
Physics Letters B 673 (2009) 15–18
Contents lists available at ScienceDirect

Physics Letters B

www.elsevier.com/locate/physletb

Evidence for partial rotation alignment in proton emitting 121Pr
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Using nonadiabatic quasiparticle calculations we reproduce the experimental half-life for proton
radioactivity in 121Pr assuming that the decaying state has angular momentum Jπ = 7/2−, thus showing
for the first time clear evidence for partial rotation alignment in a proton emitting nucleus. The treatment
of the pairing interaction in the BCS approach produces profound changes in the ordering of energy levels,
and at high deformation, the state 7/2− coming from the h11/2 spherical shell becomes the bandhead.

© 2009 Elsevier B.V. All rights reserved.
Proton emission is a tunneling process through the Coulomb
and centrifugal barrier. The half-lives are thus quite sensitive to
the angular momentum of the decaying nucleus. The energy of the
outgoing proton is quite low, and the process has been interpreted
as decay from a resonance very low in the continuum, of the pro-
ton in the field of the core nucleus. In the case of deformed nuclei,
the simple adiabatic model [1–3] that considers the wave func-
tion of the proton as a single-particle Nilsson resonance, has been
very successful in determining uniquely deformation and angular
momentum of the parent nucleus assumed to be a rotor, with infi-
nite moment of inertia. 131Eu was the only nucleus that presented
some ambiguity in the assignment of the quantum numbers of the
decaying state. This ambiguity was solved by a later measurement
of the fine structure. The simultaneous interpretation of the ex-
perimental branching ratio and half-lives for decay to ground and
excited 2+ state with a consistent deformation, selected unambigu-
ously the decaying state [4].

A more sophisticated model, the nonadiabatic quasiparticle
model [5], that provides a complete and consistent description of
proton emission by taking into account the finite moment of in-
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ertia of the core and the pairing residual interaction, has later
confirmed the spin assignment of the adiabatic approximation.

In the mass region where proton radioactivity occurs, the neg-
ative single particle parity states are mainly based on the h11/2
spherical state. It is well known [6,7] that in this case, for oblate
and moderate prolate deformations, the strong coupling model
should not work, since the Coriolis interaction is very strong. One
thus expects a rotational alignment, i.e. the spectrum should be
characterized by a rotational band based on a 11/2− bandhead
with the same energy spacings as in the rotational band of the
daughter even–even nucleus, independently on the K value of the
Nilsson level close to the Fermi surface.

Recently, ground state proton radioactivity from 121Pr [8] has
been measured at Argonne National Laboratory. According to the
mass model of Möller and Nix [9], this new proton emitter should
have a prolate deformation with β2 = 0.318 and β4 = 0.075. The
adiabatic calculations performed by Robinson and collaborators [8]
also confirmed that the emission occurred from a highly prolate
deformed state, but were not able to discriminate between a 3/2+
and 3/2− as possible decaying Nilsson states. In the present work,
we try to solve this ambiguity by performing a nonadiabatic quasi-
particle calculation, and show that it is possible to give a firm
assignment to the angular momentum of 121Pr.

We will start by studying the decay process within the adia-
batic approach as the authors of Ref. [8] in order to allow a clear

http://www.ScienceDirect.com/
http://www.elsevier.com/locate/physletb
mailto:maglione@pd.infn.it
http://dx.doi.org/10.1016/j.physletb.2008.12.072


16 M.C. Lopes et al. / Physics Letters B 673 (2009) 15–18
Fig. 1. Nilsson proton levels of 121
59Pr as a function of quadrupole deformation (β2).

The hexadecapole deformation was scaled as β4 = 0.236β2 in order to maintain
the ratio suggested by Möller and Nix [9]. The levels closest to the Fermi level
(dotted line) are K = 1/2 and K = 3/2 with both positive and negative parities
(full and dashed lines, respectively). The positive parity states are coming from the
spherical g7/2 and d5/2 shells, while the negative parity ones are both coming from
the spherical h11/2 shell.

comparison between both calculations and single out the effect of
the rotational spectrum of the daughter nucleus and the pairing
residual interaction.

The single particle Nilsson energies are reported in Fig. 1. In
order to compare our results with the ones obtained in Ref. [8],
we have used the same parameterization of the mean field. As has
been shown in Ref. [10] for strongly deformed nuclei, the decay
widths are practically independent of the single particle poten-
tial used. The K π = 3/2+ and K π = 3/2− , assigned as decaying
state in Ref. [8], lie close to the Fermi surface for the predicted [9]
large deformation, and are the most probable candidates as decay-
ing state. According to Ref. [1] the decay width in the adiabatic
approach is given by

Γ
Ki

lp jp
(r) = h̄2k

μ( jp + 1/2)

|αKi
lp jp

(r)|2
|Glp (kr) + i Flp (kr)|2 u2

Ki
, (1)

where F and G are the regular and irregular Coulomb functions
respectively, and αlp jp the component with angular momentum
jp , equal to the spin of the decaying nucleus, of the Nilsson wave
function. The quantity u2

Ki
is the spectroscopic factor, correspond-

ing to the probability that the single particle level in the daughter
nucleus is empty, evaluated in the BCS approach. Since usually
the emitting nucleus is in the band-head of the rotational band,
jp = Ki .

The half-lives corresponding to the widths given by Eq. (1), are
shown in Fig. 2. Our results for both 3/2 states are similar to the
ones presented by Robinson [8]. Their results, however, are not
able to reproduce the experimental half-life in the region of de-
formations predicted by Möller and Nix [9]. In our case, assuming
decay from the 3/2− state, the half-life reproduces the experimen-
tal value. This is not only due to the different (0.26) β4/β2 relation
used in Ref. [8]. The main reason being that in our calculations, in
contrast to Ref. [8] where it is kept constant, the spectroscopic fac-
tor u2, that corresponds to the probability that the single-particle
level in the daughter nucleus is empty, comes from a BCS calcu-
lation and changes with deformation, leading to a smaller value
Fig. 2. Half-life for the K = 1/2 and K = 3/2 Nilsson states of Fig. 1 as function
of β2, obtained with adiabatic calculations. The shaded (yellow) area represents the
experimental half-life, taking into account the error bar. The error bar shown on
the theoretical calculation for the jπ = 3/2− state at the deformation suggested by
Möller and Nix is representative of the uncertainty in the calculation due to the
experimental error in the Q p -value of 900(10) keV [8]. (For interpretation of the
references to colour in this figure legend, the reader is referred to the web version
of this Letter.)

at higher deformations. This effect is particularly pronounced for
the state 3/2− , which becomes lower than the Fermi level (Fig. 1),
making it less probable to find this state empty. As a consequence,
the half-life of this state becomes longer and closer to the experi-
mental value.

In Fig. 2 the half-lives for the 1/2+ and 1/2− are also re-
ported, since, changing slightly the spin–orbit interaction and con-
sequently the relative positions of the positive and negative parity
states, they could become the Fermi level. However, the half-lives
are quite far from the experimental value and therefore are ruled
out as candidates for ground state.

Improvements to the strong-coupling approach, taking into ac-
count the Coriolis coupling, have been presented in Refs. [11,12].
One has to consider the total Hamiltonian:

H = H int + Hcol

= H int + h̄2

2I
(

J 2 + j2 − 2�J · �j), (2)

which includes in Hint the Nilsson Hamiltonian and the pair-
ing residual interaction, and thus has to be diagonalized between
quasiparticle states [5]. The vector �J and �j are the total angular
momentum of the nucleus and the angular momentum of the odd
proton respectively.

The moment of inertia of the rotor I appearing in Eq. (2), is
usually determined from the energy of the 2+ state of the daugh-
ter nucleus. Unfortunately, there is no experimental information
concerning the 2+ energy in the case of 120Ce. Therefore, we es-
timate this value by using the Grodzins formula [7,13] which pro-
vides an empirical relation between the E2+ and the quadrupole
deformation (β2) of the nucleus in the following way

E2+ ≈ 1225

A(7/3)β2
2

MeV (3)

obtaining a value of 0.167 MeV for the E2+ in 120Ce using a β2 =
0.318 as suggested by Möller and Nix [9].
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Fig. 3. Half-life of 121
59Pr as a function of deformation β2 for different Iπ states.

The calculations were performed within the nonadiabatic approach with residual
pairing interaction. The experimental value, and the theoretical and experimental
uncertainties are reproduced as in Fig. 2.

In the nonadiabatic quasiparticle model the partial decay
widths are given by [5],
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where F , G and u f
K are defined as in Eq. (1). The quantity K is

the projection of the angular momentum on the symmetry axis
of the rotor and a J

K , the components of the wave function after
the diagonalization on the basis of states | J K M〉. R is the angular
momentum of the daughter nucleus. in the case of decay to the
ground state of the daughter nucleus R = 0 and Eq. (4) reduces to:
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δ J , jp . (5)

The residual pairing interaction is treated within the BCS ap-
proach using a constant gap Δ ≈ 12/

√
A [14].

We performed the nonadiabatic calculations, diagonalizing the
Coriolis interaction in the correlated field of quasiparticles, consid-
ering different J values for both positive and negative parity states.

As one can see from Fig. 3, the half-lives for both parities
J = 1/2 states remain the same as in the adiabatic calculation,
meaning that the Coriolis interaction does not mix appreciably the
different basis states. The main reasons for this behaviour are the
quite large separation in energy of the K = 1/2 basis states, and
magnitude of the Coriolis matrix elements that are weak for pos-
itive parity states, since they have small angular momentum, and
for negative parity states since they are coming from different ma-
jor shells. The states with Jπ = 3/2+ and Jπ = 3/2− are both
modified due to the Coriolis interaction and the good agreement
observed earlier in Fig. 2 for the state 3/2− disappears, although,
due to the large theoretical uncertainty, they cannot be discarded
as possible candidates for the emitting state. All the other half-
lives for states coming from negative parity appear much higher
than the experimental value, with the exception of Jπ = 7/2− for
which it reproduces exactly the experimental value.
Fig. 4. Eigenvalues with negative parity of the Hamiltonian of Eq. (2) with respect
to the Jπ = 11/2− state. In these calculations the E2+ energy was assumed to be
constant.

It might look surprising that the 7/2− and 3/2− have similar
half-lives, since they have quite different centrifugal barriers. This
is due to the fact that the size of the f7/2 component is much
larger than the p3/2 component as can be seen easily using per-
turbation expansions arguments. The f7/2 is coupled at first order
through the quadrupole deformation, while the p3/2 comes from a
second order coupling of the quadrupole or first order of the hex-
adecapole fields, therefore are smaller.

As it was shown, the calculations for the half-lives of the decay
from 121Pr with the adiabatic and the nonadiabatic quasiparticle
approaches suggest a different value for the angular momentum of
the decaying state. We interpret this result as a consequence of the
large strength of the Coriolis interaction that mixes considerably
the Nilsson states coming from the spherical h11/2 level. However,
since proton emission is a slow process compared to gamma de-
cay, it can occur only from either the ground or an isomeric state.
Therefore to identify the emitting state it is not enough to repro-
duce the experimental half-life, but one has to show that it is also
a bandhead.

The energies of the negative parity states with respect to the
J = 11/2− are represented in Fig. 4. The bunching of levels at zero
deformations corresponds to the coupling of the h11/2 spherical
proton level, to the rotational spectrum of the core, since the cal-
culation has been performed using a fixed value of the moment
of inertia obtained from the energy of the 2+ given by Eq. (3). The
3/2− states is never the ground state and, although in some way it
reproduces the experimental half-life, can be definitely eliminated
as a possibility. One can also observe that, for low deformation,
the lowest state in energy is the 11/2− , while, as deformation in-
creases, the 7/2− lowers its energy, until it becomes the ground
state and consequently the decaying state for deformation larger
than ≈ 0.2.

In fact, looking at the systematics of odd-A praseodymium iso-
topes shown in Fig. 5, one can see that the isotopes with higher
neutron number and lower deformation, display a rotational band
based on a 11/2− state [15–17], and the energy spacings between
levels have a great correspondence to the ones of the ground state
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Fig. 5. Ground state rotational bands of different Ce isotopes compared to the negative parity bands in the neighbour Pr nucleus. The quadrupole deformation assigned to the
different nuclei has been calculated using the Grodzins formula [7,13]. Experimental data are taken from Refs. [15–20].
rotational band in the Ce daughter nuclei [18–20]. This effect is
also present, for low deformation, in the results of our model pre-
sented in Fig. 4 and gives support to our calculation. In the past,
similarities like these were the main inspiration for the develop-
ment of the so-called rotation aligned scheme [6]. This scheme
relies on the notion that it is energetically easier to achieve a given
spin by combining a particular angular momentum aligned nearly
along the rotation axis with a smaller core rotation than coupling a
particular angular momentum aligned elsewhere with a large core
rotation.

The importance of the rotation alignment scheme was first re-
alized in 1975 by Stephens [6]. If we analyze the total Hamiltonian
of Eq. (2), minimization of the total energy shows that for a fixed
total angular momentum J and a more or less fixed proton angu-
lar momentum j, the �J · �j term of the rotor Hamiltonian tries to
align the intrinsic spin j with the total spin J .

In lighter praseodymium isotopes, the energy of the 15/2−
states increases with respect to the 2+ of the daughter nucleus as
the deformation increases, an effect also present in Fig. 4. Finally,
the lightest and most deformed praseodymium isotope for which
the experimental spectrum is known, 125Pr, has a 7/2− bandhead
showing that approaching the proton drip-line, there is a crossing
between the 7/2− and 11/2− levels.

This experimental evidence gives further support to our calcu-
lation and assignment of the angular momentum of the proton
emitting state.

For these reasons our analysis indicates a strong evidence for
a partial rotation alignment in 121Pr, with the spin and parity of
the proton emitting state as Jπ = 7/2− , although we cannot com-
pletely exclude the possibility of being a 3/2+ .

In conclusion, 121Pr is the first proton emitting nucleus for
which partial rotation alignment has been clearly established, di-
rectly from the interpretation of the half-life, showing how pow-
erful the observation of proton radioactivity can be for the knowl-
edge of nuclear structure.
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