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Abstract

District heating networks are commonly addressed in the literature as one of the most effective solutions for decreasing the 
greenhouse gas emissions from the building sector. These systems require high investments which are returned through the heat
sales. Due to the changed climate conditions and building renovation policies, heat demand in the future could decrease, 
prolonging the investment return period. 
The main scope of this paper is to assess the feasibility of using the heat demand – outdoor temperature function for heat demand 
forecast. The district of Alvalade, located in Lisbon (Portugal), was used as a case study. The district is consisted of 665 
buildings that vary in both construction period and typology. Three weather scenarios (low, medium, high) and three district 
renovation scenarios were developed (shallow, intermediate, deep). To estimate the error, obtained heat demand values were 
compared with results from a dynamic heat demand model, previously developed and validated by the authors.
The results showed that when only weather change is considered, the margin of error could be acceptable for some applications
(the error in annual demand was lower than 20% for all weather scenarios considered). However, after introducing renovation 
scenarios, the error value increased up to 59.5% (depending on the weather and renovation scenarios combination considered). 
The value of slope coefficient increased on average within the range of 3.8% up to 8% per decade, that corresponds to the 
decrease in the number of heating hours of 22-139h during the heating season (depending on the combination of weather and 
renovation scenarios considered). On the other hand, function intercept increased for 7.8-12.7% per decade (depending on the 
coupled scenarios). The values suggested could be used to modify the function parameters for the scenarios considered, and 
improve the accuracy of heat demand estimations.
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Abstract 

This paper proposes a dynamic analytical method to simulate the thermal performances of truncated cone helix ground heat 
exchangers (i.e., the so-called “energy baskets”). These ground-coupled devices are attractive solutions to reduce the initial cost of 
ground-coupled heat pump systems, as they require lower cost to be drilled and installed with respect to traditional boreholes. 
However, both design methodologies and performance assessment models are still not well developed, producing substantial 
uncertainties on final operative performances. This work presents a plain evaluation method based on the heat exchangers theory 
and the analytical solution of the truncated cone helix heat source in a semi-infinite medium. It can be advantageously used to 
simulate the thermal performance of truncated cone helix ground heat exchangers as a function of helix geometries and operative 
conditions evolution (e.g., inlet temperature, fluid flow rate, ground temperature…). Specifically, in this paper, we perform a 
sensitivity analysis of the thermal performances of a case study by varying the main geometrical parameters. Besides, we compare 
the heat transfer of the reference configuration with an equivalent cylindrical arrangment. The truncated coil configuration is more 
effective than cylindrical one as the cone aperture reduces the short-circuits between helix pitch and the equivalent thermal 
resistance with the ground surface. However, obtained results are notably affected by the assumption of an isothermal surface 
temperature, which leads to a shallow/plain helix/spiral as the best configuration: different conclusions are expected when a time 
dependent or adiabatic boundary condition will be accounted in the model. 
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Nomenclature 

Symbols 
𝐫𝐫 generic position vector  
𝐫𝐫′ position vector of the helix/heat generating points 
Rth,p linear thermal resistance between the fluid and the duct-ground interface, Km/W 
NTU  number of transfer units 
𝑐𝑐  heat capacity, J/kg/K 
ṁ  flow rate, kg/s 
𝑟𝑟𝑏𝑏 radius of the bottom base, m 
𝑟𝑟𝑡𝑡 radius of the top base, m 
ℎ𝑏𝑏  position of the bottom base, m 
hconv convective coefficient within the duct, W/(m2 K) 
ℎ𝑡𝑡  position of the top base, m 
q̇l linear heat flux, W/m 
t time, s 
 
Greek letters 
Θg dimensionless temperature solution of the homogeneous problem 
α thermal diffusivity, m2/s 
β auxiliary variable 
ϵ heat transfer effectiveness 
𝜃𝜃 temperature, °C or K 
λ thermal conductivity, W/(m K) 
𝜓𝜓 cone aperture, rad 
 
Subscripts 
𝑏𝑏 bottom base 
f circulating fluid 
𝑔𝑔 ground 
𝑖𝑖 inner 
𝑜𝑜 outer 
𝑝𝑝 helix duct/pipe 
𝑡𝑡 top base 
 
Superscripts 
̅  average 
0 initial condition 
𝑖𝑖 generic i-th time step 
𝑛𝑛 current time step 
 
Acronyms and abbreviations 
GHEX  Ground-coupled heat exchangers 
GSHP  Ground-source heat pump system 
TCoGEHX  Truncated Cone Helix Ground Heat Exchangers 
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1. Introduction 

Truncated cone helix ground heat exchangers (TCoGEHX) (i.e., the so-called “energy baskets”) are attractive 
solutions to reduce the installation costs of ground-source heat pump systems (GSHP). They consist of a heat 
exchanging loop, buried at a shallow depth in the ground, forming a cylindrical or a truncated cone helix (see Fig. 1). 
Typical values for 𝑟𝑟𝑡𝑡, ℎ𝑏𝑏, and ℎ𝑡𝑡 goes from 1 to 2 meters, 2 to 3 meters, 0.5 to 1 meters, respectively. 

(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

(b) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fig. 1. (a) Cylindrical (or spiral) coil ground heat exchanger; (b) truncated cone helix ground heat exchangers. 

To the best of our knowledge, there are no sufficiently plain and established methods to evaluate the energy 
performances of those GHEXs [1]. The evaluation process consists of a full 3D transient heat transfer problem with a 
complex geometry, different thermo-physical properties of materials (i.e., the fluid, the duct, and ground), transient 
operative and boundary conditions (e.g. surface temperature of the ground surface, inlet temperature to the GEHX and 
fluid flow rate). Except for nominal performance declared by manufactures or too simple and approximate rules-of-
thumb (see, for instance, [2-3]), both research and professional operators lack handy design tools to assess the 
performance of different configurations and figure out the best solution in any specific case, even for a preliminary 
analysis.  

Many works use a numerical approach to analyze TCoGEHXs [4-7]. However, numerical methods are characterized 
by a significant computational effort and do not represent a handy design tool, as they are strongly related to an accurate 
description of the specific case to be simulated. Moreover, the HVAC sector is experiencing an increasing employment 
of dynamic simulations and optimization routines which require simplified and fast routines to simulate the operative 
performance of the overall GSHP system [8-9]. Components models must therefore be based on a proper tradeoff 
between accuracy and computational effort.  

In this perspective, analytical models represent an attractive alternative to full 3D transient numerical simulations 
because they can provide fast, practical and general indications with a reduced computational effort and flexibility in 
parametric evaluations. Besides, analytical formulations can be summarized in dimensionless maps and correlations, 
obtaining handy design, simulation and comparison tools for different types of GHEXs. 

Several analytical models have been developed in recent years: among the others, we recall the models presented 
by [1,10-13] and based on the integration of Green’s function [14] with respect to the time and assuming heat 
exchanging pipes as a series of linear ring-coils, as a linear helix, or as a surface heat source. The reader can refer to 
[15] or further details on available models for cylindrical coil ground heat exchangers. 

The main drawback of the models presented in literature consists of considering the heat source as a constant 
homogenous heat source along the ducts: in other words, the linear heat flux, 𝑊𝑊/𝑚𝑚, is assumed as a fixed boundary 
condition. This assumption does not account for the temperature distribution of the fluid over the GHEX and does not 
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account for the influence of the geometry, mass flow rate, inlet temperature and ground temperature evolution on the 
actual heat exchange between the fluid and the ground. Moreover, the inlet temperature and flow rate are variables 
parameters that depend on the actual characteristics and operative conditions of the overall GSHP system [9]. 

To overcome this issue, [16] coupled the classical heat exchanger theory (i.e., ε-NTU) [17] to the dynamic thermal 
response of the ground-coupled apparatus, obtaining a direct correlation among time, supply temperature from HP 
unit(s), materials and geometrical properties of the GHEX and ground source. The evolution of all quantities is 
evaluated through the time and space superposition techniques [14, 17], preserving the analytical nature of the 
methods. The validity range of space and time scales for using the ε-NTU method has been investigated in [19]. 

In Section 2, we described how the same methodology presented [14, 18] can be used to analyze the thermal 
performance of different TCoGEHX geometries. In Section 3, we present a case study to show the results obtainable 
by the proposed methodology. Besides, we perform a preliminary sensitivity analysis on the long-term performances 
varying one geometrical parameter at time to identify which quantity mainly affect the exchange. Finally, we compare 
the heat capacity of the reference case with an equivalent cylindrical configuration.  

2. The application of the ε-NTU method to TCoGEHXs. 

In this work, we refer to the truncated cone helix heat source model presented in [1]. In fact, cylindrical helix 
configurations can be seen as a limit case of the TCoGEHX, assuming 𝜓𝜓 = 0. As mentioned in the Introduction, [1] 
presented the analytical expression of the temperature evolution in the ground, assuming a constant and homogeneous 
helix heat source, which represents the heat exchanging coil: we refer to this problem as the homogeneous one†. The 
dimensionless solution of that problem reads: 

𝛩𝛩𝑔𝑔 = 1
4𝜋𝜋 ∫ √[1 + (𝐻𝐻𝑚𝑚𝑚𝑚 − 𝐵𝐵

2𝜋𝜋 𝛽𝛽)] + 𝐵𝐵2

4𝜋𝜋2 (1 + (𝑡𝑡𝑡𝑡𝑡𝑡 𝜓𝜓)2) [ 1
𝐷𝐷𝑝𝑝

𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 ( 𝐷𝐷𝑝𝑝

2√𝐹𝐹𝑜𝑜𝑟𝑟𝑚𝑚𝑚𝑚
) − 1

𝐷𝐷𝑛𝑛
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 ( 𝐷𝐷𝑛𝑛

2√𝐹𝐹𝑜𝑜𝑟𝑟𝑚𝑚𝑚𝑚
)] 𝑑𝑑𝛽𝛽2𝜋𝜋𝐻𝐻𝑏𝑏/𝐵𝐵 

2𝜋𝜋𝐻𝐻𝑡𝑡/𝐵𝐵  

   (1) 

where: 

𝐷𝐷𝑝𝑝 = √𝑅𝑅2 + [1 + (𝐻𝐻𝑚𝑚𝑚𝑚 − 𝐵𝐵
2𝜋𝜋 𝛽𝛽) 𝑡𝑡𝑡𝑡𝑡𝑡 𝜓𝜓]

2
− 2𝑅𝑅 [1 + (𝐻𝐻𝑚𝑚𝑚𝑚 − 𝐵𝐵

2𝜋𝜋 𝛽𝛽) 𝑡𝑡𝑡𝑡𝑡𝑡 𝜓𝜓] 𝑒𝑒𝑐𝑐𝑐𝑐(𝜑𝜑 − 𝛽𝛽) + (𝑍𝑍 − 𝐵𝐵
2𝜋𝜋 𝛽𝛽)

2
 

𝐷𝐷𝑛𝑛 = √𝑅𝑅2 + [1 + (𝐻𝐻𝑚𝑚𝑚𝑚 − 𝐵𝐵
2𝜋𝜋 𝛽𝛽) 𝑡𝑡𝑡𝑡𝑡𝑡 𝜓𝜓]

2
− 2𝑅𝑅 [1 + (𝐻𝐻𝑚𝑚𝑚𝑚 − 𝐵𝐵

2𝜋𝜋 𝛽𝛽) 𝑡𝑡𝑡𝑡𝑡𝑡 𝜓𝜓] 𝑒𝑒𝑐𝑐𝑐𝑐(𝜑𝜑 − 𝛽𝛽) + (𝑍𝑍 + 𝐵𝐵
2𝜋𝜋 𝛽𝛽)

2
 

𝛩𝛩𝑔𝑔 = 𝜆𝜆𝑔𝑔(𝜃𝜃 − 𝜃𝜃0)/�̇�𝑞𝑙𝑙     𝐻𝐻𝑚𝑚𝑚𝑚 = ℎ𝑚𝑚𝑚𝑚/𝑒𝑒𝑚𝑚𝑚𝑚     𝐵𝐵 = 𝑏𝑏/𝑒𝑒𝑚𝑚𝑚𝑚     𝑅𝑅 = 𝑒𝑒/𝑒𝑒𝑚𝑚𝑚𝑚     𝑍𝑍 = 𝑧𝑧/𝑒𝑒𝑚𝑚𝑚𝑚     𝐹𝐹𝑐𝑐𝑟𝑟𝑚𝑚𝑚𝑚 = 𝛼𝛼𝑔𝑔𝑡𝑡/𝑒𝑒𝑚𝑚𝑚𝑚
2  

𝑒𝑒𝑚𝑚𝑚𝑚 = (𝑒𝑒𝑡𝑡 + 𝑒𝑒𝑏𝑏) 2⁄      ℎ𝑚𝑚𝑚𝑚 = (ℎ𝑡𝑡 + ℎ𝑏𝑏) 2⁄  

In an engineering perspective, the actual linear heat flux �̇�𝑞𝑙𝑙 is unknown and it must be determined as a function of 
helix geometry, thermo-physical properties of the media, and operative parameters (e.g., supply temperature, 𝜃𝜃𝑓𝑓,𝑚𝑚𝑛𝑛, 
and flow rate, �̇�𝑚𝑓𝑓). Moreover, �̇�𝑞𝑙𝑙 varies in space and time depending on local temperature of the duct-ground interface 
according to the energy equation of the fluid:  

 

 
† The dimensionless solution of the homogeneous problem represents the evolution of the thermal field within the ground source due to a 
constant and homogeneous heat source. In the GSHP context, that solution is typically named “G-function”. 
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Truncated cone helix ground heat exchangers (TCoGEHX) (i.e., the so-called “energy baskets”) are attractive 
solutions to reduce the installation costs of ground-source heat pump systems (GSHP). They consist of a heat 
exchanging loop, buried at a shallow depth in the ground, forming a cylindrical or a truncated cone helix (see Fig. 1). 
Typical values for 𝑟𝑟𝑡𝑡, ℎ𝑏𝑏, and ℎ𝑡𝑡 goes from 1 to 2 meters, 2 to 3 meters, 0.5 to 1 meters, respectively. 

(a) 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

(b) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Fig. 1. (a) Cylindrical (or spiral) coil ground heat exchanger; (b) truncated cone helix ground heat exchangers. 

To the best of our knowledge, there are no sufficiently plain and established methods to evaluate the energy 
performances of those GHEXs [1]. The evaluation process consists of a full 3D transient heat transfer problem with a 
complex geometry, different thermo-physical properties of materials (i.e., the fluid, the duct, and ground), transient 
operative and boundary conditions (e.g. surface temperature of the ground surface, inlet temperature to the GEHX and 
fluid flow rate). Except for nominal performance declared by manufactures or too simple and approximate rules-of-
thumb (see, for instance, [2-3]), both research and professional operators lack handy design tools to assess the 
performance of different configurations and figure out the best solution in any specific case, even for a preliminary 
analysis.  

Many works use a numerical approach to analyze TCoGEHXs [4-7]. However, numerical methods are characterized 
by a significant computational effort and do not represent a handy design tool, as they are strongly related to an accurate 
description of the specific case to be simulated. Moreover, the HVAC sector is experiencing an increasing employment 
of dynamic simulations and optimization routines which require simplified and fast routines to simulate the operative 
performance of the overall GSHP system [8-9]. Components models must therefore be based on a proper tradeoff 
between accuracy and computational effort.  

In this perspective, analytical models represent an attractive alternative to full 3D transient numerical simulations 
because they can provide fast, practical and general indications with a reduced computational effort and flexibility in 
parametric evaluations. Besides, analytical formulations can be summarized in dimensionless maps and correlations, 
obtaining handy design, simulation and comparison tools for different types of GHEXs. 

Several analytical models have been developed in recent years: among the others, we recall the models presented 
by [1,10-13] and based on the integration of Green’s function [14] with respect to the time and assuming heat 
exchanging pipes as a series of linear ring-coils, as a linear helix, or as a surface heat source. The reader can refer to 
[15] or further details on available models for cylindrical coil ground heat exchangers. 

The main drawback of the models presented in literature consists of considering the heat source as a constant 
homogenous heat source along the ducts: in other words, the linear heat flux, 𝑊𝑊/𝑚𝑚, is assumed as a fixed boundary 
condition. This assumption does not account for the temperature distribution of the fluid over the GHEX and does not 

4 Author name / Energy Procedia 00 (2018) 000–000 

account for the influence of the geometry, mass flow rate, inlet temperature and ground temperature evolution on the 
actual heat exchange between the fluid and the ground. Moreover, the inlet temperature and flow rate are variables 
parameters that depend on the actual characteristics and operative conditions of the overall GSHP system [9]. 

To overcome this issue, [16] coupled the classical heat exchanger theory (i.e., ε-NTU) [17] to the dynamic thermal 
response of the ground-coupled apparatus, obtaining a direct correlation among time, supply temperature from HP 
unit(s), materials and geometrical properties of the GHEX and ground source. The evolution of all quantities is 
evaluated through the time and space superposition techniques [14, 17], preserving the analytical nature of the 
methods. The validity range of space and time scales for using the ε-NTU method has been investigated in [19]. 

In Section 2, we described how the same methodology presented [14, 18] can be used to analyze the thermal 
performance of different TCoGEHX geometries. In Section 3, we present a case study to show the results obtainable 
by the proposed methodology. Besides, we perform a preliminary sensitivity analysis on the long-term performances 
varying one geometrical parameter at time to identify which quantity mainly affect the exchange. Finally, we compare 
the heat capacity of the reference case with an equivalent cylindrical configuration.  

2. The application of the ε-NTU method to TCoGEHXs. 

In this work, we refer to the truncated cone helix heat source model presented in [1]. In fact, cylindrical helix 
configurations can be seen as a limit case of the TCoGEHX, assuming 𝜓𝜓 = 0. As mentioned in the Introduction, [1] 
presented the analytical expression of the temperature evolution in the ground, assuming a constant and homogeneous 
helix heat source, which represents the heat exchanging coil: we refer to this problem as the homogeneous one†. The 
dimensionless solution of that problem reads: 

𝛩𝛩𝑔𝑔 = 1
4𝜋𝜋 ∫ √[1 + (𝐻𝐻𝑚𝑚𝑚𝑚 − 𝐵𝐵

2𝜋𝜋 𝛽𝛽)] + 𝐵𝐵2

4𝜋𝜋2 (1 + (𝑡𝑡𝑡𝑡𝑡𝑡 𝜓𝜓)2) [ 1
𝐷𝐷𝑝𝑝

𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 ( 𝐷𝐷𝑝𝑝

2√𝐹𝐹𝑜𝑜𝑟𝑟𝑚𝑚𝑚𝑚
) − 1

𝐷𝐷𝑛𝑛
𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 ( 𝐷𝐷𝑛𝑛

2√𝐹𝐹𝑜𝑜𝑟𝑟𝑚𝑚𝑚𝑚
)] 𝑑𝑑𝛽𝛽2𝜋𝜋𝐻𝐻𝑏𝑏/𝐵𝐵 

2𝜋𝜋𝐻𝐻𝑡𝑡/𝐵𝐵  

   (1) 

where: 

𝐷𝐷𝑝𝑝 = √𝑅𝑅2 + [1 + (𝐻𝐻𝑚𝑚𝑚𝑚 − 𝐵𝐵
2𝜋𝜋 𝛽𝛽) 𝑡𝑡𝑡𝑡𝑡𝑡 𝜓𝜓]

2
− 2𝑅𝑅 [1 + (𝐻𝐻𝑚𝑚𝑚𝑚 − 𝐵𝐵

2𝜋𝜋 𝛽𝛽) 𝑡𝑡𝑡𝑡𝑡𝑡 𝜓𝜓] 𝑒𝑒𝑐𝑐𝑐𝑐(𝜑𝜑 − 𝛽𝛽) + (𝑍𝑍 − 𝐵𝐵
2𝜋𝜋 𝛽𝛽)

2
 

𝐷𝐷𝑛𝑛 = √𝑅𝑅2 + [1 + (𝐻𝐻𝑚𝑚𝑚𝑚 − 𝐵𝐵
2𝜋𝜋 𝛽𝛽) 𝑡𝑡𝑡𝑡𝑡𝑡 𝜓𝜓]

2
− 2𝑅𝑅 [1 + (𝐻𝐻𝑚𝑚𝑚𝑚 − 𝐵𝐵

2𝜋𝜋 𝛽𝛽) 𝑡𝑡𝑡𝑡𝑡𝑡 𝜓𝜓] 𝑒𝑒𝑐𝑐𝑐𝑐(𝜑𝜑 − 𝛽𝛽) + (𝑍𝑍 + 𝐵𝐵
2𝜋𝜋 𝛽𝛽)

2
 

𝛩𝛩𝑔𝑔 = 𝜆𝜆𝑔𝑔(𝜃𝜃 − 𝜃𝜃0)/�̇�𝑞𝑙𝑙     𝐻𝐻𝑚𝑚𝑚𝑚 = ℎ𝑚𝑚𝑚𝑚/𝑒𝑒𝑚𝑚𝑚𝑚     𝐵𝐵 = 𝑏𝑏/𝑒𝑒𝑚𝑚𝑚𝑚     𝑅𝑅 = 𝑒𝑒/𝑒𝑒𝑚𝑚𝑚𝑚     𝑍𝑍 = 𝑧𝑧/𝑒𝑒𝑚𝑚𝑚𝑚     𝐹𝐹𝑐𝑐𝑟𝑟𝑚𝑚𝑚𝑚 = 𝛼𝛼𝑔𝑔𝑡𝑡/𝑒𝑒𝑚𝑚𝑚𝑚
2  

𝑒𝑒𝑚𝑚𝑚𝑚 = (𝑒𝑒𝑡𝑡 + 𝑒𝑒𝑏𝑏) 2⁄      ℎ𝑚𝑚𝑚𝑚 = (ℎ𝑡𝑡 + ℎ𝑏𝑏) 2⁄  

In an engineering perspective, the actual linear heat flux �̇�𝑞𝑙𝑙 is unknown and it must be determined as a function of 
helix geometry, thermo-physical properties of the media, and operative parameters (e.g., supply temperature, 𝜃𝜃𝑓𝑓,𝑚𝑚𝑛𝑛, 
and flow rate, �̇�𝑚𝑓𝑓). Moreover, �̇�𝑞𝑙𝑙 varies in space and time depending on local temperature of the duct-ground interface 
according to the energy equation of the fluid:  

 

 
† The dimensionless solution of the homogeneous problem represents the evolution of the thermal field within the ground source due to a 
constant and homogeneous heat source. In the GSHP context, that solution is typically named “G-function”. 
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�̇�𝑚𝑓𝑓𝑐𝑐𝑓𝑓
𝜕𝜕𝜃𝜃𝑓𝑓
𝜕𝜕𝜕𝜕 = 2𝜋𝜋𝑟𝑟𝑝𝑝,𝑜𝑜[𝜃𝜃𝑓𝑓−𝜃𝜃𝑝𝑝(𝒓𝒓′,𝑡𝑡)]

𝑅𝑅𝑡𝑡ℎ,𝑝𝑝
= �̇�𝑞𝜕𝜕(𝒓𝒓′, 𝑡𝑡)   (2) 

where 𝒓𝒓′ is the considered position over the helix, 𝜃𝜃𝑝𝑝(𝒓𝒓′, 𝑡𝑡) is the local temperature of the duct-ground interface, 
and 𝑅𝑅𝑡𝑡ℎ,𝑝𝑝 is the thermal resistance between the fluid and the ground (see Eq. 9). Eq. 2 is the constitutive equation of 
the classical heat exchanger theory; thus, we can write the overall thermal performance of the GHEX, �̇�𝑄𝜕𝜕 , using the 
𝜖𝜖 − 𝑁𝑁𝑁𝑁𝑁𝑁 method [17], namely: 

�̇�𝑄𝜕𝜕(𝑡𝑡) = �̅�𝑞𝜕𝜕(𝑡𝑡)𝐿𝐿ℎ𝑒𝑒𝜕𝜕𝑒𝑒𝑒𝑒 = �̇�𝑚𝑓𝑓𝑐𝑐𝑓𝑓 (𝜃𝜃𝑓𝑓,𝑒𝑒𝑖𝑖 − 𝜃𝜃𝑓𝑓,𝑜𝑜𝑜𝑜𝑡𝑡(𝑡𝑡)) = 𝜖𝜖𝑝𝑝�̇�𝑚𝑓𝑓𝑐𝑐𝑓𝑓(𝜃𝜃𝑓𝑓,𝑒𝑒𝑖𝑖 − �̅�𝜃𝑝𝑝(𝑡𝑡))  (3) 

where �̅�𝑞𝜕𝜕 is the average linear heat flux over the helix length, 𝜖𝜖𝑝𝑝 is the heat transfer effectiveness, and �̅�𝜃𝑝𝑝 is the 
average temperature of the duct-ground interface over the helix length.  

Eq. 3 relates �̇�𝑄𝜕𝜕(𝑡𝑡) and 𝜃𝜃𝑓𝑓,𝑜𝑜𝑜𝑜𝑡𝑡(𝑡𝑡) to �̅�𝜃𝑝𝑝 evolution; on the other hand, �̅�𝜃𝑝𝑝 evolves according to Eq. 1 depending on �̅�𝑞𝜕𝜕 
value. The set of the two equations can be solved through the Duhamel’s Theorem [14], i.e. the time superposition 
techniques.  

A time variant �̅�𝑞𝜕𝜕(𝑡𝑡) introduces a nonhomogeneous time-dependent boundary condition for the problem of the heat 
diffusion in the ground. The solution of that nonhomogeneous problem can be derived from the homogeneous one 
(i.e., Eq. 1) as: 

𝜃𝜃(𝒓𝒓, 𝑡𝑡) − 𝜃𝜃(𝒓𝒓, 0) = 1
𝜆𝜆𝑔𝑔

∫ �̅�𝑞𝜕𝜕(𝒓𝒓′, 𝛽𝛽) 𝜕𝜕𝛩𝛩𝑔𝑔(𝒓𝒓,𝒓𝒓′,𝑡𝑡−𝛽𝛽)
𝜕𝜕𝛽𝛽 𝑑𝑑𝛽𝛽𝑡𝑡

0   (4) 

If �̇�𝑞𝜕𝜕 is assumed as a series of step changes Δ�̇�𝑞𝜕𝜕, occurring at tines 𝑡𝑡 = 𝑖𝑖𝑖𝑖𝑡𝑡, Eq. 4 becomes: 

𝜃𝜃(𝒓𝒓, 𝑡𝑡 = 𝑛𝑛𝑖𝑖𝑡𝑡) − 𝜃𝜃(𝒓𝒓, 0) = 1
𝜆𝜆𝑔𝑔

∑ 𝛩𝛩𝑔𝑔(𝒓𝒓, 𝑖𝑖𝑖𝑖𝑡𝑡)[�̅�𝑞𝜕𝜕
𝑖𝑖−𝑒𝑒+1 − �̅�𝑞𝜕𝜕

𝑖𝑖−𝑒𝑒]𝑖𝑖
𝑒𝑒=1    (5) 

For the sake of readability, in Eq 5 and the next ones, we use the subscripts to indicate the time at which the quantity 
is referred. 

�̅�𝜃𝑝𝑝value cannot be calculated directly through Eq. 1 as it presents a singularity in 𝒓𝒓 = 𝒓𝒓′. Thus, we assume �̅�𝜃𝑝𝑝 as 
the average ground temperature, �̅�𝛩𝑝𝑝, over a circular surface having the helix as extrusion line and radius equal to 𝑟𝑟𝑝𝑝,𝑜𝑜. 
The evaluation method of �̅�𝜃𝑝𝑝 is already used and presented in [1]. Following the just-mentioned hypothesis, as shown 
in [17], Eqs. 3 and 5 can be rearranged as: 

�̅�𝜃𝑝𝑝
𝑖𝑖 = [�̅�𝛩𝑝𝑝

1 𝜖𝜖𝑝𝑝�̇�𝑚𝑓𝑓𝑐𝑐𝑓𝑓
𝐿𝐿ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝜆𝜆𝑔𝑔

(𝜃𝜃𝑓𝑓,𝑒𝑒𝑖𝑖
𝑖𝑖 + �̅�𝜃𝑝𝑝

𝑖𝑖−1 − 𝜃𝜃𝑓𝑓,𝑒𝑒𝑖𝑖
𝑖𝑖−1) + ∑ �̅�𝛩𝑝𝑝𝑒𝑒

𝜆𝜆𝑔𝑔
𝑖𝑖
𝑒𝑒=2 (�̅�𝑞𝜕𝜕

𝑖𝑖−𝑒𝑒+1 − �̅�𝑞𝜕𝜕
𝑖𝑖−𝑒𝑒) + �̅�𝜃𝑝𝑝

0] / (1 + �̅�𝛩𝑝𝑝
1 𝜖𝜖𝑝𝑝�̇�𝑚𝑓𝑓𝑐𝑐𝑓𝑓

𝐿𝐿ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝜆𝜆𝑔𝑔
) (6) 

�̇�𝑄𝜕𝜕
𝑖𝑖 = �̅�𝑞𝜕𝜕

𝑖𝑖𝑙𝑙 = 𝜖𝜖𝑝𝑝�̇�𝑚𝑓𝑓𝑐𝑐𝑓𝑓(𝜃𝜃𝑓𝑓,𝑒𝑒𝑖𝑖
𝑖𝑖 − �̅�𝜃𝑝𝑝

𝑖𝑖)

The heat transfer effectiveness 𝜖𝜖𝑝𝑝 and the thermal resistance of the pipe can be evaluated as: 

𝜖𝜖𝑝𝑝 = 1 − 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑁𝑁𝑁𝑁𝑁𝑁𝑝𝑝) = 1 − 𝑒𝑒𝑒𝑒𝑒𝑒 (− 𝐿𝐿ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
𝑚𝑚𝑓𝑓𝑐𝑐𝑓𝑓𝑅𝑅𝑡𝑡ℎ,𝑝𝑝

)  (8) 

𝑅𝑅𝑡𝑡ℎ,𝑝𝑝 = 𝑅𝑅𝑡𝑡ℎ,𝑐𝑐𝑜𝑜𝑖𝑖𝑐𝑐 + 𝑅𝑅𝑡𝑡ℎ,𝑐𝑐𝑜𝑜𝑖𝑖𝑐𝑐 = 𝜕𝜕𝑖𝑖(𝑟𝑟𝑝𝑝,𝑜𝑜 𝑟𝑟𝑝𝑝,𝑒𝑒⁄ )
2𝜋𝜋𝜆𝜆𝑝𝑝

+ 1
2𝜋𝜋𝑟𝑟𝑝𝑝,𝑒𝑒ℎ𝑐𝑐𝑜𝑜𝑐𝑐𝑐𝑐

  (9) 

where ℎ𝑐𝑐𝑜𝑜𝑖𝑖𝑐𝑐  can be evaluated through the classical Gnielinski formula for turbulent flow [17]. We invite the reader 
to pay attention to the subscript 𝑡𝑡 in the θf,in

t  expression. This means that any profile of θf,in evolution can be simulated 
through the present method. 
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3. Application example 

In this work, we employ the method presented in Section 2 to analyze the thermal performance of a TCoGEHXs. 
The geometrical parameters and the operative conditions are shown in Table 1. Besides, we perform a sensitivity 
analysis of the GEHX performances as a function of the main geometrical parameters, also comparing the steady-state 
heat exchange with an equivalent cylindrical coil ground heat exchanger. The term “equivalent” refers to a cylindrical 
coil with the same mean depth, ℎ𝑚𝑚𝑚𝑚 , and mean radius, 𝑟𝑟𝑚𝑚𝑚𝑚 . The circulating fluid is assumed as pure water. 

     Table 1. Geometrical and thermo-physical parameters of the case study. The reference values are in bold. 

Varied parameters Value(s) Fixed Parameters Value 

Minor radius, 𝑟𝑟𝑏𝑏 2, 1.5,1, 0.5 Installation depth, m 0.5 
Helix depth, m 0.5, 1, 2, 4 Duct outer/inner diameter, m 0.032/0.026 
Helix pitch, m 0.08, 0.16, 0.32, 0.48 Thermal conductivity of the duct, W/m/K 0.4 
Mass flow rate, kg/s 0.25, 0.5, 1 Thermal conductivity of the ground, W/m/K 1.78 
  Thermal diffusivity of the ground, m2/s 7.12 x 10-7 
  Major radius, m 2 
  Inlet fluid temperature, °C 5 
  Undisturbed ground temperature, °C 15 

4. Results and discussion 

 
 
 
 
 
 
 
 
 
 
 
 

 

Fig. 2. Evolution of the heat exchanged by the circulating fluid, 𝑄𝑄𝑙𝑙̇ , for the reference configuration (see Table 1).  

Fig. 2 shows the evolution of the thermal performance of the reference TCoGEHX, evaluated through Eq. 6. We 
note that after a few days the heat transfer reaches a steady-state value, which can be intended as the nominal capacity 
of the heat exchanging apparatus.  

Figs. 3 show the variation of that nominal capacity and linear heat flux in all tested configurations. We note that 
increasing the helix pitch results in a higher average linear heat flux, �̅�𝑞, due to a reduced thermal short circuit among 
helix turns. The reduction of the overall performance, �̇�𝑄𝑙𝑙, is lower than 10% even if the coil length is reduced by a 
factor 0.7. Both flow rate and cone aperture slightly affect the overall �̇�𝑄𝑙𝑙 , but we found an optimal 𝜓𝜓 value around 
50°. Further investigations are required on this point to test the generality of that value. We note also that cylindrical 
configuration has lower performances with respect to the truncated cone one as it has a larger equivalent thermal 
resistance between the coil and the ground surface. This conclusion was achieved also by [1]. We find out the same 
conclusion investigating the depth of the coil: higher performances are not obtained with longer ducts, but when the 
helix has an average shallow position.  
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�̇�𝑚𝑓𝑓𝑐𝑐𝑓𝑓
𝜕𝜕𝜃𝜃𝑓𝑓
𝜕𝜕𝜕𝜕 = 2𝜋𝜋𝑟𝑟𝑝𝑝,𝑜𝑜[𝜃𝜃𝑓𝑓−𝜃𝜃𝑝𝑝(𝒓𝒓′,𝑡𝑡)]

𝑅𝑅𝑡𝑡ℎ,𝑝𝑝
= �̇�𝑞𝜕𝜕(𝒓𝒓′, 𝑡𝑡)   (2) 

where 𝒓𝒓′ is the considered position over the helix, 𝜃𝜃𝑝𝑝(𝒓𝒓′, 𝑡𝑡) is the local temperature of the duct-ground interface, 
and 𝑅𝑅𝑡𝑡ℎ,𝑝𝑝 is the thermal resistance between the fluid and the ground (see Eq. 9). Eq. 2 is the constitutive equation of 
the classical heat exchanger theory; thus, we can write the overall thermal performance of the GHEX, �̇�𝑄𝜕𝜕 , using the 
𝜖𝜖 − 𝑁𝑁𝑁𝑁𝑁𝑁 method [17], namely: 

�̇�𝑄𝜕𝜕(𝑡𝑡) = �̅�𝑞𝜕𝜕(𝑡𝑡)𝐿𝐿ℎ𝑒𝑒𝜕𝜕𝑒𝑒𝑒𝑒 = �̇�𝑚𝑓𝑓𝑐𝑐𝑓𝑓 (𝜃𝜃𝑓𝑓,𝑒𝑒𝑖𝑖 − 𝜃𝜃𝑓𝑓,𝑜𝑜𝑜𝑜𝑡𝑡(𝑡𝑡)) = 𝜖𝜖𝑝𝑝�̇�𝑚𝑓𝑓𝑐𝑐𝑓𝑓(𝜃𝜃𝑓𝑓,𝑒𝑒𝑖𝑖 − �̅�𝜃𝑝𝑝(𝑡𝑡))  (3) 

where �̅�𝑞𝜕𝜕 is the average linear heat flux over the helix length, 𝜖𝜖𝑝𝑝 is the heat transfer effectiveness, and �̅�𝜃𝑝𝑝 is the 
average temperature of the duct-ground interface over the helix length.  

Eq. 3 relates �̇�𝑄𝜕𝜕(𝑡𝑡) and 𝜃𝜃𝑓𝑓,𝑜𝑜𝑜𝑜𝑡𝑡(𝑡𝑡) to �̅�𝜃𝑝𝑝 evolution; on the other hand, �̅�𝜃𝑝𝑝 evolves according to Eq. 1 depending on �̅�𝑞𝜕𝜕 
value. The set of the two equations can be solved through the Duhamel’s Theorem [14], i.e. the time superposition 
techniques.  

A time variant �̅�𝑞𝜕𝜕(𝑡𝑡) introduces a nonhomogeneous time-dependent boundary condition for the problem of the heat 
diffusion in the ground. The solution of that nonhomogeneous problem can be derived from the homogeneous one 
(i.e., Eq. 1) as: 

𝜃𝜃(𝒓𝒓, 𝑡𝑡) − 𝜃𝜃(𝒓𝒓, 0) = 1
𝜆𝜆𝑔𝑔

∫ �̅�𝑞𝜕𝜕(𝒓𝒓′, 𝛽𝛽) 𝜕𝜕𝛩𝛩𝑔𝑔(𝒓𝒓,𝒓𝒓′,𝑡𝑡−𝛽𝛽)
𝜕𝜕𝛽𝛽 𝑑𝑑𝛽𝛽𝑡𝑡

0   (4) 

If �̇�𝑞𝜕𝜕 is assumed as a series of step changes Δ�̇�𝑞𝜕𝜕, occurring at tines 𝑡𝑡 = 𝑖𝑖𝑖𝑖𝑡𝑡, Eq. 4 becomes: 

𝜃𝜃(𝒓𝒓, 𝑡𝑡 = 𝑛𝑛𝑖𝑖𝑡𝑡) − 𝜃𝜃(𝒓𝒓, 0) = 1
𝜆𝜆𝑔𝑔

∑ 𝛩𝛩𝑔𝑔(𝒓𝒓, 𝑖𝑖𝑖𝑖𝑡𝑡)[�̅�𝑞𝜕𝜕
𝑖𝑖−𝑒𝑒+1 − �̅�𝑞𝜕𝜕

𝑖𝑖−𝑒𝑒]𝑖𝑖
𝑒𝑒=1    (5) 

For the sake of readability, in Eq 5 and the next ones, we use the subscripts to indicate the time at which the quantity 
is referred. 

�̅�𝜃𝑝𝑝value cannot be calculated directly through Eq. 1 as it presents a singularity in 𝒓𝒓 = 𝒓𝒓′. Thus, we assume �̅�𝜃𝑝𝑝 as 
the average ground temperature, �̅�𝛩𝑝𝑝, over a circular surface having the helix as extrusion line and radius equal to 𝑟𝑟𝑝𝑝,𝑜𝑜. 
The evaluation method of �̅�𝜃𝑝𝑝 is already used and presented in [1]. Following the just-mentioned hypothesis, as shown 
in [17], Eqs. 3 and 5 can be rearranged as: 

�̅�𝜃𝑝𝑝
𝑖𝑖 = [�̅�𝛩𝑝𝑝

1 𝜖𝜖𝑝𝑝�̇�𝑚𝑓𝑓𝑐𝑐𝑓𝑓
𝐿𝐿ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝜆𝜆𝑔𝑔

(𝜃𝜃𝑓𝑓,𝑒𝑒𝑖𝑖
𝑖𝑖 + �̅�𝜃𝑝𝑝

𝑖𝑖−1 − 𝜃𝜃𝑓𝑓,𝑒𝑒𝑖𝑖
𝑖𝑖−1) + ∑ �̅�𝛩𝑝𝑝𝑒𝑒

𝜆𝜆𝑔𝑔
𝑖𝑖
𝑒𝑒=2 (�̅�𝑞𝜕𝜕

𝑖𝑖−𝑒𝑒+1 − �̅�𝑞𝜕𝜕
𝑖𝑖−𝑒𝑒) + �̅�𝜃𝑝𝑝

0] / (1 + �̅�𝛩𝑝𝑝
1 𝜖𝜖𝑝𝑝�̇�𝑚𝑓𝑓𝑐𝑐𝑓𝑓

𝐿𝐿ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝜆𝜆𝑔𝑔
) (6) 

�̇�𝑄𝜕𝜕
𝑖𝑖 = �̅�𝑞𝜕𝜕

𝑖𝑖𝑙𝑙 = 𝜖𝜖𝑝𝑝�̇�𝑚𝑓𝑓𝑐𝑐𝑓𝑓(𝜃𝜃𝑓𝑓,𝑒𝑒𝑖𝑖
𝑖𝑖 − �̅�𝜃𝑝𝑝

𝑖𝑖)

The heat transfer effectiveness 𝜖𝜖𝑝𝑝 and the thermal resistance of the pipe can be evaluated as: 

𝜖𝜖𝑝𝑝 = 1 − 𝑒𝑒𝑒𝑒𝑒𝑒(−𝑁𝑁𝑁𝑁𝑁𝑁𝑝𝑝) = 1 − 𝑒𝑒𝑒𝑒𝑒𝑒 (− 𝐿𝐿ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒
𝑚𝑚𝑓𝑓𝑐𝑐𝑓𝑓𝑅𝑅𝑡𝑡ℎ,𝑝𝑝

)  (8) 

𝑅𝑅𝑡𝑡ℎ,𝑝𝑝 = 𝑅𝑅𝑡𝑡ℎ,𝑐𝑐𝑜𝑜𝑖𝑖𝑐𝑐 + 𝑅𝑅𝑡𝑡ℎ,𝑐𝑐𝑜𝑜𝑖𝑖𝑐𝑐 = 𝜕𝜕𝑖𝑖(𝑟𝑟𝑝𝑝,𝑜𝑜 𝑟𝑟𝑝𝑝,𝑒𝑒⁄ )
2𝜋𝜋𝜆𝜆𝑝𝑝

+ 1
2𝜋𝜋𝑟𝑟𝑝𝑝,𝑒𝑒ℎ𝑐𝑐𝑜𝑜𝑐𝑐𝑐𝑐

  (9) 

where ℎ𝑐𝑐𝑜𝑜𝑖𝑖𝑐𝑐  can be evaluated through the classical Gnielinski formula for turbulent flow [17]. We invite the reader 
to pay attention to the subscript 𝑡𝑡 in the θf,in

t  expression. This means that any profile of θf,in evolution can be simulated 
through the present method. 
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3. Application example 

In this work, we employ the method presented in Section 2 to analyze the thermal performance of a TCoGEHXs. 
The geometrical parameters and the operative conditions are shown in Table 1. Besides, we perform a sensitivity 
analysis of the GEHX performances as a function of the main geometrical parameters, also comparing the steady-state 
heat exchange with an equivalent cylindrical coil ground heat exchanger. The term “equivalent” refers to a cylindrical 
coil with the same mean depth, ℎ𝑚𝑚𝑚𝑚 , and mean radius, 𝑟𝑟𝑚𝑚𝑚𝑚 . The circulating fluid is assumed as pure water. 

     Table 1. Geometrical and thermo-physical parameters of the case study. The reference values are in bold. 

Varied parameters Value(s) Fixed Parameters Value 

Minor radius, 𝑟𝑟𝑏𝑏 2, 1.5,1, 0.5 Installation depth, m 0.5 
Helix depth, m 0.5, 1, 2, 4 Duct outer/inner diameter, m 0.032/0.026 
Helix pitch, m 0.08, 0.16, 0.32, 0.48 Thermal conductivity of the duct, W/m/K 0.4 
Mass flow rate, kg/s 0.25, 0.5, 1 Thermal conductivity of the ground, W/m/K 1.78 
  Thermal diffusivity of the ground, m2/s 7.12 x 10-7 
  Major radius, m 2 
  Inlet fluid temperature, °C 5 
  Undisturbed ground temperature, °C 15 

4. Results and discussion 

 
 
 
 
 
 
 
 
 
 
 
 

 

Fig. 2. Evolution of the heat exchanged by the circulating fluid, 𝑄𝑄𝑙𝑙̇ , for the reference configuration (see Table 1).  

Fig. 2 shows the evolution of the thermal performance of the reference TCoGEHX, evaluated through Eq. 6. We 
note that after a few days the heat transfer reaches a steady-state value, which can be intended as the nominal capacity 
of the heat exchanging apparatus.  

Figs. 3 show the variation of that nominal capacity and linear heat flux in all tested configurations. We note that 
increasing the helix pitch results in a higher average linear heat flux, �̅�𝑞, due to a reduced thermal short circuit among 
helix turns. The reduction of the overall performance, �̇�𝑄𝑙𝑙, is lower than 10% even if the coil length is reduced by a 
factor 0.7. Both flow rate and cone aperture slightly affect the overall �̇�𝑄𝑙𝑙 , but we found an optimal 𝜓𝜓 value around 
50°. Further investigations are required on this point to test the generality of that value. We note also that cylindrical 
configuration has lower performances with respect to the truncated cone one as it has a larger equivalent thermal 
resistance between the coil and the ground surface. This conclusion was achieved also by [1]. We find out the same 
conclusion investigating the depth of the coil: higher performances are not obtained with longer ducts, but when the 
helix has an average shallow position.  
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Fig. 3. Sensitivity analysis of the truncated cone helix ground heat exchanger performance depending on geometrical variables and flow rate. 
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5. Conclusions and future developments 

This work presented an analytical method to simulate the thermal performance of TCoGEHXs depending on 
operative conditions (i.e., inlet temperature and flow rate), thermo-physical properties of the materials (circulating 
fluid, duct, and ground), and geometrical parameters of the truncated cone helix. We presented an illustrative case 
study to show how the proposed method can be used to analyze the performance of different helix geometries. Besides, 
we compared different configurations varying one parameter at time between fluid flow rate, helix dimension and 
aperture. We found that the cone arrangement is more effective than the cylindrical one as the aperture angle reduces 
the short-circuits between helix pitch and the average depth of the heat exchanger. However, the latter finding reveals 
a criticism of the employed model: specifically, assuming an isothermal ground surface always leads to the shallow 
configurations as the best ones; different conclusions are expected when a time dependent (e.g. the evolution of the 
outdoor climate), or adiabatic, boundary condition will be accounted in the model.  

Further development and ongoing activities concerns the validation of the proposed method though full transient 
3D numerical simulation and/or experimental data. The model will be used to develop some general dimensionless 
maps and correlations to fast compare the thermal performance of TCoGEHXs with other shallow ground-coupled 
heat exchangers (e.g., energy piles). Last, but not least, the simulation method described in Section 2 is suitable to be 
employed in a comprehensive dynamic simulation of a GSHP system in order to analyze and optimize the sizing and 
the operative performance of the overall system. 
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5. Conclusions and future developments 

This work presented an analytical method to simulate the thermal performance of TCoGEHXs depending on 
operative conditions (i.e., inlet temperature and flow rate), thermo-physical properties of the materials (circulating 
fluid, duct, and ground), and geometrical parameters of the truncated cone helix. We presented an illustrative case 
study to show how the proposed method can be used to analyze the performance of different helix geometries. Besides, 
we compared different configurations varying one parameter at time between fluid flow rate, helix dimension and 
aperture. We found that the cone arrangement is more effective than the cylindrical one as the aperture angle reduces 
the short-circuits between helix pitch and the average depth of the heat exchanger. However, the latter finding reveals 
a criticism of the employed model: specifically, assuming an isothermal ground surface always leads to the shallow 
configurations as the best ones; different conclusions are expected when a time dependent (e.g. the evolution of the 
outdoor climate), or adiabatic, boundary condition will be accounted in the model.  

Further development and ongoing activities concerns the validation of the proposed method though full transient 
3D numerical simulation and/or experimental data. The model will be used to develop some general dimensionless 
maps and correlations to fast compare the thermal performance of TCoGEHXs with other shallow ground-coupled 
heat exchangers (e.g., energy piles). Last, but not least, the simulation method described in Section 2 is suitable to be 
employed in a comprehensive dynamic simulation of a GSHP system in order to analyze and optimize the sizing and 
the operative performance of the overall system. 
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