit as ¢’ — 0. On the
other hand, it is easy to see that the solution (us e/, we ) to the regularized problem converges
to (ue,we) as ¢’ — 0 in the appropriate topology (cf. (4.45)). Indeed, the argument we used at
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the end of Section 4 perfectly works. Hence, the estimate we conserve in the limit actually is
an estimate for the approximated solution (u,we).

Therefore, in order not to make the paper too heavy, we proceed formally in the sequel, e.g.,
by differentiating the equations and using some non-admissible test functions. For the same
reason, we always owe to the assumptions of Theorem 2.8 and often do not take any advantage
of possible positivity for 7. However, by going through the argument we present, it is clear that
some assumptions are not used in the proof of Theorem 2.9 and that minor changes could be
made. For instance, if 7 > 0, it suffices to suppose that f € L?(0,T; H) in the next estimate,
provided that we treat the f-term in the same way as the fr-term.

Finally, in order to give unified proofs, we think of fr. defined by (4.3), in principle.
However, when we conclude the proof of Theorem 2.9, we use (4.4), as said in Remark 4.1.
Indeed, nothing more has to be proved regarding such a fBr., since its properties are formally
the same as those of (..

However, before starting estimating, it is convenient to prepare some auxiliary material
(needed for Theorem 2.8, mainly). By recalling (2.7)—(2.8), we note that the Yosida regu-
larization 7. of every maximal monotone operator v : R — 2% is monotone and Lipschitz
continuous with constant 1/e. Moreover, we have 7.(0) = 0 whenever v(0) 3 0 and the inequal-
ity |v:(r)| < |v°(r)| holds true for every r € D() and £ > 0 (see, e.g., [3, Prop. 2.6, p. 28]).
By recalling (2.3) and (4.2), we see that the above inequality holds for 8. and we derive the
analogous one for fr.. If r € D(8r) and r > eCr, we have

0 < ﬂl‘,s(r) = 6%{045(71 + €CF) < ﬂgas(r) + ? < ﬂF(T) +—.

Assume now 0 < r < eCr. Then

2Cr

0 < fre(r) < ﬁ%jaa(%cr) < o

By arguing analogously for r < 0, we obtain a similar inequality. By recalling (4.3) as well, we
summarize the properties of the approximating nonlinearities as follows

B0 < 18] and [Bee(r)] < 180 + o
Belr) < B and [Fre(r)] < [Br()] + 28 (51)
for r € D(p) or r € D(fr), accordingly.
Lemma 5.1. There holds
8:(1)] = e ()] ~ 20r for cvery 7 € B. (52)

Proof. Let us observe that (2.3) and the first of (2.32) imply that r, 8°(r), and S2(r) have the
same sign for every r € D(f3). Therefore, by starting from (2.35), we derive that

(I+e(B+Cr)°)(r) > (I +aeBp)(r) for every nonnegative r € D(f3)

whence easily (even, e.g., in the case of a bounded domain D(f))

(I+e(B+ Cp))il(r) <(I+ aaﬂp)fl(r) for every r > eCr.
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This means that
BY (r—eCr) + Cr = (B4 Cr)Y (r) = Bt (r) for every r > eCr
and we deduce that 3Y (1) + Cr > afy,.(r +eCr) for every r > 0, whence in particular
Be(r) > afre(r) — Cr > afre(r) —2Cr  for every r > eCr.

Assume now 0 < r < eCpr. Then, we have

55(7”) - a/BI‘,s(r) > *aﬂl“,s(r) > *04511{@5(2501‘) > —a- QECF é = 720[*.

By arguing similarly for r < 0, we deduce (5.2). O

Lemma 5.2. There exist €9 > 0 and points r5. € D(5) such that

o|Bre(r)| = (sup |mp]) [r| + w0 (0)] + | frll e ) (5.3)

for every r € R\ (r*,r%) and € € (0,e0).

Proof. We just consider the construction of 73 since the other one is similar. We set for
convenience

OzLF Osz

r+

v(r) == apr(r) = Cr and A(r) :=

—Cr forrelR

so that (2.36) becomes
v°(r) > A(r) for every r € D(f3) satisfying r > r.

As in the previous proof, we derive the corresponding inequality for the Yosida regularizations,
namely
7Y (r)y > A (r) for every r > re, where 75 :=(I+ey) ' (ry).

By computation, we see that the above inequality reads

1 (OzLF OzMF

O‘ﬁl}{ae(r +¢eCr) —Cr = 1+ (acLr/o) T+ i C’r> for every r > rf.

g

By recalling (4.3), we deduce that

1 (aLF aMr

— > — > i .
afre(r) — Cr > T+ (acLr /o) r 4 . CF) for every r > max{rs ,eCr}

o
As r belongs to the interior of D(3) by (2.34), we can fix r} € D(3) with 7% > r,. On the
other hand, the point 7§ converges to ry as € — 0. Therefore, we can choose ; € (0,1) such
that max{rg,eCr} < % for € € (0,e1) and deduce that the above inequality holds for every
r > 1. By rearranging, we obtain for r > r7}

O'CF) oCr Lr Mr + eCrLr

Uﬁl“,€<r) o - 1+ (QELF/U) rt 1+ (a{-:Lr/O’) .

1
>———— (L Mr —
~ 14 (aeLr/o) ( 7+ Mr

On the other hand, the last two fractions converge to Lr and My, respectively, as ¢ — 0 and
the inequalities (2.33) hold. Therefore, (5.3) holds true as well with some ¢y € (0,¢1). O
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Lemma 5.3. There holds ||0yu.(0)|? + TsHé',gus(O)H(Q),Q + ||5tu5(0)||871~ <ec.

Proof. We write equations (4.10)—(4.11) at ¢ = 0 and test them by Ndsu.(0) and —d;u.(0),
respectively, owing to (4.14). Then, we sum the equalities we get to each other and use the
properties of N in order to cancel two terms, as usual. Accounting for the regularity of ug
(see (2.26)—(2.27)) and rearranging, we obtain

||8tue(0)||i + 7e[|Oruc (0)

6.0+ 10vue (0)I[5

= - /Q(_AUO + ﬁe(uo) + 7T('U/0) — f(O)) 6tu8(0)
_ /F (—vArug + Bre(uo) + mr(uo) — fr(0)) Byuc(0). (5.4)
Now, we estimate the last term owing to (5.1) and (2.30) as follows

~ [ (virun + (o) + 7o) = fo(0)) Do)

A

1 1
S35 [0vu=(0) 1§ 1 + 3 |—vArug + Bre(uo) + mr(uo) — fr(0)|§.r -

o+ O3 r)

IN

1 [e]
5 100 (O, + e(llvAruolr§,c + 182 (o) 5, + fluol

IN

1
S 19O + e

As far as the second to last term of (5.4) is concerned, we distinguish the cases 7 > 0 and 7 = 0.
In the first one, we behave as for the above boundary term and easily obtain

— [ (=0 + ) + ) = £(0) B0

2 E ‘

Te 1
< Z 0 O30 + 5 -Buo + 6 (uo) + 7o) — FO)Bg < 2

[0ruc(0)]5.0 + c-

If instead 7 = 0, we account for (2.31) and estimate the same term this way

— [ (-0 + ) + ) = £(0) D0

1
< 5 10 (0)[1% + ¢ | =Auo + B-(uo) + m(uo) = F(0)|1.0
1 1
< 5 10 (0)Z + e | =Auo + B-(uo) = FO)|1 + ¢ < 5 19 (O)I[2 + ¢
Therefore, the desired inequality obviously follows in any case. O

At this point, we can start estimating. We assume ¢ € (0,1), in principle, but we remark
that some of the properties below may require € < & for some gy € (0,1) (e.g., according to
Lemma 5.2). Moreover, ¢ is a positive parameter, as in the previous section.

First a priori estimate. Noting that J;u. has zero mean value by (4.14), we test (4.10) by
Nowu. and (4.11) by —0su.. By doing that, we account for (2.42) in order to cancel two terms
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in the sum at once. Then, by integrating over (0,t¢), owing to (2.46), and adding the same
quantity for convenience, we obtain (see also (4.35))

/||8,gu5 )||2ds+75/ |8tu5\2 |8tu5\

+5 [ IVu0F + 5 [ ¥t \+/ﬂuaD+L@A%®)

+lue (DI o + lusOIF r

:—/Q%(ug(t)) /WF (ue(t / f Orue + . Jr Orue
+%/Q|VU'O|2 /|Vru0|
+ [ Betun) + [ Bretun) + [ Fuo) + [ 7o

+lue (D113 o + lue (@5 - (5.5)

We can deal with the terms involving 7, 7, and fr as we did in the previous section in order to
estimate the corresponding ones by (4.36). On the contrary, we have to use a different argument
for the integral containing f, since 7. = ¢ if 7 = 0. Accounting for (2.25), we integrate by parts
and proceed as follows

/Cgtfatue Z/Qf(t)ug(t)—/gf(o)u()_ 5 O, f .
S/Qlue(t)%r/@t uc|? + c. (5.6)

For the same reason, no trouble arises from all the integrals involving uy but the ones related
to B and fr.. However, for such terms, we can apply (5.1) and (2.28) and derive that

/5 up) /ﬂrs up) /5 ug) /ﬂp(uo) (2Cr/a)|ugl) = ¢

Finally, noting that the last integral of (5.6) will be controlled by the second to last term on
the left-hand side of (5.5) via Gronwall’s lemma, we just need to estimate the two last norms
of (5.5). To this aim, we apply (2.49)—(2.50) and have

lue (0115, + llue (5 r

t t
< loll 6 [ lowuc(s) B ds-+cs [ Juclo)lf g ds
0 0

t t
+HM%I+5AH@%@M&4&+%AH%@M&d&

At this point, we choose ¢ small enough, apply the Gronwall lemma, and conclude that

”Us||L°°(O,T;V)F1H1(O,T;V*) + Hua||L°°(0,T;VF)OH1(O,T;HF) + Tgl/QH&UEHLZ(O,T;H)
+ 1B (ue) |l L o.7:01 (@) + [1Bne ()l oo (0,7521 (ry) < € (5.7)
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Second a priori estimate (partial). We have to find a bound for w,. in L2(0,7;V). We
set we o = (we)q and test (4.10) by we(t) — we o(t). We obtain

IV (we () = wea(t)Ig. 0 = —(Frue(t), we (t) — we,0(t))
< Sllwa(t) — we ()0 + cs |Buc(t) || for aa. t € (0,7).

Therefore, accounting for the Poincaré inequality (2.40) and choosing § small enough, we con-
clude that
lwe(t) —we o)1 < ¢||Osus(t)||« for a.a.te (0,T) (5.8)

and deduce that
[|we — we,Q||L2(0,T;V) <c (5.9)

by accounting for (5.7). As our aim is to get rid of w. o, we prepare a relationship (to be used
later on) between some mean values. We set for convenience

§e i= Be(ue), e = ﬁﬂe(us)a §en = (§c)a, and rer == (fEE)F (5.10)

where the notation zp := |I|~! [z is used. We test (4.11) by the constant 1/|Q and recall
that (O;u:)q = 0. Hence, we obtain
Tl

weat) = Golt) + 1 frer®) + (1) foraa.te(O,7) (5.11)

where we have set

1 1
F) = /Q (r(ue(8) = 50) + 1y | (Orue(®) + e (ue(®) = fe(). (512

Consequences under the assumptions of Theorem 2.9. First of all, it is trivial to
deduce estimates for 7(u.) and #r(ue) from (5.7), just by Lipschitz continuity. Moreover,
from the growth conditions of the assumptions, we easily derive estimates even for the main
nonlinearities. Here, we think of Or. defined by (4.4) (see Remark 4.1). If d = 1, then u.
is bounded in L*°(Q) by some constant M since V' C L*°(Q2) and (5.7) holds. By (2.37), we
derive that

B (ue)| < |8°(ue)| < sup [B°(r)] = c.
Ir|<M
Moreover, a (trivial) similar argument holds for Sr.(u.). As far as the case d > 1 is concerned,
note that both (2.38) and (2.39) imply corresponding global inequalities since 5° and 33 are
monotone functions. Now, if d = 2, then V' C LP(Q) for every p < +00, the embedding being
continuous. Moreover, Vr is continuously embedded either in L*°(T") or in L(T") for every
g < 400 according to whether v > 0 or v = 0. Therefore, (2.38) and (5.7) imply that

| B= (ue) || o< 0,7: 1) + || Bre (ue) || Loo (0,7 711) < - (5.13)

Finally, if d = 3, V is continuously embedded in L5(£2) and Vr is continuously embedded either
in L4(T") for every ¢ < +o0 or in L*(T) according to whether v > 0 or v = 0. Thus, (5.13) holds
also in this case, by (2.39). Next, we observe that (5.13) obviously implies that the mean values
&0 and {r.r are bounded in L*°(0,T). As the function F; defined by (5.12) is bounded in
L?(0,T) thanks to (5.7), we deduce that the same holds for w. o in view of (5.11). Therefore,
we conclude that

[wellL20,mv) < ¢ (5.14)
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by accounting for (5.9).

Conclusion for Theorem 2.9. We still assume fr. to be defined by (4.4), so that both
B:(ue) and fOre(u.) actually are estimated by (5.13). However, in order to infer existence for
problem (2.19)—(2.20), estimates in L?(0,7; H) and in L?(0, T; Hr), respectively, are sufficient,
and we just owe to such a weaker information. By using standard compactness results, we see
that limit functions exist such that

Ue — U weakly star in L°(0,7;V) N H(0,T;V*) (5.15)
ue|r — ulr weakly star in L°°(0,7T; Vr) N HY(0,T; Hr) (5.16)
T.Oue — TOM weakly in L?(0,T; H) (5.17)
We — W weakly in L?(0,7;V) (5.18)
Be(us) — & weakly in L?(0,7T; H) (5.19)
Bre(us) — &p weakly in L?(0,T'; Hr) (5.20)
m(ue) = ¢ weakly star in L>°(0,T; H) (5.21)
7r(ue|r) — (r weakly star in L°>°(0,T; Hr) (5.22)

at least for a subsequence. Now, we prove that (u,w,&, &r) is a solution to our problem. By
(5.15)—(5.20), we see that the regularity requirements contained in (2.13)—(2.17) are fulfilled
and that the following variational equations

/T@u() z(t) dt+/Vw Vz=0

/wz_/ratuer/atuer/Vu Ver/Vpu Vrz

+/Q(£+C—f)2+/z(&+<r_ﬁ)z

hold for every z € L?(0,T;V) and every z € L?(0,T;V), respectively. Moreover, we recall that
the embeddings V' C H and Vr C Hr are compact. Hence, we can apply [36, Sect. 8, Cor. 4]
and derive that

ue — u strongly in C°([0,7]; H) and wu|r — u|r strongly in C°([0,T]; Hr)  (5.23)

In particular, (2.18) holds as well and 7(u.) and 7mp(ue|r) converge to m(u) and to mp(ulr)
strongly in C°([0, T]; H) and in C°([0, T]; Hr), respectively, just by Lipschitz continuity, whence
¢ =n(u) and ¢r = 7r(u|r). Finally, the convergence (5.19)—(5.20) and (5.23) and the maximal
monotonicity of 8 and Sr allow us to conclude that £ € 3(u) a.e. in @ and that & € Or(ulr) a.e
on X (see, e.g., [3, Prop. 2.5, p. 27] for a similar result). Therefore, we see that (u,w, &, &r) satis-
fies both the remaining conditions (2.16)—(2.17) and (2.21)—(2.22). As the latter are equivalent
0 (2.19)—(2.20), the proof is complete.

So, we continue the proof of Theorem 2.8.
Improvement of the first a priori estimate. Recalling Proposition 4.8, we can differenti-

ate equations (4.10) and (4.11) with respect to time and test the equalities we obtain by NO;u.
and —0;u,, respectively. Then, we integrate over (0,t) and take the sum. As before, we use the
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properties of N. We get

1 g 1
310001 + 5 [ oacF + 5 [ ol
Q

/ oVl +v [ 105w + / B (ue) |Byue / B (ue) By

||<9tue I + T€/|3t“e WP +3 /Iatua

—/ W’(Us)\atu5|2—/ 7 (ue) |6tu5|2+/ (9tf8tu6+/ O fr Oyue .
pIM Q¢ 3¢

t

All the terms on the left-hand side are nonnegative. As far as those on the right-hand side are
concerned, the terms involving du.(0) are estimated by Lemma 5.3 and the integrals over ¥
are estimated by (5.7) since 7 is bounded and ; fr € L?(0,T; Hr). Hence, we just have to
deal with the integrals over Q;. We estimate the first one by recalling that 7’ is bounded and
applying inequality (2.51) as follows

t
f/ 7r’(u5)|8tus|2 gé/ |5‘tVu5|2+05/ H@tus(s)Hids.
Q 0

t

Finally, we treat the second one by recalling that (d;ucs)q = 0 and thus using the Poincaré
inequality (2.40) this way

Oif Opue < 6/ |0uc)?® + e5 < 5MQ/ 10, Viue|? + cs.
Qt Qt Qt

Therefore, by choosing ¢ small enough and applying the Gronwall lemma, we conclude that

10¢tel| Low (0,7:v 20,750y + 10¢te | Lo (0,7 1y L2 0,75v10) + T/ 2100t | Lo o,y S € (5.24)

where the trace inequality (2.10) is used in the case v = 0.

Third a priori estimate. We owe to an argument devised in [27, Appendix, Prop. A.1] and
based on the easy inequalities

Be(r) (r —mo) > d|B:(r)| —¢ and  Pre(r) (r — mo) > do|Bre(r)| — ¢ (5.25)

where mg := (ug)q and Jp and ¢ > 0 are some positive constants. Inequalities (5.25) hold for
every r € R and € > 0, and we prove them by accounting for (2.3) and (2.29). We choose
my € D(B) such that m_ < 0 < my and m_ < my < my and define the positive number
dp := min{mo—m_, m4—mg}. Assume now r > m,. Then, we have 8.(r) > 0 and r—mgy > o,
whence B:(r) (r —mg) > 008 (r) and the first of (5.25) follows with any ¢ > 0. The argument
for r < m_ is similar. Next, by assuming m_ < r < m,, we obtain

80| Be(r)| = Be(r) (r = mo) < (o +my —m)[Be(r)] <c  sup [B°(s)] =c

m_<s<my

thanks to the first of (5.1). The second of (5.25) can be verified in the same way owing to
the second of (5.1). Once (5.25) are established, we prove a bound for the mean values & o
and &rer (see (5.10)). We recall that (ue)q = mg for all times. Therefore, we can test (4.10)
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and (4.11) by N(uc(t) — mg) and —(uc(t) — mo), respectively. After summing the equalities we
get to each other, we obtain

/Q Ve (t)? + v / Veua (6)? + /Q £:(t) (ue(t) — mo) + / .0 (£) (s (£) — mo)
- / (F(8) — m(ue(®))) (ue(t) — mo)) + / (fr(t) — (e () (ue(t) — mo))
Q I

— (Opue (1), N(ue(t) — mo)) — 7 /Q Oue(t) (ue(t) —mg) — Ayue(t) (us(t) —mo).

PO

The term involving . is estimated from below by using (5.25) as follows

/Q £.(t) (ue(t) — mo) > b / €] — ¢

and the next one is treated in the same way. Finally, the whole right-hand side is bounded by
a constant, due to (5.7) and (5.24). In particular, we deduce that

€cllzo= 0,521 () + I€rellLoe (0,701 (ry) < €
whence immediately
1€e.2ll Lo o,y + l€ne.rll Lo 0,m) < e (5.26)
Improvement of the second a priori estimate. We just recall the inequality (5.8), the
relationship (5.11), and the definition (5.12) of F, and observe that (5.24) implies that
|lwe = we allLervy <c and  |[F|| g0,y < c. (5.27)

On the other hand, (5.26) has been established. We deduce that w, o is bounded in L*(0,T)
as well. Therefore, we see that the first (5.27) implies that

[wel Lo 0,y < ¢ (5.28)

which improves (5.14).

Fourth a priori estimate. We simply test (4.11) by £, and integrate over (0,7). Note that
we are allowed to do that since u. € L?(0,T;V) and 3. is Lipschitz continuous, whence 3. (u.) €
L?(0,T;V). After adding the same integral to both sides for convenience and rearranging,
we obtain

. [ Betwl) + [ Betucm) + /Q BVl +v [ 5/ (wo) Vel

+/Q§e|2+5/25r,5|2

:TE/QBE(UOH/F@(WH/ f—mlue) +w.) &

(
Q
+ [ (SleneP + (0 - D&gne) + [ (~oene = mr(u) + i) &

All the integrals on the left-hand side are nonnegative and the first three terms on the right-hand
side are easily treated owing to (5.1), (2.28), and the previous estimates. Now, we show that
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the second to last integral is uniformly bounded by using Lemma 5.1 provided that § is small
enough. By recalling that u., &, and {r. have the same sign and that o < 1, we easily have

§|érel® + (0 = 1)& &re = 0 [ |* — (1 — o) & |lére|
< (6 - a(l —0))ferel* +2Cr(1 — o) [ére|
< (06— (/2)1=0))|érel? +2(1 —0) CE/a < 2(1—0)CE/a ae.on X

whenever § < (a/2)(1 — o). Finally, the last integral is bounded too, as we show at once by
accounting for Lemma 5.2 and the obvious inequality

e (us) — fol < (sup 7)) [ue] + [70(0)] + /il sry  ave. on £,

Consider first the subset o of ¥ where u. > rt. Then, & > 0 and {r. > 0 there. Moreover,
(5.3) holds, whence —o &re +mr(u:) — fr < 0 a.e. on XF. Hence, the corresponding contribution
to the integral is nonpositive. Analogously, the same holds for the subset where u. < r*.
Therefore, if ¥} denotes the subset where r* < wu, <77, we have

/(_Ufl“,a‘i‘ﬂl“(ua)_fl“)fsf/ |_U€F,a+7TF(u€)_fF||€€|
b nx

<( swp Bre@)l+c) sw |B(<c

rr <r<ri r> <r<ri
by (5.1), since r € D(8) C D(fr). Therefore, we deduce the basic estimate

€122 0,70y + I€mell 20,750y < (5.29)

Conclusion for Theorem 2.8. Thanks to the estimates we have proved, we can easily infer
existence for problem (2.19)—(2.20) also in this case. Indeed, using standard compactness results,
we see that limit functions exist such that (5.15)—(5.22) hold at least for a subsequence. Actually,
some convergence is related to some stronger topology. In order to prove that (u,w,§&,&r) is a
solution, it suffices to argue as in the conclusion of the proof of Theorem 2.9, the only difference
being the identification of {r, since fr. differs from the Yosida regularization of Br in the
present case. It is clear that we can conclude provided that we find u? € L?(0,T;V) such that
the following convergence holds

uflr — ulr strongly in L%(0,T; Hr) (5.30)
§he = ﬂf{aa(uﬂp) — & weakly in L?(0,T; Hr). (5.31)

To this aim, we define
ul := u. + min{eCr, max{u., —eCr}}.

Then, (5.30)—(5.31) immediately follow if we prove that
ur —ue — 0 and &, —&re — 0 uniformly in @ and on ¥, respectively (5.32)

since (5.20) and (5.23) hold also in the present case. Now, we have |uf —u.| < eCr in @, whence
the first of (5.32), trivially. On the other hand, the difference &fe — &ne vanishes at points of
¥ where |us| > eCr, by definition of Br. (see (4.3)), since u} = u. + eCrsignu. there. Next,
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assume u. to be evaluated at points of ¥ where 0 < u. < eCr. Then, both &, and & are
nonnegative and satisfy

&b < Blac(2eCr) < BR(2¢Cr) and  &re < Bre(2eCr) < B, (3Cr) < BR(3¢Cr).

Hence, by arguing similarly at points where —eCr < u. < 0, we conclude that

Sup |ére — &nel < 2max{fr(3eCr), |Bp(—3eCr)|}-

Therefore, the second of (5.32) follows from the second of (2.32), which implies continuity for
Ot at 0 indeed, and the proof of Theorem 2.8 is complete.

Remark 5.4. Of course, the above proof shows more regularity for the solution, according
to the estimates we have derived. For instance, under the assumptions of Theorem 2.8, we
have v € W12 (0, T;V*) N H*(0,T;V) in the non-viscous case and something better in the
viscous one by (5.24). Moreover, something more than required in (2.13)-(2.17) also holds
under the assumptions of Theorem 2.9. Here, we point out that u automatically enjoys further
regularity properties that follow directly from (2.13)—(2.17) and the variational formulation of
problem (2.19)—(2.20). From (2.22) we derive both (1.7) and (1.8). Precisely, such equalities
hold a.e. in @ and a.e. on X, respectively (i.e., all of their terms are functions rather than
functionals). First of all, (1.7) clearly holds in the sense of distributions and a comparison in it
immediately yields that Au € L?(Q). In particular, (1.7) holds a.e. in Q. Moreover, by using
u € L?(0,T;V) as well, we deduce that (9,,u)|r makes sense and belongs to L2(0,T; H~/%(T"))
and that (1.8) holds in a generalized sense (see (4.33) for a similar situation). Therefore, if
v = 0, just by comparison in (1.8), we infer that (9,u)|r € L?(X) and that (1.8) itself holds
a.e. on 2. Assume now v > 0 (whence d = 2,3). We read both (1.7) and (1.8) as nice elliptic
equations, namely, —Au = g and —Aru|r + u|r = gr (with an obvious choice of ¢ and gr,
where ¢ is just seen as a parameter), and use a bootstrap argument. First of all, we have
ulp € L2(0,T; HY(T)) and Au € L?(Q). Thus, we deduce that u € L?(0,T; H*/?(Q)) (by the
elliptic theory in ) and that (9, u)|r belongs to L?(0, T; H~/*(T")) (actually, to L2(0,T; H*(T"))
for every s < 0). Hence, u|r is the variational solution to the above equation on T' with
gr € L*(0,T; H-'/4(I")). By applying the boundary version of [24, Thm. 7.5, p. 204], we derive
that u|r € L?(0,T; H>~Y4(T")) ¢ L?(0,T; H**(T')), whence also u € L?*(0,T; H*(Q)) by the
elliptic theory in Q once more. In particular, u € L?(0,T; L°(£2)) since d < 3. Furthermore, we
deduce that (9,u)|r € L?(0,T; H/?(TI")) ¢ L?*(X). Therefore, we have that gr € L?(X) as well,
whence Aru|pr € L?(X) by comparison, and conclude that (1.8) holds a.e. on X.
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