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Electromagnetic field and short-range wake function in a beam pipe of elliptical cross section
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Within the ultrarelativistic limit, analytical expressions are found for the high-frequency resistive-wall
coupling impedance of an elliptical cross-section vacuum chamber. Subsequently, the corresponding wake
functions are derived by performing inverse Fourier transformations numerically. The electromagnetic
fields have been developed working out two systems of solutions, namely for the vacuum and for the
resistive wall. The constants involved in these systems have been determined by matching boundary
conditions at the interface vacuum wall. Several study cases have been considered concerning the aspect
ratio of the elliptical cross section and the transverse position of the leading charge in order to exemplify
the behavior of the longitudinal and transverse wake functions.
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L. INTRODUCTION

Free electron laser (FEL) projects aim to achieve high-
brightness photon beam pulses of minimum bandwidth.
However, such pulses may be corrupted by possible large
wakefields along the undulator small-gap vacuum cham-
ber. Thus, knowledge of the short-range wakefields in the
undulator vacuum chamber is needed to predict the beam
quality in terms of the single bunch energy spread and
emittance. A possible choice for a small-gap vacuum
chamber is one with elliptical cross section, for which
there are references to analytically derived expressions
for the low-frequency resistive-wall coupling impedance
(see for example [1-3]). Expressions for the high-
frequency resistive-wall impedance are given, in the case
of DC conductivity model, for a round pipe in [4], and for
the conducting parallel plates in [5]. Adopting the AC
conductivity model [6], the resistive-wall impedance is
given for the round pipe in [7] and for the parallel plates
in [8]. The problem of calculating the coupling impedance,
including the high frequencies, of a resistive beam pipe
with arbitrary cross section has been solved by Yokoya [9]
with the boundary element method. He applied the method
to numerically work out the solution in the case of an
elliptical pipe; moreover, the method can be applied using
both AC and DC conductivity models.

In this paper we analytically derive expressions for the
longitudinal and transverse resistive-wall coupling imped-
ance of a vacuum chamber with elliptical cross section
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using another method, precisely the field matching method,
and make a comparison with the results obtained with the
boundary element method on the same geometry. The
paper is organized as follows. In Sec. II we describe the
physical model used to obtain the expressions of the elec-
tromagnetic fields inside the vacuum and inside the resis-
tive parts of the beam pipe, respectively. We use elliptical
coordinates and write the field components in term of
Fourier transformations. In Sec. III we work out the
Maxwell equations to derive a series expression of the
electromagnetic (e.m.) field in the vacuum part, while in
Sec. IV we derive a series expansion of the e.m. field in the
resistive part of the beam pipe. In Sec. V, the constants
involved in the two series expansions are determined by
imposing the boundary conditions at the interface vacuum-
resistive wall. This fully determines the field components.
In Sec. VI we derive the expressions of the longitudinal and
transverse resistive-wall impedances, and the short-range
wake functions are then obtained by calculating numeri-
cally the inverse Fourier transformations of the imped-
ances. In Sec. VII applications and examples are
illustrated, involving different aspect ratios of the cross
section, different materials using both AC and DC con-
ductivity models, and different leading and trailing charges
displacement from the beam pipe axis.

II. PHYSICAL MODEL DESCRIPTION

Let us consider an elliptical cross-section pipe with finite
conductivity o and infinite wall thickness, and denote with
a the major half-axis of the ellipse and with b the minor
one, respectively. Figure 1 shows cross section and longi-
tudinal section of the beam pipe, and the traveling point

© 2008 The American Physical Society
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FIG. 1. (Color) The s-y plane view and cross-section plane view.
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FIG. 2. Elliptic cylindrical (u, v, s) and a Cartesian orthogonal
(x, v, 5) coordinates system.

charge with the elliptic cylindrical (u, v, s) coordinates
system, where the s-axis coincides with the pipe axis.
The relations between the Cartesian and the elliptical
coordinates are given in Appendix A and are illustrated
in Fig. 2. The equation u = u, defines the surface separat-
ing the vacuum region from the resistive wall. The vacuum
region is specified by u < u, while the metal region by u >
uy. The leading point charge, traveling along the beam
pipe, is assumed to be ultrarelativistic, and its longitudinal
position is s = ct, where ¢ is the velocity of light in
vacuum, while its transverse coordinates are (u, v;).

II1. FIELDS IN THE VACUUM

Using the elliptical cylindrical coordinates system
O(u, v, 5), the Maxwell’s equations in the vacuum region
can be written as follows, denoting the electric field com-
ponents with E,, E,, and E, and the magnetic field com-

ponents B, B,,, and B:

| 9hE, | 1 GhE,  OE, _p

R ou W2 v 9s €’ (1a)
1 0FE oF 0B
EEavs _1 81:; - _ztu’ (1b)
d Jd d
o ﬁaaluv;ﬁaavuz_%’ (1d)
aasu _Z%Z? aazv’ (le)
1 ohB, L ahB, 1 OB

W ou W v 2 ot

where & is the metric while the charge and current density
are

8(s —ct)o(u — uy)d(v — vy)
= q h2 b
S(s —c)o(u — up)6(v — vy)
h2

(2a)

J=qc $. (2b)
In addition, we refer to the coordinate z = s — ct, which is
the longitudinal displacement from the point charge. Thus
it is z < 0 behind the leading charge and z > 0 ahead of it.
Because of the causality principle, all fields must vanish for
z>0.

Using the same approach adopted in [4], we write the
field vectors E = (E,, E,, E.) and B = (B,, B,, B,) in
terms of the Fourier transformed vectors E, B on the
Z-axis:

(E.B) — j (B, B)edk. 3)
27T —00
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Substituting Eq. (2a) into Eq. (la) and Eq. (2b) into follows:
Eq. (1h), one obtains the following system of six equations:

+ o0 + o0
GEZ _ aB 4 Ez =A,+ Z A, coshnu cosnv + Z B,, sinhnu sinnv,
v ou’ (4a) n=i n=1
OE. aB (4b) (52)
o o B.=B +-+mB h +OOA' hnu si
7 i cB, = , coshnu cosnv — ,» sinhnu sinnv,
—aZE” - —HcﬁhBu = ic?(u —u))8(v — vy) — ikh’E, ) ’ r; ;;
u v €
i 9°E, b
T (4c) .
. . dv where A, and B,, are constants to be determined.
c dhB, n dhE, _ —lkh2cB n E 323 (4d) Starting from Eqs. (4c) and (4d) and using the solutions
du v k ov e in (5), the approach described in Appendix C yields the
- i OF, - following expressions for the transverse fields £, and B,:
Ev = _% ov - CBM; (46)
. ~ - — ~ c N q
B — _ic aBZ-ﬁ-E. 4h hE,(u,v) = Kg, + 8¢, + S5 + S, (6a)
v hk dv ! heB,(u, v) = Kz, + S5, TS5, T S%u, (6b)

Starting from Egs. (4a) and (4b), and following the ap-
proach described in Appendix B, the longitudinal compo- where denoting with H(u) the Heaviside step function and
nents of the electric and magnetic fields can be written as  letting W = ik(a®> — b?), we can write

|

+o00 . +00
Kz, = 2<En — %Bn> coshnu sinnv + Z F, sinhnu cosnv, (7a)
n=1 n=1
+00 +oo
Kz, = Z(F + — 7 A”)coshnu sinnv — Z E, sinhnu cosnv, (7b)
n=1 n=1
inh2 h
Se, = —Aowy (s1nhu cos3v — sinh3ucosv) + W Z A % cos(n + 2)v
smhnu i sinh(n + 2)u  sinh(n — 2)u
+WZA s(n—2)v—WZAn[ 8+ D) 8= D) }cosnv, (7¢)
. sm2v coshnu .
S%, = TBoW 1 (coshu sin3v — cosh3u sinv) + W Z B, 7+1) sin(n + 2)v
coshnu . w cosh(n + 2)u  cosh(n —2)u7 .
+ B, —— —2)v — B
w Z sin(n Jv—W Z ,1[ 8+ 1) 8= 1) }smnv, (7d)
h2 B, W h
86, = —BOWSH:TM (smhu cos3v — sinh3ucosv) + W Z B Slnn—_:”;) cos(n + 2)v
smhnu i sinh(n + 2)u  sinh(n — 2)u
+ W Z cos(n - 2Qv—W Z [ ST 1) 8= 1) }cosnv, (7e)
2 A w h
S, = —AUWSH; v 116 (cosh3u sinv — coshu sin3v) — W Z A, —— coshnit 1n(n + 2)v

coshnu w cosh(n + 2)u cosh(n —2u
—WZA MWQM+WZA[8M+D 8 =)

:| sinnv, (71)
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H(u — u;) + Z 4 cosnv[H(u — u;) coshnu; coshnu + H(u; — u) sinhnu, sinhnu]cosnv
0 =1 TE(

-y 7 sinnv[H(u — u;) sinhnu, sinhnu + H(u; — u) coshnu, coshnu]sinnv, (7g)
=1 TEQ

+o0
1 = L
Eu Q7€
+o00
n
+o00 q
S%u = Z —— sinnv[H(u — u,) sinhnu,; coshnu + H(u; — u) coshnu, sinhnu]cosnv
e
n=1 0

0

+o00
+ Z 4 cosnv [H(u — u;) coshnu, sinhnu + H(u; — u) sinhnu, coshnu]sinnv. (7h)
=1 T€

The field components E, and B, can be directly obtained
from Egs. (4e) and (4f) using the solutions (5) and (6),
yielding

hEU = KEU + SCEU + SSEU + S%v’ (821)
heB, = Kp, + 85 + 8% + 8%, (8b)
where
Kg, = —Kpy (Oa)
+oo -
Sy, = =Sy + ZI%A" coshnu sinnv, (9b)
. . i .
s = =5 — Zl IB" sinhnu cosnv, (9¢)
g _ _
SEU - Sl;‘u’ (9d)
KEU = +KE"u’ ©e)
+oo .
S%U = +S%u + ZI%B,, coshnu sinnv, (9f)
. . ni .
§¢ = +S85 + Z:IIAH sinhnu cosnv, 9g)
q _ q
St =+SL. (%h)

IV. FIELDS IN THE RESISTIVE WALL

The constants A,,, B,, E,,, and F,, will be determined by
imposing the boundary conditions at the surface separating
the vacuum from the resistive wall. To this aim we need to
calculate the expressions of the fields inside the wall (u >
up). In the conductor we assume that

(10a)
(10b)

p=0
J=0E,

where o is the conductivity of the metal. Furthermore, the
Maxwell equations can be written as

[
| 0hE, 1 OhE, OE,

— =0, 11
W2 du W v s (11a)
1 0E, 0E, 0B,

=-2"u 11b
h ov ds ot (o
dE, 1 0E, 0B,
_ 1 - _ i 11
s h ou at (e
1 0hE, 1 OhE, 9B
b _ - _ , 11d
h2 du h2 v ot ( )
1 9hB, 1 9hB, 9B, —0 (11e)
2 ou W2 v as
1oB, 0B, 1 0E,
hl - V= + £, 11
h ov as 2 ot HoT (o
9B, 14B, 1 JE,
_ 29 _ 2 + E, (11
Jas h du 2 ot HoT v (e
1 0hB 1 0hB 1 0E;
W ou hr v ¢t ot Hoa s (k)

Using the variable z = s — ¢t and manipulating Eqgs. (11)
yields equations

R L -~
Tl Bt h*XE, =0, (122)
B+ eB v ieaeB, =0, (2
hE, — ;_f; aqu ;_f; a%céz, (12¢)
hE, :%%Ez—i—]z;c&, (12d)
chB, — —U_’g " ﬂa_av]z H iR, (12¢)
chB, = B’; +;J;ME + iR, (120

where A? = ikZyo and A is chosen with positive imaginary
part.

A. Longitudinal fields in the conductor

Each of Egs. (12a) and (12b) can be solved by separating
the variables u and v, that is assuming the unknown is
proportional to the product between two functions U(u)
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and V(v). Substituting the product U(u)V(v)

d2

——V +[a —2Qcos2v]V = 0,
dv

d2

— U —[a —2Q cosh2u]U = 0,
du

(13a)
(13b)

where Q = I?A%/4 and a is a separation constant.

Equations (13a) and (13b) are called the Mathieu angu-
lar and radial equations, respectively [10]. On the other
hand, the electric and magnetic fields, as well as the
function V(v), must be 277-periodic in v. There is a count-
able infinity of values of the constant a that allow
27r-periodic solutions in v. Such values are called the
Mathieu characteristic numbers (MCNs), and can be cal-
culated with the algorithms in [11]. In particular, for
imaginary values of Q (i.e., in the case of DC conductiv-
ity), a useful algorithm can be found in [12].

Adopting the standard notation for the MCNs [13], the
constants a,, and a,,+; (n = 0) produce even 7-periodic
and 2sr-periodic solutions, respectively, while the con-
stants b,, (n=1) and by, (n =0) produce odd
mr-periodic and 27r-periodic solutions, respectively.

Furthermore the possible solutions V(v) can be written
as

+o00
Uay, (0, Q) = S (= 1) M AZ L W) H Y (03) + Ty () Hin o (92)]
m=0

+o00
Uy, (0, 0) = S (= 1" "B [, (w)
m=1

+o00

+o00

Va,, () = > A cos2mu, (14a)
m=0
+o00

Vay,,,(v) = > A3 cos(2m + v, (14b)
m=0
+o00

Vi, )= B2 sin2mu, (14c)
m=1
+o00

Vi @) = 3 B2 sin@m + v, (14d)
m=0

where the Fourier coefficients can be calculated by recur-
sion formulas [13].

It is worth noting that, for each of the solutions in (14),
the other linearly independent solution of the Mathieu
angular equation, for a fixed MCN, is not periodic in v
[10], thus can be discarded.

The Mathieu radial equation has two linearly indepen-
dent solutions for every MCN. They are called the first and
the second kind radial Mathieu functions, respectively, and
can be expressed as series of products of Bessel functions
[11].

Since we are interested in damped solutions inside the
conductor, a proper linear combination of the solutions of
first and second kind has to be chosen. The damped solu-
tions required for a complex Q are

(15a)
+ o0 . .
Uay (0, Q) = > (=)™ AT [y W )HL, 1 02) + Tyt (W) Hit L (w)]) (15b)
m=0
H.Y -J Hy) 15
m+n(w2) m+n(wl) m*n(WZ)]’ ( C)
Upy (0, Q) = > (=1 " BEEN ymy WDHL. o (W2) = Ty (W) HitL ()] (15d)

m=0

where J, is the Bessel function of the first kind of nth order, H,(f) is the Hankel function of first kind of nth order, w; =

Qe " and w, = \/Qe", \/Q having positive imaginary part.
Being proportional to U(u)V(v), the unknowns E, and c¢B,, can be finally expressed as

+00 +0o0 +00 +0o0

E, = Z C: U, (u) Z Al cosmu + Z DbEn Uy (1) Z B sinmu, (16a)
n=0 m=0 n=1 m=1
+00 +00 +00 +o00

cB. = Z Ci U, (u) Z Apr cosmu + Z D} U, (u) Z BY sinmu, (16b)
n=0 m=0 n=1 m=1

where the constants C% , D% , C5 , D are to be determined.

B. Transverse fields in the conductor

The transverse fields in the conductor can be directly calculated by substituting Eqgs. (16a) and~(16b) int0~Eqs. (12¢)-
(12f). As in the following only tangential fields are involved, we give only the expressions for AE, and chB,,:
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- or ik ik
hE, = ,,ZO[_ PCE U, Z mAy sinmv — A—CaB" U, Z Ant cosmv:|
+o00 k
+ Z[ DE Ub Z mej; cosmv — %Dfn U;n Z Bﬁ,” sinmv} (17a)
m=1
chB, = Z lk : \cE v Z A cosmvy — —kCB U, Z mAy sinmv
v P )\ k a,Ya, a, m
ST( D Bl kD S Bl 17b
+ ;[(){2 k) Ub Z sinmv + 2 Db, Ub lem m cosmv} (17b)
V. EVALUATION OF THE CONSTANTS Yo — Ty (19)
M - —)
The constants involved in the field expressions are de- Cu
termined by satisfying the boundary conditions at u = u,
separating the vacuum from the resistive wall. y T — 2, X4
Precisely , the continuity of £,, hE,, ¢B., and hcB,, the X, = C , (20)
field components tangential to the surface u = u, is im- "
posed. As aresult, the constants Ay, A, +1, Boy, and Boyi1 where
can be calculated by solving through four independent
tridiagonal linear systems. More details about the estima- d n=20
tion of the linear system can be found in Appendix D. C, = { do—Some =1 M
Truncating every tridiagonal linear system at the (M + " n-1 o
1)th order we obtain D, = én—l n=1...M 1)
n—1
d() 20 XO to fo n 0
d T¢ =
o @ i n {z ~T¢.\D, n=1...M
1 =1 : (18)
. : : Introducing the quantities [ = va> — b>, W = ik[?, \> =
M=l X ikZyo, R(ug) = ilA coshuy, the coefficients s, d,,, z,,, and
Smu—1 du M Im

Since the coefficients on the diagonals are not zero, the each system:

system can be easily determined by Gaussian elimination
without pivoting. Thus, the following recursive formula
can be used to obtain the coefficients:

t, on the diagonals are given by the following relations for

A. System involving the constants A,

w . ik i
dy = — 7 sinh2u, — (uo)[ k}
g = sinh(2n + 2)u, cosh(2n + 2)u, sinh(2n — 2)u, cosh(2n — 2)u,
" {(1611 + 8)sinh2nu, (16n + 8)cosh2nu, (16n — 8)sinh2nu, (16n — 8) cosh2nu0:|

i "
+ % - iR(uo) coth2nu, — %[R(uo)(tanthuo + coth2nugy) — 4n]
w sinh2 w sinh(2n + 2)uy, = cosh(2n + 2)u,

= — u y = .

07 0 “ " Ton + 8 [ sinh2nu, cosh2nu :|
w 1 w sinh2nu, cosh2nu,

S = — , S, = ,

0" 4 cosh2u, 16n + 8 [smh(zn +2)uy cosh(2n + 2)u0}

thy = — 4 , t, = 4 cos2nv, cosh2nu,[tanh2nuy — coth2nu,]

2me mE)
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B. System involving the constants A,,,

d():

_w [smh3u0 cosh3u0:| + L iR(uo) cothug — i[R(uo)(tanhuo + cothugy) — 2],

16 k k A?

B w sinh(2n + 3)uy  cosh(2n + 3)uy] W [sinh(2n — Duy | cosh(2n — 1ug
16(n + 1) Linh(zn + Duy  cosh(2n + 1)u0i| E[smh(zn + Duy  cosh(2n + 1)uJ
L@+ i i Rlu)

k k tanh(2n + 1)u,

_ l[sinh(Zn + 1Duy N cosh(2n + 1)u0:|
16n | sinh(2n — 1uy  cosh(2n — 1)u,

W rsinh(2n — Dug | cosh(2n — 1u,

S T 16_n[sinh(2n + 1Duyg * cosh(2n + 1)u0}

sinhu coshu

d, =

- i—];[R(uo)(tanhQn + g + cothn + D) — 221 + 1)]

=1

in—1

n=1l,

|

fy-1 = —— cos(2n — v cosh(2n — Duy[tanh(2n — Dug — coth(2n — Dug]
T€o

C. System involving the constants B,,

w ik
dy =+ T sinh2u, + R(uo)%,

d - ~I—W[ sinh(2n + 2)u N cosh(2n + 2)u N sinh(2n — 2)u N cosh(2n — 2)u, :|

(16n + 8)sinh2nuy  (16n + 8) cosh2nu, (16n — 8)sinh2nu, (16n — 8) cosh2nu,
i i " W
- % + iR(uO) tanh2nu, + %[R(uo)(tanh2nu0 + coth2nuy) — 4n] n=l, =g
w sinh(2n + 2)uy ~ cosh(2n + 2)u w 1
Iy = — - + n=l, S0 = —— ,
16n + 8[ sinh2nu, cosh2nu, } 4 cosh2u

w sinh2nu, cosh2nu,
| | oo

" 16n + 8| sinh(2n + 2)uy  cosh(2n + 2)ug

Sy =

t0=0,

t, = 9 sin2nv, sinh2nu,[coth2nu, — tanh2nu | n=1.
TE(

D. System involving the constants B, .

w [sinh3u0 n cosh3u0:|

. "
6 iy iR(uo) tanhu + %[R(uo)(tanhuo + cothugy) — 2],

sinhu coshu k

n=1,

sinh2uy,

2n + 1)i

w [sinh(Zn + 3)u, N cosh(2n + 3)u0} N w [sinh(Zn — Duy N cosh(2n — 1)u0}

=+ -
16(n + 1) [ sinh(2n + 1)ug  cosh(2n + 1)u, 16n| sinh(2n + 1)u,  cosh(2n + 1)u,

k

. "
+ éR(uO) tanh(2n + Dug + %[R(uo)(tanh&n + Dug + cothn + Dug) —2Qn + )] n=1,

W [sinh(2n + Dug | cosh(2n + 1)ug

Gt T 16_n[sinh(2n — Duy " cosh(2n — l)uJ

o w sinh(2n — 1)u N cosh(2n — 1)u,
n 16n [sinh(2n + Duy  cosh(2n + l)uJ

n=1,

=1,

ty_1 = 4 sin(2n — 1)v; sinh(2n — 1)u;[coth(2n — 1)uy — tanh(2n — 1)uy ] n=l1.
TE(
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VI. SHORT-RANGE WAKE FUNCTIONS

Let us consider an ultrarelativistic trailing charge g,
traveling with a longitudinal displacement z from the
leading charge g; its transverse coordinates are (u, v).
The Lorentz force experienced by the trailing charge due
to the leading charge is

F = q,(E + 2 X cB). (26)
The longitudinal and transverse components of F are

(27a)
(27b)

Fp = q,E,
Fp = Qt[ﬁ(Eu - CBU) + ﬁ(Eu + CBu)]’
where the fields E,, E,, E,, B,, and B, are evaluated in

(u, v, z) and depend on the position (1, v, 0) of the lead-
ing charge ¢. Using Egs. (4e) and (4f); we can write

i OE,

E +cB, =—— , 28
v P hk ov (282)
. N i dcB

E —cB,=+— <. 28b
w— CB, W 90 (28b)

Thus, the force depends only on the longitudinal compo-
nents £, and B,.

The wake function per unit of length is defined by W =
F/qq,, and is related to the impedance through the follow-
ing Fourier transformation:

1 [+ .
Z(u,v k)=~ j W(z, u, v)e *2dz. (29)
C —o00

Consequently, the longitudinal impedance per unit of
length is given by 1/gc times the expression of E.(k) in
Eq. (52):

+ooA +ooB
Z (u, v, k) = Z — coshnucosnv + > —=2%
n=0 qc n=1 qc
X sinhnu sinnv 30)

while the two components Z, and Z, of the transverse

impedance Z; =Z,ii +Z,0 are calculated using
Egs. (27b) and (28):
l- + o0
Z,(u,v, k)= — T ,; n(A,, sinhnu cosnv
+ B, coshnu sinnv), (31a)
. + o0
Z,(u,v, k) =+ L n(A,, coshnu sinnv
qchk =
— B, sinhnu cosnv). (31b)

Thus, the wake functions are obtained by a numerical
inverse Fourier transformation of the impedance. The
fields vanish for z >0 and since the real part of the
impedance drops more quickly for large values of k than

the imaginary part it seems to be more convenient to use
the cosine inverse transformation:

2c +00 N
w, == / R(Z,) cos(kz)dk (32)
m Jo
2¢ [+ . N .
Wo =" [TWi@)0 + Nz)ileosikdk. (33)

VII. EXAMPLES AND RESULTS

In this section the impedances and the short wake func-
tions are calculated for several cases, such as cross sections
with different aspect ratio values a/b and two different
kinds of conductors, aluminum, and copper with DC and
AC conductivity values. The conductivity o and the re-
laxation time 7 used for aluminum and copper are listed in
Table I. The relative displacement between the leading and
the trailing charge is also considered. Basically, the tri-
diagonal linear system in Eq. (18) must be truncated and
when we consider large values for the aspect ratio a/b,
more sine and cosine components are needed to represent
the fields accurately. A particular case is when both
charges, leading and trailing, travel along on-axis in the
vacuum chamber. In this case, only the A even subsystem is
excited, and the longitudinal impedance is then simplified
as
too 1\n
Z;(u, v, k) = Z (=D

n=0

Aoy (34)

In a small region around the axis, the longitudinal wake
function remains approximately constant while the trans-
verse wake function depends linearly on the displacements
of the leading and the trailing charges. This effect is shown
in Fig. 3. The longitudinal wake function has been calcu-
lated at z = 0 with different transverse positions of both
the leading and the trailing charges from the axis (offset).
Figures 3(a) and 3(b) show these values normalized to the
value of the wake function on axis. For the transverse wake
function, the maximum values divided by the offset of the
charges have been calculated, and Figs. 3(c) and 3(d) show
these values normalized with respect to the limit of the
wake function for the offset approaching zero. In this way
it is shown that, if the offset is sufficiently small, the
longitudinal wake function is approximately equal to the
value on axis, while the transverse wake function can be
considered as a linear function of the offset. For this

TABLE I. Conductivity and electron relaxation time for alu-
minum and copper.

ag T
Aluminum 4.2281 X 107 Sm™! 8.0055 X 10715 s
Copper 6.4534 X 107 Sm™! 2.7019 X 10714 s
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FIG. 3. (Color) Growth of the longitudinal wake functions and nonlinearity with the offset of the transverse wake functions depending

on the offset of the leading and trailing charges.

reason, whenever the offset is small, transverse wake func-
tions are expressed per unit of length of transverse dis-
placement in V/pC/m?.

In the following examples we applied our method using
vacuum chambers having the short half-axis length b =
3 mm. The reason is that this value is equal to the half gap
for the undulator vacuum chamber of the FERMI@Elettra
FEL project [14]. Nevertheless to better compare our plots

140
—a/b=1
120} a/b=12
a/b=15
100} a/b=128
a/b=6
80|—a/b=25

60

40t

20t

with the results obtained with the boundary element
method by Yokoya, Fig. 6 has been obtained using b =
1 cm, the DC conductivity model, and the same aspect
ratio values presented in [9].

Figure 4 shows the longitudinal impedance with the AC
conductivity model for copper and aluminum, as a function
of the wave number k and for several values of the aspect
ratio a/b.

250¢
—a/b=1
a/b=12
200t|—a/b=15
a/b=28
a/b=6
1501 —4/b =25

log, k

(a)|Z¢|, ©/m, aluminum, semi-minor axis b = 3 mm.

log, ,k

(b)|ZL], ©/m, copper, semi-minor axis b = 3 mm.

FIG. 4. (Color) Longitudinal impedance vs log;pk (kin m™!) obtained using the AC conductivity model for aluminum (a) and copper
(b), semiaxis b = 3 mm, and with several aspect ratio values a/b.
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(b)Wp,, V/pC/m, Cu, with AC conductivity model.

FIG. 5. (Color) Dependence of longitudinal wake functions on the longitudinal displacement behind the leading charge. Semiminor
axis b = 3 mm, AC conductivity models for aluminum (a) and copper (b), and several aspect ratio values a/b.

Figure 5 shows the longitudinal wake functions for a
vacuum chamber with semiminor axis » =3 mm and
several aspect ratio values a/b, as a function of the longi-
tudinal displacements behind the leading charge. It is
worthwhile noting that the longitudinal wake functions
reduce to those of the circular case when a/b =1 [7]

and to those of the parallel plates when a/b > 1 [8],
respectively.

Figure 6 shows the transverse wake functions obtained
using DC conductivity model for copper and a semiaxis
b = 10 mm. It is worthy to mention that in the figure the
conductivity used is 5.3 X 107 Sm™! and that the results
obtained reduce correctly to the circular case [4] and to the

30
—a/b=1 —a/b=1
o5t a/b=12 a/b=12
a/b=15 a/b=15
20t a/b=2 a/b=2
—a/b=25 —a/b=25
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10}
5 \
0 0
-5 : : : . 10 : : : :
0 50 100 150 200 0 50 100 150 200
Displacement from leading charge [um] Displacement from leading charge [1m]
(a)OWy, /0y, V/pC/m?2. (b)OWy /0y1, V/pC/m?.
70 80
—a/b=1 —a/b=1
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a/b=15 60 | a/b=15
501 a/b=2 a/b=2
a0l —a/b=25 —a/b=25
30r
201
10
0
19 50 100 150 200 50 100 150 200

Displacement from leading charge [4m]

(c)OW, /dz, V /pC/m?2.

Displacement from leading charge [um]

(d)OWy /0y + OW,, /9y1, V/pC/m?, due to the leading

and trailing charghe with the same y-offset.

FIG. 6. (Color) Transverse wake functions in the case where both charges are close to the vacuum chamber axis. The vacuum chamber
has short half-axis of length b = 1 cm, the metal wall is characterized by a conductivity ¢ = 5.3 X 107 Sm™!, and the DC

conductivity model has been used.
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FIG. 7. (Color) Dependence of transverse wake functions on the longitudinal displacement behind the leading charge in a small region
around the vacuum chamber axis. Semiminor axis b = 3 mm and several values of the aspect ratio a/b are considered. AC

conductivity model for aluminum is used.

parallel plates case [5]. Furthermore, the results are in good
agreement with the solutions proposed in [9].

Figure 7 shows the transverse wake functions as func-
tions of the longitudinal displacement behind the leading
charge, for aluminum. Here we considered three different
relative transverse positions between the leading and the
trailing charges: both charges with a y offset, the leading
charge off-axis and the trailing charge on axis and vice
versa. The semiminor axis b is 3 mm and the more signifi-

cant case of AC conductivity model is considered.
Figure 7(f) shows that - W, + ;- W, vanishes for large
values of a/b, when the ellipse approaches the parallel
plates limit. When an ultrashort bunch is considered, then
the transverse wake with the leading and the trailing
charges off axis with the same offset should be considered.
Figures 7(e) and 7(f) represent this case. As explained in
[15], the transverse wake forces near the axis of a bisym-
metric pipe (the elliptical pipe has mirror symmetry in both
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x and y) have the property % = — % This explains why
Fig. 7(d) is the mirror of Fig. 7(c).

Once the wake function is known, the energy change per
unit length (in eV/m) induced within a particle bunch is
obtained from the convolution:

AE(z) = —eQ f_z W (z — 2)p()d, (35)

where e is the electron charge and Q is the total bunch
charge with longitudinal charge distribution p(z) expressed
in m~!. Figure 8 shows the convolutions obtained with the
wake functions and flattop bunches of charge equal to 1 nC
and different lengths.

As for the longitudinal case, once the transverse wake
function is known, the transverse kick for unit length and
for transverse offset (in rad/m?) received by the particles in
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051 \ ™
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FIG. 8. (Color) Energy variation per unit length induced within flattop bunches with different lengths and charge of 1 nC. Semiminor
axis b = 3 mm, AC conductivity model, and several aspect ratio values a/b are used.
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FIG. 9. (Color) Transversal kick per unit length and off-axis displacement, along the short axis direction, induced within flattop
bunches with different lengths and charge 1 nC at 1.2 GeV. Semiminor axis b = 3 mm, AC conductivity model, and several aspect

ratio values a/b are used.

the vertical plane within the bunch is obtained from the
following convolution:

ky(z) = % fj Wy(z — 2)p(2)d7, (36)

where e is the electron charge, Q is the total bunch charge

with longitudinal bunch distribution p(z), and E; is the
bunch mean energy. Here only the vertical plane is consid-
ered, because for aspect ratio values a/b > 3 the effect of
the transverse wake for a horizontal offset can be ne-
glected. Figure 9 shows the convolutions obtained with
the wake functions and flattop bunches of charge equal to
1 nC and different lengths.
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VIII. CONCLUSION

In this paper we have analytically derived expressions
for the high-frequency longitudinal and transverse
resistive-wall coupling impedance of an elliptical cross-
section vacuum chamber. Then, the corresponding longi-
tudinal and transversal wake functions have been obtained
by calculating numerically the inverse Fourier transforma-
tions of the impedances. Once the longitudinal wake func-
tion was known, the energy changes per unit length
induced within particle bunches was estimated by means
of a convolution between the wake function and several
flattop charge distributions. The results show that the en-
ergy variation induced within the bunch could assume an
unacceptably large value when shorter electron bunches
are used. Using the aluminum as material and an elliptical
shape with aspect ratio a/b > 3 for the vacuum chamber,
the amplitude and the number of oscillations can be
reduced.

As for the longitudinal case, the transverse kick for unit
length and for transverse offset received by the particles in
the vertical plane within the bunch is obtained through the
convolution between the transverse wake function and the
flattop charge distributions. For the particle bunches con-
sidered, the results have shown that the kick angle received
from the head and tail of the bunch itself maintains an
acceptable value even for shorter lengths of the charge
distributions. It is worthwhile mentioning that in a small
region around the axis the longitudinal wake function
remains approximately constant while the transverse
wake function depends linearly on the displacements of
the leading and trailing charges.
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APPENDIX A: ELLIPTICAL CYLINDRICAL
COORDINATES

With reference to Fig. 2, the Cartesian coordinates
(x, v, 5) and the elliptical coordinates (u, v, s) are related
as follows:

x = [ coshu cosv, (AD)

y = [ sinhu sinv, (A2)

where [ = v/a®> — b? is the half focal length.
The metric coefficients for the elliptic cylindrical coor-
dinates are

h = h, = h, = lWcosh>u — cos?v.

The inverse of (Al) and (A2) is

(A3)

u= ?R(acoshx +l iy>’ (A4)
v = S(aooshx +1 & ) (A5)
The unit vectors # and ¥ are expressed as
P X sinhu cosv + y coshu sinv, (A6)
cosh’u — cos?v
5 — —X coshu sinv + y sinhu cosv (A7)

\cosh?u — cos?v

The segment u = 0 connects the foci, and the couples
(0, v) and (0, —v) represent the same point on the cross
section. Note that the unit vectors i and © are discontinu-
ous on the segment u = 0. Precisely,

lim 4(0, v) = — lim (0, v), (A8)
lim (0, v) = — lim 9(0, v). (A9)

APPENDIX B: DERIVATION OF THE
LONGITUDINAL FIELDS IN THE VACUUM
REGION

Deriving Eq. (4a) on v(u) and Eq. (4b) on u(v) and then
summing (subtracting), we obtain the Laplace equation:

= 2 25

2L, , PE. B

=0, — +
dur 9

9°B
L= . (B1)

auz 8v2

Now let F_ be the generic of the two unknowns £, and B,
thus

F, | F, _
du? av?

0. (B2)

F, must be 27r-periodic in v, it can be expanded as Fourier
series on v as

+00
F. = F(u) + Z(Fg,,(u) cosnv + F$,(u) sinnv). (B3)
n=1
Substituting (B3) into (B2) yields the equation

+ 00
Fly(u) + Z[FZCZ(M) — n?F¢,(u)] cosnv
n=1

+o0
+ Z[Fg;;(u) — n?FS,(u)]sinnv =0,  (B4)
n=1

where F”(u) denotes the second derivative on u.
The latter equation is equivalent to the following system
of infinitely many equations:

Fzll(u) =0, (BS)
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FO(u) — n®Fé,(u) =0 n=12..., (B6)
Fo(u) — n?F5,(u) =0 n=12... (B7)

whose solutions are
FZO(M) = AO + AOuu’ (BS)
F¢,(u) = A, coshnu + B, sinhnu, (B9)
F,(u) = C, coshnu + D, sinhnu. (B10)

Substituting into (B3) the longitudinal components can be
written as

+o00
E. = Ay + Agu + Z A, coshnu cosnv

n=1

+ B, sinhnu sinnv + E, coshnu sinnv

+ F, sinhnu cosnv (Blla)
+0o0
Ez = By + By, u + Z C, coshnu cosnv
n=1
+ D, sinhnu sinnv + G, coshnu sinnv
+ H, sinhnu cosnv. (B11b)

As the two couples (0, —v), (0, v) specify the same point of
the segment u = 0 connecting the foci of the elliptical
cross section, we must impose the condition

F.(0,v) = F.(0, —v). (B12)

This implies C,, = 0 and H,, = 0. Taking this into account
and substituting (B1la) and (B11b) into (4a) and (4b)
yields A, = —c¢D,, B,=cC,, E,=cH,=0, F, =
—cG, =0, Ay, =0, and By, = 0. Thus, (Blla) and
(B11b) reduce to (5a) and (5b), respectively.

APPENDIX C: DERIVATION OF THE
TRANSVERSE FIELDS IN THE VACUUM REGION

Differentiating and combining Eqs. (4c) and (4d) yields
the equations

?hE, 9*hE, ¢
% PR 6—5'(14 —u)é(v —vy)
0
.kahZEZ i 9 0°E,
_ to
du k ou ov?
ah%cB. i 9 9*cB
— ik f+ - ——=, (Cl
! Jv kv ov? (Cla)
9%hcB, 0%*hcB
8:2 £+ 852 = —Eiﬁ(u —u;)é'(v —vy)
0
L OPE. i 9 PE,
Jv k dv 9v?
oh*cB, i 9 9°cB
e ! 2 (Clb)

du kou v

Deriving Eqs. (4a) and (4b) yields

9% 9E, 9% dcB,
— — =0, C2
ov? du vt Jv (C2a)
0% 9cB 9% oE
S St ) (C2b)

dv? du dv? v

Furthermore, using Egs. (4a) and (4b) the following equal-
ities can be verified:

OWE. 9h*cB _ Ok . oh?
e 0 g g O (C3a)
u Juv " v " Jdu
OhE. 9h*cB _ oh® . Oh?
B ) Ty SN (o1
Jv Ju " Ju v

Finally, substituting (C3a) into (Cla) and (C3b) into (C1b),
and using (C2a), (C2b), and (A3) we obtain

02hE, 9*hE, ¢
o 6—05’(u —u)é(v —vy)
— iklPcB, sin2v — ikI>E, sinh2u,
(C4a)
d%hcB,  9*hcB, q
92 902 = _:05@ —up)d'(v —vy)

— iklPcB, sinh2u + ikI’E. sin2v.
(C4b)

The homogeneous equations associated with (C4a) and
(C4b) are Laplace equations. Their solutions are denoted
by K, and K}, respectively, and have the form in (B11)
with E, and B, replaced by hE, and hB,,, respectively.

In order to find particular solutions of Egs. (C4a) and
(C4b) in the presence of only the longitudinal fields in the
right-hand sides, we substitute £, and cB, [given by (5a)
and (5b) respectively] into (C4a) and (C4b). Then the right-
hand sides of (C4a) and (C4b) become linear combinations

TABLE II. The terms related to the longitudinal components
in the right-hand sides of Eqgs. (C4) are proportional to the
functions in the Forcing term column. The corresponding par-
ticular solutions are reported in the other column.

Forcing term Particular solution

sinh2u sinh2u

, 4
sinh2u coshu cosv [sinbu + 1y coshu] cosv

sinh(n+2)u sinh(n—2)u
Surs T gams o cosnv

[cosh3u — 1y sinhu] sinv

4
cosh(n+2)u cosh(n=2)u7 -
(s + S5 sinnv

__ sin2v

4
—SBY coshy + u S8 sinhu

sinh2u coshnu cosnv

sinh2u sinhu sinv

sinh2u sinhnu sinnv
sin2v

sin2v coshu cosv

. _ sin(n+2)v _ sin(n—2)v
sin2v coshnu cosnv [— s — “ga—g ] coshnu
sin2v sinhu sinv €o83v ginhu + u} cosv coshu
sin2v sinhnu sinnv cos(n+ 2y | w] sinhnu
8n+8 8n—8
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of the forcing terms in Table II, so that the problem reduces
to that of finding particular solutions of the equations

9%F(u, v) + 0?F(u, v) _

ou? v’ ©)

g(u, v),
where g(u, v) is the generic forcing term. For each a
particular solution is reported in Table II. Particular solu-
tions related to the longitudinal fields are given by (7c)—
(7).

Substituting the solutions K,, K3, and (7¢)—(7f) into
the first order system of Egs. (4c) and (4d), yields the
conditions Ay, =0, By, =0, A, =cD,, B, = —cC,,

The latter conditions lead to impose: Ay = 0, By =0,
A, =0, and C, = 0. In conclusion, the solutions Kz,
and Kj, of the homogeneous Eqs. (C4a) and (C4b) are
given by (7a) and (7b), respectively. The particular solu-
tions of (C4a) and (C4b), related only to the charge ¢, are
denoted with S %M and S %u, respectively, and are obtained by
starting from the following Fourier series expansion of the
u-components of the fields and of the source terms, as
follows:

+00 + o0

E,= —cH, — "B, and F,=cG, %A, St =Ey(u)+ Z E%(u) cosnv + Z ES(u)sinnv, (C8a)
Furthermore, the following conditions of continuity of n=1 n=1
the vectors hE, it and hcB,it must be imposed on the " e . o | )
segment u = 0: St = Bo(u) + Z B¢ (u) cosnv + Z B:(u)sinnv, (C8b)
n=1 n=1
hB,(0,v) = —hB,(0, —v), (C6)
hE,(0,v) = —hE,(0, —v). (C7)
|
1 +o00 1 +o00
8 —u)d(v—v)) = 8u— ul)[— + — Z cosnv cosnv; + — Z sinnv sinnul} (C9a)
2T T =1 ™ n=1
, 8(14 _ “1) +00 ) +o0 .
S(u—u)é'v—v)) = [Z ncosnv sinnv; — Z n sinnv cosnv, } (C9b)
™ n=1 n=1
{
Substituting (C8a) and (C9a) into (C4a), (C8b) and (C9b) A possible solution of system (C11) is given by
into (C4b), and assuming the presence, in the right-hand
sides, of only the terms related to the charge g, yields the
. . . BO = 0,
following systems of equations:
V) L g g ) B (u) q . coshnu; sinhnu  u < u
u)=5-=L06u—u ‘(u) = — sinnvy{ .
0 2772 < 1 1 mE ! sinhnu; coshnu u > uy, (CI3)
¢! _ c — g s/ _ 1
En ) = n"Ey(w) € 5l ul)w oML (€10) BS _ 4 sinhnu, coshnu u < u,
E} () — n’E}(u) = L6 (u — uy) 5 sinnvy, () = ey costn coshnu, sinhnu  u > u,.
Bou) =0 Substituting (C12) and (C13) into (C8a) and (C8b) yields
B¢ (1) — n*BS(u) = — %6(14 — uy) L sinnv, (7g) and (7h).
" n hE, and hcB,, are straightforwardly obtained using the
s _ 2Dns — ng _ 1 v v
BS (1) — n*BS(u) o 8(u — uy) 7 cosnuvy, Eqs. (4e) and (4f).
(C1D)

for all positive integers n. A possible solution of system
(C10) is given by

0 u<u
EO =
q
27re u=> Uy,
q sinhnu; sinhnu  u < u,
E¢(u) = —— cosnv, (C12)
e coshnu; coshnu u > u,,
q . coshnu; coshnu u < uy
ES(u) = ——— sinnv;{ | .
TE sinhnu; sinhnu  u > u;.

APPENDIX D: IMPOSING THE BOUNDARY
CONDITIONS

To evaluate the constants in the fields expressions, the
continuity of the tangential components EZ, E,, B., B, on
the surface u = uy must be imposed.

Observing the Fourier expansion of the fields [Eqgs. (7)
and (9a)], it can be noticed that there is no relation between
even and odd constants, because the nth component of the
expansion depends on the (n — 2)th and on the (n + 2)th
components in the vacuum, while Eq. (14) shows that
angular Mathieu functions are sums of either 7r-periodic
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functions (even MCNs) or 2sr-periodic functions (odd
MCNs). Considering for EZ and chB, only the terms
proportional to cosines and for EZ and hE, only the terms
proportional to sines, only the subset of constants A,,, F,,,
CE | and Dfn is involved, while considering for E, and
chB, only the terms proportional to sines and for Ez and
hE, only the terms proportional to cosines, only the subset
of constants B,,, E,, C5 , and Df” is involved. This shows
that the whole system can be divided into four independent
parts.

Assuming the metal as a good conductor (like copper or
aluminum) allows us to use the following asymptotic ap-
proximation for the Mathieu radial functions (which has
been validated numerically):

U(u) ~ ei(wszl) — eiZ\/Qsinhu, (Dl)
where w; = \/Qe * and w, = /Qe". Q is complex, with
large modulus and its square root has positive imaginary
part. From Eq. (D1) the derivative of U(u) on u = uy is
given by

ai U'(ug) = 2irJO coshugU(ue) = R(ug)Ulug).  (D2)
u

In the sequel the subsystems will be solved, denoting with
(E<, B<) the fields in the vacuum region, and with
(E=, B”) the fields in the metal.

Considering the components cosmv of E, and imposing
the continuity condition

EXlyy = EZ Ny
we obtain
+o00 +o00 +o00
Z A,, coshmug cosmv = Z CL U, (ug) Z A cosmu.
m=0 n=0 m=0
(D3)
Thus for each m, we can write
+o00
> CL Uy, (ug)As = A,, coshmug. (D4)
n=0

Considering the components sinmv of ¢B, and imposing
the continuity condition

céfluo = céfluo,

we obtain

+o00
- Z A, sinhmug sinmv = ZDEH Uy, (ug)

m=1 b,

+ o0
b, .
X Z A, sinmuv.

m=1

(D5)

Thus for each m we can write

ZDEH Ubn(uo)Bfré‘ = —A,, sinhmu. (D6)

bn

We consider the sinmv components of 2E,, and the cosmv
components of chB, on u = uy; further, using Eqgs. (17),
(D2), (D4), and (D6) we write the cosmv of hE. and the
sinmv of hcBy,, in terms of the constants A, yielding

+o00
< _ __ : s
hE; = Z F,, coshmug sinmv + S%,,
m=1
+o00
- Z —— cosmuv | coshmu; sinhmug sinmu,
— 760
m=1
+00 q
hcBy = Z F,, sinhmug cosmv + §§, +
= 2me

+00
q
+ Z —— cosmuv coshmu; coshmug cosmu,
— T 0
—

+0o0 .
. i .
hE; = — le mpAm coshmu sinmv o7
+mik . .
+ Z FR(uo)Am sinhmu sinmv,
m=1
heB, = io z+i R(uy)A,, coshmuy cosmuv
v “ /\2 k 0/m 0
+o00
— Z m— A,, sinhmug cosmu.
A

m=1

Finally, imposing the continuity of hcB,, and hE, on u =
uy the tridiagonal linear systems (22) and (23) are ob-
tained. Using the same arguments, the tridiagonal linear
systems (24) and (25) are obtained.
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