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Abstract

In this paper, inspired by Hussain et al. (Fixed Point Theory Appl. 2015:17, 2015), we
study a modified Mann method to approximate strongly fixed points of strict
pseudo-contractive mappings. In (Hussain et al. in Fixed Point Theory Appl. 2015:17,
2015) it is shown that the same algorithm converges strongly to a fixed point of a
nonexpansive mapping under suitable hypotheses on the coefficients. Here the
assumptions on the coefficients are different, as well as the techniques of the proof.
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1 Introduction
Let H be a real Hilbert space with the inner product (-, -), which induces the norm || - ||.
Let C be a nonempty, closed, and convex subset of H. Let T be a nonlinear mapping of
C into itself; we denote with Fix(T) the set of fixed points of T, that is, Fix(T) = {z € C:
1z = z}.
We recall that a mapping T : C — C is said to be k-strict pseudo-contractive (in the
sense of Browder-Petryshyn) if there exists k € [0,1) such that

2
1T = Tyl < llx = ylI> + k| (I = T — (I = T)y|",

Vx,y € C. (1.1)

Note that the class of strict pseudo-contractions includes the class of nonexpansive map-
pings, which are mappings 7 on C such that

1Tx - Tyl < lx=yll, Vx,yeC.

The problem of finding fixed points of nonexpansive mappings via Mann’s algorithm [2]
has been widely investigated in the literature (see e.g. [3]).

Mann’s algorithm generates, on initializing with an arbitrary x; € C, a sequence accord-
ing to the recursive formula

x1€C, xp=ax,+1-0,)Tx,, Vn=>1, (1.2)

where (a,),en C (0,1).
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If T: C — Cis a nonexpansive mapping with a fixed point in a closed and convex subset
of a uniformly convex Banach space with a Frechét differentiable norm, and if the control
sequence (o) e is chosen so that ) - a,(1 — a,,) = 00, then the sequence (x,) generated
by Mann’s algorithm converges weakly to a fixed point of T [3]. However, this convergence
is in general not strong (see the counterexample in [4]).

On the other hand, iterative algorithms for strict pseudo-contractions are still less devel-
oped than those for nonexpansive mappings, despite the pioneering work of Browder and
Petryshyn [5] dating from 1967. However, strict pseudo-contractions have many applica-
tions, due to their ties with inverse strongly monotone operators. Indeed, if A is a strongly
monotone operator, then T =1 — A is a strict pseudo-contraction, and so we can redraft a
problem of zeros for A in a fixed point problem for T, and vice versa (see e.g. [6, 7]).

The Mann algorithm has weak convergence also in the broader setting of strict pseudo-

contractions mapping, containing the nonexpansive mappings.

Theorem 1.1 (Marino and Xu [8], 2007, Mann’s method) Let C be a closed and convex
subset of a Hilbert space H. Let T : C — C be a k-strict pseudo-contraction for some 0 <
k < 1. Assume that T admits a fixed point in C. Let (x,,) be the sequence generated by x, € C
and the Mann algorithm

Ks1 = Ay + (1 — 0,) Ty,

Assume that the control sequence () is chosen so that k < a,, <1 for all n and

+00

> (on = k)1 - ) = +00.

n=0

Then (x,) converges weakly to a fixed point of T

It is not possible, in general, to obtain strong convergence, in view of the celebrated
counterexample of Genel and Lindenstrauss [4].

So, to obtain strong convergence, one can try to modify the Mann algorithm and
strengthen the hypotheses on the mapping.

We recall here some obtained results.

Theorem 1.2 (Liet al. [9], 2013, modified Halpern’s method) Let C be a closed and convex
subset of a real Hilbert space H, T : C — C be a k-strict pseudo-contraction such that
Fix(T) # 0. For an arbitrary initial value xo € C and fixed anchor u € C, define iteratively
a sequence (x,) as follows:

Xl = Oplh + By + Y Ty,

where (o), (Bn), (Yu) are three real sequences in (0,1) satisfying a, + By + yn =1and 0 < k <

Bn
Bntvn

. Suppose that («,) satisfies the conditions:

+00
lim «, =0, E o, = +00.
n—0o0 1

n=
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Then (x,) converges strongly to x* = Pgix(r)b, where Priy(r) is the metric projection from H
onto Fix(T).

Theorem 1.3 (Marino and Xu [8], 2007, CQ method) Let C be a closed convex subset of
a Hilbert space H. Let T : C — C be a k-strict pseudo-contraction for some 0 < k <1 and
assume that Fix(T) # (). Let (x,,) be the sequence generated by the following (CQ) algorithm:

x0 € C,

Y = Uy + (L= o) Txy,

Co={zeC:yn—z|* < llxn —2|1* + 1 = ) (k — )% — T ||*},
Qu={zeC:{x,-2zx0 —x,) =0},

KXn+l = PCnﬂD,,x0~

Assume that the control sequence () is chosen so that o, < 1 for all n. Then (x,,) converges
strongly to Prix(r)%o.

Theorem 1.4 (Shang [10], 2007, viscosity method) Let C be a closed convex subset of a
Hilbert space H and let T : C — C be a k-strict pseudo-contraction with Fix(T) # (. Let
f:C— C be a contraction. The initial value xy € C is chosen arbitrarily, and we have
sequences (o,) and (B,) satisfying the following conditions:

1) lim, o, =0, Y% 0ty = +00;

(2) O<a< By <y forsomeac(0,y] and y = min{l,2k};

3) Z;flj 61 — 0| < +00 and Z;i |Bns1 — Bul < +00.

Let (x,,) be the composite process defined by

In =1 = B)xn + BuTxy,
KXntl = ar(f(xn) +(1- an)yn-

Then (x,) converges strongly to a fixed point p € Fix(T).

Theorem 1.5 (Osilike and Udomene [11], 2001, Ishikawa type method) Let H be a Hilbert
space. Let C be a nonempty, closed, and convex subset of H, T : C — C a demicompact
k-strict pseudo-contraction with Fix(T) # (. Let («,) and (B,) be real sequences in [0,1]
satisfying the following conditions:

(1) 0<a<a,<b<(1-k)A-Bu), Yn=>1and for some constants a,b € (0,1);

(2) Y02 Bu < +o00.
Then the sequence (x,,) generated from an arbitrary x, € K by the Ishikawa iteration method

Xn+l = (1 - an)xn +o,Tx,, n=>1,

{yn =(1- ﬂn)xn + BuTxu,

converges strongly to a fixed point of T

The mentioned results are probably neither the most general, nor the more recent, but
certainly they represent very well some of the different modifications of the original Mann
approximation method, made to get strong convergence.

We would like to point out that the differences with the original method are remark-
able. So it is quite surprising that recently, in [1] there was obtained a strong convergence
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method for nonexpansive mappings that is ‘almost’ the Mann method (the difference is
given only by a smaller and smaller amount). In [1] was proved the convergence of this

method only for nonexpansive mappings.

Theorem 1.6 (Hussain, Marino et al. [1], 2015) Let H be a Hilbert space and T : H — H
a nonexpansive mapping. Let (a,), (1t,,) be sequences in (0,1] such that

o lim,_ o, =0;

o Don Auply = +00;

o n — ol = o(in);

o ot — ol = olauiy).

Then the sequence (x,) generated by
Xn+l = OpXy + (1 - an)Txn — UphpXy
strongly converges to a point x* € Fix(T) with minimum norm

||x* || = min |[x].
x€Fix(T)
We would like to emphasize that:
(1) In general, the mapping T' cannot be defined on a closed convex subset C of H, since

%,.+1 1S not a convex combination of two elements in C. However, since we can write
K1 = 0 (1 — )y + (L —0) Ty,

then x,,,; is meaning full if T: C — C is a self-mapping defined on a cone C, that is,
a particular convex set, closed with respect to linear combinations with positive
coefficients.

(2) The proof of Theorem 1.6 is easy using the properties of nonexpansive mappings
and cannot be adjusted to the strict pseudo-contractive mappings. The purpose of
the present paper is to show that the result is true also for strict
pseudo-contractions. The proof uses completely different techniques, as well as the
assumptions on coefficients. For all we know, this is the algorithm most similar to
the original iterative Mann’s method (and the one most easy to implement),
providing strong convergence.

(3) Our techniques can also be used to clarify the proofs of main results in [12] and [13].

2 Preliminaries
We need some tools in a real Hilbert space H, and some facts about k-strict pseudo-
contractive mappings which are listed in the following auxiliary lemmas.

The first result is very well known and easy to prove.

Lemma 2.1 Let H be a Hilbert space, then:
(@) lltxe+ (L= e)yl|* = tllxl> + (L= ) Iyl12 = (L = &) |lx — y||%, for all x,y € H and for all
te[0,1];
(i) llx+ 12 < |lx|1> + 2(y,x + ), for all x,y € H.

A pertinent tool for us is the following well-known lemma of Xu.
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Lemma 2.2 [14] Let (a,),en be a sequence of nonnegative real numbers satisfying the fol-
lowing relation:

an1 < (1 —ay)a, + 0,0, + Y, n>0,

where:

M (an)neN C [0:1]7 Z;.lil o, =005
« limsup,_, 0, <0;

o Yu=0, D07 Yu < 00.
Then we have

lim a, =0.
n— o0

Lemma 2.3 Let C a nonempty, closed, and convex subspace of H, T a mapping from C
into itself such that I — T is demiclosed at 0, let (y,) C C be a bounded sequence.
If |y — Tyu|l = O, then

limsup(-p,y, —p) <0,
where p = Prix1)(0) is the unique point in Fix(T) that satisfies the variational inequality
(=p,x—p) <0, VxcFix(T). (2.1)
Proof Let p satisfy (2.1). Let (y,,) be a subsequence of (y,) for which
limnsup<—i9’yn =) = lim{(=p,yu ~p)-
Select a subsequence (y,,kj) of (y,) such that Inig =V (this is possible by the boundedness

of (y,)). By the hypothesis ||y, — Ty,|| — 0, and by demiclosedness of I — T, we have v €
Fix(T), and

limnsup(—p,yn -p)= h]lfn(_l_?’ynk/. -p)={-p,v-p).
So the claim follows by (2.1). O
Finally, a crucial tool for our results is the following lemma, proved by Maingé.
Lemma 2.4 [15] Let (y,)neN be a sequence of real numbers such that there exists a sub-
sequence (J/n,-)jeN of (Vu)nen such that Yy < Vnjsls for all j € N. Then there exists a nonde-

creasing sequence (my)ken of N such that limy_, o my = 0o and the following properties are
satisfied by all (sufficiently large) numbers k € N:

Vmp = V4l and Yk = Vi1

In fact, my is the largest number n in the set {1,..., k} such that the condition y, < y,.1 holds.
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Before proving our convergence result for strict pseudo-contractions, we recall some
properties of these mappings.

Lemma 2.5 [8] Assume C is a closed convex subset of a Hilbert space H and T : C — C be

a self-mapping of C. If T is a k-strict pseudo-contraction, then:
(1) T satisfies the Lipschitz condition:

1+k
Tx-Ty| < —|lx=l;
l yll_l_kll 7
(2) the mapping I — T is demiclosed at O; that is, if (x,) is a sequence in C such that
x, = x and (I = T)x, — 0, then Tx = X;
(3) theset Fix(T) = {x € C: Tx = x} is closed and convex, so that the projection Prix(t) is
well defined.

Moreover, we have the following auxiliary result.

Lemma 2.6 Let be T : C — C a k-strict pseudo-contractive self-mapping of a closed and
convex subset of a Hilbert space H, and suppose that Fix(T) # 0; then

A -k Tx —x||> <2(x— p,x— Tx), VpeFix(T),Vx e C. (2.2)
Proof Let p € Fix(T). Putting y = p in the definition of T, we get

[ Tx - pl| < |lx - plI + kl|lx — Tx|)?

)
(Tx—p, Tx - p) < (x— p,x — Tx) + (x — p, Tx — p) + kllx — Tx|>
= (Ix-p,Tx—x) < (x—p,x— Tx) + k|lx — Tx|*
= (Tx—-xTx—x)+{x—p, Tx —x) < (x—p,x — Tx) + k||x — Tx||%,
from which we get (2.2). a

3 The main result
Now we can prove our theorem. We use the notation wj(x,) to denote the set of weak limit
points of (x;,).

Theorem 3.1 Let H be a Hilbert space and let C be a nonempty closed cone of H. Let
T :C — C be a k-strict pseudo-contractive mapping such that Fix(T) # . Suppose that
(@n)nen and (py)nen are real sequences, respectively, in (k,1) and in (0,1) satisfying the
conditions:

(1) k <liminf,_ o o, <limsup,_, o oty < 1;

(2) lim,_, o0 pty = 0;

(3) D1 Mn = 00.
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Let us define a sequence (x,),en as follows:
x€C, xp=0a,1-pu)x,+1A-a,)Tx,, neN. (3.1)

Then (x,)uen converges strongly to x € Fix(T), that is, the unique solution of the variational

inequality
(—x,y—x) <0, VyeFix(T).

Proof We begin by proving that (x,),cy is bounded.
First of all, observe that from the conditions u,, — 0 and k < liminfe, < limsupa, <1,

it follows that there exists an integer ny € N such that

k
Un <1——, Vn=>n,
ay,

k - an(]- - /-'Ln) = 0. (32)
Let be p € Fix(T) and put r = max{||x,, — pl, |lpll}. We have

Xnil =P = an[(l ~ )X —P] + (1= a,)[Tx, — p]
= 0(,,[(1 = )X = p) + Mn(_p)] + (1= a)[Tx, - pl.

Regarding Lemma 2.1(ii), we derive that

s = 2I1? = | (1= ) @ = ) + =) + (1 = )| T - p®
— (1= ) | (1 = )ty — T |°
< an[@ = ) lxn =PI + wallpl? = (X = ) 1]
+ (L= at) [l = I + Kl — T %]
— (1= 00| (L = )G = T) + (= T)||*
= o[ (1= ) 1% = PI* + pullpI* = 1 (1 = ) %4117
+ (1= )[4 — pII” + kllxn — T, )]
= o1 = ) [(L = ) 12 = Tl + | T 1> = (1 = ) 12117 ]
< au(L = ) 20 = pI* + ctuptnllpl® + (1= ) 1%, — p1?
+ (1= o)kl — T ||* = (1 — 00,) (X = 1) 1% — T )|
= (1= et 1960 =PI + b |P1* + (1= ) [k = (1 1) ] 1360 — T
(from (3.2)) < (1 - uftn) 1% — pII? + uptullp |

< max{|lx, - pII>, Ipl1*} < max{llxs, - pl?, IpI*} = 7.

Thus, we conclude that the sequence (x;,,) is bounded.
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Now we shall prove that, for p € Fix(T),

(1 _an)(an _k)”xn - Txn”2 = (”xn —P||2 - ”xnﬂ —17”2)

- 2anlfvn (xn’xrﬁl —P) (33)

Regarding (3.1), we easily observe that

Xne1 —p = (1= ), + (L —0,)) T, — p
= [1 - (1 —a,(1- Mn))]xn +(1-a,)Ix,—p

= (X, —p) — (L= an) Xy — Txy) — 0tpflnXns

and so

2
%1 —P||2 = H (0 = p) = (1 = ) (% — Tx) ” = 20 by (X X1 — P)
= |lxn = pII> = 2(1 = @) (%, = T, % — )
+(1- an)ZHxn - Txn||2 — 20 o Xy Xps1 — P)

(from (2.2)) < [lan = pI* + (1 = 0t) (k = ) 1% = T |1* = 200 htn (%1 i1 = ),
so (3.3) is proved. Moreover, since o, € (k, 1),
[%ns1 =PI < 196 = PII® = 20t (%, %1 = D).
Now we prove the strong convergence of (x,) concerning two cases:

Case 1. Suppose that ||x, — p|| is monotone nonincreasing. Then ||x, — p|| converges and
hence

: 2 2
lim |%,.1 = plI” = [l%, = plI” = 0.
n—00

From this and from the assumptions lim, u,, = 0, and k < liminf, &, < limsup, «,, < 1, by
(3.3) we get

lim (%, — Tx,| = 0;
n—00
from this and boundedness of (x,), thanks to demiclosedness of I — T we deduce w;(x,) C
Fix(T).
Now we put
Zp = oy + (1—ay) Tk, = (1 -(1- a,,))x,, + (1 - a,) Ty,

from which we have

Zn =Xy = (1 - an)(Txn - xn)- (34)
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Hence, we find that

Xn+l = Zp — OphpXy
= (1 - an:un)zn + anl‘«n(zn - xn)

(from (3.4)) = (1 — auitn)zn + Apptn(1 = ) (T, — %) (3.5)
Let X = Prix(1)(0) € Fix(T) the unique solution of the variational inequality
(~%,y-%) <0, VyeFix(T). (3.6)

From the definition of z,,,

12, = &% = [, — % = (1 - @) (@ — Tx)||”

= |l%x, - J_5”2 =201 — au) @y — Ty, — %) + (1 —at) 1% — Txn||2
(from(2.2)) < [la, = &)|* = (1 = ) [(1 = k) = (1 = &) ]Il — T[>

<l — ]| 3.7)
So,

tns1 = %I = (from (3.5)) = | (1 = cuptn)zn + uptn(l = ) (Tt — ) — X[|*
= @ = @bt (zn = B) + [ (1 = ) (T — %) = 3] |
(from Lemma 2.1) < (1 — uptn)?l|zn = ZII* + 20 ptn{(1 = 000) (T — %), K01 — X)
+ 20 [ (=%, %41 — X)

(from (3.7)) < (1 — ot pn) 1% _9_C||2

+ 205;/1,“«;'1 ((1 - an)(Txn — Xy Xnsl — 3_6) + <_~7_C: Xn+l — 9_‘:)) (38)

Now, since (x,) is bounded and w;(x;,) € Fix(T'), there exists an appropriate subsequence
%4, — po € Fix(T) such that

lim sup(—x,x,,1 — %) = liF(—i,xnk —X) = (-%,po—x) <O0. (3.9)

From this, it follows that all the hypotheses of Lemma 2.2 are satisfied and finally by (3.8)
we can conclude

lim ||x, — x| = 0.
n— o0

Let now x € Fix(7T) be defined by the variational inequality (3.6).

Case 2.1f ||x, — x| does not be monotone nonincreasing, there exists a subsequence (x,,, )
such that [|x,, — X[ < [[%4,.1 — X[, Yk € N. So by Lemma 2.4, 37(#) 1 +00 such that

D) Nxem = %I < %1 =I5

(2) Moy = 2l < N1z (aye1 — %
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Now, we have
0< lirr}qinf(llxrm)u =Xl = %) — %)
< 1imnsup(||xr(n>+1 =X = %) — %)
< limsup([|%,1 — %[| — ||, — XI|)

n

< limnsup(||x,, = x| + /M — ||, — 5c||) =0.
Thus, we derive that
%21 — ZII* = |Xe(n) — %> —> O,
from which
162y = Tz (|l —> O. (3.10)
Now, from (3.8), we get
%261 = Z1? < (1= ety o) %) — ZII
+ 200 (m) Lo () (1 = Qe () (T () = Xy K ()41 — %)
+ 20 (n) or (n) (=% Kr (n) 41 — %)

= ”xr(n) _9_5”2 + 2ar(n),u'r(n)(1 - ar(n))(Txt(n) — Xz (n)r Xt (n)+1 —X)

+ 20{1:(;«1),“%(;1) (‘erz(n)ﬂ - X)

1262y — %11
- 2“1(%)“1(71)(% . (3.11)

Putting in (3.11)

Ar(n) = (]- - ar(n))<Txr(n) — Xr(n)r Xt (n)+1 — 9_C>

i} o e =2
+ <_xrxr(n)+l —-X) - L,
2
we have
%60yt = XN < 1%2n) = XN + 2002 6 e A e () (3.12)

Notice that we cannot use Lemma 2.2 as in Case 1 (or in [12, 13]) since we could not
guarantee that ) %) itr(m) = +00. So, we proceed as follows. Assume by contradiction that
Iz (x) — %|| does not converge to 0. Then there exist (1) and an € > 0 such that

%2 — %Il = 2. (3.13)

By (3.9) and (3.10) we know that there exist 1y, n; € N such that

_ €
(I =z () (T () — Kr(m)s Kr ()41 — X) < 3 V> ng (3.14)
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and

€
(_7_5¢xr(n)+1 _9_6> < g: Vn > n. (315)

Hence, if we take nj, > max{no,n,} one obtains by the definition of A, ),

€ € €
A,<,,)<§+§—e:—§<0, Vn > nj,.

So, by (3.12) we have [|x; ()41 — X[|* < [|[¥7(») — x|, which contradicts [|%;(,) — X[ < [|%z (1 —
x||, Vn. This implies that

1%z ) — %[l — O,
and so, using ||x, — X|| < [[%z(m+1 — %], we finally obtain
|, —x|| — O. O

Example 3.2 The mapping 7 : R — R defined by Tx = —2x is %—strict pseudo-contractive.
Taking «,, = %, Uy = %, our algorithm becomes

1n+1
X+l = _5

Xns
which goes to 0 = Fix(T) swinging around it.

Open questions
(1) Does the result hold in Banach spaces?
(2) Does the result hold for families of strict pseudo-contractive mappings?

(3) Does the result hold for Lipschitzian pseudo-contractive mappings?
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