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ABSTRACT. Birkhoff normal forms for the (secular) planetary problem are in-
vestigated. Existence and uniqueness is discussed and it is shown that the
classical Poincaré variables and the Rps—variables (introduced in [6]), after a
trivial lift, lead to the same Birkhoff normal form; as a corollary the Birkhoff
normal form (in Poincaré variables) is degenerate at all orders (answering a
question of M. Herman). Non-degenerate Birkhoff normal forms for partially
and totally reduced cases are provided and an application to long-time sta-
bility of secular action variables (eccentricities and inclinations) is discussed.
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1. INTRODUCTION

Consider the planetary (1 + n)-body problem, i.e., the motions of 1+ n point-
masses, interacting only through gravity, with one body (“the Sun”) having a
much larger mass than the other ones (“the planets”). A fundamental feature
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of this Hamiltonian system (for negative decoupled energies) is the separation
between fast degrees of freedom, roughly describing the relative distances of
the planets, and the slow (or “secular”) degrees of freedom, describing the rela-
tive inclinations and eccentricities (of the osculating Keplerian ellipses). A sec-
ond remarkable feature of the planetary system is that the secular Hamiltonian
has (in suitable “Cartesian variables”) an elliptic equilibrium around zero in-
clinations and eccentricities. Birkhoff normal form theory' comes, therefore,
naturally in. Such theory yields, in particular, information on the secular fre-
quencies (first order Birkhoff invariants) and on the “torsion” (or “twist”) of the
secular variables (the determinant of the second-order Birkhoff invariants). In-
deed, secular Birkhoff invariants are intimately related to the existence of max-
imal and lower-dimensional KAM tori?, or, as we will show below (§ 6), one can
infer long-time stability for the “secular actions” (essentially, eccentricities and
mutual inclinations).

A natural question is therefore the construction of Birkhoff normal forms for
the secular planetary Hamiltonian. Already Arnold in 1963 realized that this
is not a straightforward task in view of secular resonances, i.e., rational rela-
tions among the first-order Birkhoff invariants holding identically on the phase
space. Incidentally, Arnold was aware of the so-called rotational resonance (the
vanishing of one of the “vertical” first-order Birkhoff invariants) but did not re-
alize the presence of a second resonance of order 2n —1 discovered by M. Her-
man (compare [10] and [1]). These resonances, apart from being an obstacle
for the construction of Birkhoff normal forms, constituted also a problem for
the application of KAM theory. This problem was overcome, in full generality,
only in 2004 [10] using a weaker KAM theory involving only information on the
first order Birkhoff invariants, waving the check of Kolmogorov’s nondegener-
acy (related to full torsion®); for a short description of the main ideas involved,
see [6, Remark 11.1, (iii)].

In particular the question of the torsion of the secular Hamiltonian remained
open. M. Herman investigated such question thoroughly using Poincaré vari-
ables [11] but declared not to know if some of the second-order Birkhoff invari-
ants are zero even in the n =2 case (compare the Remark towards the end of p.
24 in [11]).

A different point of view is taken up in [6], where a new set of variables,
called rps (“Regularized Planetary Symplectic”) variables, is introduced in or-
der to study the symplectic structure of the phase space of the planetary sys-
tem. Such variables are based on Deprit’s action-angles variables ([8, 5]), which
may be used for a symplectic reduction lowering by one the number of degrees
of freedom. A further reduction is possible (at the expense of introducing a new
singularity) leading to a totally reduced phase space, compare [6, §9] and § 5.1

1See [12] for generalities and Appendix A for the theory for rotational invariant systems.

2Compare [2, 16, 10, 7, 6] for maximal tori and [9, 3, 6] for lower-dimensional elliptic tori.

3That is, the nonvanishing of the determinant of the matrix formed by the second order
Birkhoff invariants.
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below. On the reduced phase spaces, one can construct Birkhoff normal forms
([6, Sect 7 and 9]; § 2, § 5.1 below). Following such strategy one can show that
the matrix of second-order Birkhoff invariants (for the reduced system) is non-
degenerate and prove full torsion. In particular, it is then possible to construct
a large measure set of maximal nondegenerate KAM tori ([6, §11]).

In this paper we consider and clarify various aspects of Birkhoff normal forms
for the planetary system. In particular we analyze the connection between the
Birkhoff normal form in the classical setting (Poincaré variables) and in the new
setting of [6]. It turns out that after lifting in a trivial way the rps variables to
the full-dimensional phase space, such variables and the Poincaré variables are
related in a simple way, namely, through a symplectic map which leaves the
action variables A (conjugate to the mean anomalies) fixed and so that the cor-
respondence between the respective Cartesian variables is close to the iden-
tity map (and independent of the fast angles); compare Theorem 3.2 below.
Since, up to such class of symplectic maps, the Birkhoff normal form is unique,
one sees that the Birkhoff normal form in Poincaré variables is degenerate at
all orders, answering negatively the question of M. Herman; see Theorem 2.1
below. We mention also that the construction of Birkhoff normal form for ro-
tational invariant Hamiltonian (such as the secular planetary Hamiltonian) is
simpler than the standard construction: in fact, one needs to assume nonres-
onance of the first-order Birkhoff invariant for those Taylor modes k # 0 such
that }_; k; = 0 (and not just k # 0); compare Appendix A. By this remark one sees
that the secular resonances (both the rotational and the Herman resonance) do
not really affect the construction of Birkhoff normal forms.

In § 5.1 we discuss the construction, up to any order, of the Birkhoff normal
forms in the totally reduced setting (generalizing Proposition 10.1 in [6]) and,
for completeness, we consider (§ 5.2) the planar planetary problem (in which
case the Poincaré and the RPS variables coincide) and, after introducing a (to-
tal) symplectic reduction, we discuss Birkhoff normal forms in such reduced
setting, comparing, in particular, with the detailed analysis in [11].

Finally, in § 6, we use the results of § 5.1 in order to prove that, in suit-
able open nonresonant phase space regions of relatively large Liouville mea-
sure, the eccentricities and mutual inclinations remain small and close to their
initial values for times which are proportional to any prefixed inverse power of
the distance from the equilibrium point (zero inclinations and zero eccentric-
ities): such result is somewhat complementary to NehoroSev’s original result
[13], where exponential stability of the semi major axes was established, but
no information on possible relatively large variation of the secular action was
given.

2. PLANETARY BIRKHOFF NORMAL FORM

After the symplectic reduction of the linear momentum, the (1 + n)-body
problem with masses my, umy, ---, umy, (0 < u < 1) is governed by the 3n-
degrees-of-freedom Hamiltonian
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where x represent the difference between the position of the i planet and
the position of the Sun, y¥ are the associated symplectic momenta rescaled by
W X-y =Y <i=3 X;y; and | x| := (x- x)!/? denote, respectively, the standard inner
product in R? and the Euclidean norm;

mom; _
(2.2) M;j=———, mj=my+um;.
moy + um;

The phase space is the “collisionless” domain of R3" x R3"
{(y,x) = (", 3", W, x M) st 02 x D £V Vi j} ,

endowed with the standard form

n n 3
— (@) (@) — (€] (@)
w—Zdy Ndx —ZZdyj /\dxj
i=1 i=1 ]=1
where yﬁ."), x;.i) denote the j™ component of y@, x.
When p = 0, the Hamiltonian (2.1) is integrable: its unperturbed limiting
value hyp is the sum of the Hamiltonians

P T P L

@) 40 3 3._m3 3
o= oy VR ER X RL=RY x ®V0p

corresponding to uncoupled Two-Body Newtonian interactions.
In Poincaré coordinates — which will be reviewed in the next section — the
Hamiltonian (2.1) takes the form

(2.4) Ho(MAZ) = he(N) + pfo(MA,Z), z:=(,p, &, q) € R*”

where (A, 1) € R" x T"; the “Kepler” unperturbed term hy, coming from hp; in
(2.1), becomes

hei=Y b ==y —=-.
i-1 izl 205

Because of rotation (with respect the k® -axis) and reflection (with respect
to the coordinate planes) invariance of the Hamiltonian (2.1), the perturbation
fr in (2.4) satisfies well-known symmetry relations called d’Alembert rules, see
(3.19)-(3.24) below. By such symmetries, in particular, the averaged perturba-
tion

1
D fw A AZ)dA
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is even around the origin z = 0 and its expansion in powers of z has the form*
2

2 2 2
2.6) ¥ - Co(A) + 20 T ()P ;q +0(zY,

where 2, 2, are suitable quadratic forms. The explicit expression of such
quadratic forms can be found, e.g., in [10, (36), (37)] (revised version).

By such expansion, the (secular) origin z = 0 is an elliptic equilibrium for

2V and corresponds to coplanar and cocircular motions. It is therefore natural

to put (2.6) into Birkhoff normal form in a small neighborhood of the secular
origin; see, e.g., [12] for general information on Birkhoff normal forms and Ap-
pendix A for Birkhoff theory for rotational invariant Hamiltonian systems.

As a preliminary step, one can diagonalize (2.6), i.e., find a symplectic trans-
formation

2.7) Dp: (AA,Z) €M — (M, 2Z) € MO := Dy (O™

(the domain .Z5" will be specified in (2.12) below) defined by A — A and
28)  A=A+@A2, n=ppNF, &= pp(NE p=py(AP, q=py(NG,
with py, py € SO(n) diagonalizing 2, 2,. In this way, (2.6) takes the form
2.9) Hop(A N, Z) = o 0Py = h(A) + f (AN, Z)

with the average over A of 2 given by

o 32 _
noofi+E; AP

) ; + 2
2.10) FY(A,2) = Co(N) + Y 0; +).Gi
0 2 izl 2

+0(0z1Y, z=@,&p,q).

The 2n real vector Q:= (0,¢) = (01,"**,05,61,"** ,Gn) is formed by the eigen-
values of the matrices 2j and 2, in (2.6) and are called the first-order Birkhoff
invariants.

It turns out that such invariants satisfy identically the following two secular
resonances
n

(0i+6i)=0, ¢n=0.
i=1
Such resonances strongly violate the usual nondegeneracy assumptions that
are needed for the direct construction of Birkhoff normal forms.

The first resonance, discovered by M. Herman, is still quite mysterious (see,
however, [1]), while the second resonance is related to the existence of two non-
commuting integrals, given by the horizontal components C; and C, of the to-
tal angular momentum C:=Y." | x® x y@ of the system (compare [2]).

Actually, the effect of rotation invariance is deeper: the vanishing of the ei-
genvalue ¢, is just “the first order” of a “rotational” proper degeneracy, as ex-
plained in the following theorem, which will be proved in § 4. Let w:= (u,v) =

49 .42 denotes the 2-indices contraction Yij2ijuiuj (i), u; denoting the entries of 2,
u).
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(uly'” ’ u2n» Vl,"' ’ VZn); w = (uly'” ’ u2n—ly Uly"' » V2n—1) and
n 2n-1 ) )

(2.11) G(A,w)::ZAi—5 Y (i +vy) .
i=1 i=1

THEOREM 2.1. For any s € N, there exists € >0, an open set o <{a) <--- < an}
such that, if

./%gn::dx—l]—angn_szg\/a)

one can construct a symplectic map (“Birkhoff transformation”),

(2.12) Dy: (A, L, w) € MO — (AN, Z) € MU = Oy (ME™)

with the following properties. The pullback of the Hamiltonian (2.9) takes the
form

(2.13) T (N, 1, w) 1= Fp 0 D = hye(A) + pufs (A, I, w)
1
where the average & (A, w) := o7 f [z dl is in Birkhoff normal form of order
m" Jyn
s:
2542 ui + v}
(2.14) [N w) =Co+Q-r+P(n+0(wl**™) w:=wv) ri:= —

P being homogeneous polynomial in r of order s, parameterized by A. Such
normal form is unique up to symplectic transformations ® which leave the A’s
fixed and with the Z-projection independent of | and close to the identity in w,
ie.,

(2.15) IL,®=w+0(w? .

Furthermore, the normal form (2.13)—(2.14) is “infinitely degenerate’, in the sense
that /¢ does not depend on (uzy, Vor,). In particular, there exists a unique poly-
nomial Ps: R?"~! — R (parameterized by A) such that

(2.16) P,(r) =P,(7) where 7:=(r1, - ,Ton-1) .

REMARK 2.2.

(i) Note that the w-projection of 48" corresponds to a neighborhood of w =
0, which is small only in the 4n —2 components of w, while it is large
(maximal) in the remaining 2 components (compare Appendix B for the
natural radius 2v/G in the variables (1, g2n)). Indeed, to construct the
normal form, by rotation invariance, it is not necessary to assume that
all inclinations are small, but one can take the mutual inclinations to be
small. This corresponds to consider 2n — 1 secular degrees of freedom
(roughly, corresponding to n couples of eccentricities—perihelia and n —
1 couples of inclinations-nodes) instead of 2n. The overall inclination—-
node of the system (corresponding to the remaining 2 secular variables)
is allowed to vary globally.
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(ii) Theorem 2.1 depends strongly on the rotational invariance of the Hamil-
tonian (2.1), that is, on the fact that such Hamiltonian commutes with the
three components of the angular momentum C. To exploit explicitly such
invariance, we shall use a set of symplectic variables (“rRPS variables”), in-
troduced in [6] (in order to describe the symplectic structure of the plan-
etary N-body problem and to check KAM nondegeneracies).

(iii) The rPs variables are obtained as a symplectic regularization of a set of
action-angle variables, introduced by Deprit in 1983 ([8, 5]), which gener-
alize to an arbitrary number 7 of planets the classical Jacobi’s reduction
of the nodes (n = 2). The remarkable property of the Deprit’s variables is
that there appear a conjugate couple (Cs and ¢ below) plus an action vari-
able G which are integrals. Thus, the conjugate integrals are also cyclic
and are responsible for the proper degeneracy of the planetary Hamilton-
ian. Furthermore, the RPS variables have a cyclic couple ((p;, g,) below),

which foliates the phase space into symplectic leaves (the sets .#5%72, in

(3.13) below), on which the planetary Hamiltonian keeps the sanfg Ytgon;m.
So, the construction of the “non degenerate part” of the normal form can
be made up to any order (and is the same) on each leaf [6]. In particular,
the even order of the remainder in (2.14) is due to invariance by rotations
around the C-axis of the system. Finally, we prove that such normal form
can be uniquely lifted to the degenerate normal form (2.14)—(2.16) on the
phase space /%1?” in (2.7).

The proof is based on the remarkable link between RPS and Poincaré vari-

ables, described in the following section (see Theorem 3.2).

3. POINCARE AND RPS VARIABLES

In this section we first recall the definitions of the Poincaré and RPS vari-
ables® and then discuss how they are related. Recall that the Poincaré variables
have been introduced to regularize around zero eccentricities and inclinations
the Delaunay action-angle variables. Analogously, the RPS variables have been
introduced to regularize around zero eccentricities and inclinations the Deprit
action-angle variables.

* Fix 27 positive “mass parameters®” M;, m; and consider the two-body
Hamiltonians hi(y(i),x(i)) = hgl)t as in (2.3). Assume that hi(y(i),x(i)) <0
so that the Hamiltonian flow ¢], (y®, x) evolves on a Keplerian ellipse
&; and assume that the eccentricity e; € (0,1). Let a;, P; denote, respec-
tively, the semi major axis and the perihelion of &;. Let C?) denote the i™
angular momentum C® = x® x y®,

— To define Delaunay variables, one needs the “Delaunay nodes”

3.1) v, =k®xc? 1<i<n,

5For full details, see [10], and references therein, and [6].
6The rps variables will depend upon these mass parameters, which, in the planetary case,
will obviously coincide with (2.2).
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where (kV, k), k®) is the standard orthonormal basis in R3.
— To define Deprit variables, consider the “partial angular momenta”

(3.2) S = i c s i eV =:c;
j=1 j=1

(note that C is the total angular momentum of the system) and define
the “Deprit nodes”

vig = SEHD x cli+D) | l<sisn-1
3.3) V1=V
Vpr1 = k@ xC=:v.

For u,v € R® lying in the plane orthogonal to a vector w, let a, (u, v)
denote the positively oriented angle (mod 27) between u and v (orienta-
tion follows the “right hand rule”).

* The classical Delaunay action-angle variables (A,T',0,¢,g,0) are defined

as
Ai=M;vmia; .
¢; = mean anomaly of x9 on &;
10D = A _ 52
3.4) {r“Jclwal ¢
gi =acon Vi, P;)
@;=C . k®
{ 0; = akta)(k(l),f/,‘)

* The Deprit action-angle variables (A, T,¥,¢,y,y) are defined as follows.
The variables A, I" and ¢ are in common with the Delaunay variables (3.4),

while
|SU*D| l<i<n-1
Yi=aco Wi, P;) ‘I’i={ Cs=C-k® i=n
(3.5) .
vi= Agi+n (Vig2, Viel) l<isn-1
! (= (Xk(s)(k(l),l_/) i=n.

Define also G = |C| = |S"|.
Note that:

* Delaunay’s variables are defined on an open set of full measure 37’83* of
the Cartesian phase space 2% = R3" x R3", namely, on the set where e; €
(0,1) and the nodes v; in (3.1) are well defined.

¢ Deprit’s variables are defined on an open set of full measure @%Zp* of 925"

where e; € (0,1) and the nodes v; in (3.3) are well defined.
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* On %", and 27 ,, the “Delaunay inclinations” i; and the “Deprit incli-

nations” ¢;, defined through the relations

Cli+D) | gli+1)

ik jcasay LEiEnT
COSi,’ =—7>7—, COSlj=
|C®)| C-k®
i=n
IC|
are well defined and we choose the branch of cos™! so that i;, ¢; € (0, 7).
Finally:

* The Poincaré variables are given by (A, A,z) = (A, A,M,§,p,q), with the A’s
as in (3.4) and

Ai=Lli+gi+0,
{ ni =v2(A; —T;) cos(0; +g;)
&i=—v2(A; —T;) sin(0; +g;)
{ pi =v2(; —©;) cosb;
q; = —v2(I'; —©;) sin6;

e The RrPS variables are given by (A, A,z) = (A, A,1,¢, p,q) with (again) the
A’s as in (3.4) and

(3.6

Ai=Lli+yityi,

{ ni=v2A;—1;) COS(Yi""(//?_l)
&=~V —T7 sin(y; +y7L )

3.7)
pi=V2Tin+¥i1-¥;) cosy?
qi=-V2@i1 +¥io1—¥)) siny

where

(3.8) Wo=I1, Tn1=0, wo=0, yi= ) ;.

isjsn
REMARK 3.1. From the definitions (3.7)—(3.8) it follows that the variables
{ Pn=v2¥ 1 — ¥, cosy, =+/2(G-Cz)cos(
Gn=—V2T,_1 - ¥,)siny, = —2(G-Cz)sin{

are defined only in terms of the integral C. Thus, they are integrals (hence,
cyclic) in Hamiltonian systems which commute with the three components of
the angular momentum C (or, equivalently, in systems which are invariant un-
der rotations).

(3.9

Let ¢pp and ¢rps denote the maps
(3'10) (l)P: (y)x)_> (A:A;Z) ’ ¢'RPS: (y)x)_> (A,A,Z) .
The main point of this procedure is that:
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* The map ¢p can be extended to an analytic symplectic diffeomorphism on
the set 25! which is defined as 2% ., but with e; and i; allowed to be
zero.

e The map ¢rps can be extended to an analytic symplectic diffeomorphism
on the set %" which is defined as %" ,, but with e; and 1; allowed to be

Dep Dep
zero.
The image sets A2, , := ¢p(P51) and MEL, 1os = Pres (ygg)) are defined by

elementary inequalities following from the definitions (3.6) and (3.7) (details in
Appendix B). Note in particular that

* ¢; = 0 corresponds to the Poincaré coordinates 1n; = 0 = &; and the RPS
coordinates n; =0=¢;;

* i; =0 corresponds to the Poincaré coordinates p; =0=q;;

* 1; = 0 corresponds to the the RPS coordinates p; = 0 = g;. In particular
pn =0 = g, corresponds to the angular momentum C being parallel to
the k® -axis.

¢ Let zZ denote the set of variables

(3-11) zZ:= (nré-y p_’ q) = ((171’ [ )nn)y (61’ .. -’én)’ (Pl’ ceey pn—l)» ((h, ceey Qn—l)) .
(roughly, z are related to eccentricities—perihelia, and mutual inclinations—
nodes of the instantaneous ellipses &;). Then J%r?ﬁx,Rps can be written as

) ={A A2 e 32, ph+ g5 <4AGA, 2)}

max

(3.12) My nps = Pres (P

where G(A, 2) is just the length of the total angular momentum expressed
in RPs variables as given in (2.11) and .52 is a given subset of R” x T" x
R*"~2 (compare the end of Appendix B).

* We have already observed that for rotation-invariant systems the variables
(pn,qn) are cyclic. In this case, the phase space ./%r?lnaxprs is foliated into
symplectic leaves

(3.13) %&r{%) = ¢Rps(9’g$) ={AM A2 € J%ggx,rzps ‘bn= PZ’ dn = q;} .
In the next section, for the application to the planetary problem, we shall
substitute the set /2" 2 in the definition (3.12) of AS!%, s with a smaller
set ./5"2: compare (4.2) below.

Consider the common domain of the maps ¢ and ¢yps in (3.10), i.e., the set

22’83 09’33). In particular, on such set, 0<e; <1,0<1i; <m, 0<y; <m. On the

¢rps-image of such domain consider the symplectic map
(3.14) PR (A1, 2) — (AN 2) 1= dp o i

which maps the RPS variables onto the Poincaré variables. Such a map has a
particularly simple structure:

THEOREM 3.2. The symplectic map ¢§*° in (3.14) has the form

(3.15) A=L1+9(A 2) z=Z(\,2)
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where ¢(A,0) = 0 and, for any fixed A, the map Z (A, ) is 1:1, symplectic’ and its
projections satisfy, for a suitable V =¥ (A) € SO(n), with O3 = O(|z|%),

(3.16) HnZ=T]+03 , HEZ=5+03 , sz=7/p+03 , qu=7/q+03 .
To prove Theorem 3.2, we need some information on the analytical expres-
sions of the maps ¢, and ¢yps.
* The analytical expression of the Cartesian coordinates y” and x”) in terms
of the Poincaré variables (3.6) is classical:

&) — @ () @) — @ )
(3.17) xV =R, X0 =%, Yol

where xgl), yl()? is the planar Poincaré map and %l(f) is the Poincaré rota-
tion matrix. Explicitly,
— The planar Poincaré map is given by®

D) _ (@ @D @) _ (v @ —A. @
Yol =(x"x",0), Vpi ="z »0)—ﬁtaﬂixp1

where

; 1 (A;\2 &;
@ . ! ( . ! . Qi . . .
X; = cosu nisinu; +¢;Ccosu
1 _i(Mi) i 2,1_( i i 51 l)

i l_ni2+€i2)

VA 40
_ 1 (A2 i
@ ._ - |1 ; R L PSS . . .
{x)) = mi(Mi) (smul 2A; (nisinu; +¢&; cosu;)
¢i Tli2+€i2)
SRELLESY) P/l T
VA; 40
=28 rd
LM
A3
1

and u; = u;(Aj,Ai,ni,E1) = A + O((n1,&;7)]) is the unique solution of
the (regularized) Kepler equation

1 ni2+&;° .
u; — 1- isinu; +¢;cosu;)=A;;
i \/A_z 4A; (771 i é-l l) i
— The Poincaré rotation matrix is given by
, 1-gfc;  —piqiC; —qiSi
#y) = [-piqici 1-pie; —PpiSi
qiSi pisi  1-(pf+qic;

where c; := m and s; := \/ci(z— (p? +g5)cy).

“Le., it preserves the two-form dn A dé+dp Adgq.
8Compare, e.g., [3].
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¢ The formulae of the Cartesian variables in terms of the RPS variables, dif-
fer from the formulae of the Poincaré map (3.17) just for the rotation ma-
trix. Namely, one has
@ @ @) _ () @)
= Rrps Xor 0 Y l ‘%RPS Yol

where x'%, y@ is the planar Poincaré map defined above. The expression

pl’ Y pl
of the RPS rotation matrices %(ps is a product of matrices

(3.18) %RPS Ry Ry R Ri
where Z;, #; are 3 x 3 unitary matrices (%) = id) given by
l_q,’ Cl' _piqic? _qiﬁi
R; =|-pigic; 1-pic; ~pis; , l<isn
qis; pis;  1-(pi+ ql)c

2
l-qgi ,¢i  —pi-1gi-1€i —qi-15i
Ri=|-pi-1gi-1¢;i  1-p7 —Pi-15i , 2<is<n
2 2
qi-15i pi-15i 1_(pi_1+qi_1)ci
. % . . 5+ pitd;,
where ¢;, 54, ¢;,5; are analytic functions of -5 and 'S, for2<i<n,

1< j<nevenin z, with %;,, %;‘ independent of (py, gn), forl < j<n-1
(for the analytic expression, see [6, Appendix A.2]). Note that the only
matrix in (3.18) depending on (py, qn) is Z;,.
Extending results proven in [6], we now show that ¢;** in (3.14) “preserves
rotations and reflections” (Lemma 3.4 below).

Consider the transformations
R, _, (A, A, z) ( -\, & Z)

1-2
(3.19) a5 (A A 2) = (A, 7\, a7
%g(A, A, z) = (A, A+g, Spgz)

where, denoting the imaginary unit by i,

<.M&Ep,q) = (=§,-,9,p)
(3.20) F,Ep,Q =M,&-p,—q)

S (nj+i£j,nj+i£j) - (e_ig(nj+i£j) , e‘ig(pj+iqj)) .
Such transformations correspond, in Cartesian coordinates, to, respectively, re-

flection with respect to the plane x; = x», the plane x3 = 0 and a positive rota-
tion of g around the k®-axis:

‘%k»z :x( (xg)’ xil)’ xi(;)) ) y(l) - (_y;_l)’ _y{l)’ _yél))
3.21) s xP = (), o, -x), YO = (0, ¥, -¥)
Ry xP — Ry(g) 2V, Y = Rs(g) y"
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where R3(g) denotes the matrix

cosg -—sing 0
(3.22) Rs(g):=|sing cosg O], geT.
0 0 1

For future use, consider also the following transformations, which are ob-
tained obtained by suitably combining £, _, and Z,:

Ry (AN 2) =R s R, Rz = (A m-A, Fy7)
(3.23)
Gy (AN 2) =R, Rs = (A, N, F7)
where

(3-24) y]:l(n» Eﬂp) q) = (_n) E.»p»—CI) ) %E(T]’Enp)q) = (‘ny—‘(—w—p’q) .

Note in particular:

REMARK 3.3 (D’Alembert rules). Being /,-invariant under rotations around
k® and under reflections with respect to the coordinate planes, the averaged
perturbation f#¥ does not change under the transformations z — .#z, where .%
is as in (3.20) or in (3.24).

In particular, by D’Alembert rules, the expansion (2.6) follows.

LEMMA 3.4. The map ¢*S in (3.14) satisfies 57> R = R Pr*S, for any R = R
R, Ry, R, Ry as in (3.19)~(3.24).

1-2”

Proof. 1t is enough to prove Lemma 3.4 for the transformations in (3.19) and
(3.20). But this follows from the fact that both in Poincaré variables and in RPS
variables the transformations in (3.21) have the form in (3.19)-(3.20). O

Proof of Theorem 3.2. For the proof of (3.15) (since ¢’ is a regular map), we
can restrict to the open dense set where none of the eccentricities e; or of the
nodes v;41 or v; vanishes. In such set the angles y;, g;, 0; and y; are well
defined. By the definitions of A; in (3.6) and of A; in (3.7), one has

Ai=Ai= (€i+gi+9i)—(4i+)’i+1#?—1) =@-y)+0i-vyi .

The shifts g; —y; = acw (Vi, Pi) — aco (vi, Pi) = aco (Vi,v;) (compare their defi-
nitions in (3.4) and (3.5)), as well as the angles 6; and y; depend only on the
angular momenta C', -.., C"”; hence, they do not depend upon A.

With similar arguments one proves the second equation in (3.15).

Injectivity of Z (A, ) follows from the definitions. That, for any fixed A, Z (A, ")
is symplectic, is a general property of any map of this form which is the pro-
jection over z of a symplectic transformation (A, A,z) — (A, A, z) which leaves A
unchanged.

Note now that ¢5" preserves the quantities

|zI* = |zI* = 2(|Al; - C3) ,
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and the quantities

2,22 _ 2 g2 _
(3.25) ni+¢i=n; +& =2(A; = T)
Therefore, it also preserves

(3.26) (P, ) =1(p, @) .

From the previous equalities one has that ¢5*° sends injectively (n;,¢;) = 0 to

mi, &) =0and (p,q) =0to (p,q) =0.

From the analytical expressions of ¢ and ¢gps it follows that, when (p, g) =
0, the Poincaré variables (1, &) and A and the Deprit’s (1,¢) and A respectively
coincide. Therefore, from (3.15) and (3.25), we have ¢(A,0) = 0 and the first
two equations in (3.16) follow. The fact that the remainder is O(|z|®) is be-
cause Z (A,-) is odd in z, as we shall now check. In fact, using Lemma 3.4 with
R =R, or X =R,, one finds that the (n,q)-projection of Z(A,-) is odd in
(n,q), even in (&, p); the (&, p)-projection of Z is odd in (¢, p), even in (1, q). In
particular, Z(A,-) is odd in z.

Equation (3.26) and the fact that Z is odd imply that (p,q) = Z(p, q)+0(|zI%),
with #Z € SO(2n). Since p is odd in (¢, p) and q is odd in (7, ), one has that Z is
block diagonal: 2 = diag[7p, ¥4l. The fact that ¥, = 75 := 7 follows from Lemma
3.4, taking Z=2%, _,. O

4. PROOF OF THE NORMAL FORM THEOREM

For the proof of Theorem 2.1, we need some results from [6], to which we
refer for details.
Let /6ps denote the planetary Hamiltonian expressed in RPS variables:

@.1) Horps (A, 4, 2) 1= Hpit © Prps = B (M) + e fros (A, A, 2)

where Fplt 1s as in (2.1) and ¢gps as in (3.10).

Note that, as Fplt is rotation-invariant, the variables p,, g, in (3.9) are cyclic
for #6ps. Hence, the perturbation function fizps depends only on the remaining
variables (A, A, z), where Z is as in (3.11).

To avoid collisions, consider the (“partially reduced”) variables in a subset of
the maximal set Mg’gz in (3.12) of the form

4.2) (MA,Z) € MO = of xT" x B2
where of is a set of well separated semi major axes
(4.3) o :={A:a;<aj<a; for 1=j=n}

where a,, --+, a,,, @1, -*+, ay, are positive numbers satisfying aj<aj<a for

j+1
any 1 < j <n, duy1:=o00; BY2 is a small (4n — 2)-dimensional ball around the
“secular origin” z=0.

As in the Poincaré setting, the Hamiltonian #%;ps enjoys D’Alembert rules

(namely, the symmetries in (3.20) and in (3.24)). Indeed, since the map ¢;*®
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in (3.14) commutes with any transformations 2 as in (3.19)—(3.24) and #% is
ZR-invariant, one has that /&ps is Z-invariant:

ijPsogg:%PO(PEPSO%:%PO%O(P?S :jfpo(/)ﬁps :JfRPs .

This implies that the averaged perturbation f; also enjoys D’Alembert rules

and thus has an expansion analog to (2.6), but independent of (p,, gn):

2

+Qu(A)- +0(zl"

2, £2 =2 | =
44 A2 = Co(A) +25(N) - ;"( 7
with 2, of order n and Q, of order (n—1). Note that the matrix 2y, in (4.4) is
the same as in (2.6), since, when p = (p, pn) =0 and g = (4, g,) = 0, Poincaré
and RPS variables coincide.

The first step is to construct a normal form defined on a suitable lower-di-
mensional domain

(4.5) (M, 2) € 072 = of x T" x B42

(where B*"~2 is an open ball in R**~2 around z = 0).

The existence of such normal form for the Hamiltonian (4.4) at any order s
defined over a set of the form (4.5) is a corollary of [6, §7]. Indeed (by [6]), one
can first conjugate #gps = hx + U frps to @ Hamiltonian

(4.6) ijPs = A rps O(Z) = hx+ lJfRPs )

so that the average ﬁ‘;’s has the quadratic part into diagonal form:

=2 2 a1 520 52

B : nooop24E; 1 p2+G° ;
4.7) A (A, 2)=Co(N) + Y. 0 - “+ Y ¢ — Lro(zh
i=1 i=1

where Z = (7, 5 ,p,q) and 0, ¢; denote? the eigenvalues of the matrices 2, and
Qy in (4.4). Here, ¢ denotes the “symplectic diagonalization” which lets A — A
and

4.8) A=A+@A, 2, n=UnNi, E=UnNE, p=Uy(N)p, G=Uv(N3G,

where Uy, € SO(n) and Uy, € SO(n—1) put 2, and Q, into diagonal form and will
be chosen later. Note that J) leaves the set 45" 2 in (4.2) unchanged.

Next, we can use Birkhoff theory for rotation-invariant Hamiltonians, which
allows to construct Birkhoff normal form for rotation-invariant Hamiltonian for
which there are no resonances (up to a certain prefixed order) for those Taylor
indices k such that ) k; = 0 (rather than k # 0 as in standard Birkhoff theory;
compare Appendix A below). Indeed, as shown in [6, Proposition 7.2], the first-
order Birkhoff invariants Q = (¢,¢) € R” x R"~! do not satisfy any resonance (up
to any prefixed order s) over a (s-dependent) set «/ chosen as in (4.3), other

9 [6], the matrix 2y, is denoted by Qp; the (n—1) components of ¢ are denoted by ¢;.
Beware that here we denote by ¢; also the n components of ¢ in (2.10). Actually, it will turn out
that ¢; =¢; (for i < n—1): compare (i) in Remark 4.1 below.
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than X7 o, + Z?z‘ll ¢;=0and ¢, = 0. Thus, one can find a Birkhoff normaliza-
tion (I) defined on the set (4.5), which conjugates Hrps = hy + U prS to
(4.9) ijPs = ijPs“Z): hK+IJ]zR1>s )

where f}ﬁi’s is in the form (2.14), with r of dimension n+ (n—1) =2n -1 and

Q = (0,¢) replacing Q and P; as in (2.16).
It is a remarkable fact, proved in [6], that both the transformations (f) and J)
above leave G(A, Z) in (2.11) unchanged

(4.10) Gop=Gop=G,
(i.e., they commute with %). Therefore, if we denote
MO =N (2 P Gn) - (MAL2) € MO, ph+ g <AG(A, 2))
M =M, (2 praGn)) : (MM, 2) € O3, Pl + gl <AG(A, 2)}
where #5"2 and 45" 2 are as in (4.2) and (4.5), respectively, (,B and (f) can be
lifted to symplectic transformations
(4.11) Dpps: MO — MO, Dpps: M — "
through the identity map on (p,, q,). Moreover:
(i) since #xps is (pn, qn)-independent,
(4.12) Hrps © d)RPS = ijPs , =i£RPS Oci)RPS = ijPs
where Ayps and Fps are as in (4.6) and in (4.9), respectively; i
(ii) Drps is given by (4.8), with (P, px), (4, qn), (P, Pn), (G, qn), Uy := diag[Uy, 1]
replacing p, g, p, g, Uy, respectively;
(iii) (iDRPS is of the form (2.15) (but with w and Z replaced by (%, ps, g,) and

(Z, pn, qn), respectively), since a similar property holds for J)

Proof of Theorem 2.1. We prove only existence of the normal form; uniqueness
follows from the same argument of standard Birkhoff normal form theory: com-
pare [1%].

Let /5 as in (2.9), where ®, is as in (2.7)-(2.8), for suitable fixed matrices
Pon, py diagonalizing 25, 2, in (2.6). If 7 is as in (3.16), Egs. (2.6), (4.4) and
Theorem 3.2 imply that
(4.13) V',V = Qy := diag[Qy,0] .

Thus, Qy is diagonalized by the matrix 7'p,. We can therefore choose Uy, and
Uy in (4.8) taking

(4.14) Up:=pn, Uy:=diag[Oy,1]=7"p,.

Analogously, let @yps, Opps as in (4.11), GRFS as in (3.14). Consider the transfor-
mation

(4.15) Dy 1= D), 0 Dyps
where
(4.16) @), 1= Dy 0 PRFS 0 Ppypg .
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By (4.12), @y transforms ./, into
Foy 1= Hpo Dy
= Hpodpod,
= H#p 0Dy oD 0 RS 0 Dypg 0 Dpps

P
= Jp 0 PES 0 Dppg 0 Dppg

= rps © Prps © Prps

= ijPs © (i)RPS

= Sups = N +.ufRPS = hx+ufs

where 2V = £ has just the claimed form.

To conclude, we have to check (2.15). It is sufficient to prove such equality
(with w replaced by (Z, pn, g»)) for the transformation ®j in (4.15) (by item (iii)
above). But this is an immediate consequence of (2.8), (3.16), (4.14), (4.16) and
item (ii) above. O

REMARK 4.1. As a byproduct of the previous proof, we find that the matrices
2, in (2.6) and Qy = diag [Qy,0] in (4.13) have the same eigenvalues, so the
invariants ¢; and ¢; in (2.6) and (4.7) coincide (for i < n—1).

5. FURTHER REDUCTIONS AND BIRKHOFF NORMAL FORMS

In this section we discuss complete symplectic reduction by rotations, to-
gether with the respective Birkhoff normal forms, both in the spatial and planar
cases (indeed, as in the three-body case, the planar case cannot be simply de-
duced from the spatial one in view of singularities). The Birkhoff normal form
constructed in the spatial case (§ 5.1) is at the basis of the dynamical applica-
tion given in § 6.

5.1. The totally reduced spatial case. Proposition 5.1 below is a generalization
at arbitrary order s of [6, Proposition 10.1]; the proof is reported, for complete-
ness, in Appendix C.

Let us consider the system /% = hy + ufs given by Theorem 2.1. Since the
couple (py, qn) = (Uzn, V2,,) does not appear into /%, we shall regard A5 as a
function of (6n — 2) variables (A, [, w), where

w = (4, 0):= (U, -+, Up-1,V1, ", V2n-1)

is taken in the set .4$"2 := of x T" x B¥"~2, Without changing names to func-
tions, we have a Hamiltonian of the form (compare (2.13)—(2.14))

”B(A,l, LI/):hK+/.lfB(A,l, lZ}) Wlth
(5.1) _ - -
FYN W) =Co+ QP+ 3T P2+ Ps+-+ P+ PN, W)
_ —2 =2
with 22; homogeneous polynomials of degree j in r; := ul;y" and (A, w) =

O(|w|?>**?). We recall that .#; has been constructed, starting from the Hamil-
tonian Ayps in (4.1), as A3 = Arps © o ¢p where ¢, ¢ are given, respectively, in
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(4.6) and (4.9). Recall also that, since ¢ and ¢ satisfy (4.10), the function G in
(2.11) is an integral for A%.

Incidentally, note that, since ¢ and ¢ leave A’s unvaried, their respective z,
Z-projections actually preserve the Euclidean length of Z, z:

(5.2) Mzop(AA,2) =12, [Mzod(A A 2] =12].

The Hamiltonian (5.1) is thus preserved under the G-flow, i.e., under the trans-
formations, which we still denote by 2, defined as in (3.19)—(3.20), with (A, A, z)
replaced by (A, I, w). It is therefore natural to introduce the symplectic trans-
formation

. (A G, 1,8 W) — (AL, W)
¢: P, . o X
w:(urv)r u:(uly“‘»MZn—Z), UZ(Vly"';VZn—z)
which acts as the identity on A and, on the other variables, is defined by the
following formulae
e 8 +in)), j#2n-1
(5.3) QZ): ljZZj+g; uj+ivj:
e '8\ /p?—-w?, j=2n-1
where p = p(A, G) is defined by

(5.4) o*:=2( Y A;-G).

l<j=<n
The map ¢ is well defined for (G, , A, I, ) € Ry x T x .4%"*, where 45" * is
the subset of (A, I, ) € of x T" x R*"~D described by the following inequalities

(5.5) W <p<e.

As it immediately follows from (5.3), the action variable G is the integral (2.11).
Hence, its conjugate variable g is cyclic for the Hamiltonian, parametrized by
G,

(5.6) %::e]fBo(ﬁ:%Rpso(’[)o(i)o(z):hK‘f‘ﬂf.

and we may regard A as a Hamiltonian of (3n—2) degrees of freedom. Note,
however, that ./ is no longer in normal form.

Now, let o and ¢ be, respectively, as in (4.3) and (5.5), and, for 0 <4 <6 <z,
define the following sets'’

(5.7) o =0 5,0):={Aeof: 6<p<5},

68 T =66 = {Ned,8), LeT", |l <-8}.

| =

ProPoOSITION 5.1 (Birkhoff normal form for the fully reduced spatial planetary
system). For any integer s = 2, there exists 0 < 6* < € such that whenever 0 < <
6 < 0" one can find a real-analytic symplectic transformation

s (MA, W) € MO"4E,6) — (M A, W) € 4
10The number 1/4 in (5.8) is arbitrary: one could replace it by any 0 < 9 < 1.
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such that the planetary Hamiltonian /€ in (5.6) (regarded as a function of (6n—
4) variables, parametrized by G) takes the form

HO=F00Ps(N A, W) = he(A) + uf (M A, 1) with
(5.9) . T 5 ;
fY¥=P;+0(w>*h), Poi=Co+Q-F+3T-FP+Py+--+ P

where W = (i, V) = (li1,-++, Upp—2, V1, -+, V2n—2) and the &;’s are homogeneous
. 2 2 . . .
polynomials of degree j in i; = =5+, with coefficients depending on A.

The first-order Birkhoff invariants Q; of such normal form do not satisfy iden-

tically any resonance and the matrix T of the second-order Birkhoff invariants is
nonsingular. The transformation ¢s may be chosen to be 5> -close to the iden-
tity.
5.2. The totally reduced planar case. Let us now restrict to the planar setting,
that is, when the coordinates y?, x') in (2.1) are taken in R? instead of R®. Also
in this case, in view of the presence of the integral " | xii ) yéi) —xg) yii), a (total)
symplectic reduction is available (compare, also, [9]).

In the case of the planar problem, the instantaneous ellipses &; defined in
§ 3 become coplanar and both the Poincaré variables (A,A,z) and RPS vari-
ables (A, A, z) reduce to the planar Poincaré variables. Analytically, the planar
Poincaré variables can be derived from (3.6) by setting 8; = 0 and disregarding
the p and q.

To avoid introducing too many symbols, we keep denoting the planar Poin-
caré variable

(MAZ) = (MAN,E) € MY = o x T x B2 C R" x T x R*"

where «f can be taken as in (4.3) above and B?" the (2n)-dimensional open ball
around the origin, whose radius (related to eccentricities, as in the spatial case),
is chosen so small to avoid collisions; beware that z = (11, &), here, is 2n-dimen-
sional. The planetary Hamiltonian in such variables is given by %”pl(A,A,z) =
hyep(A) + fpl(A,A,z) obtained from . in (2.4) by putting, simply, p=0=q;
clearly, also the expression of the averaged perturbation, f ;‘V, can be derived in
the same way from (2.5).

Since, in particular, the “horizontal” first-order Birkhoff invariants o do not
satisfy resonances of any finite order s on'' o, the Birkhoff-normalization up
to any order can be constructed in the planar case and it coincides with the
expression of fiV in (2.14), where one has to take

w = (u,v) = (@1,p), €, @) = (03,0), ,0)).

We recall in fact that the transformation ®; in Theorem 2.1 sends injectively
p=0=q to p=0=q and hence the restriction ®g|s-0=g performs the desired
normalization in the planar case.

Let us denote by

(5.10)  Ap(AAD =N +ufp(MAD), (WAL €Myl = of xT" x B"

11Compare [10] or, equivalently, use again [6, Proposition 7.2]).
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the planar Birkhoff-normalized system, that is, the system such that the av-
eraged perturbation f2V(A,Z) is in Birkhoff normal form: the Birkhoff normal
form of order 4 is given by

. . . 1 B . .
(5.11) 2D =CoM+ Y oiNFi+5 Y Tij(NFF;+0(2°%)
l1<i<n 2 1<i,j<n
=272
with f‘i = ni;—ai .

The asymptotic evaluation of the first-order invariants o and especially of
planar torsion 7 in (5.11) for general n = 2 can be found in the paper by J. Féjoz
[10] and in the notes by M. Herman [11]. However, since the asymptotics con-
sidered in such papers is slightly different from the one considered in [6] for
the general spatial case'?, we collect here the asymptotic expressions of o and
7 as they follow from [6] (compare also below for a short proof):

* The first-order Birkhoff invariants ¢ into (5.11) satisfy

3 a) a) ai o .
——mmy——(— +0(—)7), =1
riClio l(a2 (az)) j
(5.12) oj=
3m]'

T 12- mia;(1+0(a;?), 2sjsn
] ] <i<j

¢ The second-order Birkhoff invariants 7 into (5.11) satisfy13, forn=2,

2( 3. __9_
a 2

(5.13) T= mlmz—é(_Mg inAz)(1+O(a2_5/4)),
a, 4A1 A A2

and'* for n =3,

F+0(6) 0(5)
0) Tpp+0(?)

3

(5.14) T= ( ) where 0:=a,

121 [10, 11] the semi major axes aj < --- < ap are taken well spaced in the following sense: at
each step, namely, when a new planet (labeled by “1”) is added to the previous (n—1) (labeled
from 2 to n) ap, ---, a, are taken O(1) and a; — 0. In [6] one takes aj, ---, an—1 =0(1) and
ap — oo. The reason for the different choice lies in technicalities related to the evaluation of the
“vertical torsion” (i.e., the entries of the torsion matrix in (2.14) with indices from n + 1 to 2n) in
the spatial case. The asymptotics in [10] and [11] does not allow (as in [6]) to evaluate at each
step the new torsion simply picking the dominant terms, because of increasing errors (of O(1)):
compare the discussion in [11, end of p. 23]. To overcome these technicalities (and to avoid too
many computations), Herman introduces a modification of the Hamiltonian and a new fictitious
small parameter J, also used in [10]. Note that, since Herman computes the asymptotics using
Poincaré variables, by the presence of the 0-eigenvalue ¢, he could not use the limit a; — oo,
being such limit singular (not continuous) for the matrices p, in (2.8).

13The evaluation of the planar three-body torsion (5.13) is due to Arnold. Compare [2, p.138,
Eq. (3.4.31)], noticing that in [2] the second-order Birkhoff invariants are defined as one half the
7;j’s and that a‘z1 should be a; Compare also with [11, beginning of p. 21], (where a factor ag’ at

denominator of each entry is missing).
14 Compare (5.14) and (5.15) with the inductive formulae obtained in the other asymptotics
in [11, end of p. 21].

JOURNAL OF MODERN DYNAMICS VOLUME 5, No. 4 (2011), 623-664



PLANETARY BIRKHOFF NORMAL FORMS 643

with 7 of rank (n—1) and

m 1 az. a‘%

_ J J

(5.15) Fan=-3— ¥ mj—(—+0(—%)).
A% l=j<n an a%l a;ll

* Eq. (5.12) implies in particular nonresonance of the o ’s into a domain of
the form of (4.3) (with a i aj depending on s).

* Using (5.13)-(5.15) and A% = m2myoa;(1+ O()), one finds that, for n =2
and 0 <, <1 there exist'> 7>0,0<a, <a <---< g, < a, such that, on
the set «/ defined in (4.3) and for 0 < p < i, the matrix T is nonsingular:
det? =d,(1+38,), where |§,| <8, and

3
(5.16) d‘n:(_l)n—lﬂ(i)n—l my ay ﬁi
48 “my momy a3as i a?

Proof of (5.12)-(5.15). Eqgs. (5.12)-(5.15) can be obtained, e.g., as a particular
case of more general formulae, proved in [6]: For Equation (5.12), for n = 2,
use [6, Eq. (7.5)], and “Herman resonance” o; = —¢ — 0»; in the case n = 3,
compare the asymptotic expression of o, after [6, Eq. (7.7)]. Equation (5.13)
corres.ponds16 to [6, Eq. (8.33)]. Equation (5.14) is obtained from [6, Eq. (8.45)]
picking only the entries which are relative to the horizontal variables @ In
particular, the matrix 7 of (5.14) is the horizontal part (that is, the upper left
(n—1) x (n—1) submatrix) of the matrix 7 of [6, Eq. (8.45)]. For Eq. (5.15),
note that 7,, is the upper left entry of the 2 x 2 matrix 7 in [6] and use the
asymptotics for r; (az, a;) given in [6, Eq. (8.32)]. O

We describe, now, briefly a (total) symplectic reduction for the planar prob-
lem and discuss the relative Birkhoff normal form. The discussion is based on
tools and arguments similar to those used in § 5.1 above for the spatial case.

Indeed, quite analogously to the spatial case, the Hamiltonian (5.10) is pre-
served under the G-flow, where now G denotes the function in (2.11) with z =
M, &,0,0). Therefore, as in (5.3), one introduces the symplectic transformation
$p1 which lets A — A and

. . e 8M;+i&y), forj#n,
Gpi: Aj=Aj+g, @M;+i&;) = N
e '8\/p?—121> , forj=n,
where p? is as in (5.4) and 2 has components (f1, -+, fin—1, &1, =+ &ne1)-

Again, in order for ¢ to be well defined, the domain .4 31" of (G, 8, A, A, 2)
will be taken of the form

(170 AGed xRy, AGHeT™!, 2eR™, |21<p(A,G) <e*<é,

157 is taken small only to simplify (5.16), but a similar evaluation hold with i = 1. Note that
the normal planar torsion is not sign-definite [Herman]. A similar results holds also in the spatial
case [6, Eq. (8.38)].

161 [6, Eq. (8.33)], T is denoted by Tpl-
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where ./, € are as in (5.10). We denote by j‘fpl = jfpl o (ﬁpl the planar “reduced
Hamiltonian”.
Adapting the proof of Proposition 5.1 above to the planar case, we then have:

e For any s € N, one can always find a set of symplectic variables (A, A, %)
varying on some domain %31”‘2 CR" x T" x R*"~2 of the form (5.7)—(5.8)
with 6n—4 replaced by 4n—2, such that, in such variables, the reduced
Hamiltonian #€, is put into the form jfpl = hx + pfp1, with the averaged
perturbation f;{’ in normal form of order 2s. The first- and second-order
Birkhoff invariants are given by
{ 6i(A;G) = 0:(N)~0,(A)+0(p%),
T;j(A;G) =71 j(A) = Tin(A) = Tjn(A) + Tnn(A) + O(0?) .

Using (5.12)—(5.15), one immediately sees that

(5.18)

e The invariants & and T in (5.18) are asymptotically close (for ai, -, a_, =
O(1), ay, — oo and p — 0) to the unreduced o; and 7;j (fori,j<n-—1).

Therefore, the following corollary follows at once.

COROLLARY 5.2. Fixn=2and0<64 <1, s=4. Then there exist 1 >0,0< a, <
a) <---<a, <ay such that for any p < i and for any A €</ g, where <G is the
set in (5.17), the first-order Birkhoff invariants 6 are nonresonant up to order s
and the matrix T is nonsingular: det? = Jn(l +0,), with 16,| <64 and

a: 3
. mimy s =2,
d, = 2 *4
dn—l» n>3r

where dn isasin (5.16).

6. LONG-TIME STABILITY OF PLANETARY ACTIONS

In the 70’s N. N. NehoroSev [13] proved exponential stability of the semi ma-
jor axes in the planetary problem: during the motion, the semi major axes'’
a;(t) stay close to their initial values for exponentially long times, i.e.,

b 1 1
la;(t)—a;0)|<Cu”, V|t= C_,ueXp(C,u“) ,
for suitable positive constants C, a, b, provided p is sufficiently small and that
the initial values a;(0) are in the well separated regime (4.3). The numbers C,a
and b given by NehoroSev, were later improved in [14].

Note that, while the semi major axes stay close to their initial values, the
“secular” Poincaré variables z = (11, &,p,q) in (3.6) (also used by NehoroSev in
describing the motion) may, in principle, vary on a relatively large ball B}"
around the origin: indeed, in [13] and [14] no information is given on possi-
ble “order one” variations of eccentricities and relative inclinations.

17Which are related to the Poincaré variables A as in (3.4).
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Here, we prove a complementary result, namely, that in a suitable partially'®
nonresonant open set in phase space, the secular actions related to eccentrici-
ties and inclinations stay close to their initial values for arbitrarily long times
compared to the distance from the secular equilibrium. More precisely, we
have:

THEOREM 6.1. Let of be as in (4.3); let s=2, 71> n—1 and 6* be as in Proposi-
tion 5.1. Then there exist c* > 1 and 0 < ¢* < §*/2 such that, for 0 <é <e <e€*,
(c*é)3 < u< €/c*)3'% and x > 0 there is an open set ol < < of Lebesgue measure

C*
(6.1) meas<fy = (1— —\/5) meas.<f,
K

such that the following holds. Let My, and .%Il)n be the phase space regions
in (5.7), (5.8) given, respectively, by 4 6n-4(2 ) with of replaced by /s« and by
MO (12,2€) with with o replaced by <y and 1/4 replaced by 3/4. Then any
trajectory generated by # with initial datum in AMpn remains in ./ﬂ{)n and sat-

isfies"

(6.2) miax{|A,~(t)—Ai(0)|}<éz, m]ax{|fj(t)—fj(0)|}<1<éz
for all
63) [ —_—

crué=s—

In particular, the action variables 7} satisfy max;{|F;(t) — F;(0)|} < &d/4 provided
7;(0) <€* and A ;(0) belong to a set of density (1— c*el'%).

REMARK 6.2. Stability estimates hold up exponentially long times in completely
nonresonant regions, i.e., essentially in an open neighborhood of KAM tori. Let

H S Mpn denote the Kolmogorov set (i.e., the union of KAM tori) of 7. Then
for initial data on the open set #; around X , hence, of measure’®

meas £, = meas A = (1— \/E) measuﬂpn
22

1
one can replace (6.3) with |t| < texp(d) := e*a (forsome0<o<1<d’).

* J0’
Here is a sketch of proof. The set % ics ad high-order nonresonant set, being
equivalent to the direct product A4y x T3"~2, where A} is (@, K) ~ (d'~7,d~?)
nonresonant for the frequency map (A, ¥) — @1 (A, F) = 0a. 1 (hx (A) + uPo (A, 7).
Here, hy and P, are as in (5.9).
By Averaging Theory, one can find an open set «/; S/, a number 0 < ¢ < 1
and a real-analytic symplectic transformation

©: (A1), 0) ety x 2 x T2 = (A, 1), 0) € 4",

18] ., A-nonresonant, but possibly resonant in the secular variables.

i+ %
YRecall that i = (i1, ¥) = (ily, -+, ligp—2, V1, , U2p—2) and that Fj = -5
205ee [6].
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where #5"* is as in (5.7)-(5.8) and . is the interval .%5 = (¢8,8) < R., which
conjugates the Hamiltonian (5.9) (with s = 2) to a new Hamiltonian of the form

H((A,1),9) 1= #0®((A,1),0) = he(A) + P2 (A, 1) + O (A, 1), 9) .

Consider the frequency map (A, 7) — @1 (A, F) := da7) (hg + uP) and, for any
0 <y <y1 and 1’ > 3n -2, consider the generalized (y1,v2,7')-Diophantine
numbers of the form?!
Y1 ;
- if kl # 0
- kl*
Dy yart = N {w(—:[R3n 2. w-k| = |}|/2 ‘ }

0#k=(ky, kp)€Z" x 7272 T otherwise

By KAM theory??, for any o € 9y, , » lying in the @;-image of </ x JSZ/’;_Z,
one can find a Lagrangian, analytic torus J, := ¢(T>""2;w) € A, defined by an
embedding

PC,w): DT — p(0;0) = (W(B;0), 0+ u@;w) €y x FL2 x T

with 9 — 9+ u(9;w) a diffefomorphism of T3"~2, such that, on ,, the Hamil-
tonian flow is 9 = w. Being J,, Lagrangian, the embedding ¢(-;w) can be lifted
to a symplectic transformation (y,9) — ¢(y,9;w) defined around 9, such that
¢(0,9;w) = ¢p(J;w) which — since T, = P(T3""%;w) = ¢(0, T3"2;w) is invariant
and is run with frequency w — puts H in Kolmogorov normal form

(6.4) Ky:=Hod(y,9,0) = clw)+w-y+Qy,9;w)

namely, with c(w) independent of 9 and Q(y,9d;w) = O(y?). Note incidentally
that the matrix [ps.» Qy, d9, being close to the block-diagonal matrix 2 =
diag[0®hx o @} (w), 7 o @ ! (w)], satisfies the so-called Kolmogorov condition to
be not singular, which, together with (6.4), says that the tori of £ are indeed
Kolmogorov tori. From (6.4) using standard Averaging Theory (since w is Dio-
phantine), one sees that, if |y| < d = const —Y2-, one can conjugate K, to

KT+l
K& =c)+w-y+Qy;0) + Qy,d0).
where Q does not depend on 9 and
1Q(y,9)| < constd?e K = constdze_(ﬁ)wrm.
This implies the claim with ¢ =1/(z'+1) and ¢’ = 2.

Proof of Theorem 6.1. Let x >0 and 9 € (0,1). Let, also, €, 8 and u be such that

64 a2z
3 3 64 \0 3 06\ 5
N * . * A 3 -1

(6.5) é<e<e <m1n{a6 , 6—46*}, 0e,3], (6?196) <,u<( ) ,
with ¢ and J« to be defined below; finally, let

Hé -
(6.6) b<e<e*, Ob<i<é, Zch<l, Ei=f+-8

€

21The set @wa’ has been used for the first time in [2]. For y; =y it corresponds to the
usual Diophantine set.
22Cornpare [4, Theorem 1.4].
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Note that, by the choice of €* in (6.5), € verifies € < € < 2e.
Pick two positive numbers Yo and 7, with y; ! and 7 so small that

1 2 ~ 64 2 1

©6.7) nss, (1+=+ioesde, Z5(20e) <-@-&h,
2 Yo Yo'3 4

and, moreover,

(6.8)

—\2
@0n° ¢ 64192(2(1+n+_)+i%)<1<
4n-1) 7o 3 Yo Yo 3

The number ¢ in (6.5) and (6.8) will be defined below, independently of 7, ¥y,
0, x, € and €. Note that, because of the definition of € in (6.6), the numbers yq
and 7 depend on 9, 9, x, but not upon € and, moreover, that the number ¥,
can be chosen to be

6.9) _ _ const(d)
. Yo=— X .
Now, let Mg’é iz of x T x Bg’;}) let .2 be as in Proposition 5.1 and let

Jfreg Jlg’é * — R be an analytic extension of .# on ./ﬂrgg 4 namely a real-
analytic Hamiltonian on .57~ such that

reg
(6.10) Freg = A =he+puf on ./Zzgn“‘(é,é),
where, for 9, € and ¢ as in (6.6),
(6.11)
AETHE S = (et || <D e <o <X Tl x T x BV < A

Since 2 is in (25)-Birkhoff normal form (5.9) and the polynomial P, = CO +
Q-F+ %f 72+ PPy + .-+ P, is obviously analytic on /%r%’é 2, we can choose Jé’
of the form Jvzé’reg =hyx+u freg with freg =P+0(|w|>h, having the same normal
form P as f&v.

By (6.10), all the motions of e which remain confined to J[g”“‘ (€,€) are
indeed motions of /2.

Put ny:=n, ny —2(n 2), Hy:= hy, P:= freg, po:= max{\/f, Ve, V= E
€:= %1‘)6, a:= m, where ¢y will be defined below and dpo denotes the set
{Aeot: B, (A) <o/} Note that . is nonempty for small €*, because of the
choice of u in (6.5). Let €, be as in Proposition D.1 in Appendix D and take, in
(6.5), 6* :=€*, so that, by the above choice of ¢, € = §19¢ < §e* < e,; compare
(D.2) in Proposition D.1. Note that

1. freg has the same Birkhoff normal form as f2", hence, in particular, the

first-order Birkhoff invariants are nonresonant;

2. that assumptions (D.2) of Proposition D.1 are trivially implied by (6.5) and

the above choice of a and 6.
This allows to apply Proposition D.1 with n,, ny, Hyp, P, --- as above.

We then find suitable ¢y, cx, px, &% S dp_o c o, ¢4 as in the statement of
Proposition D.1. Take in (6.5) and (6.8), ¢ := ¢, and, in the definition of py,
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Co := Cp, so that pp = p«. Note also that: p, := Lo max{\/g, VEl = eV by (D.7),

_C_O

the definition of py, the assumption on p in (6.5) and, finally (6.9), </, is easily
seen to satisfy (6.1); the transformation ¢, acts as

(6.12) Put (a)p, X T2 oy x Byt ™V — (Vi)anp, x T B;";g“
3

and transforms jfreg into Ay = jfreg o ¢, with

(6.13)  Au (A, i, wy)

(L ya
= hi(As) + UN (A, 75) + U (A s, Uy, Vi) + iCxe &) fo (A, L, wy).

In applying Proposition D.1, take in (D.5) yo = ¥o and n = 1}, where 7y, 7 satisfy
(6.7)-(6.8) above, with ¢ = c4. By (D.5), the transformation ¢, satisfies

n 4(n—-1) n 4(n-1)
(6.14) ¢*((d*)p*,2 *Tsotis 108 Bﬁé(1+%)) 2 (dp.sa* Ty jag X By

and, by the first inequality in (6.7),

) n 4(n-1)
(6.15) (P*((&{*)p*(lm)/z x —[]—so(1+1'7+%)/48 x Bﬂé(l+1‘y+%))

X B%(n_l) .

c _ n
< (d*)Sp*/4+p*T)/2 X Tso(1+f]+%)/48 e

Let 9, € and € be as in (6.5) and define the set
(6.16) Uy tee)={Aes,, W<, é<p<elxT";

note that .//%74(6,e) oy x T" x Byt " < A
From the above definitions (see (6.6), (6.7), (6.11)) the following inclusions
follow

v 614 v Bn—4,x %\ — /6n—4
My (e,e)gﬂén (e,e)gdﬁﬁlre';g .

We prove that motions of jfreg with initial data (A(0), I (0), w(0)) in J[fg_‘l(é,e)
remain in Jﬁ[g”“‘(é, ¢€) for |t| = t. At the end, to obtain the statement of the
theorem, we shall take # =3, 9=1/4 ,=¢/2 and 9 = 3/4.

Consider now motions of jfreg with initial data in ./Zlfg‘4(é,e). Taking the
real part in (6.14), all such motions are the ¢,-images of some subset of mo-
tions of #, with initial data (A (0), 1 (0), wx(0)) € (x)p, /2 x T" x BV

ﬁé(l+%)'
Using (6.3), (6.13), one finds that for || < t, the actions A« (#) and r, (%),
2 2
where 7, = ”*T”*, with wy = (U, V), satisfy, for a possibly smaller value of
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6*
_( 1l ya
(A (D) = (M) (0)] < pexe” &) 1]
_(Lyagcx\0/(6-1)
3 ey e (29
SHexe St T
(6.17) . A2 _ 2
€~ —€
smin{éﬂx/g, }
2 4n
<min{ﬁ éZ_gZ}
- 2P

Similarly, taking the derivatives of (6.13) with respect to w4 = (44, v«) and us-

ing that, on the domain of ¢, in (6.12), | 24| < £(29¢)%>**1, for some constant ¢

depending only on &2, one finds that, for a possibly larger value of ¢* in (6.3),

252

< (Dém) .
4(n—-1)

(6.17)—(6.18) imply that for |#| < t, the motion ¢ — (A« (?), [« (1), w« (1)) remains

confined to the set (%), 14772 X T" x pn-1) . .- In particular,

(6.18) |r2)(0) = () 0)] < i 6298+ + c*e“ﬁ’”)t

f)é(1+ﬁ+%)
. B 1
(6.19) Iw*IOOSIw*Iz<196(1+n+.—)~
Yo
By (6.15) and the fact that 7} < %, the ¢, -images t — (A(1), Z(t), w(t)) of such mo-

tions remain confined to ()30, ja+p, /2 X T" % Bg(én_l) S (ef4)p, x T" x Bgé”_l).
We now prove that such trajectories are confined to Jlg”_‘l (€,€), and hence, by

(6.10), they are actually motions of S By the definition of A 5(€,€), we have to
prove that

(6.20) E<p(A(D),G)<é€, V[t =t.

Using (D.6), (6.7) and that, by (6.5), p < (€/ ¢+)%'2, one finds the following bound
for the A-projection of ¢,:

nc 64 1
IA—Ayly < )_/—*p“/z\/u?f)é < Z(éz -&%).
0

By this inequality and the first bound in (6.17), we have
2IA(8) = AO)1 < 2|A%(D) = Ax ()1 +25up| Ay — Al <€~
proving the first inequality in (6.2). Moreover, since, by (6.16), € < g(A(0), G) <€,
E2=_(2-&
<p(A(0),G)* +2|AD ~2|A0) ]y
=o(A(1),G) <€* +& - =&,

which proves (6.20). To conclude, it remains to prove the bound in (6.2) for the
actions 7;.
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Assumption (6.5) and the bounds in (D.6) imply that w, and W are at most
at distance

Cx 64

(6.21) [ — Wiloo < _——1‘)A
Yo 3
It follows from (6.19) and (6.21) that
. Ccy 64 n
[0(0)]oo < [ Wiloo + [ Ws (£) — W (1) oo < VE(L +7) + —) +——1¢,
Yo Yo 3

giving finally, by (6.8) and (6.18),

[7(£) = F(0) oo = 7% (£) = (r%) (0)|oo + | — Wi loo (| Wi loo + [ 0]o0)

9ém? ¢ Cx 64
< WEm” | x4 o2 (2(1+n+—)+—*—0)
4(n-1) 7yo 3 Yoo Yo 3

<«xé?<é®. O

Theorem 6.1 actually implies stability of eccentricities ey, ---, e, and of the
mutual inclinations iy, -, i,-2, where e; and i; are defined as??
|C@)| ) . cU+D. g
e; = 1—( Ai ) , COSL]'—W,

CcU+D and sV being as in (3.2). Indeed, we have the following

COROLLARY 6.3. For any c >0, there exists C > 0 such that, for all motions start-
ing in the set My of Theorem 6.1, e; and i; satisfy

(6.22) max{le; () —e; (0)], I;(6) —1;(0)}<ce, VI|t|s——=.
ue

Proof. For ease of computations, we shall consider the functions

¢ = eg

1 coc2
7 and ij:=1-cos"i;

and we shall check that, for any ¢ > 0, one has
(6.23) max{le; (£) —e; (0)], [i;(#) —1;(0)[} < ce®

which implies, clearly, (6.22). The proof of (6.23) comes from the relation be-
tween ¢;, i; and the variables (A, Z, w); in particular, on how ¢; and i; are related
to the stable actions Ay, -+, Ay, 71, -*-, Fon—2.

Recall that the RPS variables (A, A, Z) are related to the variables (A, I, i) by
(M A, 2) = p(A, I, 1) with

(6.24) g[)::([)oJ)ogZ)O(/v)

23Note that in the completely reduced setting the number of independent inclinations is (11—
2). Indeed, the overall inclination of C has no physical meaning by rotation invariance and the
inclination ,,—; between SV and C™ is a function of Ay, -+, An, €1, -+, en, 11, *++, in—2 and
G.
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where ¢, ¢ and ¢ are as in § 5.1 and where we have denoted by ¢ the (61— 2)-
dimensional transformation obtained from the (67 —4)-dimensional transfor-
mation ¢ given by Proposition 5.1, lifted on G and g in the obvious way (see
the proof of Theorem 5.1 in Appendix C). Let us remark the following facts:

(i) The transformation (/3 in (6.24), is defined in (4.8). Its A-projection is the
identity and, we claim, its Z-projection of ¢ is A5 5/2_close to the iden-
tity. Indeed, such projection is defined by the matrices Uy, and Uy in (4.8),
which make the quadratic part in (4.4) diagonal. By induction: For n = 2,
Qy is of order 1, so Uy =1, and Qy, is 2 x 2. Its explicit expression can be
found in [6, Appendix B]. Using such expression one readily checks that,
for n =2, Uy is actually A, 5/2_close to the identity. For n = 2, as proven
in [6, Eq. (8.10), with § just after Eq. (7.7)], the matrices U;; and U} at
rank 7 are related to the corresponding ones Uy, and Uy at rank (n—1) by
U} = diag[Up, 11+0(A;,%), U{ = diag[Uy, 1]1+0(A;,°) and the claim follows.

(i) (Z) is the Birkhoff transformation defined in (4.9) which acts as the identity
on A (Appendix A), and is O(] w|3)-close to the identity in the w-variables
(parity). By items (iii) and (iv) below, the projection I1; o ((Z)o gZ)ogB) is €3-
close to the identity, where € is any number such that p(A, G) <¢€;

(iii) ¢ is explicitly given in (5.3); recall that the Euclidean length |i|? is sent
into p(A, G)?, with p(A, G)? as in (5.4);

(iv) ¢ is constructed in (the proof of) Proposition 5.1. In particular, it leaves
(A, G) fixed and is €2**1-close to the identity in ;

(v) In terms of the RPs variables (A, A, 2), the functions ¢; = ¢;(A, p,1), ij =

2., 2
. . . %+ & P;td;
i;(A, p,1) are rational functions of A; and of p; := andrj:= ————
explicitly given by
2

Pi ., Pi, . 22— 1zjl"—1;
¢i=—2—-—), {j=2rjcjy1, Cj41:=
A A; J 7 7+ 2(Aj1—pj+1) L)1 —12j1%)
where

Lit= Y. Aj, zi=1e 0 Nis 1€ Eid 1 Ploee s Pir G- s Gi)-

1<j<i
Such expressions may be found from (3.7) above; compare also [6, Appen-
dix A.2], for more details.

From (i)-(v) above there follows that ¢;, i;, expressed in the variables (A, 7) have
the form, respectively ¢;(A, 7) +¢; (A, F), 1; (A, F) +{j (A, 7) where ¢;, fj are func-
tions of order O(e?A;%/2+¢€%). This, by (6.2), implies (6.23) and hence (6.22). O

APPENDIX A. BIRKHOFF NORMAL FORMS AND SYMMETRIES

In this appendix we analyze the properties of Birkhoff-normalizations ¢ used
in (4.9) for, respectively, partial and total reduction in case of symmetries.
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Let us consider** again the transformation %4, %, _, and %5 in (3.19)-(3.20),
but generalized replacing A, 1, &, p, q with A € T%, (,&) € R®™, (5, G) € R?™, for
some n, m; and my € N. Put m := m; + my. Let & be an open, bounded set of
parameters in R"; consider a function f: o x B2™ — R of the form of f& in
(4.7), with the numbers n, n—1 into the summands replaced by m;, m,.

PROPOSITION A.l. Letf be Rg, %,_, and X5 -invariant. Assume that the first-
order Birkhoff invariants Q=(0,0) satisfy, for some integer s,
m m

12f|§2-k|>0, Vkez™: ) ki=0, 0<|kli:=)_lkjl<2s.
i=1 i=1

Then there exists 0 < € < € and a symplectic transformation
$: (MAD) =ML 0,Ep,§) et xT" x B — (A A, 2) e/ x T" x BE"

which putsf into Birkhoff normal form up to the order 2s. Furthermore, ¢ leaves
the A-variables unchanged, acts as a A-independent shift on A, is A-independent
on the remaining variables, preserves the function G(A,Z2) := |A|; — |Z|§/2 and
finally verifies

A1) PoR=RoP

forany ® =Rg, R,_,, Z5 . Moreover, (A.1) holds for any of such ¢s.

127
REMARK A.2.

(i) Since (Z) commutes with %5, its (p, g)-projection
p,a® = (5,4 +00(p, PIF)
is odd in (p, §); its (73, ) and A-projections
Mig=A+9N2, Mggd=0,8+000IP)

are even in (p,q). Using also the commutation with 2, one finds that
the (7, &)-projection of ¢ is odd in (7}, ).
(i) Itis not difficult to derive %, %, _, and % -invariance of f2% from that of
fres in (4.1) (or see the comments between [6, Eq. (7.24) and Eq. (7.25)]).
(iii) Proposition A.1 is closely related® to [6, Proposition 7.3]. The difference
being that, in [6], (A.1) was proven only for Z. To extend the proof in [6],
we briefly recall the setting, referring to [6] for full details.

Proof of Proposition A.1. We recall that ¢ can be constructed in s — 1 steps, as
a product ¢pp 0 ---o¢pas_o. The first step is as follows. To uniform notations, put

24(learly, Proposition A.1 below is general. However, to avoid to introduce too many symbols,
we use notations (i.e., o, n, Q = (0,%), ¢, (Z), /1, z=(, 5, P4, 71, zZ= (f),g;, D, q)) already used in the
paper, which make the application transparent: compare the second item in Remark A.2 below.

251n (6] o, QN Az, ;l, Z, %g, é, € are denoted %4, Q, I, ¢, w, ¢, W, #E, F, r, respectively.
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w=(u,v):= ((17, P, (&, 67)). One introduces the “Birkhoff coordinates”

uj—iv;
t:i= J J
J V2
*y _ * * .
(tyt )_((tly'-')tm)’(tl’---’tm))- l,*_uj'HVj.
7= Vvei

Consider then the polynomial of degree 4 (fis even in w since it is Z¢-invariant)
into the expansion of f in powers of w:

_ ) Aj xa’
A.2) Pr= ) Cue LI 759
lali+|la*|1=4 lsjsm
Let ¢» be the time-one flow generated by the Hamiltonian
C(4)
% a,a* a;i xa*
A3) KA (5,89)= > [T ¢

jah=la*) =2 12 (@ = @) 1<j<n
Since f is Zg-invariant, Ky is so, hence G is an integral for the Ky-flow; taking
this flow at time 6 = 1, we have that ¢, preserves G. Note that f being #,_, -
invariant implies that the coefficients cff’)a* in (A.2) satisfy cff,)a* = cff*)y o S0, the
function Ky in (A.3) is skew-symmetric in (,*): Ky(A, (£, %)) = =Ky (A, (¢*, 1)).
Writing the motion equations of K; with initial datum (A,7/2 — A,t%, 1), the
claim follows. The function f, :=fo ¢, =f(A, ) 0Zy(A,-) where Z, (A, ) is the pro-
jection on (¢, t*) of ¢3, is now in normal form of order 4 and it is easy to seen
to be again %, _, — invariant; so that the procedure can be iterated. The com-
mutation with &5 is proved similarly. The (standard) proof of independence of
(A.1) upon the choice of J) is omitted. O

APPENDIX B. DOMAINS OF POINCARE AND RPS VARIABLES

In this appendix, for completeness, we describe analytically the global do-
mains ./%I%ZX’P, ./%I%ZX’RPS.
e The domain .#J?, , is the subset of (A,A,z) € R? x T x R*" where their

respective action variables satisfy

0<TI;<A;, -T;<0;=<TI;
where the action variables I';, ©; are regarded as functions of the Poincaré
variables in (3.6) i.e.,

i+ &

2,¢2 2.2
n;+&; “ + -
Ii=A;— > , ©;=A;—— i _Pivd;

2 2
* The domain 51, v is the subset of (A, A, 2) € R} x T" x R*" where?® the
action variables satisfy

0<T;<A;, l<i<n,
(B.1) Wis1-Tinl<¥i=¥; 1+, 1=i<n-1,
-V, 1 <V¥Y,=V¥,1.

Recall: T; = |CD| = Aj\/1- €% ¥y 1 =|Cl; Wy :=C3 = C-k®; ;= |SU+D| =50 4 U+ D),
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Here, I';, ¥; are regarded as functions of the rps-variables as in (3.7):

2
Ii=A;— 7I+f’ l<i=<n,

2, 2
(B.2) v, = i+1 ZHI”J{ j‘:l@’ l<i<n-1,

Y, =y, - pn;qn '

Note in particular that the only inequality in (B.1) involving (py, g5) is the third
one. Using (compare (B.2))
213

2 L 2
Palln _, \=1C1= G, 2) = Al - =2

Y, +
" 2 2

one has that such inequality is just the second one in (3.12), i.e., \/p3 + g2 <

2vG. The set /ﬂg’;;z in (3.12) is then defined by the first two inequalities into
(B.1), with I'y, ---, 'y, ¥1, -+, ¥,,—1 functions of A and z as in (B.2).

APPENDIX C. PROOF OF PROPOSITION 5.1

The proof is obtained as a generalization of [6, Proposition 10.1]: in [6] the
proof is divided into four steps, and here we just remark how to modify such
steps, in order to get the generalization at arbitrary order. For the purpose of
this proof we shall use the notations adopted in [6], which we now recall. The
variables (A, [, W) = (A, [, (i, w)) defined in (5.3) are denoted there by (A, 1, 2),
with again Z = (&, ). The variables 7y, ---, F2;,—2 correspond to Ry, -+, Ropa
in [6, Proposition 10.1]. Moreover, in [6], the variables (A, G), (;1 g) are called
I, (p, respectively, and the same convention is next used during the proof ¢*,
¢*, ¢ are names for (1*, g*), and so on. Note also that functions #, f, in (5.6)
and the function 2 in (5.1) for 2s = 4 are called, in [6], A, fg, 2, while the
average fa" is denoted fG,aV, compare [6, Egs. (7.30), (9.7), (10.1)].

Step 1. Fix seN, 9 € (0,1). We shall prove Proposition 5.1 with 9 at the place of
1/4 in (5.8); at the end we shall take 9 = 1/4. Let nj € (0,1) be so small such that
the number 9 + 257 is still in (0,1), §* < €, where ¢ is as in (5.5).

Take the number 6 in [6, Eq. (10.15)] to be 8 := 9+ 2sn. Replace the function
f© defined just after [6, Eq. (10.16)] by the function
(C.1)

2
O =Cy(A 0 +p (Q R +%f(A)-RZ+g>3(f{;A)+---+@S(R;A)+925.92(A,2,g)).
where?’

2
O —0**29 = Cy(A,p) +@2(Q-R+ %f(A) -R? +---+9”s(R;A))

27Note incidentally that the monomials =0 R &y = AR -+, 9 in (C.1) are related to
the corresponding monomials 22 := Q- F, 9 := zrr , e @S in (5.1) simply replacing in 9” 7
with #; for i #2n—1 and F2,,_1 with p? — ZZ” 2. Such invariants may be taken to be, up to
0(92), as the first approximation of the invariants Q, T, -, 95 in (5.9).
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v 12+ 2
is a polynomial in the variables R; = i Zvl , which is of degree 2s in (&I, 7). Next,

comparing to [6, Eq. (10.26)], the remainder a®*?2 in (C.1) is

a2 QA 2 a) = PN, adl (2)

with & as in (5.1) and, quite analogously to [6, Eq. (10.17)], </3(;) denotes the
projection on z of the transformation (5.3) with g = 0, p replaced by 1 and w
replaced by z. Note that the functions { and % are p?-close to the functions
defined in [6, Eq. (10.6)—(10.7)]. In particular, Q do not satisfy resonances up to
order 2s, for small 6*. Replace then the definition of the function F just before
(6, Eq. (10.19)] with

F(z,a):=0:(f% - Co(A, @) a >
2
= az(Q(A, a) R+ % FA) B4+ a2 2B R A) + a2 2N, , a)) .

Then, quite similarly, for small values of a, by the Implicit-Function Theorem,
one finds an equilibrium point Z. (A, @) for F which satisfies, instead of [6, Eq.
(10.21)], the following estimate (with possibly a bigger value of c4)

|Ze| < 2m|F(0, )| < c;a®*

with m as in [6, Eq. (10.19)]. Thus, the function fG_av has an equilibrium point
26(A, G) := p(A, G) e (A, p(A, G)) satisfying |Ze(A, G)| < Co(A, G)?**!, with a suit-
able constant C independent of A and G.

Next, instead of taking p < €, where €3 is an upper bound for p with the
property at the end of [6, Step 1], take p(A,G) < 6™, where §* is so small that,
for p(A, G) = 6%, the following inequality holds

(C.2) |ze(A, G) = Co(A, B> <np(A,G) .

Step 2. Define a change of variables (I,¢*,z*) — (I,$,2) defined by [6, Eq.
(10.22)] and by the last equation at the end of [6, Step 2], but modify the choice
of the domain of ¢* as follows

(C.3) Ted xRy, @*eT™ | |2%<@+@2s—1mo=0O-np=<d*

By the triangular inequality, (C.2) and Equation [6, Eq. (10.22)], ¢* is well de-
fined on such domain. Exploiting the definition of ¢* and (C.2) one finds that
¢* (acts as the identity on I = (A, G), as a ¢@*-independent shift on ¢* and
moreover) verifies

|p* (I, 0*,2%) — (I, p*, 2%)| < Co(A, ),

JOURNAL OF MODERN DYNAMICS VOLUME 5, No. 4 (2011), 623-664



656 LuUiGI CHIERCHIA AND GABRIELLA PINZARI

with C independent of ¢* and z*. Finally, letting #* := # o dp* = hy + puf*,
one has that the averaged perturbation becomes?®

(f*)av(l, Z*) = (fO(P*)aV — f-avo(p*
(C.4) =C*(D)+Q*(A)-R* + %T*(A) . (R*)2 +eee +«@s* (R*,A)
+92%(1,2),

for suitable Q*, 7*, .-+, 2%, which are p*-close to Q, -+, P in (C.1) and 2*
defined as in [6, Eqs. (10.25)—(10.26)], with & replaced by the function £ in
(5.1). In particular, Q* do not satisfy resonances up to order 2s, provided §* is
suitably small.

Step 3. Replace [6, Egs. (10.27)-(10.30)] as follows. Denote by

(C.5) 2*(1,2%) = Y 2 +0( M
kef{0,--,2s}, k#1

the Taylor expansion around z* = 0 of 2 in (C.4). In the case 2s = 4, 2], 2,
2%, 25 correspond to the functions 25, Q*, C*, F* of [6, Eq. (10.27)]. By the
definition of 2%, it is not difficult to see that 2} are p®~**?-close to zero.
Since 2 is p*-close to zero, for a possibly smaller 5*, one can find a sym-
plectic transformation ¢*: (I,¢*,z*) — (I,¢*,z*) which leaves I unvaried, as
a ¢*-independent shift on ¢*, is linear on w* and puts Q* -R* + 27 into the
normal form Q* -R*, where Q* are p?*-close to Q* and hence do not satisfy
resonances up to order 2s for a possibly smaller 6*. Such transformation ¢* is
easily seen to be p?**1-close to the identity and the transformed hamiltonian
SO = A o p* = hg(A) + uf* (A.I*, w*) g*-independent and has the quadratic
part of (f*)3V = (f*)® o ¢* in diagonal form. Finally, since ¢* is p*>**!-close to
the identity, with an eventually small §* for which |z* - z*| < Cp?***! < np, one
can take as domain of ¢* the set

(C6) Tead xRy, @ eT™!, |2*|<@+@2s-2mpe=0-2npA,G) <5,

which implies that z* satisfies (C.3). Moreover, ¢* puts . into the form
1
fav= faod" = CT D+ Q"R + 57" R 4 27 R, A)

+ Y 20,2 +0(2* )
kef3,:-,2s}

where 2" are monomials of degree k in z*, which are p**-close to 27 in (C.5)

and hence p?>**>~¥_close to zero. This implies in particular that Q* are (2s) non-

resonant and the matrix 7* is QZ-CIOSC to 7 in (C.1), hence, nonsingular. Note
that, in the case 2s =4, C*, Q*, * correspond to the functions Cy, €2, T in the
last equation in [6, Step 3]; 25, 2, to the functions C*, F*.

28The operation of composition with ¢* commutes with A*-averaging, since ¢p* acts ¢*-
independent shift on ¢*. This fact is common to the transformations ¢*, ¢25_» below and it
will not be mentioned anymore.
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Step 4. Apply now a Birkhoff transformation ¢ys_» in (25— 2) steps (which is
possible thanks to nonresonance of Q*). From the claimed properties of the
polynomials 2 in Step 3 above, one has that ¢,;_» can be chosen to be p**!-
close to the identity, and acting as a the identity on I, as a ¢-independent shift
on ¢. Letting 6* to be so small that |2—z*| < Cp**! < (25—2)n, one has that the
domain of ¢»5_» may be chosen to be I € o xR, ¢ € T"1, |z| < 9p(A,G) < 6%,
so that z* satisfies (C.6). This implies in particular that ¢ := ¢* o p* o o5 is
well defined on the domain defined in (5.7) above, with J = 1/4 and arbitrary
5 <6 <6*. Moreover, the (A, A, Z)-projection of ¢, ¢ := Mais o¢ is easily seen
to be symplectic with respect to the 2-form dA A dA + dii A dib and satisfying
the statement of the Theorem.

APPENDIX D. PROPERLY-DEGENERATE AVERAGING THEORY

In this Appendix we shall prove a result in Averaging Theory, which is needed
in the proof of Theorem 6.1.
Let us fix some standard notations: B}"(z) denotes the complex ball of radius
r in C™, centered in z; the ball around the origin B]"(0) is simply denoted by
B". If V< R™ is an open set, V), denotes the complex set Uyev B, (x) and T¢"
denotes the complex neighborhood of T given by {x € C" : |[Imx;| < 5,1 <
j<m}/@aR™). Also, if f(u,9) =Y rezn fi()el*? is a real-analytic function on
Wy,s =Vy xTE, I fll,,s denotes its “sup-Fourier” norm:
Ifllus:= 3 suplfile,
kezn Vy
where |k|:= |k|; := Zl’.lzl |k;].
PROPOSITION D.1. Let n1, np €N; let V be an open set in R™;
. 2ny,
WPOyCOvSO = VPO X —I]—?ol x Bé‘onz’
let H(I,p,p,q;1): Wpye,,50 — C be a real-analytic Hamiltonian on Wy, ¢, s, of
the form
(D.1) H(IL¢,p,q; 1) := Hy(I; 1) + P (1, , p, q; 1)

where the average Py := [1n, P(1, ¢, p, q; 1) % has an elliptic equilibrium in
p=q=0 forall I € V. Assume that the map I — 0> Hy(I; ) is a diffeomorphism
of V; that the first-order Birkhoff invariants Q of P,y do not satisfy resonances
on V up to the order 2s. Lett > n—1.

There exist positive numbers cy, ¢y such that, for all 0 < a <
find a number 0 < e, <1 such that for all

_1
1z One can

1
(D.2) Yo=1, 0<é<e, and (c,&) 0 << (——) 26D

CxYo
one can find an open set Vi S V, /32 a positive number ¢ and a real-analytic
symplectic transformation

(D.3) du: (Vi)p, T?;/zzt x 3325/232 — (Vi)s1p, X T?Ol/s x B2

€
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where py := Z—gmax{\/g, VElu'? < 8, which carries H into Hy := Ho ¢, where

(D.4) Hy(L, g, p,q) = Ho(I) + uNy (I, 1) + uPx (I, p, @) + cpe” &7 fu (Lo, pr q)

2 2
. . . i+ qi .
where Ny is a polynomial of degree s in r; = P * 4 whose coefficients are

(€, u/€)-close to those of the Birkhoff normal form associated to P.y; Py has a
zero of order (2s+1) in (p,q) =0 for all I € (Vi),, and fx is uniformly bounded
by 1.

The transformation ¢ may be chosen so as to satisfy

m 21 5 n 2n,
(DS) (pb*((v*)p*/Z X 1]—80(1+%)/48 BSé(l+%)/64) = (V*)p*/4 X —ﬂ—30/48 X B36_'/64
ny 2ny )C
('b*((v*)p*(“”)’z % T30(1+n+%)/48 3e(1+n+:1)/64) =
2n2

v, xT™
(Vidsp. ratp.miz so(1+71+:2)/48 361 4+n+2)/64

for all n € (0,1) and, moreover, if (I, P, Px,q«) is short for ¢ (I, ¢, p,q), the
following bounds

Cx . = M al2
|Ix — I| < — min{y/ué, —}
* YO ﬂ \/E u

Cx a(61+5)/2

(D.6) lpx —pl < —pu
Yo
max{lp. — pl, 1 - ql} < = maxié, =1 .
Yo Ve
The set V. can be chosen to have Lebesgue measure
(D.7) meas Vy = (1 -, & wp “"*"P)measV ,

with £, (€, 1) := \/CxYo max{\/g, VE}.
If, instead of (D.2), one assumes

—2(t+1)

(D.8) yo=1, 0<é<e, and 0<pu< é(logé™)

CxYo
(where e, and c, depend only on s) then py, (D.4), (D.6) and (D.7) are respec-

tively replaced by px = £ max{\/g , VE},
Hy (L, p,q) = Ho(D) + uNy (I, 1) + P« (I, p, q) + cpe”* ' Qi (1, ¢, p, )
|1 - I.| < £ min{\/pE, \/%}(logé’l)’l
(D.9) 9~ @s| < = min{¢, £}loge™)™!
Ip=psl, 1g-qs| < - min{¢, £}loge )™
1)T+1)

meas Vy = (1-f, (¢, ) (logé™ meas V

where Ny and Py, f, are as above and |Qx| < 1.
The proof is based upon a technical result proven in [15] or [4].
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LEMMA D.2 (Averaging Theory). Let K,3,s > 0 be such that Ks = 6; let a > 0
and ¢ € N. Let H(u,¢) = h(I) + f(u, ), with f(u,¢) = ¥k fe(w)e*?, be real-
analytic on Wy, s s:= Ay x By, x B;q x Tfﬂ, where Ax Bx B' <R/ x R™ x R™ and
v =(rrp,1q). Finally, let A be a (possibly trivial) sub-lattice of 7! and let
denote the gradient 01 h. Assume that

(D.10) lw-kl=za VI€EA, ,Vk¢A, |kl<K
d e(l1+em)
D.11) E:= s+s < ———— , where d =min{rs, r,rs}, cpi=—.
( ) ||f||v,s+s 27CmKS p'tq m 2
Then there exists a real-analytic, symplectic transformation
v (I/;(P/; p/) q,) € Wv/2,§+s/6 - (I) (P; p) 67) € WU,§+S
such that
H.:=Ho¥Y=h+g+f.,
with g in normal form and f. small:
e 12 27¢cyE> E
g=Y e, p,qhe™ , Ng-TaTeflvasesi6<— n; <—,
(D.12) ke 11 a 4

I fellvrzsesis < e O F .
Moreover, denoting by z = z(I',¢',p', q), the projection of Y(I',¢',p’,q") onto
the z-variables (z =1, ¢, p or q) one has

(D.13) max{as|-I'|, arlp—¢'|, arglp-p'l, ar,lq-q'l} <9E.

Proof of Proposition D.1. Assume (D.2). Pick two numbers Cy and C = 1; let the

1
numbers c,, €4 of the statement satisfy c, = (2CCp)? and €4 < (m) frath
The proof will be based on the following inequalities (implied by (D.2)) for €
and p and the definition of ¥ = y(€, W):

1
1 )m

€< ((2660)2

(D.14) ((zcco)zé)m<u<(m)m

¥i= ZCYOmax{\/gI_(T“/Z, \@f(“”z} with K:= .

The numbers Cy and C will be chosen later, independently of yy, a and, obvi-
ously, on € and p.

Step 1 (Averaging over the “fast angles” ¢). Let (Iy, o, po, qo) denote the vari-
ables in (D.1). We can assume that Py (po, go; Ip) is in Birkhoff normal form
of order 2s. The first step consists in removing, in H, the dependence on ¢
up an exponential order (namely, up to O(e”#")). Let po, €o, so denote the
analyticity radii of H in Iy, (po, o), @0, respectively and take € < ¢y. We ap-
ply Lemma D.2, with equal scales, i.e., taking a; = a» := @ (see below). Next,
we take £ := 1+ 0y =m, m=ny h=Hy, B=B ={0}, r, =14 =€, s= 50,
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§=0,A={0leZ™, A= D, v = p, where D, p are defined as follows. Let T > nj,
M := max;,; supy, |a§jH0(10)|, coi=32M p:= max{\/g, Ve u'?. Take
Yo . Y

(D.15) D::@gl(@’“)mv and p:=3210p=

i o’ = TRk =P

where 25,; SR™ is the set of (y,7)-diophantine numbers in R™, i.e.,

Dyri={weR™: |w~k|2% forall kez™, k#0}.
Let now p4, Vi be defined as
P _Yo. =
D.16 =—=—p, V=D, .
( ) Px 32 C()p * Px

The following measure estimate is standard, since @y = 0H, is a diffeomor-
phismof Vandr >n—-1.

meas(V\ V*) < meas(V\D) < Coymeas (V)

where Cy is a suitable number depending only on V. Take in (D.14) Cy = C
and C > 271/ 50M2%¢u, | Pll gy o) 0

By a standard argument, for Iy € Dp, the unperturbed frequency map @g =
0H, verifies (D.10), with a; = a2 = a := %,
condition (D.11) is easily checked by the choices (D.14): since éK = éu~% <
elV@2at+) <1 and C > 2‘1\/301\_/1’290712 1Pl (po,€0,€0), 500

r and A as above. The smallness

aC p_ 7 __ap
soM29¢cp,, €K~ soM29¢,, K272~ 27¢,, Ksp

E = pllPll(pg,e0,60),5 <

Inequality Ksq = 6 is also trivially satisfied. Thus, by Proposition D.2, we find a
real-analytic symplectomorphism

¢: (L@, P, @) € Dpyra x T g x BL, — (o, 90, Po, Go) € Dy, x T x B
and H is transformed into
HI,¢,p,§) = HodU,,p,3) = Ho(D) + uNU, p, §) + pe X' b(I, ¢, p, 7 .
By (D.12), ||P|l55 < C and

IJK—ZT+1

)72

(D.17) sup|N - Pyl <C
Dsro

Since € < g, in particular, ¢ is defined on the smaller set Wisr2,612),5 and the
following inclusion holds

(D.18) $: Dpja x T?J/e x B

M _ n ny
20— Dpx Ty x Bz
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as it follows from the following inequalities

0 T|<CHI'<T 'uc in é 1 | < 2Cyomax{\/g,\/5} 0
— < = — m - T =5 = =T c
0 7 2CyoK\2 e 128 128
(D.19) 5l la—a <(;“KT ___HKC ming [ &, s > <&
Po=Ppl 1q-ql< ¥ 2CyoK'2 { s \/E} T 256y 2
lpo—@l=<C Sl = _ miné, 5} < —2
72 4C?y? e~ 192y,

Note that the former bounds in each line follow from (D.13); the latter ones
follows from the definition of p in (D.15), from (D.14), Cauchy estimates and

)’021.

Step 2 (Determination of the elliptic equilibrium for the “secular system”).
In view of (D.17), N — P,y is of order uK*"*172. Using the Implicit-Function
Theorem and standard Cauchy estimates for small values of this parameter, for
any fixed I € Dj2, N also has an equilibrium point (pe (1), ge(I)) which satisfies,
by (D.14) and taking C = v/64C/3 and using y¢ = 1
g2+l o) =
B -  mine, £y < —— mine, £3<

¥ 4C%yg 3 56y ¢ 8
Consider now a neighborhood of radius 3¢/8 around (p. (1), ge(I)). We let

(D.20)  |(pe(D),qe(D)I<C

(D21)  ¢: (1,9, p, ) € Dpra x T}y, x Bagyg — (1,0, 5, 4) € Dpja x Tl x By
the transformation which acts as
I=1, p=peD+p, G=deD+q, ¢=@-0i(p+peD)-(d-qelD).
Such transformation is easily seen to be symplectic, having
SIp@. ) =19+ (;a+ pe(f)) : (67— qe(f))
as generating function. Note that ¢ is well defined, since, in view of (D.14),
(D.20), Cauchy estimates, one has

o o u o o
~PI=1pel = mint€, —}, [g—ql=Iqel = min{é, —
|p— Pl =pel 256)/3 { 6‘} g — gl =1qel 256}% { 1
(D.22) EZI-(T+1 éI‘<31+2 C s s
|- @l SC’max{ = }s PGS T
¥ 7 2Cyo 192y, 12

where we have used p <1 and C = %C.
Finally, ¢ puts H into the form
I~—I:: I:IO(i) = Ho(i) + /JfV(j, ]5, q) +ue_k5/6ﬁ(i,(ﬁ, ﬁ» 67)»
with N:= No¢, P:= Po¢. Observe that ||P| ;5 < C and N has an elliptic equi-
librium point into the origin and, being uK?"*'y~2-close to Py (see (D.17)), its

quadratic part is uK?"*!'y~2-close to be diagonal.
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Step 3 (Symplectic diagonalization of the secular system). We now proceed to
diagonalize the quadratic part (in (7, §)) of N. By (D.17), since Pjy is in Birkhoff
normal form, one has that N is uK?**1y~2-close to be diagonal. Therefore, one
finds a symplectic transformation

(D-23) ¢z (1,0, p,q) € Dpyg x T2 Bgg = (L@ P @) € Dpja x Ty, x By
which is estimated by
N 17:) CLAR c ., 3 . 5 3¢
Ip—Pl, 1g—ql <= C—— = min{é”, y} < min{e”, u} < —
D.28) ¥? 4C?y2 2563 16
) =2 3T+2 A
gopl=cHET L C ez S %
3 ZC’)/O 192)/0 24

having used again Cauchy estimates, yo = 1, €2 < € < 1 and the second in-
equality in (D.22). By construction, the quadratic part of N, where N is defined
by the equality

A:=Hod=HoD)+puN(U, p,d) +pe X5b(1,0,p,9), (P:=Pod),
is in diagonal form. Moreover, choosing a possibly bigger c,., one has that
the first-order Birkhoff invariants Q of N, being uK?**'y~2-close to the cor-
responding ones of Py, are nonresonant of order (2s). Note that, since N is

uk?™ 1972 close to N, by (D.17), is also uK?**1y~2-close to be in (2s)-Birkhoff
normal form.

Step 4 (Birkhoff normal form of the secular part). We finally use Birkhoff the-
ory to put N in Birkhoff normal form of order 2s. This is possible since, as
above remarked, the first-order Birkhoff invariants Q of NV are nonresonant up
to the order (2s). Recalling that N is ,uI_(ZT“)'f_z-close to be in (2s)-Birkhoff nor-
mal form, we then find a real-analytic and symplectic transformation

(D25) (Z): (IV, (p’ ﬁ) é) € Dﬁ/lﬁ X —H—Z)I/48 X Béléz/Sz - (i» (p, ﬁr ﬁ)Dﬁ/S X —H—Z)I/24 X BI?EZ/IG

which acts as the identity on the [-variables and, on the other variables, is es-
timated by

‘U 2K2T+1 é 3 3 3
H—pPl, 1G—q min{é’, ué} < E<—F¢
o p=pl14-4ql = T p 25672° <32
(D.26) L HESKBTH2 o 61452 S0 S0
|(p (p| <C — < alot < —_

< <—
73 2Cyy 192y, 48
by Cauchy estimates, <1 and again by the second inequality in (D.22).
Moreover, ¢ puts H into the form

(D.27) H:=Hod:=Hy(D) + uN(,7) + puP + pe X/

52 ~2
. "+ - .
where N is a polynomial of degree s in #; = Pitd: and P has a zero of order
2s+1)in (p,g)=0
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Step 5 (Conclusion). Take the transformation ¢ in (D.3) as ¢4 := popodo
¢ where ¢, ¢, ¢, ¢ are as above, Hy = H, Ny = N, P, = P as in (D.27) and
f« by default. The transformation ¢, is easily seen to be well defined by the
definitions of V and of p4 in (D.16) and by the inclusions (D.18), (D.21), (D.23)
and (D.25). Moreover, the bounds (D.19), (D.22), (D.24) and (D.26) and usual
telescopic arguments easily imply (D.5) and (D.6). This completes the proof of
the first part of the proposition.

The proof that (D.8) implies (D.9) in place of (D.4), (D.6) and (D.7) proceeds
along the same lines above, replacing the “power low” choice of K and § in
(D.14) with the following “logarithmic” ones

K: M(log(e_l))_l , ?::2CY0max{\/g, VE K™, O

So
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