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Abstract: This extended abstract contains an outline of the work reported at the conference IQIS2018.
We show that it is possible to exploit a thermalization process to extract work from a resource system
R to a bipartite system S. To do this, we propose a simple protocol in a general setting in the presence
of a single bath at temperature T and then examine it when S is described by the quantum Rabi
model at T = 0. We find the theoretical bounds of the protocol in the general case and we show that
when applied to the Rabi model it gives rise to a satisfactory extraction of work and efficiency.
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1. Introduction

In this extended abstract, based on Ref.[1], we present a work-extraction protocol which exploits
a simple thermalization process as the main ingredient. To this purpose, it is necessary to define the
quantity work and the meaning of “work extraction”. Defining work is a difficult task in quantum
mechanics and a general definition has not yet been adopted [2]. We base our protocol on a definition [3]
given inside the theoretical framework of thermodynamic resource theory. This deals with operations
performed on a system and a thermal bath, by imposing that the sum of the energies of the system and
the bath is conserved through the process (not only on average but also in the entire distribution) [4].
This recently developed theoretical framework provided interesting results such as generalizations of
the second law of thermodynamics [5,6] and a way to exploit coherences in the energy basis [7].

In the definition of Ref. [3], we need to fix the temperature of the thermal bath and divide the
system of interest in two systems. We name one of them R, the resource from which we want to extract
the work, and the other one S, the system on which we want to do work. The work done or extracted
is quantified by the difference of a quantity, which is inherent to the state of the system S, between the
start and the end of the process. The work quantifier can be chosen among different quantities and
its choice depends on the physical constraints that we consider for the process at hand. Furthermore,
whatever the chosen quantity is, the amount of work extracted from system S has to be always equal
or lower than the amount of work lost by system R. In Ref. [3] there are a lot of possible quantifiers of
work done on (or extracted from) a system, among which we choose to adopt the following one:

W = ∆F
(
ρ′, H′

)
− ∆F (ρ, H) , (1)
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Figure 1. This figure illustrates the phases of the thermalization protocol, as described in the text.

where

∆F (ρ, H) = F (ρ, H)− F
(

ρth, H
)

, F (ρ, H) = Tr (Hρ)− kBTS (ρ) and S(ρ) = −Tr {ρ ln (ρ)} .
(2)

Here, F (ρ, H) is the free energy of the state ρ when the system is governed by the Hamiltonian H,
ρth is the thermal state of the system at temperature T equal to the temperature of the thermal bath
which is used in the process, kB is the Boltzmann’s constant and S (ρ) is the Von Neumann entropy
of the state ρ. The quantities which have the symbol ′ are connected to the end of the process, while
those not marked are connected to the start of the process. If H′ = H, Equation (1) reduces to the
simpler form

W = F
(
ρ′, H

)
− F (ρ, H) . (3)

Contrarily to other definitions of work, this one is not based on measurements.

2. Results and Discussion

2.1. The Thermalization Protocol

The main idea of our protocol is to exploit the difference between the thermal states of a bipartite
system in two different cases: when the interaction between the two subsystems is turned off and
when it is not. When there is no interaction, the global thermal state is the tensor product of the two
local thermal states. On the other hand, when the interaction is turned on, the global thermal state is
more complex. In particular, the local state of each subsystem, named reduced thermal state, is different
from the original local thermal state and has a free energy higher than the thermal one [3,4] when
both are computed with respect to the same free Hamiltonian of the subsystem. This translates into
formulas as follows:

ρth
A ⊗ ρth

B −→ ρth
S 6= ρth

A ⊗ ρth
B and F

(
ρrth

A(B), HA(B)

)
> F

(
ρth

A(B), HA(B)

)
, (4)

where we named A and B the two subsystems of S, HA(B) is the free Hamiltonian of subsystem A (B),
ρth

A(B) is the corresponding local thermal state and ρrth
A(B) = TrB(A)

{
ρth

S
}

is its reduced thermal state and

ρth
S is computed with respect to the Hamiltonian of system S, HA + HB + HI , being HI the interaction

term between A and B. The protocol is composed of the following main steps (see Figure 1 and find
more information in Ref. [1]).

• At the start of the protocol the two subsystems of S are in their local thermal states and they are
non-interacting (t1).

• Then, the resource R turns on the interaction between them while not changing their states (in a
small time interval preceding t2, represented by the small box before t2).

• The two subsystems of S, in contact with the thermal bath at temperature T, thermalize together
to the new thermal state of S (from t2 to t3).

• Lastly, the resource R turns off the interaction (in a small time interval following t3) while not
changing the states of the subsystems of S.
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If one follows the evolution of the free energy of the subsystems of S, he finds that at the end of
the protocol (once the interaction is off) the extracted work, W, satisfies [1]

W = ∆F
(

ρrth
A , HA

)
+ ∆F

(
ρrth

B , HB

)
+ kBTS(A : B) ≤ 〈HI〉t2

− 〈HI〉t3
, (5)

where S (A : B) = S
(
ρrth

A
)
+ S

(
ρrth

B
)
− S

(
ρth

S
)

is the mutual information of the A and B subsystems.
Moreover, the average of HI is calculated as soon as the interaction is on (t2) and right before it is
turned off (t3). We note that the term which contains the mutual information is a non-local term which,
in some cases, could then be neglected because of the difficulty of its exploitation.

It is also possible to define an ideal efficiency of this process by taking into account the minimum
amount of work that the system R has lost. Then, the efficiency is given by the ratio of the extracted
work and the work lost by R:

η =
W

〈HI〉t2
− 〈HI〉t3

≤ 1. (6)

Once the thermalization protocol is completed, one can use the resulting states to perform other
tasks of various kind. For example, one could want to charge an external battery. In this case one needs
a transfer protocol to move the work extracted by S to the battery so that S can be reinitialized and
can begin another cycle of the thermalization protocol. We studied this issue in the specific case of the
application of the thermalization protocol to a system S governed by the Rabi Hamiltonian at zero
temperature. We will include this study in the revised version of Ref. [1].

We now apply the thermalization protocol to the Rabi model at zero temperature.

2.2. Application to the Rabi Model at Zero Temperature

The Rabi model describes the interaction between a two-level system and a quantum harmonic
oscillator. Its Hamiltonian has the following form [8]:

HRb =
h̄ω

2
σz + h̄ωn̂ + h̄gσx

(
a† + a

)
, (7)

where σz and σx are the Pauli operators of the two-level system, a
(
a†) is the annihilation (creation)

operator of the harmonic oscillator, n̂ = a†a, ω is the frequency of both the two-level system and the
harmonic oscillator (they are resonant) and g is the coupling strength between the two subsystems.

In this model, the extracted work and the ideal efficiency take the following form [1]:

W =
h̄ω

2

(
1 + 〈σz〉t3

)
+ h̄ω 〈n̂〉t3

= h̄ν0 +
h̄ω

2
− h̄g

〈
σx

(
a† + a

)〉
t3

and η = − W
h̄g
〈
σx (a† + a)

〉
t3

, (8)

where ν0 is the frequency of the ground state of the system when the interaction is on. Both h̄ν0 and
h̄g
〈
σx
(
a† + a

)〉
t3

are negative quantities. Also, it is worth noting that the non-local term S (A : B) does
not contribute to the work extraction at zero temperature.

The Rabi Hamiltonian has been recently exactly diagonalized [8,9]. This let us write its ground
state in the bare basis and, thus, calculate the extracted work and the efficiency of the protocol when
applied to the Rabi model at zero temperature. The graph of Figure 2 shows both the amount of
extracted work and the ideal efficiency as a function of the coupling parameter in units of ω. As one
can see, the extracted work is comparable with the typical energies of the two subsystems when
g/ω is sufficiently high. We remark that these high values of the coupling constant became recently
experimentally attainable [10]. Moreover, the efficiency of the thermalization protocol is always higher
than one half, with a peak of roughly 0.60.
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Figure 2. This graph shows the extracted work (solid black line), W/ (h̄ω), and the ideal efficiency
(dashed blue line), η, as a function of the coupling parameter g/ω, for the Rabi model at T = 0.

These results show that the protocol we propose can achieve good results when applied to realistic
physical models such as the Rabi model.
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