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Modeling picosecond electron dynamics of pump-probe intersubband spectroscopy
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We present an energy-balance model of the electronic intersubband relaxation in optically excited n-type
Ge/SiGe quantum wells with absorption resonance in the THz range. To this aim, the energy relaxation rates of
the electron system due to interactions with both nonpolar optical and acoustic phonons are calculated. The time
dependence of the relative differential transmission is also evaluated and compared with experimental data from
recent pump-probe measurements. The energy relaxation rates due to acoustic and optical phonon are investigated
for different electron temperatures, set by the pump beam intensity. We find that the relaxation dynamics strongly
depends on the intersubband energy spacing when this is close to the optical phonon energy. Finally, our results
evidence that in this material system the time dependence of the depolarization shift may have a strong influence
on the relative differential transmission signal.
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I. INTRODUCTION

Intersubband (ISB) transitions between two bound states
of a quantum well (QW) have attracted great interest in
the last decade, due to the development of terahertz and
mid-infrared lasers and detectors based on quantum cascade
designs.1,2 Therein, the goal is to optimize parameters such
as laser gain or detector responsivity by favoring the res-
onant interaction of photons with electrons (or holes) with
respect to nonradiative carrier dynamics (e.g., electron-phonon
scattering). The direct measurement of intersubband lifetimes
by time-resolved pump-probe spectroscopy, together with a
quantitative understanding of ISB carrier dynamics, are very
important to accurately design and simulate optical devices
based on ISB transitions. The large majority of studies of tran-
sient dynamics concerning ISB transitions have been carried
out on single valley lattice-matched group III-V semiconductor
heterostructures commonly employed in photonic devices.

ISB relaxation in narrow wells with subband separation
larger than the longitudinal optical (LO) phonon energy is
controlled by LO phonon emission. Subpicosecond lifetimes
have been measured in agreement with theoretical estimates
of the electron-phonon scattering rate.3,4 In wide wells, where
the energy spacing of the subbands is smaller than the LO
phonon energy, the intersubband relaxation are predicted to
be governed by acoustic phonon scattering with relaxation
times of the order of a hundred picoseconds. In contrast,
relaxation times ranging from few to hundreds of picoseconds
have been measured4–6 and a strong dependence on the
experimental conditions and in particular on the intensity of the
optical excitation has been reported. It was therefore suggested
that, even if the subband separation is smaller than the LO
phonon energy, electrons can relax by emitting optical phonons
because of the high-energy tail of their quasiequilibrium
distribution, thus giving rise to shorter relaxation times.7,8

In this framework, it is clear that the measured relaxation
time will depend on the chemical potential position and on the
temperature of the electron system set by the pump event of the
specific pump-probe experiment. According to the pump beam
intensity and the excitation photon energy, energy relaxation
by acoustic and optical phonon emission occurs at different
relative rates.8

The main purpose of this paper is to present a theoretical
model for energy relaxation after optical excitation in group IV
semiconductor (Si, Ge and their alloys) quantum wells,
to provide an interpretation of the results of pump-probe
experiments. The lack of dipole-active optical phonons due to
covalent Si-Si, Si-Ge, and Ge-Ge bonds results in qualitatively
different scattering mechanisms for electrons in the excited
subbands, as opposed to group III-V heterostructures with
polar bonds where scattering of charge carriers by polar LO
phonons is the dominant channel. The absence of dipole-
active optical phonons in group IV systems offers potential
advantages in the development of optoelectronic devices: non-
polar SiGe heterostructures may help fill the wavelength gap
between terahertz and mid-infrared quantum cascade lasers
(QCLs) and represent a viable path to increase their operation
temperature. Most of time-resolved studies on the dynamics of
intersubband transitions in SiGe based heterostructures have
been realized on p-type, Si-rich structures with large band
offset.9–13 However, n-type structures based on strained Ge
QWs (sGe) are emerging as promising alternatives because of
the much simpler conduction-band structure and because of
the small effective mass, in the growth direction, of electrons
confined at the L point. Relaxation times around 30 ps for
electrons in the conduction band of Ge QWs having ISB tran-
sitions in the range 15–30 meV have been measured recently by
energy-degenerate pump-probe spectroscopy, where the pump
and the probe beams have the same photon energy;14 this
energy can, however, be changed and tuned to the absorption
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resonance. Although this value is considerably longer than
typical values found in III-V semiconductor systems, it is
much shorter than what expected if only acoustic phonons
would drive the electron system back to equilibrium.13 This
fact motivates the development of an energy-balance model
for the relaxation dynamics, specific for SiGe systems; this is
the main result of the present work.

A complete description of ISB energy relaxation must
account for many-body (e-e) interactions, which, however,
occur on a much shorter time scale than electron-phonon
interactions. Moreover it is known that the charge carriers
in the well partially screen the incident field and thus lead
to a blueshift in the absorption spectrum, named depolar-
ization shift.15 It is a mayor item of the present paper to
address time-dependent depolarization shift effects on the
THz relative differential transmission spectrum of Ge/SiGe
multiple-quantum-well (MQW) systems. The magnitude of
the blueshift is of the order of the effective plasma frequency
of the carrier system.15 In wide QWs with high electron
density and ISB transitions in the terahertz range, this energy
is comparable to the lowest ISB spacing (E1 − E0). Material
systems considered in this work feature typical interacting
photon energies of 12–36 meV, corresponding to radiation
frequencies of 3–9 THz, and a comparable effective plasma
frequency of 1–4 THz.16 Therefore, in such systems the
interplay between dynamical screening and photon absorption
cross section may be observed under strong resonant ISB
excitation by a monochromatic (Fourier-transform-limited)
short pulse of radiation. Indeed as the ground state becomes
significantly depopulated after the pump pulse, the collective
screening ability of the carriers is reduced on the ultrafast
time scale of electron-electron interactions17 and this fact gives
rise to dynamical detuning between the absorption resonance
and the probe beam energy. In this work we demonstrate that
under suitable conditions, this time-dependent detuning effects
can strongly influence the relative differential transmission
signals.

The paper is organized as follows: in Sec. II we introduce
the investigated Ge/SiGe MQW systems. Then we present the
theoretical model adopted to calculate the relaxation dynamics
of the carriers and the relative differential transmission
spectrum, which is the typical physical quantity measured
in degenerate pump-probe experiments at different photon
energies. Our results are reported in Sec. III where the
coupling between electrons and acoustic/optical phonons is
analyzed. The relative efficiency of the interaction with optical
and acoustic phonon baths in driving the electronic system
toward equilibrium is here critically discussed. In Sec. IV we
address the effect of the time-dependent depolarization shift
on the relative differential transmission spectra and elucidate
how this effect depends on the energy detuning between the
absorption resonance and the beam energy. Direct comparison
of numerical data with experimental values of the relative
differential transmission is also provided.

II. SYSTEM DESCRIPTION AND METHOD

We study theoretically and numerically the Ge/SiGe MQW
systems investigated experimentally in Ref. 14 by means of
THz Fourier-transform spectroscopy and pump-probe degen-

erate spectroscopy. The considered structures were grown
on Si wafers along the [001] direction, after deposition of
a partially relaxed SiGe buffer layer. The in-plane lattice
constant of the buffer layer corresponds to that of a relaxed
Si0.12Ge0.88 alloy. The MQW samples consist of NQW = 20
repetitions of tensile and compressive strained Ge/Si0.20Ge0.80

layers with well thickness dQW of 13 nm (sample S1776)
or 24 nm (samples S1745 and S1750). The 30 nm thick
Si0.20Ge0.80 barrier layers were doped by codeposition of
phosphine with concentration 1 × 1018 cm−3. Doping was
uniform through the complete barriers (sample S1745) or,
alternatively, 10 nm thick Si0.2Ge0.8 spacers were left undoped
on each side of the QWs (samples S1750 and S1776). It has
been found that intersubband absorption resonances due to the
E0 → E1 transition occurs within the conduction L valleys
in the Ge QWs, below the optical phonon energy of Ge (37
meV), at about ∼16 (15) meV for samples S1745 (S1750), and
at ∼ 28 meV for sample S1776. The time-dependent relative
differential transmission �T/T due to changes of electron
distribution in the two levels has been measured by degenerate
pump-probe experiments at the Free Electron Laser facility
FELBE14 in Dresden, and relaxation times τ were extracted
from the data by a single exponential fit with values in the range
27–33 ps. A weak temperature dependence of the relaxation
time was observed up to T = 130 K.

To investigate theoretically the intersubband relaxation
dynamics we first evaluate the MQW electronic states in the
absence of any optical excitation. To this aim we rely on a
multivalley effective mass model in the envelope function
approximation, assuming parabolic energy valley dispersion.18

The MQW states related to the bulk conduction minima
occurring both at the L point and along the � lines (which
are at slightly higher energies) are calculated solving self-
consistently the Schrödinger-Poisson equations. The model
properly considers the influence of the strain fields in the well
and barrier layers on the band discontinuities, the anisotropy
and the tilted orientation of the mass tensors, the exchange-
correlation effects in the local density approximation, the
temperature dependence of the occupation probabilities, and
the spatial variation of the dielectric constants. Also the
incomplete ionization of the donor states associated with the
� valleys in the barriers, which typically occurs in this kind of
modulation-doped Ge/SiGe MWQ system,18 is considered in
the calculation. To this aim the Schrödinger-Poisson equations
are solved iteratively, accounting for the contributions to the
electrostatic potential resulting from both the ionized and
bound �2 states in the barrier region, and from the confined
carriers which populate the L point QW subbands. From the
self-consistent evaluation of the Fermi energy and band-edge
profiles we obtain the equilibrium values N0 and N1 for the
L point two-dimensional (2D) carrier densities in the ground
and first excited subbands, respectively.

As an example, we show in Fig. 1 the electronic states
and the band-edge profiles calculated for the sample S1750
at T = 4 K. We remind that, while the four L minima which
are along the equivalent [111] directions remain degenerate,
the six degenerate � valleys are split by the strain field.
In particular the two conjugated �2 energies of the tensile
strained barrier layer, located along the growth direction (red
curves in Fig. 1), are pushed below the �4 energies (not shown
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FIG. 1. (Color online) Band-edge profiles (thick lines) and
squared modulus of the wave functions (thin lines) calculated for
sample S1750 at T = 4 K in the absence of optical excitation.
Band-edge profiles and states at the L point (black lines, confined
states E0, E1, and E2) and at the �2 band edge (red lines) are displayed
and marked. The donor level in the doped portion of the barrier is
also represented (blue line). The green shaded area represents the
energy region from the Fermi level up to 2kBT above it. The violet
double-tip arrow marks the E0 → E1 transition between confined L

point subbands.

in Fig. 1). Moreover the bottom of the �2 band-edge profile is
located in the barrier region where the �2 states are confined
(see Fig. 1). As a consequence the �2 levels in the barriers
lie in the same energy region of the excited L point QW
states, limiting the exploitation of the entire band-offset in
device applications.19,20 Our calculations indicate that, for the
doping concentration used in the barriers, the carrier transfer
from �2 donor states into the well region is not complete,
being limited by the small energy difference between the
donor level anchored to the �2 minima in the barrier and
the L point minima in the well, and by the electrostatic
repulsion due to electron accumulation in the Ge layer.18

In fact, from Fig. 1 we see that most of the donor levels
(blue curve) are below the Fermi energy and then only a
small fraction of the carriers are transferred into the well.
For the investigated structures and in the low-temperature
range, the 2D carrier densities per well resulting from the
self-consistent calculations are in the 3–7 × 1011 cm−2 range.
These carrier densities are in satisfactory agreement with the
values estimated experimentally from the transmission spectra
(see also Ref. 18). We stress that in this range of carrier
density the electronic states and the intersubband dynamics
can be satisfactory described in a single-particle theoretical
framework such as the one adopted in the present work.15

The charge imbalance in the modulation doped structures
here investigated is responsible for the bending of their
band-edge profile, which is apparent in in Fig. 1. In particular,
the bending of the L point band profile in the well region
slightly reduces the energy separation between the confined E0

and E1 subbands with respect to the flat band condition. This
transition-energy redshift contributes to suppress the emission
of optical phonon during the relaxation process.

The ISB relaxation dynamics, which drives the 2D electron
gas to equilibrium after optical excitation resonant with the
E0 → E1 absorption energy, is simulated by means of an
energy-balance model.7 Preliminary to the introduction of the
model, we note that the presence of �2 states is expected to
play a minor role in the relaxation dynamics of the L electron
gas. Indeed the �2 states are not populated in equilibrium
conditions at low lattice temperature, and their interaction with
the L electrons is much weaker than the interaction between
electrons in the E0 and E1 subbands. In fact the localization
of the L and �2 states in different spatial regions makes
their overlap two orders of magnitude smaller than the one
calculated for the E0 and E1 wave functions. The possibility
of ignoring as a first approximation the presence of �2 states in
simulating the relaxation dynamic is also supported by Ref. 14,
where very similar relative differential transmission spectra
and relaxation times for narrow (S1776) and wide (S1745 and
S1750) MQW samples are reported, despite the fact that in the
first case the E1 subband lies in the energy region where also
�2 states are present, while in wide MQWs the E1 level is
well below the �2 energy edge. Therefore, to simulate the ISB
relaxation dynamics we disregard the presence of the �2 states
and consider only the coupling between E0 and E1 electrons
induced by the phonon and radiation fields.

Following Ref. 7 we assume that a single Fermi distribution
with one electron temperature TE and chemical potential
μ describes the electronic thermal distribution in the two
subbands. Monte Carlo calculations show that this is a good
approximation for times a few ps after the excitation.8 As a
matter of fact for carrier densities of the order of 1011 cm−2,
such as those of our samples, fast elastic scattering processes
such as electron-electron and ionized impurity scattering
drive the electron gas at the L point to thermalization on a
subpicosecond scale.8 Other elastic scattering mechanisms,
for instance interface roughness, may also contribute to the
thermalization of the electron gas. The temporal evolution of
the electron gas energy (per unit of area and per well), Etot,
is essentially governed by the coupling of the electronic states
with the electromagnetic field and the phonon bath, and can
be obtained from the rate equation

dEtot

dt
= h̄ωpumpWg − POP − PAC. (1)

In the above equation Wg is the net photon absorption rate
resulting from the absorption and stimulated emission due to
the incident radiation of the pump beam with energy h̄ωpump,
and POP and PAC are the net energy-loss rates related to
the absorption and emission of optical and acoustic phonons,
respectively. Note that the terms on the right-hand side of
Eq. (1) depend on the electron temperature TE and chemical
potential μ. The temporal evolution of TE and μ is obtained
by simultaneously solving the equations

∑
i=0,1

∫ ∞

Ei

D(E − E0)dE

1 + e(E−μ)/kBTE
= Etot and N0(t) + N1(t) = Ntot,

(2)
where N0(t) [N1(t)] is the 2D carrier density in the lower
[upper] confined subband at time t after the pump excitation,
Ntot is the total equilibrium carrier density per well (i.e.,
as obtained in the absence of optical excitation solving the
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Schrödinger-Poisson equations with TE equal to the lattice
temperature TL), D = 4md

πh̄2 is the density of states per unit area
for the four degenerate L valleys, and md is the density-of-state
mass at L. Finally, Ei are the subband minima with the zero
of energy set at the bottom of the ground subband at L.

For the description of the temporal profile of the beam
intensity I (t) incident on the sample, we use Gaussian line-
shapes centered at t = 0 whose energy-dependent durations
are chosen to reproduce the bandwidth-limited Gaussian
pulses of the FELBE. Typical values of the FWHM are 13 (5)
ps for the beam energy of 14 (29) meV used in Ref. 14 with
the sample S1745 (S1776). Finally, we assume that the pulse
intensity in the MQW region I (t) remains spatially uniform in
the z direction because the shortest wavelength employed is
�10 μm (inside the semiconductor), which is much larger than
the MQW region thickness. We also estimate that the pulse
intensity I (t) is reduced to about 20% of its value outside
the sample I (t) because of reflection losses [the transverse
magnetic (TM) reflection coefficient is 0.36] and geometrical
mismatch between the circular laser spot and the rectangular
sample section.

Most importantly for the results presented in this work,
the time-dependent carrier densities N0(t) and N1(t) deeply
influence the energy of the optical absorption resonance
Ẽ01. In fact, because of the depolarization shift effect15 Ẽ01

occurs at higher energies with respect to the bare transition
energy E01 = E1 − E0. Since this effect is governed by the
carrier densities in the two levels considered, it follows
that, under nonequilibrium conditions, the magnitude of the
depolarization shift varies dynamically during the relaxation
process. In fact the absorption energy resonance obeys the
relation15,21

Ẽ2
01(t) = E2

01(1 + α(t)), α(t) = 2e2S

εε0E01
[N0(t) − N1(t)],

(3)

where S is an effective length which is determined from the
envelope wave functions ψ0 and ψ1 as

S =
∫ +∞

−∞
dz

[∫ z

−∞
dz′ψ1(z′)ψ0(z′)

]2

. (4)

From the above equations it is apparent that the time depen-
dence of α(t) is controlled by the difference of the 2D carrier
densities in the E0 and E1 subbands.

The generation rate Wg of Eq. (1) can be written as

Wg = σ (t)I (t)[N0(t) − N1(t)]/ cos θ, (5)

where σ (t) is the time-dependent absorption cross section
evaluated at h̄ωpump and θ is the propagation angle with respect
to the growth direction of the pump pulse in the MQW region,
calculated taking into account the facet orientation, and the
refractions at the air/facet and at the wafer/MQW interfaces.
For the experiments of Ref. 14 we get θ � 56◦. The absorption
cross section σ (t) is

σ (t) = e2πh̄

2ε0cnm0

(�/π )2Ẽ01(t)2h̄ωpump

[Ẽ01(t)2 − (h̄ωpump)2 + �2]2 + (2h̄ωpump�)2

×
∑

γ

f
γ

01. (6)

The sum of the oscillator strengths f
γ

01 is over the four
degenerate L valleys and is calculated according to22

f
γ

01 = 2m0

E01

(
êxw

γ
xz + êyw

γ
yz + êzw

γ
zz

)2∣∣pz
01

∣∣2
, (7)

where the growth direction is chosen along the z axis, w
γ

ij are
the components of the inverse mass tensor in the γ valley,
and ê is the polarization vector of the TM mode in the MQW
region. In Eq. (6) the ISB absorption lineshape is described
with a Lorentizian broadening, and for the HWHM we chose,
in agreement with the experimental values reported in Ref. 14,
the value � = 1.7 (3) meV for the samples with (without) the
undoped spacer.

The temporal evolutions of the carrier population and of
the absorption cross section are the essential ingredients to
calculate the relative differential transmission signal �T (t)

T (t=−∞)
across the NQW = 20 stack of MQWs, which is the physical
quantity measured in the experiments. At the probe frequency
ωprobe = ωpump, �T (t)

T (t=−∞) is given by

�T (t)

T (t = −∞)
= 1 −

[
eσ (t)[N0(t)−N1(t)]

eσ (−∞)[N0(−∞)−N1(−∞)]

] NQW

cos θ

. (8)

The net energy-loss rates POP in Eq. (1) describe the
interaction with the optical phonon bath. In covalent crystals
the electron-phonon interaction is mediated only by the
deformation potential, and, if dispersionless phonon branches
are assumed, POP can be calculated analytically since the
electron-phonon coupling does not depend on the phonon
momentum, as happens instead for the case of III-V materials,
where the coupling is inversely proportional to the modulus of
the momentum. Intra- and interband scattering processes are
treated separately, using two different effective deformation
potentials OP and phonon energies h̄ωeff . The values, taken
from Ref. 23, are OP = 3.5 (5.26) 108 eV/cm and h̄ωeff =
37 (24) meV for intra- (inter-) valley events, respectively.
We start from the probability per unit time W∓

if (ki) for an
electron in subband i = 0,1 and in-plane momentum ki to
be scattered in subband f = 0,1 by phonon absorption or
emission. Treating the lattice excitations as bulk 3D phonons
one obtains24

W∓
if (ki) = �

(
k2
f ±

)ndestmd
2
OP

2h̄2ρωeff

[
N (ωeff,TL) + 1

2
∓ 1

2

]

×Fif [1 − f (Ef ,k±
f ,TE,μ)], (9)

where ndest = 1 (ndest = 3) is the number of destination valleys
involved in intra- (inter-) valley scattering events, ρ is the
Ge mass density, N (ωeff,Tl) is the phonon population at
lattice temperature TL, and f (Ef ,k±

f ,TE,μ) is the Fermi-
Dirac distribution for electrons in subband f and in-plane
momentum k±

f at electron temperature TE . In the above
equation and in the following, the upper (lower) sign of ±
and ∓ indicates absorption (emission) of a phonon. The value
of k±

f follows from energy conservation and is given by

h̄2k2
i

2m‖
+ Ei ± h̄ωq = h̄2(k±

f )2

2m‖
+ Ef. (10)

The Heaviside function � in Eq. (9) ensures that the final states
for which the energy is conserved belong to the subband f .
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Finally, in Eq. (9) Fif is equal to

Fif =
∫

dzψ2
f (z)ψ2

i (z). (11)

POP is evaluated considering all the different scattering
channels,

POP =
∑
i,f

∑
ki

h̄ωeff(W+
if (ki) − W−

if (ki))f (Ei,ki,TE,μ)

≡
∑
i,f

h̄ωeff(W
+
if − W−

if ), (12)

where summation over both inter- and intrasubband scattering
channels is understood. The sum over ki is converted into
an energy integral which can be evaluated analytically. The
resulting expression for W∓

if is

W∓
if = D2 ndestπh̄2

OP

8ρh̄ωeff
Fif

[
N (ωeff,TL) + 1

2
∓ 1

2

]
Z (13)

where

Z = kBTE

b

b − 1
ln

(
1 + b − 1

1 + ab

)
(14)

and

a = exp

[
max(Ef ∓ h̄ωeff,Ei) − μ

kBTE

]
, b = e±h̄ωeff/kBTE .

(15)

Differently from POP , the net energy loss rate PAC related
to the interaction of the E0 and E1 electrons with the 3D
acoustic phonon bath cannot be treated analytically. This fact
is due to the nonrigid momentum conservation in the direction
perpendicular to the layer planes. Indeed, in order to calculate
PAC at each time step of the discretized version of Eq. (1),
the nonvanishing dispersion of the acoustic branch makes
the numerical evaluation of a triple integral unavoidable.25–27

However, such computational load can be avoided if, following
Ref. 7, an approximate relation is adopted. To justify this
point one can verify that when the subband separation is
below the optical phonon energy, PAC is comparable with
POP only at low electron temperatures, where optical phonon
scattering is suppressed by energy conservation and the
majority of the carriers are already relaxed in the E0 subband.
It follows that in this regime the energy loss mechanism
which dominates PAC is the intrasubband electron cooling
in the first subband. Therefore we evaluate PAC relying on
a semiempirical expression for the 2D intrasubband acoustic
scattering, first proposed in Ref. 28 and often adopted in the
literature (see for instance Refs. 7 and 29). This relation has
been derived to reproduce and interpolate the analytical results
which can be obtained in the high (equipartition) and low
TL (Bloch-Gruneisen) regimes, where PAC is proportional to
TE − TL and T 5

E − T 5
L , respectively. The expressions, adopted

from Ref. 28 and modified to normalize to surface unit and
take into account the presence of four degenerate L valleys,
are

PAC = FCnp(TE − TL), Cnp = 3πkBh̄2
ACD2N0

64ρkf

, (16)

where kf is the Fermi wave vector, AC = 2.5 eV is the
acoustic deformation potential of Ge whose value is taken
from Ref. 23, and

F = sinh(xL − xE)

sinh xL sinh xE

(
xExL

xL − xE

)
, xE,L = h̄ωavg

2kBTE,L

, (17)

where h̄ωavg = √
2h̄vskf and vs is the Ge sound velocity.

III. RESULTS FOR THE RELAXATION DYNAMICS

To get a first insight into the ISB relaxation dynamics we
report in Fig. 2 the temporal evolution of some relevant phys-
ical quantities, calculated for the sample S1745 at TL = 4 K,
with Imax = I (t = 0) equal to 2 × 103 and 5 × 102 W/cm2.
The resulting relaxation processes for these two pump powers
are quite different. In fact the higher beam intensity heats the
electron gas up to about 50 K while at the lower beam intensity
the electron temperature is TE � 20 K. Consequently, only in
the former case is there a significant fraction of carriers
in the E1 subband. This fact is also suggested by the temporal
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FIG. 2. Relaxation of relevant physical variables for the sample
S1745 at lattice temperature TL = 4 K, calculated as a function of the
probe time delay t and for the maximum intensity of the single pulse
of the pump beam (outside the sample) I (t = 0) = 2 × 103 W/cm2

(left plots) and I (t = 0) = 5 × 102 W/cm2 (right plots). As in Ref.
14 the HWHM of the ISB absorption resonance is 3 meV and the
pump energy is detuned toward the red by 2.1 meV. From top to
bottom, the electron temperature TE , μ + 3kBTe together with the
bottom energy of the E1 subband, the fraction of electrons in the E1

subband N1/Ntot, and the total optical and acoustic power-loss rates
POP and PAC in the NQW = 20 QWs, are reported. The fast relaxation
dynamics present in the left plots (higher pump intensity) soon after
excitation is due to optical phonon emission. An exponential fit of
the N1/Ntot curve in this time region in the left (right) plot gives for
the relaxation time the value τ � 90 (2400) ps. Note that the scale
of the vertical axis in the left and right plots is not the same.
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evolution of the chemical potential μ, which always remains
more than 3kBTE below the bottom of the E1 subband when the
system is pumped with the lower intensity beam (see Fig. 2).
Due to the pump-induced electron heating, soon after the
excitation some of the E1 carriers have sufficient kinetic energy
to relax into the E0 subband via optical phonon emission. If TE

is large enough, this mechanism dominates over the PAC term,
as shown in the bottom-left plot of Fig. 2 for t � 550 ps. For
larger delay times TE reduces and the optical phonon emission
quenches since the kinetic energy of the electronic population
in the E1 subband diminishes and the intersubband spacing is
lower than the optical phonon energy. Acoustic intersubband
cooling in the E0 subband becomes then the dominant energy
relaxation mechanism of the electron gas.

It follows that, similarly to what is observed in the case of
large GaAs/AlGaAs MQWs,7 at high pumping intensities a
double exponential behavior is obtained for N1(t)/Ntot, with
a transition from an initial fast relaxation rate, where optical
phonon emission dominates, to a slower one, controlled by E0

intrasubband cooling via acoustic phonon emission. The two
related relaxation times τ calculated for the case of Fig. 2 (left
plots) are ∼90 ps and 2400 ps, respectively. We find that these
quantities strongly depend on Imax which controls the zero-
delay value of TE . For instance, increasing the pump intensity
to ∼104 W/cm−2, the maximum of N1(t)/Ntot approaches
the 50% saturation value for which Wg(t) = 0 (transparency
condition) and the initial relaxation time diminishes from 90 ps
to about 25 ps. We stress that this quantity is in very good
agreement with the value of 27 ps measured in Ref. 14 for the
sample S1745 with pump intensity in the QW region of about
6 × 103 W/cm−2. In agreement with the theoretical model, in
the same sample also the double exponential behavior with
a fast initial relaxation time and a successive much slower
exponential tail has been experimentally obtained; this is
shown in the top panel of Fig. 4 where the measured �T (t)/T

signal is reported.
As already pointed out, the transition from an initial fast

relaxation rate, where optical phonon emission dominates,
to a slower one, controlled by E0 intrasubband cooling via
acoustic phonon emission, takes place when the electron gas
reach the crossover electron temperature Tco for which the
POP power-loss term starts to dominate the PAC power-loss
term. The authors of Ref. 7 used pump-probe experiments
in conjunction with an energy relaxation model to estimate
Tco in two GaAs/AlGaAs MQWs samples, for which the
E0 → E1 transition energies (at 19 and 27 meV, corrected
by the depolarization shift) are lower than the optical phonon
energy (37 meV) and the carrier densities (2 × 1011 cm−2)
are comparable to the corresponding quantities of the systems
addressed in this work. They found that, for low lattice temper-
ature, the crossover electron temperature Tco is about 35 K. It
is interesting to compare this value with the ones estimated for
the Ge/SiGe MQW systems here studied. To this aim we report
in the top panel of Fig. 3 the PAC and POP terms calculated
for the sample S1776 (Ẽ01 = 32 meV, Ntot = 3 × 1011 cm−2)
and the sample S1750 (Ẽ01 = 13 meV, Ntot = 3 × 1011 cm−2)
as a function of the electron temperature, at TL = 4 K. We
find for both samples Tco � 25 K. This value is similar
to the one obtained for the GaAs/AlGaAs MQW systems,
despite the absence of the polar optical phonon coupling in
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FIG. 3. (Color online) Power losses and carrier densities for the
samples S1776 (black curves) and S1750 (red curves), calculated as
a function of the electron temperature and for lattice temperature
TL = 4 K. Power losses due to the interaction with acoustic (dashed
lines) and optical (solid lines) phonons are reported in the top panel
and refer to NQW = 20 quantum wells. The fraction of carriers in
the first excited subband, N1/Ntot, is shown in the central panel.
The fraction of carriers in the first excited subband whose energy
allows intersubband relaxation via optical phonon emission, N1/Ntot,
is shown in the bottom panel. The vertical dashed lines represent the
effective optical phonon energy for intervalley scattering.

group IV structures, which is instead the dominant phonon
scattering mechanism in III-V based systems. The similarity
of the Tco values might be attributed to a larger power loss
in GaAs/AlGaAs MQWs related also to the interaction with
acoustic phonons. In fact the acoustic deformation potential of
GaAs (AC = 7 eV, see Ref. 29) is about three times the value
measured in Ge. Moreover in III-V materials there is also
a contribution to the acoustic phonon power loss stemming
from the polar interactions.25 We notice, however, that a more
quantitative comparison between acoustic and optical phonon
power-loss rates in Ge/SiGe and GaAs/AlGaAs MQWs is quite
demanding and beyond the scope of the present work. Indeed,
toward this aim one should consider also the effects arising
from the very different electronic band structures of these two
materials. For instance, at equal carrier density, the fourfold
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degeneracy of the lowest conduction valleys in Ge, which
instead is absent in GaAs, lowers the position of the Fermi
energy and then strongly affects the scattering rates.

At the found value of Tco the fraction N1/Ntot is still quite
small (about 2 × 10−2 and 1 × 10−6 for samples S1750 and
S1776, respectively) as shown in the central panel of Fig. 3.
In fact, in order to relax the electron energy, the optical
phonon emission is a much more effective mechanism than
the intersubband cooling via acoustic phonon emission. Indeed
the fraction of carriers in the first excited subband with enough
energy to emit an optical phonon, N1/Ntot, is even smaller than
N1/Ntot. N1/Ntot is shown in the bottom panel of Fig. 3 as a
function of the temperature. For the sample S1750 at Tco we
estimate that N1 � 10−3N1.

To study the role of the intersubband separation in the
relaxation dynamics, the time-dependent relative differential
transmissions of samples with different widths dQW have
been evaluated. Results for MQW systems with the bare
E01 energy in the 10–68 meV range with TL = 4 K and
Imax = 3 × 104 W/cm2 are shown in Fig. 4. The pump beam
energies h̄ωpump were chosen to be resonant with the values
of the depolarized absorption resonances Ẽ01, evaluated in
the absence of optical excitation; the pulse widths have been
calculated assuming transform limited durations. For this
choice of h̄ωpump, the temporal dependence of N1(t)/Ntot and
�T (t)/T are qualitatively similar (detuning effects between
h̄ωpump and Ẽ01 are discussed in the next section). As one
can expect, we find that with increasing E01 the relaxation
becomes faster. In fact when E01 > h̄ωeff all the electrons
excited in the E1 subband have enough energy to relax in
the E0 subband via emission of optical phonons. On the
other hand, for E01 < h̄ωeff , phonon emission is energetically
suppressed. In this case, one finds from Eq. (13) that the
emission term W+

10 is proportional to e−h̄ωeff/kBTE which, for
the pump intensities adopted in Fig. 4, is a small quantity.
Fitting the N1(t)/Ntot curves soon after excitation with a single
exponential, we obtain that when E01 increases from 10 to 68
meV the relaxation time drops from about 16 to 0.5 ps (we
stress that for large E01 values the relaxation time is smaller
than the pulse duration, so it does not represent the time scale
of the nonradiative component of the ISB dynamics). The
variation of E01 greatly influences also the amount of excited
carriers in the E1 subband and then the value of the relative
differential transmission. We observe that the peak values of
the N1(t)/Ntot and �T (t)/T curves decrease by more than
two and three orders of magnitude respectively when E01

is varied from 10 to 68 meV. Of course this effect is to be
attributed to the enhancement of the POP term in Eq. (1) while
variations in the pump term h̄ωpumpWg(t) of Eq. (1) play a
negligible role. At the chosen pump intensity, the relaxation
dynamics shown in Fig. 4 is always driven by POP , which
dominates PAC also in the largest MQW system. Indeed as
shown in Fig. 5, the peak electron temperature T max

E after
optical excitation is well above the Tco value. To get a deeper
insight into the dependence of the relaxation dynamics on
transition energies, we report in Fig. 5 also the peak value for
the relative density of those carriers in the E1 subband whose
energy is sufficient to emit optical phonons in intersubband
scattering events (N1/Ntot). Note that while the peak value
of N1/Ntot monotonically decreases for increasing E01 (see
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FIG. 4. Top panel: Time-resolved relative differential transmis-
sion measured at FELBE on sample S1745 with absorption energy
at equilibrium Ẽ01 = 16 meV. The fast (slow) exponential relaxation
time is 34 (194) ps. Central and bottom panels: Calculated relative
carrier population in the E1 subband and transmission change as
function of the probe time delay, at TL = 4 K for different QW widths
in the 70–230 Å range; the respective E01 bare transition energies are
reported in meV in the central panel. An undoped barrier region of
100 Å is present on each side of the Ge QW layer. The 2D charge
carrier densities Ntot vary in the 1–3 × 1011 cm−2 interval. The pump
energies are resonant with the depolarized Ẽ01 absorption energies
calculated in the absence of optical excitation. The maximum pump
intensity outside the sample is fixed at I (t = 0) = 3 × 104 W/cm2.
Increasing dQW , the FWHM of the beam pulse varies from 2 to 11 ps.

Fig. 4), both N1/Ntot and T max
E , calculated as function of E01,

have a maximum in the investigated energy range. To account
for this nonmonotonic behavior, we note that, for transition
energies above the optical branch, optical phonon emission
is not suppressed, i.e., WOP is large and then the majority
of carriers remains in the E0 subband. As a consequence
small values of N1/Ntot = N1/Ntot are obtained in this energy
region. On the other hand, for small transition energies, a larger
fraction of carriers is excited in the E1 subband. However,
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FIG. 5. Peak values after resonant optical excitation of the
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fraction N 1/Ntot of the carriers in the E1 subband whose energy
allows emission of optical phonons (left vertical axis), shown as
function of the E01 bare transition energy. Data have been obtained
using the same parameters as in Fig. 4.

due to the small subband separation, only few of them have
enough energy to emit optical phonons. It follows that the
ratio N1/Ntot is small also for transition energies well below
the optical phonon energy. As a consequence a maximum for
N1/Ntot as a function of the transition energy is obtained at
E01 � 22 meV.

As already anticipated we obtain a good agreement between
calculated and measured relaxation times, which fall in the
range 25–35 ps. This is especially true for large well widths

and low lattice temperatures (e.g., samples S1745 and S1750
in Ref. 14). This fact may be taken as a validation of the
model, and of the adopted parameters. The dependence of
the relaxation time on E01 presented in Fig. 4 has not been
observed in the experiment of Ref. 14, where fast exponential
decays with τ values around 30 ps were observed for all the
investigated samples with E01 ranging from 15 to 28 meV.
Possibly, the deviation from the Gaussian time profile of real
pulses from the free electron laser, whose duration can be
longer than the Fourier-transform-limited value, may have
hindered the observation of fast relaxation phenomena in the
first few tens of ps delays. Moreover, deviations between
the theoretical and measured results may also arise from the
presence of undoped spacer layers between donors atoms and
the wells (as in sample S1776 of Ref. 14) which reduces
ionized impurity scattering.16 As a matter of fact, the ionized
impurity scattering is one of the main channels of fast
thermalization of carriers within the subbands, which is the
main hypothesis behind our model. Possibly, the presence of
spacer layers in S1776 did not allow electron thermalization
within tens of ps, and the relative differential transmission
soon after optical excitation might be controlled by the elastic
scattering time, and not by phonons as suggested in Ref. 14.

IV. DYNAMICAL DEPOLARIZATION SHIFT

We now discuss the effects in the relative differential trans-
mission spectra related to the pump-probe energy detuning
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with respect to the ISB depolarized absorption resonance
energy Ẽ01. As already mentioned when discussing Fig. 4,
if h̄ωpump is resonant with the equilibrium value of the
depolarized absorption energy Ẽ01, positive �T/T signals
(bleaching) are found. Correspondingly, the decay of the
relative differential transmission signal is qualitatively similar
to the temporal evolution of N1/Ntot. The same holds when the
pump beam energy is set above the absorption resonance (see
top-left panel in Fig. 6). In contrast, we predict qualitatively
different behaviors for �T/T (including negative relative
differential transmission signals) if h̄ωpump is at a (slightly)
lower energy with respect to the equilibrium value of the Ẽ01

absorption resonance. This effect is shown in the top-right
panel of Fig. 6, where �T/T is plotted for different excitation
intensities with h̄ωpump set 2 meV below Ẽ01. We see that,
at the smallest pump beam intensity (solid line), �T/T is
always negative. For higher intensities, the signal is initially
negative, while positive values are found only at later times.
The observed effect can be understood by considering the
depolarization effect, which dynamically shifts the absorption
resonance as described in Eq. (3) and shown graphically in the
bottom panels of Fig. 6. Indeed, when carriers are promoted
in the E1 subband, Ẽ01 red-shifts, since the excess of carrier
density N1(t) is responsible for a decrease of α(t) [see Eq. (3)].
Then, if h̄ωpump is above the equilibrium value of Ẽ01 as in the
case shown in the left panels of Fig. 6, for the absorption
cross section evaluated for h̄ωprobe = h̄ωpump at positive delay
times t , it holds that σ (t) < σ (−∞). The reduced cross section
is therefore responsible for higher transmission of the probe
light. This fact enhances the bleaching effect related to the
population dynamics [see Eq. (8)] and then positive values of
the relative differential transmission signal are obtained. On
the other hand, when h̄ωpump is below the equilibrium value of
Ẽ01, the dynamical redshift of the absorption resonance may
tune the peak absorption to the photon beam energy and thus
increase the cross section. Then, despite the presence of an
excess of carriers in the E1 subband, from Eq. (8) it follows
that negative relative differential transmission signals occur if
σ (t)[N0(t) − N1(t)] > σ (−∞)[N0(−∞) − N1(−∞)].

We now provide a validation of the dynamical depolar-
ization shift effects predicted by the model, through direct
comparison of the calculated relative differential transmission
signals with experimental data collected at FELBE. In Fig. 7
we show the measured and calculated relative differential
transmission �T/T as a function of probe delay time for
the sample S1745 (dQW = 24 nm). This sample, among all
the samples analyzed in Ref. 14, displays the highest electron
density and hence, according to Eq. (3), the strongest relative
magnitude of the depolarization shift effect if compared with
the bare E01 transition energy. The probe beam energy of
14.1 meV is just below the experimental low-temperature
equilibrium value of the ISB absorption resonance, measured
by means of Fourier transmission spectroscopy at 16.2 meV. In
the measurement, the photon flux of the pump pulse was well
above the total electron density present in the wells, leading
to saturation of the E0 → E1 transition and consequently
of the relative differential transmission signal. Setting the
I (t = 0) value in this saturation region so as to reproduce
the peak intensity of the measured �T/T signal, we obtain
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FIG. 7. Relative differential transmission for the sample S1745 at
TL = 4 K. The solid curve represents the experimental data obtained
with the pump-probe beam redshifted by 2.1 meV with respect to the
Ẽ01 resonance. The other curves are the numerical data for �T/T ,
obtained with transform limited pulse beam duration (dashed line)
and with a Gaussian pump beam whose (larger) duration has been
used as a fitting parameter (dot-dashed line). In the inset, the same
curves are reported on a vertical logarithmic scale. The change of sign
of �T/T from positive to negative is a signature of the dynamical
depolarization shift effect discussed in the text.

the numerical results reported in Fig. 7. The dot-dashed
curve shown in Fig. 7 has been obtained by imposing a
Fourier-transform-limited pulse duration. Note that in this case
the rise of the �T/T signal at zero delay is steeper than the
measured one. This may be attributed to deviations from the
Gaussian lineshape in the real pulse. To take into account this
effect we have performed simulations with a pulse duration
longer than the Fourier-transform limit. The duration value
was instead chosen to fit the measured �T/T signal just
before t = 0 (dashed curve in Fig. 7). In this case a much
better agreement with the experimental data is obtained, also
for longer delay times. In the time delay window below 80 ps,
both calculated and measured curves display a similar time
dependence with a weak deviation from a pure exponential
behavior, as evidenced in the inset of Fig. 7. More importantly,
for time delays above 100 ps, �T/T strongly deviates from
a single exponential decay regime, and changes its sign from
positive (bleaching) to negative (pump-induced absorption),
as predicted by the dynamical depolarization shift model
discussed above. Note that not only the qualitative change
of sign of �T/T is reproduced by the model, but also the time
delay for which the change of sign occurs (t � 150 ps). We
stress that the accurate prediction of the point of sign inversion
is a strong evidence of the validity of the model, since it is quite
independent from both the laser pulse duration and the pump
intensity I (t = 0), whose experimental values are not known
with high accuracy.
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V. CONCLUSIONS

We have theoretically and numerically investigated the non-
radiative intersubband relaxation dynamics in n-type Ge/SiGe
MQW systems with high carrier density and intersubband
transitions in the terahertz range, below the Ge-optical phonon
energy (37 meV).

We have introduced an energy balance model to describe
the time-resolved relaxation of Ge/SiGe MQW systems
after optical excitation, resonant with the ISB transition.
Interaction of the electron system with both the optical and
acoustic phonon baths and the radiation field is evaluated
as a function of the probe delay time. A crossover electron
temperature above which optical phonon emission becomes
dominant, even for energy spacing well below 37 meV, is
defined. The time-resolved relative differential transmission
has been numerically evaluated under different experimental
conditions such as Ge well width, pump intensity, and photon
energy.

The model also describes the dynamical variation of the
intersubband absorption energy, which is caused by the change
of the electron population in the E0 and E1 subbands after
absorption of pump photons. Indeed we have shown that the
magnitude of the depolarization shift of the ISB absorption
energy is a dynamical quantity, changing instantaneously

during the much slower time scale of the nonradiative ISB
relaxation (tens to hundreds of ps). This fact may have
a profound effect on the differential transmission signal,
which can be enhanced, suppressed, or can even change its
sign.

Numerical simulations have been compared to relative
differential transmission signals measured at FELBE on a
series of Ge/SiGe MQW samples. A nice agreement with
the measured fast initial relaxation times around 30 ps,
due to nonpolar optical phonon emission, is obtained. The
observed residual relaxation with longer characteristic time
is reproduced by the model and attributed to intersubband
cooling in the lowest subband via acoustic phonon emission.
Clear signatures of the dynamical depolarization shift effect
have been highlighted in the experimental data.
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