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Abstract

The process of cutting is treated as a fracture mechanical process. For an elliptic rigid wedge pressed into an elastic material,
fracture may occur as an autonomous process if the tip of the wedge is sufficiently blunt or is affected by the geometry of the
wedge if the tip is sharp. The conditions leading to the former or the latter case is obtained as a relation between the wedge tip
radius, the fracture toughness and the modulus of elasticity. These limits and the intermediate states are discussed. The implications
of the drastic changes of the mechanical state of the near tip region when the wedge edge is sharp are also discussed.
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1. Introduction

The mechanics of cutting has been attracting much attention in the literature, with the aim of addressing different
technical problems (Williams and Patel, 2016; Williams et al., 2016) ranging from metal machining (Williams, 1998;
Williams et al., 2010), to cutting of soft solids, such as biological tissues, foodstuffs or elastomeric materials (Goh
et al., 2005; McCarthy et al., 2007, 2010). Cutting is also used as an experimental method for determining fracture
toughness of polymers (Patel et al., 2009). Typically, cutting process is characterized by an indentation stage followed
by a stage where the target material undergoes a progressive separation. The mechanical response in both stages is
governed by the cutting tool shape (blade), the target material and the cutting rate. In the present paper, the quasi-static
fracture stage is studied by means of a simple model which can be handled analytically, where the blade is modelled
as arigid wedge inserted into an elastic plate.

2. The wedge model for the cutting tool

Let us consider a large plate with a single centred cut of length 2a. A cartesian coordinate system x, y is introduced
in the centre of the plate so that the cut covers the region |x| < a, y = 0. An elliptic wedge with major and minor
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Fig. 1. An elliptic rigid wedge |x|<( is inserted in a straight cut |x|<a, in a very large elastic plate. The wedge imposes a known
displacement /(x) in the region |x|<a; and traction free surfaces in the regions a, <|x|<a,<a, where contact between the cut surfaces
is lost. Displacements vanish in a; < |x| < a.
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semiaxes of length, respectively, ¢ and hy, is inserted in the centre of the crack (Fig. 1). Its shape is expressed by
h(x) = h, V1 = (x/0)? &)

In order to define the wedge sharpness, we introduce the radius of curvature p at the wedge tip, which is equal to
h2/¢. A sharpness parameter 6 can be defined if one divides p by a material-based length parameter. In absence of any
inherent material length, the tip radius R, of a crack experiencing a critical condition is considered, defined as

= [2)f

where K, is the critical stess intensity factor and E is Young’s modulus. Therefore we obtain

1

9=
(R,

3)

The wedge is assumed to be sharp for § < 1 and blunt for 6 > 1.

We assume the wedge to be shorter or have the same length of the cut, i.e., { < a and partly in contact with its
surfaces, which are supposed to be friction free. The elastic plate is assumed to be stress free far away from the wedge.
As aresult of the contact between the wedge and the cut surfaces, normal tractions can only be compressive or absent,
ie., oy, < 0, along |x| < a;, while shear tractions 7,,(x) are null at all points along y = 0 because of frictionless
surfaces. Moreover, the wedge generates imposed displacements v(x) = h(x) in |x| < £.

In view of this, a boundary value problem can be formulated. Considering the upper half of the plate, such a
problem is defined by the following equations

v(x) = h(x), with the condition oy(x) <0 for [|x|<a 4)
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In the open part of the cut we have

oy(x) =0 for a; <|xl<as, (®)]

with the conditions that

LR N
In the closed part of the cut the symmetry across y = 0 implies that
v(x) =0, with the condition oy(x) <0 for a, <|x[<a @)
Ahead of the cut, continuity and symmetry bring the displacements unconditionally to zero
v(x)=0 for |x|>a (8)

while no conditions regarding permissible normal tractions can be established, which therefore may be tensile and
possess stress singularities. Finally, shear stresses vanish everywhere along the crack plane

Ty(x)=0 for y=0 ©)]

3. The fracture mechanics analysis of the cutting process

The problem given by the boundary conditions (1) to (9) is decomposed into two different cases. The first case has
a known solution while the second is solved below. A superposition will provide us with the solution of the overall
problem.

3.1. Casel

As mentioned earlier, a closely related problem is that of a plate with a crack subjected to a uniform pressure, o,
applied to the crack surfaces, see Fig. 2. Considering a crack length of 2¢, the vertical displacement of the upper crack
surface becomes (Broberg, 1999)

2
V(x) = ?Vﬂ—ﬁ for |xl<¢ (10)

Plane stress conditions are assumed. For plane strain, the modulus of elasticity E is replaced with E/(1—v?), where
v is Poisson’s ratio. The normal stress in the y-direction along the rest of the crack plane is

ay(x) = 7, ( zﬁ)mrM>f an

x2 =
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Fig. 2. Case 1 is here illustrated. The sketch shows the equivalence with a crack of length 2¢, with a uniform pressure o, applied
to its surfaces. According to (10), displacements in |x| < € are v(x) = h(x) if the crack is subjected to the surface pressure given by
(12).

As it is readily seen, (10) constitutes an ellipse whose mathematical description has the same form of the wedge
shape, equation (1). Equivalence is obtained if

Eh,
0= 12
To =77 (12)
The stress intensity factor K for both crack tips, using (12), is given by
Eh,
Kp =0, Vnl = > \/g (13)

A detailed solution can be found in Tada et al. (1985).

3.2. Case 2

The second case considers a crack that occupies the open part of the cut, i.e., a; < |x| < a;. In order to equilibrate
the normal stresses of Case 1, as (5) requires, the following tractions need to be applied to the crack surfaces (Fig.3a)

3 o, for a; <|x|<? 14
oy(x) = 7o (1= 2= for <] <a (14)
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Fig. 3. Case 2 is here illustrated. Because of the symmetry, only a quarter of the plate is considered. (a) The displacements v(x)
are caused by the removing of the tractions that are present between a; and a, in Case 1. Since a, is a contact point, tractions in
a><|x|<a cannot be tensile. (b) The special case of a, = a is considered, which allows singular tensile stresses, giving rise to a
discontinuity in displacements derivative at x = a, = a.

Displacements in the remaining parts of the crack plane are as follows

v(x) =0 for |x|>a, andfor |x]<a; (15)

The problem given by the boundary conditions (14) and (15) generally possesses stress singularities at [x| = a; and
at |x| = ay. These are defined by their respective stress intensity factors Ki,, and Ki,,. The contact conditions, that
do not allow neither transmission of tensile stresses, equation (4) nor overlapping of surfaces, equation (6), exclude
negative and positive stress intensity factors for both extremes, therefore leaving

K14, =K1y, =0 fora; <a (16)

We can use the previous conditions to determine the position of a; and a,. Possibly, when the cut is short, the
wedge will at some point, while moving in either positive or negative x-direction, cause a, to reach a, implying the
situation which is illustrated in Fig.3b. In this case, the position of a, is known and therefore (16) is replaced by the
following

Kig, =0, K 20 fora=a (17)

In order to find the expression of the stress intensity factors, we limit our analysis to cases for which a; — a; < ¢,
which allows us to ignore the changes that are caused by the applied stresses in the opposite region, i.e., for —a, <
x < —ay, thus simplifying considerably the analysis. Solution is obtained using known weight functions, by which the
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stress intensity factors are obtained as follows

_ 1 y s+ mé
Ki = \/EL@@) ) (1)

where s = (ap —a;)/2, x = &+ (a) + az)/2, m = —1 for crack tip at x = @; and m = 1 for crack tip at x = a,. Replacing
oy(x) from (14), the previous integral is conveniently split into two parts

K, =K} + K7 (19)

s+mé

s—mé?

where n equals a; or ay. With ¢t = £ — (a; + a»)/2 and k(m, &) = stress intensity factors are

K == | ki1t = -, v 20)

o, (7 —t+ &
(f—t)(Zf—f"‘f)

&dé 21)

By applying the transformation u = &/s, f = t/s and ¢ = £/s to (20) and (21), we obtain

{+u-—

Kip = —0ry VT + 0-7 f k(m, w)du 22)
= |

=Dl +u-1

and using condition (16), we obtain the following expression, for n = a;

S —
Ko =KD + K2 =0 = f Cru-t w/HZdu:n 23)
Ju-Hel+u-9

Equation (23) provides a relation between a; and a, for any given £, and it can be rewritten with the following
recursion which yields a single root d; = 1/¢ = s/¢

1 — N, _ 2
d,:(lf Il Ul S “du), with dy=0 (24)
mJi (Nu-H2+@w-diy) V1+u
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The recursion cycles are assumed to proceed until a converged result is obtained after N cycles. The obtained value
dy is denoted d. The stress intensity factor at x = a, is given by

1! C+u—i 1+
Ko, =K + K2 =0, \/77(— Ul \/ 1 % du - 1) (25)
T Ju =D +u-9 "
Normalizing with Kz, from (13), the dimensionless stress intensity factor is
Kigy 1 (! 1 ~d 1
bee _ 2 Gl L N PN (26)
Kre i Ju-H2+ u-0d I—u

3.3. A wedge with a parabolic shape

Equation (1) can be written as

—x [C—x
h(x)=h0\/2— 7 \/5 27

Accordingly, it can be noticed that near the wedge tip, i.e. for (£ — x)/{ — 0, the ellipse degenerates to a parabola
(Fig. 4), namely

2
h(x) =h0\/;w’—x
thus, equation (24) for a parabolic wedge is rewritten as

e[

with the limit solution 7 — 1 as d — 0. The stress intensity factor Kj, is obtained as the limit for £ — oo in equation
(25), and in dimensionless form is

KI,a2 _ l

_ f‘ du
Kre i \Ju-H1-u

(29)

However, the contact conditions require that (23) is fulfilled for both the elliptic and parabolic wedge.
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Fig. 4. Comparison of elliptic and parabolic wedges, having the same radius of curvature p at their tip.

4. Results and concluding remarks

The recursion (24) is used to determine the positions of a; and a, in the elliptic wedge. For the parabolic wedge,
the wedge length ¢ does not affect the mechanical state in the end region close to the wedge tip. The ratio d = s/€ is
obtained as an exact result, thanks to the simplifications that can be introduced in the expression of d, equation (28).
Once d is known, the stress intensity factor at the foremost end x = a, of the open region is calculated through (26)
and (29) for the elliptic and parabolic wedges, respectively.

Let us consider an initial crack of semi-length a, and two different scenarios of a blunt wedge, 6 > 1, and of a
sharp wedge, 6 < 1. As noted in §2, the definition of wedge sharpness depends on the wedge tip radius p and on the
target material through R., equation (2). The solution for the stress intensity factor Kj,,, both in the case of an elliptic
and parabolic wedge, is obtained and the results are summarized in Fig. 5. The stress intensity factor at the crack tip
is shown as a function of a dimensionless distance between the wedge tip and the initial crack tip. The values of Kj,,
are normalized with respect to the stress intensity factor K that would develop if the wedge fills the entire crack with
no gap, as obtained in §3.1. Using the definition of the wedge tip radius p in (13) we obtain

Kgr = E«np/2 (30)

We may note that, when (£ —a,) <~—0.9¢ for an elliptic wedge and £ —a, <~ —0.8¢ for a parabolic wedge, a» < a,,
that is, the initial crack is partially closed, no stress singularity occurs and Kj,, = 0. For relatively greater values of
(¢—a,), ap = a, and Ki,, > 0.

If one immagines to push the wedge, e.g. rightwards, the distance (a, — ) decreases and K} ,, increases. Different
series of events will take place depending on the wedge sharpness. If the wedge is blunt (6 > 1), K;,, increases with
decreasing (a, — €) until it reaches the critical stress intensity factor Ky .. At this point, the crack propagates in a stable
manner, so that the distance between the current crack tip and the wedge tip (a — ) remains constant, while obviously
(a, — £) decreases. In other words, when the wedge is pushed ahead, it will never reach the crack tip. On the other
hand, if the wedge is sharp (6 < 1), K1, increases with decreasing (a, — £) as before but eventually the wedge tip will
reach the initial crack tip, i.e., £ = ap, and the stress intensity factor Kj,,, attaining the value Kk, is still less than the
material toughness Ki.. The force that has to be applied to the wedge to propagate the initial crack, if we suppose the
fracture processes not affected by the compressive stresses caused by the wedge, is obtained as

(K2 - K2)b
E

F= 31)
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Fig. 5. Dimensionless stress intensity factor Ki,, /K as a function of the normalized distance between the wedge tip and the initial
crack tip (€ — a,)/¢. The results for a blunt wedge (6 > 1) and for a sharp wedge (6 < 1) are reported.

where b is the plate thickness.
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