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Abstract

In a previous work it has been shown that a one-dimensional, hyperbolic, transient five
equations two-fluid model is able to numerically describe stratified, wavy, and slug flow
in horizontal and near-horizontal pipes. Slug statistical characteristics can be numeri-
cally predicted with results in good agreement with experimental data and well-known
empirical relations. In this model some approximated and simplified assumptions are
adopted to describe shear stresses at wall and at phase interface.

In this paper, we focus on the possibility to account for the cross sectional flow
by inserting shape factors into the momentum balance equations of the aforementioned
model. Velocity profiles are obtained by a pre-integrated model and they are computed
at each time step and at each computational cell. Once that the velocity profiles are
known, the obtained shape factors are inserted in the numerical resolution. In this way
it is possible to recover part of the information lost due to the one-dimensional flow
description.

Velocity profiles computed in stratified conditions are compared against experimental
profiles measured by PIV technique; a method to compute the velocity profile during slug
initiation and growth has been developed and the computed velocity distribution in the
liquid phase was compared against the one-seventh power law.

Keywords: multi-phase pipeline transport, oil&gas, hyperbolic two-fluid model,
velocity profiles, shape factors

1. Introduction

Stratified and slug flows are two-phase flow regimes frequently encountered in trans-
port of oil and gas in pipelines. In the past decades, the interest in the numerical
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description of these flow regimes has significantly increased, aiming at obtaining pre-
dictions about the behaviour of the fluids employed in petroleum transport pipelines,5

chemical and nuclear industries, and buoyancy driven fermentation devices.
Mathematical models adopted to describe flow behaviour call for closure relations for

shear stresses at interface and at wall. Interfacial and wall shear stresses are related via
the velocity distribution and, therefore, the cross-sectional flow description is required
to obtain consistent modelling. Two-dimensional and three-dimensional models allow to10

describe this multi-dimensional relation but they are computationally expensive and re-
quire too long computational times. Then, to keep reasonable simulation times, Authors
usually adopt one-dimensional averaged models, as the two-fluid one, see [1], [2]. In this
model, closure relations for shear stresses are formulated in a simplified manner, losing
the possibility to describe multi-dimensional effects, such as the connection between in-15

terfacial and wall shear stresses itself, see [3]. To solve the issue of computational speed
versus physical consistency, the cross-sectional velocity profiles can be described by a
pre-integrated model, which leads to a consistent set of near-algebraic friction models
suitable for one-dimensional two-phase flow simulations, as showed by Biberg [4].

In the present work, to compute transient velocity profiles in slug flow conditions (or20

when a slug arises from stratified flow), we aim at introducing the velocity profiles shape
description in the one-dimensional, transient, hyperbolic five-equation two-fluid model
developed by Ferrari et al. [5]. They showed that this model has some great advantages
if compared to the traditional four-equation two-fluid model: thanks to the addition
of an equation that describes the advection of the gas volume fraction, it is always25

hyperbolic without the introduction of viscous terms often difficult to be numerically
solved; however, surface tension effects are recovered through the solution of a pressure
relaxation process. Moreover, Ferrari et al. [5] demonstrated that the five-equation
model, by the introduction of ad-hoc flow regime transition criterion in the numerical
solver, allows to capture very well slug formation and development, only adopting a flow30

description consistent with stratified conditions. Flow pattern transitions and slug flow
characteristics predicted by the numerical code developed by Ferrari et al. [5] are in great
agreement with experimental data or empirical correlations. Nevertheless, they assumed
that the profiles coefficients were unitary (γl = γg = 1), representing a completely flat
profile. The profiles coefficients are correction factors adopted to describe the curvature35

of the velocity profile, since the latter is not constant over the entire cross section and,
for turbulent flows, the profile coefficient is slightly above one. To account for the cross-
sectional velocity, we need to modify the five-equation system eigenstructure proposed in
[5], inserting the γ factors in the modelisation; then, we adopt the pre-integrated model
developed by Biberg [4], to describe the shear stresses at interface and at wall consistently40

with the modelling of the velocity profiles.
In this paper, the comparison of the computed velocity profiles in stratified condi-

tions against the experimental ones measured by [6] will be reported, showing a fairly
good agreement; then, results in slug flow will be presented, showing how to describe
numerically the velocity profiles during the transition from two-phase to single phase flow45

(which takes place during slug formation) and comparing the obtained velocity profiles
against the one-seventh power law [7], [8].
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2. Model

In this work, we adopt the one-dimensional, hyperbolic, transient, five-equation, two-
fluid model proposed in [5], which is able to compute flow regimes transitions and slug50

flow characteristics.
The five-equation system by Ferrari et al. [5] is composed by the four-equation of

the traditional two-fluid model, two mass and two momentum equations, one for each
phase, and by a further equation, which represents the advection of the gas volume
fraction. Phases are treated as compressible and the energy equations are disregarded.55

Thanks to the addition of the further equation, Eq. (1), the model becomes hyperbolic
without the addition of viscous terms, which are usually hard to be solved numerically.
However, surface tension effects are recovered by the source term in the right-hand side
of the advection equation, which is solved through an instantaneous pressure relaxation
process to ensures the pressure equilibrium at the interface between the two phases, see60

[5], [9] and [10].
In the present work, the first modification performed on the model consists in inserting

the shape factors γg and γl, for gas and liquid phase, respectively, in the momentum
balance equations, Eqs. (4) - (5); therefore, the five-equation system proposed in [5] is
rewritten as

∂αg
∂t

+ ui
∂αg
∂x

= rp(pig − pil), (1)

∂(αgρg)

∂t
+
∂(αgρgug)

∂x
= 0, (2)

∂(αlρl)

∂t
+
∂(αlρlul)

∂x
= 0, (3)

∂(αgρgug)

∂t
+
∂(γgαgρgu

2
g)

∂x
+ αg

∂pig
∂x

+ ρgαgg
∂h

∂x
cos(θ) =

− ρgαgg sin(θ)− Fwg − Fi, (4)

∂(αlρlul)

∂t
+
∂(γlαlρlu

2
l )

∂x
+ αl

∂pil
∂x

+ ρlαlg
∂h

∂x
cos(θ) =

− ρlαlg sin(θ)− Fwl + Fi, (5)

where α is the volume fraction, ρ is density, u stands for phase velocity in the x direction
and p for pressure; pig and pil are gas and liquid interfacial pressures; θ is the inclination
angle, see Fig. 1; the subscripts l and g stand for liquid and gas phase, respectively;
interfacial variables have the subscript i and the subscript w indicates the wall; g is the65

acceleration due to gravity and h stands for the liquid height. The F terms stand for the
frictional forces per unit volume and they need closure relations: Ferrari et al. [5] adopt
the combination proposed by Issa and Kempf [1], where the Hagen-Poiseuille formulae
are used for laminar flow and the Taitel and Dukler [11] correlations are adopted for
turbulent flow, for gas-wall and interfacial friction factor, while the Kowalsky [12] model70

modified by Hand [13] is employed for the liquid-wall friction factor. In the present
work, the formulation reported in Eq. (16) is adopted for the computation of gas-wall
shear stresses, while liquid-wall and interfacial shear stresses are obtained following the
model proposed by Biberg [4]. Friction factors are computed using the Colebrook-White
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interpolation, Eq. (14). Finally, we adopt the same equation of state, which relates the75

pressure and density, employed by Ferrari et al [5].
The introduction of the shape factors in the model equations modifies the eigen-

structure of the system; since the numerical resolution of the model is based on the Roe
linearisation, see Section 3, the knowledge of the system eigenstructure is required. Thus,
as first step of this work, the eigenvalues and eigenvectors of the five-equation system80

containing the shape factors were computed; we remark that, if the shape factors in the
modified eigenstructure are set to one (as supposed in the previous work by Ferrari et
al. [5]), the original version of the eigenstructure is recovered. However, despite these
changes in the eigenstructure, the model keeps the hyperbolicity property. The compari-
son of the old eigenstructure against the new one including shape factors and a discussion85

on the hyperbolicity is reported in Appendix A.
The pre-integrated model proposed by Biberg [4] is adopted to compute the cross-

sectional velocity profiles, which are required to obtain the shape factors, see [14], defined
as

γj =
1

Ajv2j

∫
v2j (y)dA, (6)

where Aj represents the cross-section occupied by the phase j and vj stands for the
velocity distribution in the y direction, which is computed as proposed by Biberg [4]

vj =

∫
τxy
µt
dy. (7)

In Eq. (7) τxy represents the shear stress distribution and µt is the eddy viscosity;
this latter is computed in a rigorous mathematical way and an algebraic expression is
obtained by the definition of the mixing length, which accounts for the non-constant shear
stress distribution along the pipe cross section, and through the Prandtl mixing-length90

hypothesis.
Thanks to the algebraic expression of the eddy viscosity µt, Eq. (7) can be re-written

as

vj = sgn(τwj)
u∗

κ
∆j + Cj , (8)

where ∆j and Cj , whose formulation is reported in Appendix B, are functions of Y , the
adimensional position along the pipe cross section, of Rj , the ratio between the shear
stress at interface τi, and the one between phase j and the wall τwj

Y =
y

h
, Rj =

τi
τwj

, (9)

and of Kj , a parameter accounting for the interface shape, which reads, respectively for
gas and liquid phase,

Kg =
8νg

|ug − ul|
, Kl = 1, (10)

in case of smooth interface, and

Kg =
0.065ρg
ρl − ρg

ug − ul
ghgcosθ

, Kl = 10

√
ρg
ρl

∣∣∣∣ ug − ulul

∣∣∣∣, (11)
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Figure 1: Schematic diagram of geometry.

in case of wavy interface.
Comparing the code here presented with the original one by Ferrari et al. [5], several

modifications are applied in the computation of shear stresses at the wall and at the
interface. This calculation now requires the parameters Rj and Kj , which are introduced
in the corrected hydraulic diameter

Dej =
4Aj
Swj

(
Swj

Swj + Si

)F (Rj ,Kj)

, (12)

as proposed in [4], where the wetted perimeter Swl and Swg and the interface perimeter
Si are shown in Fig. 1. The corrected hydraulic diameter is employed to compute the
Reynolds number

Rej = |uj |
ρj
µj
Dej , (13)

which is then used to obtain the friction factor fj by the Colebrook-White interpolation

1√
fj

= −2log10

(
2.51

Rej
√
fj

+
ks

3.7D

)
(14)

in the case of turbulent flow, and

fj =
64

Rej
(15)

in the case of laminar flow. In this work, both smooth and rough flows can be described
thanks to the sand roughness ks.

Finally, the gas shear stress at wall is computed as

τwg =
fg
4

ρg|ug|ug
2

, (16)

and the value of τi and τwl are computed by knowing τwg, Rg and Rl.95
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3. Numerical method

The numerical resolution of the modified five-equation model, Eqs. (1) - (5), is largely
based on the one proposed by Ferrari et al. [5], in which the finite volume method with
an explicit first order time discretisation is adopted. The Riemann problem at cell
interface is solved by a Roe solver and numerical fluxes between cells are computed with100

the addition of a high resolution correction, obtaining second order accuracy in space.
At each numerical iteration, the system of Eqs. (1) - (5) is solved in two consecutive
substeps: first, the solution of the left-hand side of Eqs. (1) - (5), which represents
the hyperbolic part of the system, is computed by the Roe linearisation proposed in [5]
and in [9]; then, the source terms on the right-hand side of Eqs. (1) - (5) are added105

to the numerical solution, obtaining the new updated values of the set of variables for
the following numerical step. In this second substep, the source term of the advection
equation – Eq. (1) – is taken into account by an instantaneous pressure relaxation
process, widely described in [5] and in [9], which requires the solution of a second degree
equation: the gas volume fraction αg is modified to restore pressure equality at the110

interface between liquid and gas phases. As mentioned in Sections 1 and 2, this pressure
relaxation process ensures the possibility to account for surface tension effects; however,
Ferrari et al. [5] showed that, almost in case of water-air flows in little or medium-
size pipes, this addition has a negligible effect on results: therefore, in our applications
presented in Section 4, surface tension is disregarded.115

In the present work, the numerical solution of the hyperbolic part of the system of Eqs.
(1) - (5) has been modified to account for shape factors that affects the eigenstructure of
the system, see Section 2 and Appendix A, and, in particular, the formulation of matrices
that appear in the Roe linearisation process.

Regarding the computation of velocity profiles, see Section 2, the value of the pa-120

rameter Rg is computed in every computational cell and at every time step by a root
search algorithm, imposing the equality of gas and liquid velocity in the y direction at
the interface, while computing the shear stresses. Once that Rg is known, it is possible to
obtain the velocity profile in the cross-sectional direction and, by a numerical integration,
the shape factors value, which will be inserted in the Roe matrix in the following time125

step (at the beginning of a simulation, the shape factors are initialised equal to 1). The
algorithm to obtain the value of Rg can be summarised as

1. compute shear stress between wall and gas phase τwg, knowing gas volume fraction,
gas velocity and gas density;

2. compute shear stress at interface and between wall and liquid phase with relations130

τi = Rgτwg and τwl = τi/Rl;

3. compute liquid and gas velocity at interface with Eq. (8);

4. computeRg, τi and τwl in an iterative way until the no-slip condition at the interface
is satisfied, i.e. the difference between gas and liquid velocity at the interface is
lower than a prescribed tolerance.135

Moreover, Ferrari et al. [5] developed a criterion to capture the transition from
two-phase to single phase flow, which takes place as a slug emerges and grows: this
method consists in setting gradually to zero the gas velocity when the gas volume fraction
drops in a certain threshold interval (i.e. the gas momentum equation is gradually
turned off); the values of the extremities of the threshold interval are very low, in the140
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range 3 ÷ 8 · 10−3. In this work, a special treatment to handle the shape factors and
velocity profile computation inside the slug body has been added to the existing transition
criterion: this updated method prescribes that, when a slug forms, the shape factor of the
gas phase is no longer computed, since it is no more required in the calculation concerning
the gas momentum balance equation. On the other hand, regarding the liquid phase,145

we prescribe that the velocity profile inside the slug body follows the relation proposed
by Biberg [4] in the case of Poiseuille-type flow: although this kind of flow is normally
laminar, thanks to the turbulent viscosity employed in the computations, see Section 2,
we obtain a turbulent shaped profile.

Finally, to allow the correct capture of the physical behaviour of slugs along the pipe,
all simulations presented in next Section are performed choosing a spatial discretisation
characterized by a cell interval about 0.5÷ 1 ·D, where D is the internal diameter of the
pipe. As consequence, to ensure a not too high value for the Courant-Friedrichs-Lewy
condition, defined as

CFL =
∆t

∆x
|λmax|, (17)

the time step in all simulations is fixed to ∆t = 10−5 s, since the maximum eigenvalue is150

approximately 103 m/s (for further information on the eigenvalues, see Appendix A).

4. Results

In this Section results are presented: velocity profiles are analysed first in stratified
flow conditions, Section 4.1, and, then, during initiation and development of slug flow
regime, Section 4.2.155

4.1. Stratified flow

In this Section, the computed cross-sectional velocity profiles in stratified flow con-
ditions will be validated against the experimental measurements performed by Ayati et
al. [6]: the geometry adopted in the experiments consists in a horizontal 31 m long PVC
pipe, with an internal diameter D = 0.1 m; the fluids used in the test cases are water160

and air, whose density are, respectively, 997 kg/m3 and 1.2 kg/m3.
Concerning the numerical simulations, the space discretisation consists in 620 cells,

leading to a ∆x = D/2, with a corresponding CFL

CFL =
∆t

∆x
|λmax| ≈ 0.2. (18)

We perform four comparisons, with four different couples of superficial velocities,
which are reported in Table 1: two of the chosen configurations are characterized by
a smooth sub-regime and two by a 2D waves sub-regime, as observed by Ayati et al.
[6]. In the case of smooth sub-regime (and therefore smooth interface), in our numerical165

simulations we adopt the relation for Kf shown in Eq. (10), while in case of 2D waves,
Eq. (11) is employed. The PVC pipe roughness, required in Eq. (14), is set to the
representative value of 5 · 10−3 mm, since the actual value is not reported in [6].

Ayati et al. [6] perform the PIV measurements in a vertical plane located at 260D
downstream from inlet. Therefore, our numerical results are extracted at the same170

position along the pipe.
7



M
ANUSCRIP

T

 

ACCEPTE
D

ACCEPTED MANUSCRIPT

Table 1: Observed flow regimes and numerically computed shape factors for each couple of superficial
velocities.

uls [m/s] ugs [m/s] Sub-regime γl γg
0.08 1.09 Smooth 1.10 1.03
0.08 1.27 Smooth 1.09 1.04
0.10 2.03 2D waves 1.09 1.04
0.10 2.29 2D waves 1.10 1.04

Figs. 2 and 3 compare the experimental results with the numerical ones: the shapes
of the computed velocity profiles are in good agreement with the experimental one (the
experimental profiles present some discontinuities because of strong background reflec-
tions or restricted optical access in proximity of the interface, see [6]). In the case of175

smooth regime, there is a small discrepancy in the velocity magnitude: this can be due
to the fact that the numerical code predicts an equilibrium value of the liquid volume
fraction slightly higher than the one observed in the experiments: therefore, the flow
section for the gas phase is smaller and the velocity at the nose of the profile is higher,
while the opposite happens for the liquid phase, whose velocity magnitude of the flat180

profile is slightly lower than the observed one.
In Table 1 the computed shape factors for gas and liquid phase are reported.

4.2. Slug flow

For the numerical simulations in slug conditions, the adopted geometry consists in
a 36 m long pipe, with and internal diameter D = 0.078 m [1]; in this case we adopt185

∆x = 0.577D and CFL = 0.22. The liquid and gas superficial velocities are, respectively,
uls = 1.5m/s and ugs = 2.0m/s; the simulated fluids are again water and air.

Figure 4 reports the qualitative behaviour of the velocity profiles before (top) and
after (bottom) the slug development. It is possible to observe that, before slug formation,
a wave forms and velocity profiles adapt themselves as the liquid volume fraction changes190

along the pipe; then, this wave grows to form a slug and a turbulent Poiseuille-type profile
can be observed inside the slug body.

Dukler et al. [7] formulated the one-seventh power law to describe the velocity profile
in the slug body

vl = v0

(
y

δ

)1/7

. (19)

and, later, their assumptions were supported by experimental observations, see [8]. In
Fig. 5 the computed profile in a slug body is compared against the one-seventh power law,
which was calculated with δ = D/2, since the profile is assumed to be fully developed and195

the thickness of the boundary layer δ is equal to the pipe radius, see [8]. The velocity v0 is
obtained summing the gas and liquid superficial velocities, i.e. v0 = uls+ugs = 3.5 m/s:
this choice is justified by the fact that the centerline velocity v0 is very close to the
slug velocity, see [15]. As can be seen, the computed velocity profile is not far from the
one-seventh power law; the shape factor in the slug body is in the range 1.02÷ 1.04.200
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Figure 2: Comparison of the experimental and the numerical velocity profiles at x = 260D. Smooth
sub-regime.
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Figure 3: Comparison of the experimental and the numerical velocity profiles at x = 260D. 2D waves
sub-regime.
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Figure 4: Qualitative behaviour of computed velocity profiles along the pipe before (top) and after
(bottom) slug formation.
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Figure 5: Slug flow case. Comparison of the one-seventh power law velocity profile against the computed
one.

5. Conclusion

In this work, a one-dimensional, transient, hyperbolic, five-equation two-fluid model
accounting for cross-sectional velocity distribution has been presented. Starting from an
existing numerical code by Ferrari et al. [5] possessing advantageous characteristics, the
model has been modified to account for the shape of the velocity profiles by inserting205

the γ factors in the gas and liquid momentum balance equations; the inclusion of these
correction coefficients modifies the five-equation system eigenstructure, whose explicit
form has been computed since we aimed at using the Roe linearisation in the numerical
resolution. A pre-integrated model [4] has been embodied in the numerical code, to
compute shear stresses at wall and at interface and to obtain a consistent description of210

the cross-sectional velocity distribution.
Numerical results both in stratified and in slug flow regime have been presented. The

computed velocity profiles in smooth and wavy stratified regime were compared against
experimental measurements, showing good agreement. Moreover, a method to compute
the velocity profile during the transition from two-phase to single phase flow (which215

occurs during slug formation) has been developed; the computed velocity distribution in
the liquid phase blocks (i.e. a slug) follows quite accurately the one-seventh power law
profile, which has been experimentally observed to occur in the slug body.

Appendix A. Comparison of the eigenstructure with and without the inclu-
sion of the shape factors in the model220

The eigenvalues and the eigenvectors of the five-equation system matrix with and
without the shape factor inclusion in the model are here reported, to show how deeply
the description of the velocity profiles affects the eigenstructure of the five-equation
system.

First, the eigenvalues of the five-equation system not accounting for the shape factors,

11
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computed by Ferrari et al. [5], are

λ =


ui

ug − cg
ug + cg
ul − cl
ul + cl

 , (A.1)

while the ones modified in the present work, accounting for shape factors in the gas and
liquid momentum balance equations, are

λ =



ui
ug

2 (1 + γg)−
√

4c2g+[ug(γg−1)]2

2
ug

2 (1 + γg) +

√
4c2g+[ug(γg−1)]2

2

ul

2 (1 + γl)−
√

4c2l +[ul(γl−1)]2

2

ul

2 (1 + γl) +

√
4c2l +[ul(γl−1)]2

2


, (A.2)

where cg = 316 m/s and cl = 1000 m/s are the speed of sound respectively for gas and225

liquid phase, which derive from the equation of state formulation, see [5] for details.
The eigenvectors of the five-equation system matrix without the shape factors are

R =



1 0 0 0 0

− c2gρg+αgρgζ

[(ug−ui)2−c2g ]
1 1 0 0

− c2gρg+αgρgζ

[(ug−ui)2−c2g ]
ui ug − cg ug + cg 0 0

c2l ρl−αlρlζ

[(ul−ui)2−c2l ]
0 0 1 1

c2l ρl−αlρlζ

[(ul−ui)2−c2l ]
ui 0 0 ul − cl ul + cl


, (A.3)

where ζ = −πDg cos θ4 sin(β) ; the eigenvectors of the system matrix including γ factors are

R =


1 0 0 0 0
r21 1 1 0 0

r31
γgu

2
g−c

2
g

λ3

γgu
2
g−c

2
g

λ2
0 0

r41 0 0 1 1

r51 0 0
γlu

2
l −c

2
l

λ5

γlu
2
l −c

2
l

λ4

 , (A.4)

with

r21 = −
c2gρg + αgρgζ

[γgu2g − ugui(1 + γg) + u2i − c2g]
,

r31 = −
c2gρg + αgρgζ

[γgu2g − ugui(1 + γg) + u2i − c2g]
ui,

r41 =
c2l ρl − αlρlζ

[γlu2l − ului(1 + γl) + u2i − c2l ]
,

r51 =
c2l ρl − αlρlζ

[γlu2l − ului(1 + γl) + u2i − c2l ]
ui.

(A.5)
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It is possible to observe that, when in Eqs. (A.2) and (A.4) γg and γl are unitary, the
expressions without the shape factor of Eqs. (A.1) and (A.3) are recovered. Therefore,
the eigenstructure of the model including shape factors can be seen as an extension of
the one presented in [5] and, conversely, the eigenstructure of the system matrix without230

shape factor can be seen as a particular case of the one obtained in the present work.

Appendix A.1. On the hyperbolicity of the five-equation system

A model is defined as be well-posed if it satisfies the existence and uniqueness of its
solution and the continuous dependence on the data. The requirement on the continuous
dependence of data is necessary to ensure that small changes in initial data correspond to235

small changes in the solution: for a system of partial differential equations, this property
is strongly related to hyperbolicity, as shown by Prosperetti and Tryggvason [16].

Ferrari et al. [5] proved the hyperbolicity of the their five-equation system using the
method suggested in [9]and in [16]: a system of partial differential equation is hyperbolic
if the system matrix eigenvalues are real and its eigenvectors form a basis of the vector240

space of the solution of dimension m, which is the number of equations appearing in the
PDE system. They observed that the five-equation system is hyperbolic if the transonic
condition, i.e. at high flow speed uj ± cj = ui, is avoided, and this condition is always
satisfied since low-speed flow are considered.

A similar analysis can be made on the five-equation system modified with the shape245

factors inclusion: the eigenvalues A.2 are always real (since the terms under the square
root are always positive) and the eigenvectors are linearly independent except for the tran-

sonic condition, rewritten in terms of the shape factors, cj =
√
γju2j − ujui(1 + γj) + u2i .

Since, we deal only with low-speed flow and the simulation conditions are always far from
the transonic difficulty, we can assert that the five-equation system modified with the250

shape factor maintains the hyperbolicity properties valid for the five-equation system
non accounting for the shape factors.

Appendix B. Further equations adopted in the model

In this Appendix, we report the equations developed by Biberg [4] and adopted in
the presented model.255
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∆j and Cj , adopted in Eq. (8), are (the subscript j has been removed for clarity)

∆ = ln(1− Y ) +
(K3 +R3) ln(Y +K(1− Y ))

|R|5/2 −K3

+
(R+

√
|R|) 3

√
|R|ln(Y + |R|5/6(1− Y ))

3(K − |R|5/6)

− (R+
√
|R|)(K + 2|R|5/6)|R|5/6 3

√
|R|

· lnY 2 − (1− Y )(Y − (1− Y )|R|5/6)

6(K2 + |R|5/6K + |R|5/3)

+
K(R+

√
|R|) 3

√
|R|√

3(K2 + |R|5/6K + |R|5/3)

· tan−1

(
2(Y − 1)|R|5/3 + (2Y − 1)|R|5/6 + 2Y√

3|R|5/6

)
(B.1)

and

C = C1 + sgn(τw)
u∗

κ
ψ, (B.2)

where

C1 = sgn(τw)
u∗

κ

(
ln
( h
ks

)
+Aκ

)
, (B.3)

and

ψ = −
K(R+

√
|R|) 3

√
|R|√

3(K2 + |R|5/6K + |R|5/3)
tan−1

(
1 + 2/|R|5/6√

3

)
. (B.4)

The exponent F (Rj ,Kj) reported in Eq. (12) is (the subscript j has been removed
for clarity)

F (R,K) =
Λ + ψ

ΛP
, (B.5)

where

Λ =
5(R+

√
|R|)(|R|5/2 +K2 +K)R2 ln(|R|)

6(K3 − |R|5/2)(|R|5/2 − 1)

− K(K3 +R3) ln(K)

(K − 1)(K3 − |R|5/2)

+
(R+

√
|R|) 3

√
|R|√

3(|R|5/3 + |R|5/6 + 1)(K2 +K|R|5/6 + |R|5/3)

·

(
(K − |R|5/3) tan−1

(
1 + 2/|R|5/6√

3

)

− (K + (K + 1)|R|5/6)|R|5/6 tan−1

(
2|R|5/6 + 1√

3

))
, (B.6)

and

ΛP = − 2

27
(2
√

3 + 9). (B.7)
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