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Abstract: This paper deals with the existence of nontrivial solutions for critical Hardy—Schrédinger—Kirchhoff
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1 Introduction

In this paper, we study the existence of solutions for an elliptic system of Hardy—Schrodinger-Kirchhoff type,
involving the fractional p-Laplacian as well as critical nonlinearities. More precisely, we first consider the
system in RY

s -2 |ulP~2u QB a2
M(l|(u, vIP)(Lyu + V) ulP~“u) - o = AHy(x, u, v) + — [vIP[u|**u,
|x|Ps Ds (S)
T p-2 v|P~2v _ B B-2
M(lI(u, VIP)Lpv + VX)IVIP™7v) — 0 X[PS = AHy(x, u, v) + Flul V"=,
S
where 0 <s<1<p<oo, sp<N,a>1andf>1with a+f=p; and p; = lelgp. The potential function
V: RN - R* verifies
VeCRY) and inf V(x)=V,>0. 4%)
xeRN

The nonlocal fractional operator £3 is defined along any ¢ € C8°(]RN ) by

S0 =lim2 | 1900 - 0P 2(p00 - p)KKx - y) dy
RN\B,(x)

for x € RN, where B, (x) denotes the ball in RN of radius € > 0 at the center x ¢ RN and, throughout the paper,
K : RN\ {0} > R* is a measurable function such that

(@) there exists Ko > 0 such that K(x) > Ko|x|~™*P%) for any x € RN \ {0},

(b) mK € LY(RN), where m(x) = min{|x|?, 1}, x € RV,
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A typical example of K is given by K(x) = |x|"N*+sP)_ In this case, the operator L3, simply reduces to the frac-
tional p-Laplacian, denoted by (-A);. In particular, (-A);, is consistent with the fractional Laplacian (-A)*
as p = 2, and it is well known that (-A);, reduces to the standard p-Laplacian as s T 1 in the limit sense of
Bourgain-Brezis—Mironescu, as shown in [4].

For critical equations in RY we refer the reader to [2, 7, 11, 14, 29] and references therein for the study
of scalar problems with critical nonlinearities.

The main solution space of (8) is W = W’ (RV) x W', (RV), with

Wiy (RY) = {u e PRV, V) ” u(x) - u(y)PK(x - y) dxdy < oo}

R2N

and

LP(RN, V) = {u : RY - R measurable : J VOO lu(x)P dx < 00},
]RN

with norm )

v
v =( [ veorueor dx) .
RN
The space W is endowed with the norm

I, I = ([, I, + 1, V)Iﬁ,v)‘l’

for all (u, v) € W, where

1
p

[, Vip = ([}, + VIR )7 = ( [[ a0 - wnpP + v - viyPIKCx - ) ax dy) ,

e (1.1)

W Vlpy = (ul?y + V2 )5 = ( | veottueor + veory dx)”.

RN

Then W = (W, || - |) is a separable reflexive real Banach space, see [17, 33] for more details.

Because of the presence of the Hardy terms in (§), we assume that the system is non-degenerate. We recall
that the degenerate case for (8) corresponds to M(0) = 0. Hence, throughout the paper, we suppose that the
Kirchhoff function M : R, — R{, is continuous and satisfies
(M1) inftE]RgM(t) =a>0,

(M2) thereexists 6 € [1, %;) such that M(t)t < 6.#(t) forall t € R}, where . (t) = jot M(1) dr.

Usually, the existence of solutions of fractional Kirchhoff problems is derived, when M is also nondecreasing
in R§. For more comments we refer, e.g., to [18, 31, 33]. However, (M1)-(M2) do not force M to be monotone
as the example M(t) = (1 + 6%+ (1 + )7 for t > 0, with O < k < 1, shows. For details we refer to [1, 32].

The parameter ¢ is real and for the Hardy terms in (8) it is important to recall the fractional Hardy—Sobolev
inequality. By [25, Theorems 1 and 2], we know that

» s(1-5s) » «_ DN
lully. < Np (N psyp 1 [uls,ps Ps = N ps’ N > ps,
1 (1.2)
» s(1-5) . p B dx \”
llully, < cN,pm[u]s,p, lullg, = luC)lP s
RN

forall u € DS'P(RY), where the positive constant cy,,, depends only on N and p and D*P(RY) is the fractional
Beppo-Levi space, that is, the completion of CS"(IRN ) with respect to the norm [ - | , defined as

— oI ;
@5,y - ( ” lp(x) - p(y) dxdy)
IRZN

x — y|N+ps
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forany ¢ € C(RN). Hence, denoting by Dy (RV) the completion of C5°(RY) with respect to the norm [ - ]k p,
then the best fractional Hardy-Sobolev constant, called 3, = H(p, N, s, K), is given by

[ulk
Hp= in I;’p, (1.3)
ueD P (RY) flully
u#0 P
and H, > 0 thanks to (1.2) and (a).
Moreover, (1.2) and (a) imply the existence of a constant C,: > 0 such that
lullp: < Cp:lulk,p forallu e DRF(RY). (1.4)

Both (1.3) and (1.4) will be crucial for the statements of the main results.
The parameter A in (8) is strictly positive and the perturbed terms H,, H, are partial derivatives of
a Carathéodory function H satisfying the subcritical growth condition:

Condition (). For a.e. x € RY it results H(x, -,-) € CL(R?), H(x,-,-) >0 in R?, H,(x, 0,0) = (0, 0) with
H, = (Hy, Hy) and z = (u, v). Furthermore, there exist u and g such that 0p < u < g < p¥ and for every € > 0
there exists C. > 0 for which the inequality

|H,(x, 2)| < pelzl* ™ + qCelz|9 ! forany z € R?,
where |z| = Vu? + v2, and also the inequalities
0 <uH(x,z) <H,(x,z)-z forallz e R?,

hold for a.e. x € RY. Finally, for all measurable set E of RV, with positive Lebesgue measure, H(x, u, v) > 0
fora.e.x € Eand (u,v) € R x R*.

Noncompact variational problems have attracted much attention since the late seventies. System (8) is
a reasonable useful generalization of popular elliptic problems, with singular potentials and critical nonlin-
earities, which naturally arise in quantum mechanics, astrophysics, as well as in Riemannian geometry in the
so-called scalar curvature problem on the sphere $¥. The loss of compactness is caused by the invariant action
of the conformal group, or of one of its subgroups, leading to possible spikes formation. It is well known that
the Kazdan—Warner problem of finding a conformal metric with prescribed scalar curvature k(x) leads to
finding positive solutions of y
X2
This equation is a simplified version of the nonlinear Wheeler—DeWitt equation, which describes the quan-
tum version of the Hamiltonian constraint using metric variables and combines mathematically the ideas of
quantum mechanics and general relativity in quantum cosmology. The Wheeler-DeWitt equation is applied
to model quantum states of the universe and is also used to investigate the qualitative behavior of the uni-
verse wave function. For a more detailed discussion and history we refer to the recent nice survey [19]
and the references therein. In summary, equations with Hardy potentials arise from many physical con-
texts, such as molecular physics, quantum cosmology and linearization of combustion models. But, from
the mathematical point of view, the main reason of interest in Hardy potentials relies in their criticality.
Indeed, the non-compactness of the embedding D2(R") — LZ(RY, |x|~2 dx), and in the context of (8) of
DSP(RN) — LP(RY, |x|7P% dx), even locally in any neighborhood of zero, leads to other additional difficulties
and, more importantly, to new phenomenon concerning the possibility of blow-up. Finally, the presence of
the Hardy terms and of the fractional critical nonlinearities, as well as the fact that (8) is studied in the entire
space RY, cause, roughly speaking, a triple loss of compactness which produces new interesting difficulties.
Furthermore, concerning the Kirchhoff nature of (8), we recall that, following [6], Fiscella and Valdinoci
in [18] proposed a stationary Kirchhoff variational model, with critical nonlinear terms, in bounded regular
domains of RN, which takes into account the nonlocal aspect of the tension arising from nonlocal measure-
ments of the fractional length of the string. In [18], however, only the non-degenerate case was covered. Since

—Au+ VU - 06— = k(x)|ul®> 2u.
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then, several papers have been devoted to stationary fractional Kirchhoff problems involving critical nonlin-
earities in the degenerate case. For further comments we refer to [1, 7, 33] and the references therein. Let
us recall that Kirchhoff problems, with Kirchhoff function M, are said to be non-degenerate if M(0) > 0, and
degenerate if M(0) = 0. For example, existence of solutions for non-degenerate fractional Kirchhoff problems
is treated in [18, 24] and for degenerate problems in [1, 7, 26, 33, 35].

For stationary Hardy—Kirchhoff fractional problems, with critical nonlinearities, even in the scalar case,
very few contributions are known. We refer to [7, 15, 16] and the references therein. The main novelty of our
paper is to treat (8) in the setting of fractional p-Laplacian involving critical nonlinearities and Hardy terms.
The results are new even in the case M = 1.

Recall that throughout the paper0 < s <1 <p <o00,sp <N, p; = NA_";p anda > 1,8 >1witha+f =pj;.
In the superlinear case, that is, when g € (6p, p¥) as in (3(), we get the next existence result for (8), which
involves the main geometrical parameter x = x(u, M, p) defined by

a(u - 6p)
K= , (1.5)
O(u-p)
similar to the one introduced in [7]. Clearly x € (0, a], since 6 > 1 and p < 0p < u by (H) and (M2). As shown
in [7, Section 2] there are cases, besides the obvious one M = a, in which k = a, thatis, 8 = 1 in (M2).

Theorem 1.1. Suppose that (a) and (b) hold for K, that V satisfies (V), that M verifies (M1)—-(M2) and that H
fulfils (3(). Then for any o € (-0, kH,) there exists A* = A*(0) > O such that system (8) admits at least one
nontrivial solution (ug 2, Vg,2) in W for all A > A*. Moreover,

lim ||(ug,2, Vo, )l = O (1.6)
A—00

holds.

Avery natural appealing open problem is to prove existence of nontrivial solutions for (§), when M(0) = 0 and
M(t) > Oforall t > 0. However, Theorem 1.1 was recently established in [27, Theorem 1.1], without the Hardy
terms, that is, in the case o = 0, but in the degenerate case. Because of the lack of compactness, due to the
presence of the Hardy terms, Theorem 1.1 is more delicate to prove than in [27] and a tricky step in the proof
is necessary to overcome this new difficulty. Theorem 1.1 extends to entire solutions the existence results
recently obtained for fractional systems, with critical nonlinear terms, but in bounded domains, in [9, 10,
12, 13, 20, 22, 28], and generalizes to the fractional Hardy—Schrédinger—Kirchhoff case the systems driven
by the p-Laplacian operator studied in [23]. However, in the systems treated in [17] the fractional p-Laplacian
operator is replaced by two possibly different fractional Laplacian operators and H is not required to satisfy
the Ambrosetti-Rabinowitz growth condition as assumed in (). Finally, Theorem 1.1 extends in a broad
sense [34, Theorem 1.1].

In what follows, we shall study system (8) under the solely assumption (M1) on the Kirchhoff function M.
We first prove the next addition to Theorem 1.1.

Theorem 1.2. Suppose that (a) and (b) hold for K, that V satisfies (V), that M verifies (M1), that H fulfils ()
withp < u < q < pi and that
pM(0) < pa. (1.7)

Then for any € € (M(0), %“) and for any o € (-00, kcHp), where

_ au-pe
K-p

Ke 09 (1.8)
there exists A* = A*(e, 0) > O such that system (S) admits at least one nontrivial solution (ug,a, Vs,) in W for
all A > A*. Furthermore, (1.6) continues to hold.

Clearly the request (1.7) is automatic whenever M(0) = a, being u > p by (H). The assumption M(0) = a,
together with monotonicity of M, was assumed in [18, 31] in the scalar case, as well as in numerous papers.
A very interesting open problem is to construct a nontrivial solution (ug,, vs,1) of (8) when pa < pM(0) and
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the growth condition on M stated in (M2) does not hold; in other words, when both Theorems 1.1 and (1.2)
cannot be applied. Finally, the number k. in (1.8) is in the open interval (0, a), since € > M(0) > a by (M1).
Theorem 1.2 extends in several directions [15, Theorem 1.3 (ii)] given in the scalar case. We refer to [15]
for further comments.
In the sublinear case, that is, when g € (1, p), we continue to assume on M solely (M1) but, following [27],
we take H of the special separated form H(x, u, v) = h(x)f(u, v). Hence, we deal with the following new system
in RV:

Py(rS p-2 |ulP~?u X By a2
M VIF)(Cpu + VO™ ) = 0= 25 :h(X)fu(u;V)‘*'yI?Wl [ul™u,
S !
(8"
VP2
MG, VIP)LyY + VOOIVIP~2Y) - 0! |L|,,s = h()fy (u, v) + VI%WI“IVIH%
S

where V satisfies (V), y > 0 and f verifies
(f1) f e CY(R?, R") and there exist C > 0 and q € (1, p) such that

If2(2) < Clz|T Y forall z = (u, v) € R?,

where f, = (fy, fv) and fy, f, denote the partial derivatives of f with respect to the first and second variable,
(f2) thereexistag > 0,8 > 0 and q1 € (1, p) such that

f(z) = aolz|™  forall z € R? with |z| < 8.

Concerning the function h in (8'), we assume from now on that h verifies

(h) 0<heLPs/Ps-D(RN) and there exists a nonempty open subset Q of RN such that inf,cq h(x) > 0.

In order to cover the more interesting case when y > 0in (8'), we need a further assumption on h. Fix ¢ < aXy
and set

DS
1 U+ Cp* *
(t):—(a——)tp— 3 g3
1 2p Hp Ds

forall t > 0. Since p < p%, the positive number
a¥, - ot \its
0= ( D5 )
2%, Cp;
is such that

ps

"7 (2CP) T > 0.
p

hal
9{17

N(po) = maxn(f) = (% - 2;; )(a

We are now able to state the existence result for (8').

Theorem 1.3. Assume that (a) and (b) hold for K, that V satisfies (V), that M verifies (M1), that f fulfils (f1)-(f2)
and that h satisfies (h). Let 0 be in (—co, a¥(p). Then (8') admits at least one nontrivial solution (ug,y, Vo,y) in W
forally <0.Ify > 0 and h, depending on o”, satisfies

1 0t \1i% , . q »
neo) > | 52 (a- 50 )| (Cchmi )7, (1.9)
p pi-a

where C and q are introduced in (f1) and C,; > 0 in (1.4), then there exists y** = y**(a, h) > O such that sys-
tem (8') admits at least one nontrivial solution (ug,y, Vo,y) in W for all y € (0, y**).

Clearly, condition (h) simply requires that h is nontrivial and (1.9) that the norm of h in Lé%q (RV) is suffi-
ciently small.

Theorem 1.3 was recently established in a weaker form in [27, Theorem 1.2] when ¢ = 0, that is, without
the Hardy terms. Again, the nontrivial presence of the Hardy terms makes Theorem 1.3 more difficult to handle
than in [27]. Furthermore, Theorem 1.3 generalizes the existence results obtained in [9, 10, 12, 13, 17, 20,
22, 28] in several directions. Finally, Theorem 1.3 extends in a broad sense the recent [34, Theorem 1.2].
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However, as far as we know, Theorems 1.1-1.3 are new even when M = 1 and p = 2. The paper is struc-
tured in the following way. In Section 2, we present some preliminary results, which are useful for the next
main sections. In Section 3, we establish the key compactness theorems, particularly helpful to apply the
mountain pass lemma at a special mountain pass level and to prove Theorems 1.1 and 1.2, that is, the
existence of a nontrivial solution for (§). Finally, Section 4 is devoted to the proof of Theorem 1.3 via the
Ekeland variational principle.

2 Variational framework

In this section we briefly recall the relevant definitions and notations related to real uniformly convex Banach
space W and for a complete treatment, we refer to [2, 17, 32, 33].

Combining the results of [7, Lemmas 4.1 and 5.1] and [33, Theorem 2.1], we get [17, Lemma 2.2], that
is, thanks to [17, Section 5] we have the next properties.

Lemma 2.1. Under (a)-(b) on K and (V) on V, the embeddings
W — WP (RN) x WP (RY) — LY(RN) x LY(RY)
are continuous for all v € [p, p;], and
I, Vv < llully +1Ivily < Coll(u, VI for all (u, v) € W,
where C, depends onv, N, s, Ky and p.
The next result can be proved similarly to the arguments used for [8, Lemma 2.2].

Lemma 2.2. Assume (a)—(b) on K and (V) on V. Let {(un, vn)}n and (u, v) be in W such that (un, vp) — (u, v)
weakly inW and (u,, vy) — (4, v) a.e. in RN, Then (uy,, vn) — (u, v) strongly in LY (RN) x LY(R¥) as n — oo for
anyv € (p, p3).

Let us present a technical lemma, which will play a crucial role in the study of compactness property of
functional I. This result was proved in the scalar case in [30, Lemma 3.2] when K(x) = |x|"N~P5. For the sake
of completeness, we report here the proof.

Lemma 2.3. Assume (a)-(b) on K and (V) on V. Let {(un, vn)}n and (u, v) be in W such that (up, vy) — (u, v)
weakly in W and (un, vn) — (u,v) a.e.in RN, Then

l(un —u, v = VIP = I(un, v)lIP = (u, VIP + 0(1) asn — oo.
Proof. Let us define w,, : R?N — R* by
wn(x,y) = {l(un(x) — u(x)) = Un(y) —uYNP = lun(x) — un P + lulx) - u)PIK(x - y)l.

We want to prove that
nanolo ” wn(x,y)dxdy = 0. (2.1)

R2N

Given € > 0, there exists C. > 0 such that
|la+blP —|alP| < €lal?’ + C¢|b|P foranya,b € R.
Thus, putting a = (up(x) — u(x)) — (up(y) — u(y)) and b = u(x) — u(y), we get
wn(x, y) < €l(un(x) = u(0)) = Un(y) —u)DPKXx - y) + Celu(x) - uy)PK(x - y). (2.2)
Define s : R?N — R* by

+

wy(x,y) = (wn(x,y) = €l(Un(x) — u(x)) = (Un(y) — u(Y)PK(x - y))
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By (2.2) and (b) we have
wi(x, y) < Celu(x) - u(y)PK(x - y) € LY(RY).

Since in particular u, — u a.e. in RY, clearly w¢ — 0 a.e. in R?", so that
. . B
nlLrgo ” wy(x,y)dxdy =0
]RN
by the dominated convergence theorem. Then, by (2.2),
timsup [ wn(x,y)dxdy < elimsup [[ un00 - u00) - (@) - uPKOc - y) dedy = e,
n—-.,oo n—oo
R2NV R2N

since ([unlg,p)n is bounded, thanks to the fact that u, — u in WIS(’,’;,(IRN ), so that in particular u, — u
in D;’p (RY). Consequently, since & > 0 is arbitrary, the claim (2.1) holds true and it implies that

[unlf , = [un —ulf , + [ulf , +0(1) asn — co.
A similar argument shows that
[valkp = [Va=VIg, + VIg , +0(1) asn— oo

and
p p p p p p
lunly,, = lun —uly,, +luly, +o(1), |valy, = va - VI, +Ivly, +0o(1) asn — co.

This concludes the proof. O

Since a and B > 1 in problems (8) and (8') are such that a + 8 = p?, the Holder inequality and (1.4) yield

a B
" ps . s - « .
j ul*vIf dx < ( I |ulPs dx) ( J [v[Ps dx) <Cp: (W), vk , < Coilu, VI, (2.3)
N

IRN IRN
forall (u,v) e W.

Lemma 2.4. Assume (a)—-(b) on K and (V) on V. Let {(un, vo)}n and (u, v) be in W such that (un, vy) — (u, v)
weakly in W and (un, vn) — (u, v) a.e. in RN, Then, for any fixed a > 1 and f > 1 witha + f = pZ,

lim J Iy — ul%vy - vIP dx = lim I It ||l dx — J lu|viP dx
n—oo n—oo

RN RY RN

and Lo
|Unl®2tn|ValP — [l 2ulviP  in LP/P-D(RN),

[un|va P2y — [u®vIP=2y  in LPS/PSD(RN).

le—Z
(2.4)

Proof. The first part can be proved, with obvious changes, proceeding as in [21, proof of Lemma 2.1].
It remains to prove (2.4). The Holder inequality and (1.4), since @ > 1, > 1 and a + B = p}, yield

pé(a-1) pi - pé(a-1) pi -

ps % % . 3 3 * *
= -1 -1 D -1 -1 P p
R A< ) Wval, T < Colunls vl < Ol vl < €

j||un|“-1|vn|ﬁ

RN

for a suitable constant C > 0. Similarly,

s
[ aalevitp11575 ax < c.
]RN

Thus, (2.4) holds by [3, Proposition A.8], since (un, vy) — (u, v) a.e. in RN and particular (un, vn) — (4, v)
weakly in L?s (RV). O
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3 Proof of Theorems 1.1 and 1.2

In this section, we first assume, without further mentioning, that the assumptions required in Theorem 1.1
are satisfied.
We say that the couple (u, v) € W is a (weak) solution of problem (8) if

M(|l(u, VIP) (U, v), (@, YD)k, vp — o(u, @) H, + (v, P)n,)
= j [Hy(x, u, v)o + Hy(x, u, v)] dx + i* J [ul®2ulviBo dx + ﬁ* j [ul®vIF-2vip dx
an b b

s s
RN RN

for any (¢, ) € W, where
(U, v), (@, YNk vp = U, @ xp + U, @up + vV, Pk p + v, Phup,

U, @) = j j () — u(y) P2 - u)(@() - e(y)K(x - y) dx dy,

]RZN
W, 9)vp =j j VOO P-2u()p(x) dx,
IRN
(U, P)u, = J Iu(X)Ip‘Zu(X)w(X)%.
]RN

Clearly, the entire (weak) solutions of (8) are exactly the critical points of the Euler—Lagrange functional
I: W — R associated with (8), given for all (u, v) € W by

1 (o) 1
I, v) == (1w, VIP) = =(lulfy +Ivig ) -2 J H(x,u,v)dx - — J lul%|vI? dx,
p p ? T ps o

which is well defined and of class C1(W) by () and the continuity of M.
We start by showing that the functional I has the geometric features required to apply the mountain pass
theorem of Ambrosetti and Rabinowitz.

Lemma 3.1. Fix 0 € (-00, al{p) and any A > 0. Then there exists a couple (e1, e;) € CSO(IRN) X CS"(]RN), inde-
pendent of o+ and A, such that I(e1, e;) <0, |(e1, e2)|| = 2 and LRN le1|%|e2|? dx > 0. Furthermore, there exist
1=73(0,A) >0andp = p(0o,A) € (0, 1] such that I(u, v) > j for any (u, v) € W with ||(u, v)|| = p.

Proof. Fix 0 € (-00, a%p) and A > 0. Now (u, v) € CP(RY) x C(RY) such that ||(u, v)|| = 1 and
J lul“vI? dx > 0.
]RN

Assumption (M2) implies that

() <. #(D)t? forallt > 1. (3.1)

Thus, by (H), (2.3) and (3.1), we have for t — oo,

*

1 P P 4 b a8
I(tu, tv) = —#(It(u, VIP) — o—(lully +Ivlg)-A J H(x, tu, tv)dx — — j [ul®|v|” dx
p p » ? Ps
RN RN
top tP ths
< M)— +0 —(lulfy +Ivig) - — J |ul*|vIP dx — -co, (3.2)
p p 7 ps

RN

since p < fp < pi. Hence, taking (e1, e») = To(u, v) with 7o > O sufficiently large, we obtain at once that
Ite1, e2)ll = 2, [ le1l*le2l? dx > 0 and I(es, e;) < O, as stated.
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For the second part, we first note that () gives for any € > 0 the existence of C. > 0 such that
|H(x, 2)| < €lz]¥ + Celz]?  forall (x, z) € RN x R?

holds. Hence, (M1), (1.3), Lemma 2.1 and (2.3) imply that for all (u, v) € W, with |(u, v)| < 1,

a p_ O p_Jzzﬂ_Jzzﬂ_iaﬁ
I(u,V)szI(u,V)II pg{p([u]K,pHV]K,p) A e +vo)zdx—-A | Ce(u +v7)2 dx p;IIuIIP;IIVIlp;

RN RN
1 o* o
>—(a- —)u(u, VIP = AeClliu, IF = ACCalIw, VI = L=, v)IF*.

p< Hp " e p3

Clearly, there exists p € (0, 1] such that
t) = 0,
tlel}&?li] y(t) =y(p) >
where .
1 o 3 a0 ot
(t) = —(a - —)tP — AeCht* — AC,CIta — ZBE i
y ) €, H e-q pi

since p < u < g < p; and o < a¥{,. Consequently, I(u, v) = y(p) = for all (u,v) € W with ||(u, v)|| = p, as
desired. This concludes the proof. O

We recall in passing that, if X is a real Banach space, a C (X) functional J satisfies the Palais—Smale condition
at level ¢ € R if any Palais—Smale sequence {u,}, at level c, that is, such that

Jup) > ¢ and J'(up) >0 inX asn— oo, (3.3)

admits a convergent subsequence in X.
Now we discuss the compactness property for the functional I, given by the Palais-Smale condition at
a suitable level. For this, we fix 0 € (—c0, aXp), A > 0 and we set

CoA = yg max 1(4(1)), (3.4)
where
I'={§ € C([0, 1]; W) : §(0) = (0, 0), I(§(1)) < O}.

Obviously, ¢s,2 > O thanks to Lemma 3.1, since in particular |(e1, e2)|l > p. Before proving that I satisfies the
Palais—Smale condition at level c,, ), we introduce an asymptotic condition for the level ¢ 5. This result was
proved in [7, Lemma 2.3] in the scalar case and will be crucial to overcome the lack of compactness due to
the presence of Hardy terms and critical nonlinearities.

Lemma 3.2. For any o € (—00, af]-Cp) it results
lim ¢ =0.
i o,A

Proof. Fix 0 € (00, ad{y)and A > 0. Let (e1, e;) be the couple determined in Lemma 3.1, which is indepen-
dent of o* and A. Since I satisfies the mountain pass geometry at (0, 0) and (e;, e), there exists {5 > 0
verifying I(ts €1, ts1€2) = MaXeo I(tey, te,). Therefore, (I'(tg €1, to r€2), (€1, €2)) = 0. Thus,

-1
& (Mlto(er. eIP)(er, eI - leslly, - olesl?)
~ 1 [ Bt toger, toaeer dx+ A | Hyix, topen, topener dx+ 37" [ ler|leaf dx
]RN ]RN IRN
-1
> &5 [ lerlleat dx,
]RN

by (H), being A > 0.

(3.5)
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We claim that {t,2}1 is bounded in R. Indeed, putting A = {1 > 0 : t;1ll(e1, e2)] = 1}, from (M2), (1.3)
and (3.1) we derive that

£ (Mt a(er, e2)I)l(er, eI - alleslly, - olleal,)

o

< 0.4 (ltga(e1, e2)IP) + %—ptﬁ,,l([e1]’,'},p +[eal ) (3.6)

0 \.6
< (6. + %—p)tg{’Au(el, e’
forany A € A, since 1 < p < Op. Therefore, (3.5) and (3.6) imply that

(6.1 + 2= icer, e = 5% j le1l“le2lP dx forany A € A,
p
RN

which yields that {t5 1} is bounded since 0p < p; and

[ textlest? dx > 0
IRN
by Lemma 3.1. It follows at once that {t; 1}1-0 is bounded. This proves the claim.
Fix now a sequence {A,}, ¢ R* such that A, — oo as n — oo. Obviously {¢; 4, }n is bounded. Thus, there
exist a top > 0 and subsequence of {A,}n, still denoted by {A,},, such that t; 1, — to. By the continuity of M,
also {M(tﬁ’An ll(e1, e2)IP)}yn is bounded, and so by (3.5) there exists C4- > O such that, forany n € N,

)ln< j Hy(x, tga,e1, toa,€2)e1 dx + J Hy(x, tga,€1, to,1,€2)€2 dx) + tﬁ;/l_,,l J le1l%leaP dx < Co-.  (3.7)
RN RY RN

We assert that ty = 0. Otherwise, (H) and the dominated convergence theorem yield

J Hy(x, tg2,€1, to,0,€2)€1 dX — J Hy(x, toeq, toez)e; dx,
RN RN
J Hy(x, to r,e1, tor,€2)e2 dx — J Hy(x, toe1, toez)e, dx
RN RN

as n — oo. In particular, as n — co

J (Hu(x, to1,€1, tor,€2)e1 + Hy(x, tg 1, €1, to,n, €2)€2) dX
]RN
- j (Hu(x, toe1, toez)er + Hy(x, toeq, toez)ez) dx > 0
IRN

by (H) and the fact that f]RN le1|%e,|Adx > 0 as constructed in Lemma 3.1. Recalling that A, — co, we get

Jim [An( J Hy(x, tg A, €1, Lo, €2)€1 dx + j Hy(x, tg,2,€1, t,0,€2)€2 dX) r J le1l®leal? dX] = 00,
IRN ]RN IRN
which contradicts (3.7). Thus tp = 0 and t,;,, — 0as A — oo, since the sequence {A,}, is arbitrary.
Now the path &(¢t) = t(eq, e2), t € [0, 1], belongs to T, so that Lemma 3.1 gives

0 < ¢cg,2 < max I(&(t))
t=0

<I(tgre1, to,1€2)

< I;///(Ilto,A(el, e)lI”) + ?tﬁ,A(Ilellal +lezlly,)-

Moreover, .Z (||ts,a(e1, €2)[P) — 0 as A — oo, by the continuity of .# and the fact that (e, e;) does not
depend on A. This completes the proof of the lemma. O
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Now we are ready to prove the compactness property of I at the special level (3.4) and recall that the number
k € (0, a] was defined in (1.5).

Lemma 3.3. For any o € (oo, kJHp) there exists A* = A*(0) > 0 such that for any A > A* the functional I satis-
fies the Palais—-Smale condition at level c; ).

Proof. Fix 0 € (-00, kHp) and let {(un, vn)}n ¢ W be a Palais—Smale sequence of I at level ¢, 3 for any A > 0.
By (M2) and (¥), we get

Lty Vi) %a’(un, Vi), (s V)
1 1 1 1
= AU, V) = MU, vt P = 0 = 2 Yl + vy )
p U p MU p »

-A J (H(x, Un, Vn) — %Hu(x, Up, Vp)Up — %Hv(x, Un, Vrl)Vn) dx

RN (3.8)
1 1 ap, 1B
+{=—-—= d
<}1 p;) J [un|®val” dx
]RN
1 1 ot/1 1

- p p_ ~ (- _ p
2(919 F)M(Il(un,vn)ll M (n, vi)ll Hp(p y)"(unyvn)" ,

since p < Op < u < pi. Then, thanks to (1.3), (3.3), (3.8) and (M1), there exists y;,2 > O such thatasn — co

. 1 1\ o' /1 1
o+ Yol vl +0(1) 2 Volun, villPs - vo=a( == 1) - (5 -1 ) > 0, (3.9)
bp u/ Hp\p nu
since 0 < kJp. Therefore {(u,, vn)}n is bounded in the reflexive Banach space W.
Thus, there exist (ug,a,vo,2) € W, nonnegative numbers k4,1, 15,1, €5,2 @and 64,2, and two functions
Sy € L*(RN) and gqelLl (RN) such that, up to a subsequence, still denoted by {(u,, Vn)}n, we have

(un, vn) = (Ug 2, Vo,a) D W, (U, vi)ll = Ko 1,
. N _
Up — Ugx  in LP(RY, [x|7P9), lun — ug AlE, = 0.2,
s N —
Vn = Vg inLP(RY, |x|7P%), IVn = VorlH, = €01,
(Un, Vi) = (Uo s Vo)) IDLY(RY) x LY(RY),  (un, v) = (U, Vo)) ae.in RV,
[(un, Vo)l < g a.e.in RY, |(un, vn)l < g4 a.e.in RV andalln e N, (3.10)

j lun — Ug A% Vi = VorlP dx — 841,
]RN
-2 ) : pi-1) N
[un|%2un|vnlP — lug Al* 2ugalvealf  in LP3/PsD(RN),

-2 -2 . * -1 N
[un|Vn P2V — lugal%voalP2ven  in LPS/P-D(RN),

with v € (p, p¥), by (1.3), (2.3) and Lemmas 2.2 and 2.4.
Turning to (3.3), we have shown that

1 1
Con+0(1) 2 Vol vl + (5 = == ) | lunl“lval? (3.11)
" Ds
where v, is given in (3.9).
First we assert that
lim k42 = 0. (3.12)
A—o00

Otherwise, lim sup,_,, Ko,1 = K¢ > 0. Hence there is a sequence j — A; T oo such that k4,3, — ks asj — co.
Then, letting j — oo, we get from (3.11) and Lemma 3.2 that

0> veih > 0.
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This contradiction proves the assertion (3.12). Moreover,

(g2, Vo, Il < Ko,25

since (Up, Vn) — (Ug 2, Vo,2) in W, so that (V), (1.3), (2.3) and (3.12) imply that

lim |lug,lg, = lim v alg, = lim J lug Al*IVaalP dx = lim [[(ug,a, Vo)l = O. (3.13)
A—00 A—00 A—00 A—o0
IRN
Let us prove that {(un, vn)}n, up to a possibly further beyond subsequence, converges strongly to (ug,1, Vg,1)
in W. To this end, let {U,}, be the sequence defined in RV \ Diag(RZV) by

1
6, y) > Un(x, y) = [un(X) = un )P~ [Un(X) = un(¥)] - K(x = y) 7.
Then {U,}, is bounded in LP' (R2V) by (h), as well as U, — Uy a.e. in R2V, where
1
Ug A (X, Y) = lUga(%) = Ug AW [Ug,2(X) — g a(V)] - K(x = y)7.
Thus, going if necessary to a further subsequence, we get that U, — U, in LP' (R?N) as n — oo. Hence,
(Un, @)x,p = (Uo, 1> PIK,p (3.14)

for any ¢ € Wls(’f’V(IRN ), since (x,y) — |@(x) - (y)| - K(x - y)% e LP(R?M) by (b). Furthermore, we have that
[unlP2u, — |ugaP2ug, in LP'(RV, V) by [3, Proposition A.8]. From this,

(Un, @Yv,p = (Uo,2> PIV,p (3.15)

for any ¢ € Wf(’ﬁ,(IRN ), since ¢ € LP(RY, V). In the same way, (3.10) and [3, Proposition A.8] imply that
[UnlP~2up — [ugaP~2uq, 1 in LP' (RY, |x|7P5) as n — co. Consequently,

(Un, @), = (Uo,As PIH, (3.16)
forany ¢ € Wlsgf’V(IRN ). A similar argument shows that the sequence {Vy},, defined in R?¥ \ Diag(R?") by
(6 ¥) = Va(%, ¥) = Va () = Va P2 V() = va0)] - K(x = )7,
is bounded in L?' (R2V) as well as V,, — V2 a.e. in R2N, where
Vor (X, Y) = Vo 1(X) = Vo AW [Ve a(0) = Vo a (V)] - K(x - V7.
Hence, going if necessary to a further subsequence, we have
Vs Wkp = Vo, Wkps Vi, PIvp = Vo, PIvips Vi, V)H, = Vo, P)H, (3.17)

forall i ¢ Wz”pV(IRN ).
By (H), with € = 1, and (3.10), the Holder inequality gives

J [Hu(x, un, vn)(Un = Ug,2) + Hy(X, Un, Vn)(Vn = Ug,2)] dx
RN

u-1 _ q-1 _ (3.18)

< | [lCun, vi) 75 (i, Vi) = (Ug,ns Vo, )l + @C1 1 (Un, vi) 17 |(Un, Vi) = (Ug,a, Vo, )] dX
]RN
< C("(um Vn) — (ua,/l, Vo,/\)"y + | (un, vn) - (ua,/la Vo,/\)"q) -0

as n — oo, by Lemma 2.2 since p < 0p < u < q < p3, for a suitable constant C > 0. While () and the use of
the dominated convergence theorem yield for any (¢, ) € W,

J Hy(x, up, vp)p dx — J Hy(x, ug,a, vo,0) @ dx,

RN RN

(3.19)
J Hy,(x, un, vo)pp dx — J Hy (X, ug,a, Vo, )P dx
RN RN
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as n — oo. Consequently, (3.3), (3.10), (3.14)—(3.17) and (3.19) give at once that (ug 1, Vg,2) satisfies the
identity

M(kg,0){(Ug,2> Va,1)s (@, )k, v,p — 0({Uo 2, ©)H, + (VoA ',b>H,,)
48
= J [Hu(X, Ug,2, Vo, )@ + Hy(X, Ug,2, Vo, )] dX + P J lug Al 2ugalvealPep dx

s
RN RN

+ B [ ool v ax
Ds
IRN
for any (¢, ) € W. In other words, (ug 1, vg,1) is a critical point of the C (W) functional
1 g 1
L, (u,v) = I;M(Kﬁ,,\)ll(u, VP - E(Ilull’l'}p + Vi) - A J H(x, u,v)dx - — J lu|%|vI? dx. (3.20)
S

]RN ]RN
From (3.3), (3.10), (3.14)-(3.18) and (3.20) we deduce that

0(1) = (I'(un, vn) - I, , (Ug A, Vo,2), (Un, Vi) = (Ug 2, Vo,0))
= Ml (un, vi) IP) I ns vi)lP = M (un, vidIP){(ns Vi), (Uo,25 VoA K, Vip
- M(KI;,A)«MU,A; Vo,A)s (Uns Va))K,vp + M(Kg,,\)"(ua,/b vo )IIP

(|un|p_2un = |ua,/1|p_2uo,/\)(un = uo,/\)
-0 dx

|x|Ps
]RN
J (|Vn|p_2Vn - |V0,A|p_2V0,A)(Vn - Vg,)
-0 dx
|x[Ps
RN
-A J [Hy(x, un, vp) — Hy(x, Ug s Vo,/l)](un - ua,}l) dx
]RN
-A I [Hy (X, un, vn) = Hy(X, Ug,2, Vo,))](Vn = Vo 1) dX
]RN

*
S
RN

4 -2 2
e j<|vn|ﬁ|un|“ iy — Vo lPluo A% tto.0) Un — Uo.) dX

P j (ttnl“V P2V — g A1 1Va 1 P2V o) (Ve — Vorn) dx
S ]RN
= MO )0, ~ o0, VoI = ollnlly +Wvally, ~ Tugal?y, = luoal?y

- j IVl dx + j g A% Voalf dx + o(1),

RN RN
by continuity of M, since [|(un, vn)ll = Kg,2 @S N1 — 00, and a + § = pi. Therefore, as n — oo,

o(1) = M(xy PIKy 3 = o, Vo OIP] = ollunly + 1Vl — Iugalyy —luaal, ]

- [ unl b dxs [ agativaal dx+ o). (3-21)
RN RN
Furthermore, (3.10) and the celebrated Brézis and Lieb lemma of [5] give
||un||I;1p = [lun - uo,AIIZp + ||u0,/\||%p +0(1), IIVnIIZp =|van - Va,AIIZp + IIVU,AIIZP +0(1) (3.22)
as n — oo, while again (3.10) and Lemma 2.3 yield
Ins VI = (un, Vi) = (Ug,2, Vo DIP + (oA, Vo, ))IP +0(1) (3.23)
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as n — oo. Hence, from (3.10), (3.21), (3.22), (3.23) and Lemma 2.4 we obtain
M(xy ) im [[(un, va) = (o1, Vo, )IP = 0 Him (lun — ugally, + Ve = voaly,)

. _ a _ l}
+n1L‘E‘oJ|“" Ug Al IV = vol” dx (3.24)
RN
=0+ ) +6852

asn — oo. By (3.11) and Lemma 2.4 again, we get as n — oo,

1 1
coa+o0(1) > <l_l - 1?) [SU,A + I [ug A% VoalP dX] +0(1).

S
RN

Then Lemma 3.2 and (3.13) imply that
Alim 052 =0.

Since 0 < kH, < al{, there exists ¢ € [0, 1) such that 0" = caX,. Of course, (3.24) can be rewritten as
(1~ oMk, 1) Hm [[(un — oA, Vi = Vo DIP + cM(kg 1) Hm [|(un — Ug,p, Vi = Vo )IP = 0(1 3 + €5 ) + 8o

Thus, by (1.3) combined with (1.1) and (V), using (2.3) with (u, v) = (uy — Ug,, Vn — Vg,4) and (M1), we get
pr
S+ O'+(l£’/1 + E(’;,A) >(1- c)aC;gs Son + ca}Cp(zﬁ’A + E(’;’A)

forall A > 0, being c € [0, 1). Therefore, since 0% = ca¥,

b
Soa 2 (1-0)aC,l 6, (3.25)

Consequently, (3.13) and (3.25) imply at once that there exists A* = 1*(0) > Osuch that §,,, = OforallA > A*.
In other words,
lim j lup — uga|*lvn - vg,,\lﬂ dx=0
n—oo
]RN
forall A > A*.
Now, assume by contradiction that there exists A > A* such that 15 4 + €5,2 > 0. Then, by (M1) and (1.3),

since 0 < a}(,, we have
: _ _ 4 : _ p _ P
M(x} ) im [[(un — g2, V= Vo, OIP < 0 Him (lun — ugaly, +1va = Vol
; _ 4 _ P
< a¥p lim (lun - oAy, + Ve = Voally,)
< M(xy ) im |un = g 0, Vi = Vo DI,
0,4” n—oo0

which gives a contradiction.
Thus, 15,1 + €52 = O for all A > A*. By (3.24) this yields

lim [|(un, vn) = (Ug,A5 Vo))l = O
n—.oo

thanks to (M1). In conclusion, (uy,, vn) — (Ug1, Vo,1) @S N — oo in W, as required. O

Proof of Theorem 1.1. Lemmas 3.1 and 3.3 guarantee that forany o € (-o0, k() there exists A* = A*(0) such
that for any A > 1*, the functional I satisfies all assumptions of the mountain pass theorem at level cg 1.
Hence, there exists a critical point (ug,1, vs,1) € W of I atlevel ¢g,5. Clearly, we have (ug,1, vo,1) # (0, 0), since
I(ug,a, vg,2) = Cg,2 > 0 = I(0, 0). Moreover, the asymptotic behavior (1.6) is a direct consequence of (3.13). O

We conclude this section proving the non-degenerate result stated in Theorem 1.2. For this, we need a trun-
cation argument, as in [1, 18], in order to control the growth of the elliptic part of (§). From here until the end
of the section we assume that the hypotheses of Theorem 1.2 are satisfied.
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Proof of Theorem 1.2. Take € € Rwith0 < a < M(0) < € < ‘;7", which is possible by (1.7). Put for all t € R},

. {M(t), if M(t) < e,

so that Mc(0) = M(0), minM(t) = a. (3.26)
€, if M(t) > e, teR;

Let us consider the following auxiliary system in RN:

s -2 |u|p72u a By, 1a-2
Mc(l(u, VIPY(LSu + VOO ulP2u) - o i AHy(x, u, v) + Flvl lul*“u,
S
2 lvP~2v B 2 027
Me(lIl(u, VIP)(Lyv + VX)vIP~7v) ~ O T AH,(x,u,v) + Flulalvlﬁ_ v.
S

We are going to solve (3.27), using a mountain pass argument as done in the proof of Theorem 1.1, but
replacing the Kirchhoff function M with M..

To thisend, fix A > O and ¢ € (—co, keHp), where k. is given in (1.8). Clearly, (3.27) can be thought as the
Euler-Lagrange system of the C'(W) functional

1 o 1
Le(u, v) == (I, VIP) = =(lully + VI ) = A | Hoqu,vydx— — | [ul®vIP dx
p p- v ps )

forall (u, v) € W, where .#, denotes the primitive of M. First let us note that for the functional I Lemmas 3.1
and 3.2 continue to hold. Indeed, for Lemma 3.1 it is enough to observe that (3.2) is now replaced by

1 » t? » » tPs a1 f
Te(tu, tv) = ~ae(ltu, VIP) — o=l +vI%) -2 j Hx, tu, tv) dx - j lul|vIP dx
p p P P DPs
RN RN
tP P tos
<el v Sque, vvg) - & j % 1P dx — —co
p p B pi )

as t — oo, thanks to the definition (3.26) and the fact that p < p?. Similarly, also Lemma 3.2 can be proved
in a simpler way, by observing that by (3.26), now (3.6) becomes

o
& \(Mclltsaer, e)P)ler, e2)l? - oleslly - alealf) < (e + %—p)tﬁ,An(el, eI’

for any A € A. Therefore, by using also (3.5), we get

(e+ 7= Jiter et = &7 [ lerlleatf dx foranyd e a,
p

RN

which yields that {t; a}1ca is bounded since p < p; and f]RN le1|%ez|# dx > 0 by Lemma 3.1. It follows at once
that {t;,A}1>0 is bounded. The rest of the proof is unchanged. Hence Lemmas 3.1 and 3.2 are valid for I and
it remains to prove for I, the main Lemma 3.3.

Fix a Palais—Smale sequence {(un, vn)}n € W of I, at level c4,. Proceeding as in the proof of Lemma 3.3,
by (M1) and (3.26) now (3.9) becomes

. a € o"/1 1
Co + Yol vl +0(1) 2 Ve,gllan, vl with veo =7~ - —(— - —) >0,

by (1.8), since € < %". Consequently, we get that {(uy, vn)}» is bounded in W and so we derive again (3.10).

Therefore,
1 1
Coa+ o) 2 Veglltn vl + (3 = o) | hunlival ax (3.28)
S
RN

While the other key formulas hold true with no relevant modifications, just considering that p < yu < g < p3
and o0 < k¢Hp < a,. Thus, arguing as before, we find that the sequence {(un, v,)}n, up to a subsequence,
still denoted by {(un, vn)}n, strongly converges in W to some (ug,1, vg,1) € W for all A sufficiently large.
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In conclusion, we have shown that for any € € (M(0), & ) and any o € (-00, k) there exists a suitable
Ao = Ag(€, 0) > O such that system (3.27) admits a nontr1v1a1 solution (ug 2, Vg,2) € Wwith I (Ug 2, Vo,1) = Co,A-
Hence, (3.28) implies that for all A > Ao,

CoA 2 Ve,oll(Ug,p, Vo,/l)"p with ve >0,
so that (1.6) follows at once by Lemma 3.2.
Fix € € (M(0), %") and o0 € (-co, keHp). By (1.6) and the continuity of M,
a < M(0) = M¢(0) = Alim Mc(l(ug 2, va,DIP).
—00
A=Ao

Therefore, there exists A* = 1* (e, o) > A such that
a < Me(ll(ug,a, vo)IP) <€ forall A > A*.

In closing, for any € € (M(0), %") and for any o € (-0, kcH() there exists a threshold A* = A* (e, 0) > 0 such
that for any A > A* the mountain pass solution (ug 2, v4,2) of (3.27) is also a solution of system (8). O

4 Proof of Theorem 1.3

In this section we assume that the hypotheses of Theorem 1.3 are fulfilled. System ($8') has a variational
structure and the underlying functional is J : W — R, given by

1 o

) = =W 1) = Sty + i) - | heoft vy dx - Lo | vl ax.
b b P Ds
RN RN

Clearly, (V), (f1), (h) and the continuity of M imply that J is of class C*(W). We first show that J has a useful
geometrical profile and recall that o € (0o, al(,) and that, when y > 0, we require also (1.9) on h, thatis, h
may depend on o*.

Lemma 4.1. Let 0 € (—co, ap) and y < 1. Then there exist positive numbers po and j such that J(u, v) = j for
any (u,v) € Wwith ||(u, v)| = po. Moreover,

mgy = inf J(u,v) <0,
(u,v)€By,

where By, = {(u,v) € W : ||(u, v)| < po}.

Proof. Fixo € (-00, aHp)andy < 1.By(M1) (f1), (h), (1.3), Lemma 2.1 and (2.3) we obtain for all (u, v) ¢ W,

Iu,v) 2 gll(u, VP - ([u],(p VI, - C J h(x)|(u, v)|? dx - I%Ilullg; il
RY (4.1)
;(a—%—p)n(u VIP = CCL IRz 1,V - L.

Therefore, if y < 0, for pg > 0 sufficiently large we have

1 ot -
Iu, v) ng[g(a—j{—)pg - CCLInl ;| =150
P ps—aq

for all (u, v) € W with ||(u, v)|| = po, since 1 < g < p.
If y € (0, 1], then the Young inequality yields for any € > O,

_a e
CCR IR 5z N, VT < e, VIP +& 7 (CCLL IRl )™,

ps—q ps—aq
since 1 < g < p. Thus, for & = ag;’g}c > 0 inequality (4.1) implies that
D3
P < q 7 p p:
T, v) = el IP 77 (CC Iz )™ =2 VP,
ps—4q s
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since O < y < 1. Let us consider the function
DS
(o) = et? - %tpé‘, t>0.

S

Since 1 < p < p¥ the number

[ aX, -o* e
po=|—— >0
ZﬂpCp;
is such that .

_ (11 AR e

’T(PO)—H};)XU(U—(E—E)(G—%—I’) (ch;) s > 0.
Therefore, since h satisfies (1.9), we obtain for all (u, v) € W with [|(u, v)| = po,
1 N 7
0 = npo) - [ (a5 ) |7 (Ccgim e ) >0,

which concludes the proof of the first part of the lemma.

Let xo € Q and let r € (0, 1) be sufficiently small so that B(xo, 2r) ¢ Q, where Q is given in (h). Choose ¢
and ¥ in C5°(B(xo, 2r)) such that 0 < ¢ < 3 and 0 < ¥ < 1 with [|(¢, Y)I| < po and jB(xo,Zr) (@, ¥)| % dx > 0.
Let § > 0 be the number given in (f2). For all t € (0, §) then (f2), (h) and the continuity of M yield

1 P DS
I(tp, 6h) <~ It ) + 0 (ol + 1) ~ [ hCofteg, ) dx—y o [ g1l dx
s Q

[0
o~ tPs
LB M@ + 2P - 9 qq inf h J )T dx+y j apiB dx.
p(fqg}gg)ﬂ] (€)+9{p)po ao inf h(x) (@, I dx ey (1P dx
B(xo,2r) B(x0,2r)

Hence, I(tp, ty) < O for t € (0, §) sufficiently small, since 1 < g1 < p < p; by (f2). This shows that m,,, < 0
and completes the proof. O

By Lemma 4.1 and the Ekeland variational principle, there exists a sequence (uy, v,) C By, such that
1 1
Mg,y < I(Un, Vn) < Mgy + 0 and  J(u, V) = I(un, vn) - ;Il(u, V) = (Un, Vo)l (4.2)

for all (u,v) € §p0. Then a standard procedure gives that {(u,, vy)}, is a Palais—Smale sequence of J at
level mg ).

Lemma 4.2. Let 0 € (—oo, al(p). Then there exists y** = y**(0) € (0, 1] such that, up to a subsequence,
{(un, vn)}n in (4.2) strongly converges to some (Uq,y, Vg,y) in W for ally < y**.

Proof. Fix o € (-0o0, al(p) and y < 1. Since {(un, vn)}n constructed in (4.2) is in By, it follows that, by
reasoning as in Lemma 3.3, there exist a subsequence of {(un, vn)}n, still denoted by {(u,, vn)}n, and
(Ug,y» Va,y) € EPO such that (3.10) holds true. Now we want to show that as n — oo,

[ mO01 s vi) = gy, Ve 17 dx 0. (4.3)
IRN
Fix € > 0. Since h € LP:/®s-D(RN) and {(u,, Vn)}n is bounded in W, there exists R > 0 such that
ps—q

b5 »3 £
h()|(un, vn) = (Uo,y, Vo,)|? dx < J [h(0) 7~ dX) IGn, Vi) = (Uoy, Vol < 5

RN\Bg RN\Bg

where By, is the ball in RN with radius R > O centered at point 0. Furthermore, for any measurable subset
E c Bg, by the Holder inequality

Pi—q
ps pE
j RCON(ttn, Vi) — (g Vo)l dx < C( j Ih()|75 dx)

E E
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Hence, {h(x)(un — Ug,y, Vn — Vo,y)}n is equi-integrable and uniformly bounded in L1(Bg), thanks to (h). Thus,
by (3.10) and the Vitali convergence theorem, there exists no > 0 such that

&
[ B0 vi) = oy vt < 5
Bg
as n > ng. Therefore, we arrive at
I hOOIn, Vi) = (Uoys VoIt dx < j h(O|(un, vn) = (Ug,ys Vo,p)I? dx
RY RM\Bg
+ j h0O|(un, V) = (Ug,y, Vo,y)|? dx
Br

<E&

for all n > ng. This proves (4.3). By (f1) and the Holder inequality, we have

j RGO Uty Vi)t — Uery) + fo(ns V) (Vi — Vo)) dx| < C j ROON(tt, Vi)lT (s Vi) — (g Vo)l dx

RN RN

1

< C( [ mooln, vo) - (uo,y,vo,ynqu)
IRN
for a suitable constant C > 0. Thus, by (4.3) it follows that
nli—>11;>10 J hOO)fu(un, va)(Un = Ug,y) + fy(Un, va)(Vn = Vg,y)] dx = 0. (4.4)
]RN

Similarly, by using again (h) and (f1), we have as n — oo,

j ROty V)@ dx — j ROOfu (o Vory ) dX,

RN RN

(4.5)
J hOCOfy (un, va)yp dx — J h(x)fy(us,y, vVo,y)P dx
RN RN

for any (¢, ) € W.
As in Lemma 3.3, we easily get (3.14)-(3.17). Hence, by also (3.10), (4.2) and (4.5) we can prove that
(Ug,y, Vo,y) verifies the identity

M(x5,0){(Ug,2> Vo,0)s (@, W)k, v.p — (o2 @Y H, + Vo1, Y)H,)
= J h(X)[fu(uo,y, Vo,y) P +fv(ua,y, Vo,y)w] dx + I% J |uU,A|a_2uo,A|VU,A|B(p dx

S

RN RN (4.6)

A [ oot -2vo dx
Ds
RN

for any (¢, ) € W, namely (uo,y, Vo,y) is a critical point of the C (W) functional

1 o

kg, WUy V) = —M(kg) I (u, VIP - —(||u||’;; + ||V||€1 ) = J h(x)f(u, v) dx - l* J |ul*|vIP dx.
b b P P Ds
RY RY

Thus, by sending n — oo in (4.2) and by (3.10), (4.4) and (4.6), we get (3.21). Moreover, by the Brézis and
Lieb lemma we have (3.22) and by Lemma 2.3 we obtain (3.23). Finally, combining (3.21)-(3.23) together

with Lemma 2.4, we derive the main formula

i _ D o1 _ D B »
M(Kg,y) nh—{go [(Un, Vo) = (Ug,y, VeI = O'HILH.}O("un ua,y”Hp +lva Va,y”Hp)

+ ynll?ngO J |un - uo',ylalvn - VO',)/'ﬂ dX (47)
]RN

p p
= 0(lg,y + €g,) + Y00,y
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Let us first consider the case y < 0. Assume by contradiction that lﬂ,y + e{;,y > 0. Then, from (4.7) we get
M(xg,y) lim [[(un = o,y V= Vo, )IP < 0 Hm (lun — U,y + Ve = Vol )
; 12 12
< aXp lim (lun - Uo,yly, +1Ve = Voylly,)
< M(xg,y) im [I(un ~ to,y, Va = Vo, )IP,
since 0 < aX{,. This is impossible. Therefore, lﬁ,y + ef;,y =0 forall y < 0and so (4.7) and (M1) imply that
nlgl‘;lo l(un, va) - (uu,y, Va,y)” =0, (4.8)

as required.
Let us now consider the case y € (0, 1]. Since ¢ < aX{p, there exists c € [0, 1) such that ¢* = caX{).
Of course, (4.7) can be rewritten as

(1- C)M(Kg,y) nli—{go (un - ug,y, van - VU,y)"p + CM(KzI;,y) nlLIEO (un — ug,y, vn - Va,y)"p = O'(Ig,y + E(I;,y) + y60,y-

Thus, combining (1.3) with (1.1), (V) and (M1), and using (2.3) with (u, v) = (un — Ug,y, Vn — Vo,y), We get

P
p P 2PN D D
Y60,y + 0" (g, + €5,y) = (1 - )C,." abdgy + ca¥y(ig,, + €q.y)

forall y € (0, 1], being c € [0, 1). Therefore,

pn
Y8oy = (1-¢)C, adyy, (4.9)

since 0% = ca¥{(,.
Let us define

" inf{y € (0,1] : §5,, > 0}, if there exists y € (0, 1] such that §4,, > 0,
y =
1, if 65, =0forally € (0, 1].

We claim that y** > 0 if there exists y € (0, 1] such that §,, > 0. Otherwise, there exists a sequence {yy}
with 6,,,, > 0 such that yx — 0 as k — co. Thus, (4.9) implies that
1--E2

s -p;
Ykbo,y’ 2(1-0)C,"a > 0.

This is an obvious contradiction, since {§,,,},¢(0,1] is uniformly bounded above by (2.3). Indeed, we have
{(un, vn)In € Bpy, (Ug,y, Vo,y) € Epo and po, given in Lemma 4.1, is independent of y.
Hence, 6,5,y = O for any y € (0, y**). Therefore, forall y € (0, y**),

. a _
nh_)rgo J [un = Ug,y|*lvn - vg,ylﬁ dx =0.
]RN

Now, assume by contradiction that there exists y € (0, y**) such that 14,y + €5,, > 0. Since ¢ < a¥{,, arguing
as in the previous case, we obtain from (M1) and (1.3) that

. p _ : p 4
M(xg,y) Hm [(un — Uo,y, Va = Vo )IP = 0 im (lun — oyl + 1Va = Vol )
: _ p _ p
<ak, nll)ngo("un uo,y”Hp +[[vn Vo,y"Hp)
< M(Kg,y) nli—{lc}o (un - ug,y, van - V(r,y)"py

which gives a contradiction. Thus, 14,y + €5,, = 0 for any y € (0, y**). Now (3.24) and (M1) imply again the
validity of (4.8).
In conclusion, (un, vn) = (Ug,y, Vo,y) @asn — ocoin W for all y < y**, as required. O

Proof of Theorem 1.3. Fix 0 € (-00, a¥p). For any y < 1, Lemma 4.1 and the Ekeland variational principle
give the existence of a Palais-Smale sequence {(uy, vn)}, in W at level mg,,. Moreover, by Lemma 4.2 there
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exists y** = y**(0) > O such that, up to a subsequence, {(uy, vn)}, strongly converges to (ug,y, Vq,y) in W with
Mg,y = J(Ug,y, Vg,y) < Oand J’(ug,y, Vo,y) = Oforanyy < y**. Consequently, (ug,y, Vs,,) is @ nontrivial solution
of system (8'). O

As in [35], we can conclude by giving an example, which illustrates a very simple application of Theo-
rems 1.1-1.3. To this end, consider the following prototype system in RY:

|ulP—2u a

(a+ 6bl|(u, V)| P)[(-A)5u + VOIuP2u] - 0 =——— = Ah()|(u, VI u + y— Jul*ZulvIP,
[x|P Ds (4.10)
vIP~2y ’
(a+ Bbl(u, VICIP)[(-A)v + VWP V] - o) lilps = RGOl V)| 2y + y§|v|/“v|u|“,
S

where a >0, b>0, 1<q<p?, a>1, B>1 with a+ B =p’, 0<heLPs/P:~D(RN) with infycq h(x) > 0,
where Q is a nonempty open subset of RV, and finally A is a positive number and y is a real parameter. Here,
M(t) = a+6bt?1, H(x, u, v) = "WML ) — g and

a b o A
I, v) = =@, VI + =@, VIP - =(ulf, +IvIE ) - = j h()|(u, v)|? dx - L J lul®|vIP dx.
b b p P P q Ds
RN RN
If0 e [1, %:), then M satisfies conditions (M1)-(M2), so that for all g € (6p, p), Theorem 1.1 can be applied
tosystem (4.10) forall y > 0. While M satisfies (M1) forall 8 > 1, sothatforall g € (p, p%), Theorem 1.2 can be
applied to system (4.10) for all y > 0, since clearly M(0) = a.
Finally, forall 6 > 1 and all g € (1, p), Theorem 1.3 can be applied forallA > 0and y < 1.
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