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The recently uncovered special Smith-Purcell radiation (S-SPR) from the rectangular
grating has significantly higher intensity than the ordinary Smith-Purcell radiation
(SPR). Its monochromaticity and directivity are also much better. Here we explored
the mechanism of the S-SPR by applying the fundamental electromagnetic theory
and simulations. We have confirmed that the S-SPR is exactly from the radiating
eigen modes of the grating. Its frequency and direction are well correlated with
the beam velocity and structure parameters, which indicates its promising appli-
cations in tunable wave generation and beam diagnostic. C 2015 Author(s). All
article content, except where otherwise noted, is licensed under a Creative
Commons Attribution (CC BY) license (http://creativecommons.org/licenses/by/4.0/).
[http://dx.doi.org/10.1063/1.4939538]

I. INTRODUCTION

Smith-Purcell radiation (SPR), occurring as charged particles passing over a periodic surface,1–6

was one of the hottest research topics in the twentieth century. Even to the present, it has still received
much attentions for its potential in generating terahertz wave radiation,7,8 which can not be easily
obtained by other methods.9–14 The rectangular gratings are commonly used to get the SPR in these
applications.15,16 As is known, the ordinary Smith-Purcell radiation (O-SPR) from grating is a broad
spectra emission which extends to all directions above the grating.17 The radiation wavelength and
direction satisfy the following famous relation:

λ = −L
n
( 1
β
− cos θ), (1)

where λ is radiation wavelength, L is the structural period, n is a negative integer, β is the ratio of
beam velocity to light speed, and θ denotes the radiation direction.

Recently, an interesting special kind of Smith-Purcell radiation (S-SPR) from the rectangular
grating was uncovered in Ref. 18. By simply reducing the groove width of the grating (see Fig. 1), a
monochromaticity radiation with much higher intensity in specified direction was obtained by simu-
lations. Yet in Ref. 18, the detailed theoretical analyses were not carried out. To better understand this
radiation and to find its possible applications, in the present paper we further explore the mechanism
and requirement of the S-SPR. By analyzing the dispersion and radiation characteristics, we find that
the S-SPR is exactly from the radiating eigen modes of the grating. In mechanism, it is similar to the
exotic enhanced SPR from the photonic crystals (PhCs),19,20 which is generated from the photonic
band (PB) modes of the PnCs excited by electron beam. As is known that the PhCs based SPR can
generate narrow-band radiation with intensity orders higher than that from an ordinary grating.21
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FIG. 1. Schematic diagram of the SPR from a rectangular grating excited by uniformly moving electron beam.

While we will show that, for the S-SPR, the radiating eigen modes are just as the PBs which essen-
tially lead to the enhancement. In other words, by properly adjusting the grating parameters and beam
velocity, the exotic enhanced SPR can also be achieved in an ordinary grating, which is demonstrated
for the first time to our knowledge. Obviously, compared with the PnCs, the rectangular grating is
much simpler for experiments. Its remarkable advantages in intensity, tunability, and simpleness in
structure make it a promising way for tunable wave generation and beam energy diagnostic.

The paper is organized as follows: section II presents the derivation of the theoretical formulas;
section III analyzes the dispersion characteristics of the eigen modes in the grating; the mechanism
and requirements of the S-SPR are explored in section IV, where the possible applications are also
discussed; section V is the conclusion.

II. DERIVATION OF THE FORMULAS

The schematic diagram of the problem that we are going to analyze is shown in Fig. 1, in which
an electron beam passes over a conductor grating with rectangular grooves. It is well known that the
electron beam will excite the resonator modes in the grooves and the diffraction radiation in the upper
half-space. The mode matching method can be used to handle the problem.

In the Cartesian coordinate system shown in the figure, the induced electric field in z-direction
(Ez component) by the electron beam should satisfy the following non-homogeneous equation22:

∂2Ei
z

∂x2 +
∂2Ei

z

∂z2 −
1
c2

∂2Ei
z

∂t2 =
1
ε0

∂ρ

∂z
+ µ0

∂Jz
∂t

, (2)

where c is the light speed in vacuum, ε0 and µ0 are respectively the permittivity and permeability
of the vacuum. ρ and Jz respectively denote the charge density and current density, and for the line
electron beam with quantity of q and velocity of v , they can be expressed as22:

ρ = qδ(x − x0)δ(z − vt), (3)

Jz = qvδ(x − x0)δ(z − vt), (4)

where x0 denotes the x-directional position of the electron beam as shown in the figure. Note that
here we only consider the 2D model, in which the y-directional dependences are ignored.

With the help of Fourier transformation method, Eq. (2) can be solved and the Ez component
with circular frequency ω can be obtained:

Ei
z =

ωµq
4πkc

( 1
β2 − 1)e− jkc |x−x0|− jkzz, (5)

where kc =


k2
0 − k2

z =

(ω
c
)2 − (ω

v
)2. Applying the Maxwell equations, other field components of

the induced waves can be obtained:
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Ei
x = s

kz
k2
c

ωµq
4π

( 1
β2 − 1)e− jkc(x−x0)− jkzz

H i
y = s

ωε

k2
c

ωµq
4π

( 1
β2 − 1)e− jkc(x−x0)− jkzz

, (6)

where s = −1 for x > x0 and s = 1 for x < x0.
The induced waves will be diffracted in the upper half-space of the grating. To satisfy the peri-

odic boundary conditions of the grating, the diffraction waves should be expanded into infinite space
harmonics23:




E I
z =

∞
n=−∞

Ane−kxnxe− jkznz

E I
x =

∞
n=−∞

An
− j kzn

kxn
e−kxnxe− jkznz

H I
y =

∞
n=−∞

An
− jωε
kxn

e−kxnxe− jkznz

, (7)

where kxn =


k2
zn − k2

0, kzn = kz + 2nπ
L

, and Ans are the coefficients to be determined by boundary
conditions. Note that if kzn > k0, kxn is real, which means that the diffraction waves are evanescent
in the x-direction and can not radiate into space; while if kzn < k0, kxn is imaginary, signifying the
diffraction waves can radiate into upper half-space. Readily to find that only the negative harmonic
waves (n < 0) can radiate. The radiation wavelength and direction should satisfy the SPR relation of
Eq. (1).

As for the resonator modes in the grooves, we consider the case that the groove width is much
less than the radiation wavelength. Then the fields in the grooves can be expressed as the transverse
electric and magnetic (TEM) mode in the x-direction23:




E I I
z = C

sin[k0(h + x)]
sin(k0h)

H I I
y = C

− jωε
k0

cos[k0(h + x)]
sin(k0h)

. (8)

The incident waves, diffraction waves, and the resonator modes presented above should satisfy the
the following mode matching conditions at the groove aperture23:




Ei
z

�
x=0 + E I

z

�
x=0 = E I I

z

�
x=0, − d/2 < z < d/2

d/2
−d/2

( H i
y
���x=0
+ H I

y
���x=0

)dx =

d/2
−d/2

H I I
y
���x=0

dx
. (9)

Substituting Eqs. (6)-(8) into Eq. (9) and doing complicate but straightforward arithmetical oper-
ation, coefficients (Ans) of the diffraction waves can be solved. The radiation power per unit angle
can then be obtained by:

dP
dθ
=

n=∞
n=−∞

 d/2
−d/2 Sxn(θn)dz

sin θn
, (10)

where Sxn(θn) is the Poynting vector of the radiation wave with the n-th harmonic order:

Sxn(θn) =
E I
znH I

yn
∗

−2
= |An |2ωε

τn
. (11)

Here ‘∗’ is the conjugate operator and τn = j kxn. For most cases, the first negative space harmonic
(n = −1) dominants the diffraction wave. So we only consider the n = −1 component, Eq. (10) is then
simplified as:
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dP
dθ

�����n=−1
=

ωεL
τ−1 sin θ−1

|A−1|2 (12)

The detailed calculations will be given in the following sections.

III. INVESTIGATION ON THE EIGEN MODES OF THE GRATING

The eigen modes of the grating plays the essential role in determining the diffraction charac-
teristics. Yet in almost all previous literatures about the grating, only the evanescent eigen modes
were considered, the radiating eigen modes have never been investigated to our knowledge. It may
be because the gratings were most commonly used as slow wave structure, where only the surface
modes were applied to interact with the electron beam.16 In order to find the mechanism of the S-SPR
and to illustrate the differences between the O-SPR and the S-SPR, here we will specifically analyze
the radiating eigen modes of the grating.

As is known that the characteristics of the electromagnetic modes in the grating are governed by
the dispersion equation, which can be derived by letting the incident fields vanish in Eq. (9):

Ld
4

∞
n=−∞

k2
znkxn

sin2(kznd/2) = k0 tan k0h. (13)

In calculations, we keep the period L to be 1 mm, and gradually changing the width and depth
of the rectangular grooves (change the values of d/L and h/L). The calculated dispersion curves in
Brillouin diagram are shown in Fig. 2. Here only the fundamental modes are considered because
they are the dominant modes in radiation. The subplots (a)-(d) respectively denote the cases that h/L
is 0.5, 0.4, 0.3, and 0.2. The curves in the shadow regions denote the slow waves or surface modes
bounding to the grating. Other curves signify the radiation modes. We can see that when the groove
depth or groove width is relatively large, see the cases that h/L ≥ 0.4 or d/L ≥ 0.2 in the figure, both
the surface modes and radiation modes can exist in the grating. While as both the groove depth and
groove width are very small, the surface modes can not exist, see the cases d/L = 0.05 in subplots
(c) and (d). The reasons for this will be illustrated as below.

In physics, the electromagnetic energy of the resonator modes in the rectangular grooves will
‘outflow’ through the groove apertures. They can radiate into the upper half-space or ‘inflow’ to adja-
cent resonators. When an array of resonator modes ‘outflow’ successively, they will couple with each
other. The intercoupling of the radiation part leads to the radiation modes in the upper half-space,
while that of the ‘interflow’ part leads to the surface modes in the grating. Both the radiation modes
and surface modes can independently satisfy the grating’s boundary conditions, namely, they can
independently exist in the grating. When the groove width is reduced, the distance between the adja-
cent resonators will be increased, which weakens or even eliminates the ‘interflow’ coupling of the
resonator modes. The surface modes will no longer exist when the ‘interflow’ coupling is completely
eliminated. This is just the reason for the absence of surface modes in the grating with very narrow
grooves. As for the quite shallow grooves (like a planar surface), they can hardly sustain any resonator
modes for coupling. Readily to understand that neither surface modes nor radiation modes can exist
under this condition.

An phenomenon signifying the coupling is the slopes of dispersion curves. As is known that
the dispersion curves of the resonator modes are a group of horizontal lines with discrete resonator
frequencies.24 The group velocity of resonator modes is zero, i.e., they can not propagate along the
grating. The coupling will cause the dispersion curves to bend, namely, the frequencies of both the
surface modes and radiating modes will deviate from the resonator ones because of the coupling.
And a stronger coupling leads to a larger deviation. This is exactly the reason why the gratings with
narrower grooves have flatter dispersion curves as shown in the figure. The periodically changing of
the slopes stems from the periodicity of grating. For the surface modes, the slopes signify that the
group velocities of waves are in forward or backward direction along the grating.
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FIG. 2. Calculated dispersion curves for different grating parameters: (a) h= 0.5 mm, (b) h= 0.4 mm, (c) h= 0.3 mm, (d)
h= 0.2 mm. In all figures, the grating period is L= 1 mm.
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IV. RADIATION CHARACTERIZATION—THEORETICAL CALCULATION AND
SIMULATIONS

In this section we calculate the diffraction radiations from the grating by applying the formulas
derived in section II. We will specifically investigate the differences between the O-SPR and the
S-SPR. Then based on the analyses in section III we will uncover the mechanism of the S-SPR. In
calculations, we set the charge quantity and the acceleration voltage of the exciting beam to be 10−12 C
and 600 kV, respectively. Structure parameters follow that given in section III. The calculated results
of the radiation spectrums are shown in Fig. 3, in which the subplots (a)-(d) respectively denote the
cases that h/L is 0.5, 0.4, 0.3, and 0.2, following that given in Fig. 2.

When the groove depth or groove width is relatively large, the radiation spectrums will cover a
broad frequency band (without obvious radiation peaks), see the cases that h/L = 0.5 or d/L ≥ 0.2
in the figure. Under these conditions, the radiation waves will extend to a wide range of directions
in the upper half-space, which is the typical feature of the O-SPR. While as both the groove depth
and groove width are relatively small, the radiation intensities will reach sharp peaks at a certain
frequencies, see the cases d/L = 0.05 in subplots (c) and (d). Under these conditions, the radiation
waves will largely focused in the directions specified by Eq. (1), which are exactly the features of the
S-SPR.18 We can observe that the radiation intensities of the S-SPR are an order of magnitude higher
than that of the O-SPR when other parameters are the same.

To find the mechanism of the S-SPR, we reexamine the dispersion curves given in Fig. 2. It shows
that the 600 kV beam line will intersect with the dispersion curves of the eigen modes of the grating,
indicating that these modes will be excited by the electron beam. When the groove depth or groove
width is relatively large, the surface modes will primarily be excited to interact with the electron
beam, which is similar to the beam-wave interaction in the traditional vacuum electronics.16,25 Under
these conditions, the radiation modes can not be effectively excited even though the beam line may
intersect with the radiation modes (as the intensity of the surface modes is much higher than that
of the radiation modes). The radiation here is merely from the grating’s reflection to the evanescent
incident wave of the electron beam, which is exactly the O-SPR.22 While as both the groove depth and
groove width are relatively small, the surface modes can not be excited because the beam line does not
intersect with the surface modes or because the surface modes actually don’t exist as mentioned above
(see the cases d/L = 0.05 in Fig. 2(c) and Fig. 2(d)). Under these conditions, the radiation modes
can effectively interact with the electron beam. Namely, they will be excited to generate radiation,
and the radiation frequency is just the frequencies of the intersections. Examinations show that the
frequencies of the radiation modes coincide well with the peak frequencies of the S-SPR. So we can
confirm that the S-SPR is exactly from the radiation eigen modes of the grating excited by electron
beam. From the above analyses, we can see that the following requirements should be satisfied to
get the S-SPR: the surface modes have not been excited, and simultaneously, the radiation modes
have been excited. To meet these requirements, the structure parameters of the grating and the beam
velocity should be set properly.

It is worth noting that the mechanism of the S-SPR presented above is similar to that of the exotic
radiation from the PhCs,19,20 in which electron beam excites the PB modes of the PnCs to generate
the narrow-band radiation with peak intensity orders higher than that from an ordinary grating. Ex-
aminations revealed that the excited radiation eigen modes of the S-SPR from the grating are just
as the PBs which essentially lead to the remarkable enhancement. So we have demonstrated, for the
first time, that the exotic enhanced radiation can also be found in an ordinary grating with structure
parameter well adjusted. Also note that another similar phenomenon was given in Ref. 26, which
coupled the guided mode in a purpose-designed metamaterial structure into radiation. That structure
was achieved by introducing an additional periodicity to an ordinary one-dimensional metal strips
array. Readily to find that the physics presented in our present paper is more general and the structure
is much simpler to obtain in experiments. Actually, Ref. 26 had not realized that the radiation eigen
modes of an ordinary grating can also enhance the O-SPR.

Now we discuss the applications of the S-SPR. From the above results we can see that the S-SPR
has great advantages in intensity, monochromaticity, and directivity over the O-SPR, which makes it a
promising way for light generation, especially that can not be easily obtained by other methods, such
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FIG. 3. Calculated radiation spectrums for different grating parameters: (a) h= 0.5 mm, (b) h= 0.4 mm, (c) h= 0.3 mm,
(d) h= 0.2 mm. In all figures, the grating period is L= 1 mm. The corresponding radiation directions are shown as the
upper-abscissas.
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FIG. 4. Calculated dispersion curve (a) and radiation spectrums (b) for different excitation beam voltages. Here the grating
parameters are: a= 0.05 mm, h= 0.3 mm, and L= 1 mm.

as terahertz radiation. Additionally, we will show that it is also a tunable radiation. From the dispersion
curves shown in Fig. 2, the frequencies of the radiation modes are determined by the grating param-
eters and beam velocity, which offers the base of tunable light generation. The beam based tuning
(electrical tuning) will be considered here. To get the optimum radiation intensity and tunability, we
choose the structure parameters to be: L = 1 mm, d = 0.05 mm (d/L = 0.05), h = 03 mm (h/L = 0.3),
and change the beam voltage from 400 kV to 1 MV. The dispersion curves of the radiating modes
and the radiation spectrums for different beam voltages are shown in Fig. 4. The radiation frequencies
from the electron beam with voltage of 400 kV, 600 kV, 800 kV, and 1 MV are respectively 214 GHz,
211 GHz, 208 GHz, and 206 GHz, corresponding to the coupling frequencies of beam lines with
dispersion curve. We can observe that the relative tunable range is about 5%.

FIG. 5. Angular distributions of radiation. The grating parameters are the same as that in Fig. 4.
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FIG. 6. Comparisons between simulation results and theoretical results. Here the grating parameters are the same as that
given in Fig. 4.

Another promising application of the S-SPR is the measurement of beam energy. The radiation
directions versus the beam energies are calculated in Fig. 5, in which the grating parameters follow
that given above. The radiation directions from the beam with voltage of 400 kV, 600 kV, 800 kV, and
1 MV are respectively 1010, 1070, 110.50, and 1130 (we have confirmed that the radiation frequen-
cies, beam velocities, and the radiation directions for all cases satisfy the SPR relation). Namely, the
radiation direction has the one-to-one correspondence with the beam energy. So by measuring the
radiation direction of the S-SPR, the beam energy can be determined.

To verify the theoretical results, we have performed the simulations by applying the fully elec-
tromagnetic particle-in-cell (PIC) code.27 The simulation conditions follows that given in Ref. 18,
and the grating parameters are the same as that given in Fig. 4. The comparisons for the theoretical
and simulation results of the radiation frequencies from different beam voltage are shown in Fig. 6.
We can observe that the relative errors for all beams are less than 1%, which indicates the reasonable
agreements have been achieved.

V. CONCLUSION

The special Smith-Purcell radiation from a grating with rectangular grooves was studied by
applying the fundamental electromagnetic theory and simulations. The mechanism and the require-
ment of this radiation were explored. We have found that the S-SPR is from the radiating eigen modes
of a grating excited by an electron beam. Its promising applications in the tunable wave generation
and beam energy diagnostic were discussed.
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