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The nonadiabatic quasiparticle model for triaxial shapes is used to perform calculations for decay of
141Ho, the only known odd-Z even-N deformed nucleus for which fine structure in proton emission
from both ground and isomeric states was observed. All experimental data corresponding to this unique
case namely, the rotational spectra of parent and daughter nuclei, decay widths and branching ratios
for ground and isomeric states, could be well explained with a strong triaxial deformation γ ∼ 20◦. The
recent experimental observation of fine structure decay from the isomeric state, can be explained only
with an assignment of I = 3/2+ as the decaying state, in contradiction with the previous assignment, of
I = 1/2+, based on adiabatic calculations. This study reveals that proton emission measurements could
be a precise tool to probe triaxial deformations and other structural properties of exotic nuclei beyond
the proton drip-line.

© 2009 Elsevier B.V. All rights reserved.
Studies at the extreme limits of the nuclear chart have gained
momentum in the last decade with the advent of new experi-
mental facilities [1]. The production of new exotic nuclei lead to
the discovery of several exciting new phenomena like for exam-
ple, neutron skins and halos [2] in neutron-rich nuclei, and the
novel decay mechanism of proton radioactivity in proton rich nu-
clei around the proton drip line. On theoretical grounds, the de-
scription of these new phenomena, apart from validating existing
models in regions far from stability, requires the formulation of
new theories.

Fine structure in proton radioactivity, complemented by the de-
cay widths and spectra built on the decaying states, is a perfect
example in this context. The high sensitivity of the decay prop-
erties to details of the nuclear wave function provides a way to
extract rich information about the structure of the nuclei involved
[3–6]. Exploiting this fact, we have analyzed the role of triaxial
deformation in some proton emitting nuclei. In the case of 161Re
[7] the inclusion of triaxial deformation could explain the exper-
imental data, assigning angular momentum 1/2+ to the proton
emitting state. For the nucleus 145Tm [8] the analysis of the energy
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spectra of parent and daughter nuclei, half-life and fine structure
confirmed a large triaxiality with a high degree of confidence.

In this work we discuss the case of 141Ho which is very inter-
esting since it is the only known odd-Z even-N deformed nucleus
where both ground and isomeric states display fine structure, i.e.
decay by emission of protons feeding both ground (0+) and first
excited (2+) states in the daughter nucleus [9]. It is quite chal-
lenging to interpret this phenomenon, since decay to the ground
state depends only on the component with the lowest angular mo-
mentum of the Nilsson wave function, while fine structure might
depend on the relative weight of the other components.

Furthermore, there are hints of departure from axial deforma-
tion as suggested in Ref. [10] where, using recoil decay tagging the
rotational spectrum of 141Ho was established.

Previous calculations for this proton emitter, that took into
account the non-axial deformation degree of freedom, were per-
formed within the adiabatic treatment [11], and predicted a high
sensitivity of the branching ratio to the triaxial deformation, while
a calculation [12] within the nonadiabatic weak coupling model
with coupling to γ vibrations predicted a branching ratio almost
independent on the non-axial coupling parameter. In both works
only the decay from the negative parity ground state was studied,
since fine structure of the isomeric state had not yet been discov-
ered. In the only work [9] where this decay was studied, an axially
symmetric coupled channel model was used.
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All these works do not take into account correctly the pairing
interaction, since it is introduced only as a spectroscopic factor
multiplying the decay width. Previous studies [6] have shown that
in the nonadiabatic approach, the pairing interaction cannot be
treated at the BCS level after the Coriolis interaction has been al-
ready diagonalized, since at that stage the system is described by
a many-body wave-function and a Bogoliubov transformation can-
not be performed anymore. Therefore the BCS transformation has
to be carried out before taking into account nonadiabatic effects.
Furthermore, omitting the pairing interaction in the Hamiltonian
has two main consequences: the components of the wave function
have wrong phases and therefore wrong coherence properties [6],
and the energy eigenvalues, since the pairing interaction has not
been taken into account in the Hamiltonian, have no relation at all
with the actual excitation spectra, making the choice of a level as
the ground state quite uncertain.

In the present work we apply the nonadiabatic quasiparticle
method [6], that treats correctly the pairing interaction, to study
fine structure in proton emission from both positive and negative
parity states of 141Ho, including triaxial deformation [7].

The total Hamiltonian of the system can be written as the in-
trinsic Hamiltonian of the valence proton plus a collective part
representing the core, H = H in + Hcol, where H in is the triaxial
Nilsson Hamiltonian including a deformed spin–orbit term and the
residual pairing interaction. To obtain the single-particle energies
and wave functions corresponding to H in we use a potential of the
Wood–Saxon type with the parameters from Ref. [13]. The nuclear
potential is evaluated in a similar way as in Ref. [14] but includ-
ing triaxial deformation. The residual pairing interaction is treated
within the BCS approach employing a constant gap approximation.
The collective Hamiltonian Hcol describes the rotations of the tri-
axial core with respect to the body-fixed axis and can be written
as

Hcol =
∑

ν=1,2,3

h̄2

2Iν
R2

ν (1)

with R representing the angular momentum of the core which is
related to the angular momenta of the nucleus (I ) and of the pro-
ton ( j) by I = R + j. The quantities Iν are the moments of inertia
given by the hydrodynamical relation

Iν = 4

3
I0(I) sin2

(
γ − 2πν

3

)
, (2)

where 0◦ � γ � 60◦ is the asymmetry parameter. The moments of
inertia may depend on the angular momentum, and hence in the
spirit of the variable moment of inertia (VMI) model, one has [15]
I0(I) = I0

√
1 + bI(I + 1), where b is the VMI parameter and the

constant I0 is evaluated by fitting the energy of the first excited
2+ state [16]. All details regarding the wave functions of the parent
and daughter nuclei can be found in Ref. [7].

The decay width, corresponding to the outgoing proton with a
given spin j and orbital angular momentum l, is obtained [3] from
the overlap of the initial parent state, and the final one which is a
coupling between the daughter and emitted proton wave functions.
This yields [7] the expression
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In the equation above, the symbol σ specifies the single-
particle basis states considered, and the prime in the summa-
tion stands for the constraint that imposes K − Ω to be an even
integer. F and G are the regular and irregular Coulomb func-
tions, respectively. The coefficients aI

σ K are the components of the
eigenvectors of the Coriolis interaction between quasiparticles and
φΩσ

l j (r) are the radial components of the eigenfunctions of the

Nilsson Hamiltonian. The quantity |u f
σ |2 gives the probability that

the proton single-particle level in the daughter nucleus is empty
and is obtained from the BCS calculation. In the case of adiabatic
calculations the values of aI

σ K are Kronecker symbols since the
Coriolis matrix is diagonal. For decay to the ground state (R = 0)
of the daughter nucleus, angular momentum conservation imposes
that the angular momentum of the escaping proton ( j) has to be
equal to the angular momentum of the decaying nucleus (I), while
if R 	= 0 then different values of j are allowed and the total width
is calculated as

Γ I R =
R+I∑

j=|R−I|
Γ I R

lj . (4)

The branching ratio for decay to the first excited 2+ state is
obtained from the relation Γ I2/(Γ I2 + Γ I0).

Before applying our formalism to the calculation of proton
emission observables, we should be aware of several parame-
ters involved. The most important ones are the deformation pa-
rameters. 141Ho is predicted by several theoretical works [17] to
be highly deformed with axial deformation 0.29 � β2 � 0.35 and
−0.06 � β4 � −0.04. However this large deformation would imply
a high moment of inertia and therefore a low excitation energy of
the 2+ state in the daughter nucleus 140Dy. This is not the case,
since the experimental value of this energy was found [18,19] to
be 202.2(1) keV. From the Grodzins empirical formula [20,21] that
relates the latter quantity to the quadrupole deformation we de-
duce a value of β2 = 0.244. This value was already adopted in the
works of Refs. [10,11], together with a β4 = −0.046.

Since 141Ho might have a γ deformation, we start our anal-
ysis of this parameter by determining the rotational spectrum of
140Dy, which is known, and depends only on the variable momen-
tum of inertia, and non-axial deformation. The calculation of this
spectrum also introduces the possibility of fixing the VMI coeffi-
cient b. Assuming that the daughter nucleus is a triaxial rotor, the
spectrum is calculated with different values for the VMI parame-
ter and the results are given in Fig. 1. These results clearly show
that γ deformation is quite important in order to reproduce the
experimental level scheme. Using a constant moment of inertia,
we see that the triaxial deformation could be γ ∼ 30◦ . However
within the VMI approach, the nucleus could have a lower γ de-
formation around 20◦ , assuming b = 0.01. In the case of 142Dy [8],
it was clear that only b = 0.01 could reproduce the experimen-
tal level scheme, and hence one does not expect it to be much
different in the nearest even–even nucleus. The quasiparticle plus
triaxial rotor model (QPTRM) calculations for rotational bands in
141Ho are also consistent with the analysis of the spectrum of
140Dy in fixing the triaxial deformation. These calculations have
been reported in Ref. [10], suggesting a triaxial deformation for
the ground state between γ = 10◦ and 20◦ , and hence are not pre-
sented here.

It has to be mentioned that, in spite of the dependence of the
QPTRM results on parameters besides deformations, each one of
them should fulfill a specific constraint. They are the rotational
energy E2+ of the first excited 2+ state in the rotor (daughter nu-
cleus), the VMI parameter b, the Coriolis attenuation factor ρ and
the pairing gap Δ. The value of E2+ of 142Dy was measured [18,19]
precisely as 202.2(1) keV, and the parameter b is fixed at 0.01 as
we learn from the spectra of 140Dy displayed in Fig. 1, 142Dy and
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Fig. 1. Level scheme of 140Dy compared with the rotational spectrum calculated
using the triaxial rotor model. The thick grey lines represent the experimental levels
for which the spins and parities are indicated at the extreme right. The black solid,
dashed and dotted lines correspond to the calculations with different values for the
variable moment of inertia (VMI) parameter.

Fig. 2. Upper panel: Decay width of proton emission from the ground state of 141Ho
as a function of triaxial deformation. Lower panel: Branching ratio for proton emis-
sion from the 7/2− state to the first excited 2+ state in the daughter nucleus. In
both panels, different curves correspond to calculations with different attenuation
factors for the Coriolis interaction labelled in the lower panel. The areas shaded in
grey correspond to the experimental values including uncertainties in the data. The
error bars on the theoretical curves at γ = 20◦ represents the typical uncertainty in
the calculation due to the experimental error in the Q p value.

145Tm [8]. A pairing strength with Gπ = 0.136 MeV and a Coriolis
attenuation of ρ = 0.85 are reported [10] to reproduce the ground
state band of 141Ho. In order to see the dependence on pairing
gap and Coriolis attenuation factor, we have performed calculations
varying these parameters.

The decay width and branching ratio for proton emission from
the ground state (7/2−) of 141Ho, for different Coriolis attenuation
factors are given in Fig. 2 as a function of γ deformation. If we
Fig. 3. Same as Fig. 2 but the different curves correspond to different values of the
pairing gap parameter denoted by aΔ , defined as Δ = aΔ × 12/

√
A.

assume ρ = 0.75, which is common in literature, we see that the
decay widths are slightly overestimated. This discrepancy is less if
we consider the uncertainty in the Q -value represented by the er-
ror bar at γ = 20◦ . Very strong Coriolis attenuation, ρ < 0.5, could
explain the decay width but such a scenario is not very realistic.
In the high- j orbitals the Coriolis interaction is supposed to be
strong and since we have negative parity states arising from the
h11/2 shell, our results are quite sensitive to ρ . Since the proba-
bility for finding a f7/2 component in the Nilsson wave-function
increases quadratically with β2 deformation, as can be seen using
simple perturbative arguments, a slight decrease in β2 would im-
ply a large decrease in the decay width, while it would not change
appreciably the excitation spectrum. In any case the decay width
is not very useful in determining triaxial deformation.

While decay widths might depend strongly on the different
parameters entering into the calculation, like for instance defor-
mation, radius of the potential and Q -value, branching ratios are
practically insensitive [14] to variations of these quantities, but
depend strongly only on the difference of Q -values of the two
transitions, which is known experimentally with a very good ac-
curacy, since it is equal to the energy of the gamma transition
between the 2+ and the ground state of the daughter nucleus.

Our results for the branching ratio, with reasonable Coriolis
attenuation, show clearly that with an axially symmetric deforma-
tion it is impossible to reproduce the experimental value, while for
a strong triaxial deformation of γ ∼ 20◦ it crosses the data, inde-
pendently of the attenuation factor. We can also observe that the
uncertainty in the Q -value does not affect significantly the calcu-
lated branching ratio.

In the above calculations we have used a pairing gap cor-
responding to aΔ = 1.0 where aΔ is defined such that Δ =
aΔ × 12/

√
A. However, in the present case, the choice of pairing

gap has a small effect on the decay width and practically does not
influence the branching ratio as illustrated in Fig. 3. For 141Ho, the
value of aΔ = 1.0 corresponds to a pairing gap Δ = 1.0 MeV. This
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is not much different than the choices made in Ref. [11] (0.9 MeV)
and Ref. [10] (0.8 MeV), for this parameter.

In Fig. 4, the results for proton emission from the isomeric
(1/2+) state of 141Ho are presented. The decay width and branch-
ing ratio are shown as a function of triaxial deformation and for
different Coriolis attenuation factors. For a 1/2+ state the Corio-
lis effect on the wave-functions is weaker and hence our results
are almost independent of the choice of ρ . The decay width is at
least a factor 4 larger than the experimental value and this dis-
crepancy increases for γ greater than ∼16◦ . The branching ratio is

Fig. 4. Same as Fig. 2 but for decay from the isomeric state having spin and parity
Iπ = 1/2+ .
at least a factor of three smaller than the experimental value, and
becomes almost zero above γ ∼ 25◦ . This disagreement with the
experimental value is quite surprising since, at least the branching
ratio are quite unsensitive to the model parameters.

The ordering in energy of levels for bands based on K = 1/2
Nilsson states, depends on the decoupling parameter [22], there-
fore the I = 1/2 state might not be the lowest one. The wave-
functions of these bands are a superposition of K = 1/2 and
K = −1/2 basis states, and the Coriolis interaction acting on them
has a diagonal term not present in all other states, which alters the
rotational energy spectrum. Therefore, we have calculated the en-
ergies of the positive parity states according to the QPTRM model,
displayed in Fig. 5.

In fact the I = 1/2+ is always the bandhead, but the difference
in energy from the I = 3/2+ is quite small, as supported by the
large signature splitting observed in the experimental band [10].
Given this small energy difference, one might thus think that the
half-life for gamma decay of the I = 3/2+ state might be quite
long compared to the one for proton emission. Thus, we present
in Fig. 6 the half-life and branching ratio for the I = 3/2+ state.
The agreement with the experimental values for both half-life
and branching ratio is excellent, giving support to our interpre-
tation.

For positive parity, in contrast to what happened for the nega-
tive parity state, it is not possible to single out one definite value
for γ but we can say that it can lie between zero and 20 degrees.

Inspired from the suggestion of Ref. [9] that 141Ho could have
a very large deformation, we have repeated the calculation for
β2 = 0.35. The results are very similar to the ones already pre-
sented above for smaller deformation, with the exception that
now the 1/2+ state is always above the 3/2+ , and that the lat-
ter one reproduces the experimental half-life and branching ratio
only for γ � 10 degrees. So, if we request that the ground and iso-
meric state have the same beta and gamma deformation, then the
smaller beta deformation is the only able to reproduce all the ex-
perimental data.

In summary, with a strong triaxial deformation, we could ex-
plain the decay widths and branching ratios of proton emission
from both ground and isomeric states of 141Ho. This assignment
of deformation is also consistent with the analysis of the rota-
Fig. 5. Positive parity excitation spectrum of 141Ho. The continuous lines spanning the width of the graph correspond to the experimental values [10] and our calculations
are represented by the short black lines. The calculations for 1/2+ state are represented by thick grey lines. The optimum set of values chosen from the analysis is given in
the top of the figure and the variations around these values are indicated in the x-axis.
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Fig. 6. Same as Fig. 4 but for decay from the isomeric state having spin and parity
Iπ = 3/2+ .

tional spectra of 140Dy and 141Ho. The interpretation of the decay
data of the isomeric state lead us to reject the previous assign-
ment of decay from a I = 1/2+ with which it is impossible to
reproduce the experimental branching ratio. Assuming instead a
decaying I = 3/2+ state, data are perfectly reproduced. This is fur-
ther supported by the calculation of the positive parity excitation
spectrum that can be done only using the QPTRM model.

The precision of this assignment shows the versatility of proton
emission studies.
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