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Abstract. A fault containing two asperities with different
strengths is considered. The fault is embedded in a shear zone
subject to a constant strain rate by the motions of adjacent
tectonic plates. The fault is modelled as a discrete dynamical
system where the average values of stress, friction and slip
on each asperity are considered. The state of the fault is de-
scribed by three variables: the slip deficits of the asperities
and the viscoelastic deformation. The system has four dy-
namic modes, for which analytical solutions are calculated.
The relationship between the state of the fault before a seis-
mic event and the sequence of slipping modes in the event is
enlightened. Since the moment rate depends on the number
and sequence of slipping modes, the knowledge of the source
function of an earthquake constrains the orbit of the system in
the phase space. If the source functions of a larger number of
consecutive earthquakes were known, the orbit could be con-
strained more and more and its evolution could be predicted
with a smaller uncertainty. The model is applied to the 1964
Alaska earthquake, which was the effect of the failure of two
asperities and for which a remarkable post-seismic relaxation
has been observed in the subsequent decades. The evolution
of the system after the 1964 event depends on the state from
which the event was originated, that is constrained by the
observed moment rate. The possible durations of the inter-
seismic interval and the possible moment rates of the next
earthquake are calculated as functions of the initial state.

1 Introduction

Many aspects of fault dynamics can be reproduced by asper-
ity models (Lay et al., 1982; Scholz, 1990), assuming that
one or more regions of the fault have a much higher fric-
tion than the adjacent regions. Several large and medium-
size earthquakes that occurred in the last decades were the
result of the failure of two distinct asperities, such as the
1964 Alaska earthquake (Christensen and Beck, 1994), the
1995 Kobe earthquake (Kikuchi and Kanamori, 1996), the
2004 Parkfield earthquake (Johanson et al., 2006) and the
2010 Maule, Chile, earthquake (Delouis et al., 2010).

In the framework of an asperity model, the evolution of as-
perities in terms of stress accumulation, seismic slip and mu-
tual stress transfer plays a key role. Therefore, the dynamical
behaviour of a fault can be fruitfully investigated by means of
discrete models describing the state of asperities (e.g. Ruff,
1992; Rice, 1993; Turcotte, 1997). An advantage associated
with a finite number of degrees of freedom is that we can pre-
dict the evolution of the system at long term by calculating
its orbit in the phase space.

A discrete fault model with two asperities was originally
proposed by Nussbaum and Ruina (1987) and further inves-
tigated by Huang and Turcotte (1990, 1992), McCloskey and
Bean (1992) and others. Dragoni and Santini (2012, 2014)
solved analytically the equations of motion in the case of
a two-asperity fault with different strengths in an elastic
medium.

In the long-term evolution of a fault, the rheological prop-
erties of Earth’s lithosphere play an important role. Litho-
spheric rocks are not perfectly elastic but have a certain
degree of anelasticity (Carter, 1976; Kirby and Kronen-
berg, 1987; Ranalli, 1995; Nishimura and Thatcher, 2003;
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Birgmann and Dresen, 2008). As a consequence, the static
stress fields produced by fault dislocations undergo a certain
amount of relaxation during the interseismic intervals, which
alters the stress distribution on faults and modifies the oc-
currence times of seismic events (Kusznir, 1991; Kenner and
Segall, 2000; Smith and Sandwell, 2006; Piombo et al., 2007;
Ding and Lin, 2014).

A preliminary study of the effects of viscoelastic relax-
ation on a fault containing two asperities was made by Amen-
dola and Dragoni (2013), in the case of asperities with the
same frictional strength. It was shown that the stresses on
the asperities increase non-linearly during the interseismic
intervals, although the tectonic loading takes place at con-
stant rate. As a consequence, earthquakes are anticipated or
delayed with respect to the case of an elastic medium. In ad-
dition, the stress rate is different for the two asperities, so that
the stress distribution changes during loading and the asper-
ity subject to the greater stress at a given instant in time is
not necessarily the first one to fail in the next earthquake.

The present paper generalizes Amendola and Drag-
oni (2013) in that it considers two asperities with different
strengths and a larger set of possible states for the fault in
the interseismic intervals. We investigate which subsets of
states drive the system to the failure of one asperity or both.
Whether the failure starts at one asperity or the other has con-
sequences on the position of the earthquake focus as well as
on its source function and seismic moment.

The model is applied to the 1964 Alaska earthquake, for
which a sufficiently long time interval has elapsed to al-
low for observation of a remarkable post-seismic relaxation
(Zweck et al., 2002). The moment rate of the earthquake was
modelled by Dragoni and Santini (2012), showing that it can
be approximately represented as a two-mode event with the
consecutive failure of the two asperities. We study the subse-
guent evolution of the system in the presence of viscoelastic
relaxation and calculate the duration of the interseismic inter-
val and the possible source functions of the next earthquake.

2 The model

We consider a plane fault with two asperities of equal ar-
eas, that we name asperity 1 and 2, respectively (Fig. 1). Fol-
lowing Amendola and Dragoni (2013), all quantities are ex-
pressed in nondimensional form. We assume that the fault is
embedded in a homogeneous and isotropic shear zone, sub-
ject to a uniform strain rate by the motion of two tectonic
plates at relative velocity V. The rheological properties of
the lithosphere are taken into account by assuming that co-
seismic stresses are relaxed with a characteristic Maxwell
time ©.

We do not determine stress, friction and slip at every point
of the fault but, instead, the average values of these quantities
on each asperity. We define the slip deficit of an asperity at
a certain instant 7 in time as the slip that the asperity should
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Figure 1. The fault model. The state of the fault is described by the
slip deficits X (T') and Y (T') of the asperities and by the viscoelastic
deformation Z(T).

undergo in order to recover the relative plate displacement
occurred up to time 7.

The state of the fault is described by three variables: X,
Y and Z, where X and Y are the slip deficits of asperities 1
and 2, respectively, while Z is viscoelastic deformation. Ac-
cordingly, the asperities are subject to tangential forces:

Fi=-X+aZ, Fob=-Y—aZ, (1)

where « is a coupling constant and the terms +«Z are the
contribution of stress transfer between the asperities in the
presence of viscoelastic deformation. The couple (Fi, F>)
yields the stress state of the fault.

The forces F1 and F> are defined as the forces that act on
the asperities in the slip direction; therefore, they are valid
for any source mechanism (strike-slip, dip-slip or other). In
Eqg. (1), the terms — X and —Y represent the tectonic loading
of asperities 1 and 2, respectively, and have the same sign
for both asperities. In the expression for Fi, the term a Z is
the force applied to asperity 1 by the past motions of asperi-
ties, in the presence of viscoelastic relaxation. Analogously,
in the expression for Fy, the term —a Z is the force applied
to asperity 2 by the past motions of asperities.

Fault slip is governed by friction, which is best described
by the rate-and-state friction laws (Ruina, 1983; Dieterich,
1994). According to the premise, we use a simpler law as-
suming that the asperities are characterized by constant static
frictions and consider the average values of dynamic frictions
during fault slip. We assume that the static friction of asper-
ity 2 is a fraction B of that of asperity 1 and that dynamic
frictions are a fraction e of static frictions.

If we call fs1 and fy the static and the dynamic frictions
of asperity 1, respectively, and fs» and fyo the static and the
dynamic frictions of asperity 2, we define

_fu_fe

= = 2
¢ fsl fsz ( )
and

fs2 fa2
P fs1 far )
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Hence the system is described by the five parameters «, B, ¢,
®and V,witha>0,0<B8<1,0<e<1,®>0,andV > 0.
From these parameters we can define a slip

1—¢

U=2 4
1+« “)

and the frequencies
o=vV1+a, Q=+v1+42¢« (5)

that will appear in the solutions. The system is subject to the
additional constraint

X>0, Y>0 (6)

that excludes overshooting during fault slip. Forces are ex-
pressed in terms of the static friction of asperity 1, so that the
conditions for the failure of asperities 1 and 2 are, respec-
tively,

F1=-1 F,=- (7
or, from Eq. (1),

X—-aZ—-1=0, (8)
Y+aZ—B=0. (9)

These are the equations of two planes in the space XY Z,
that we call TT; and I, respectively.

The dynamics of the system has four different modes:
a sticking mode, corresponding to stationary asperities
(mode 00), and three slipping modes, corresponding to the
failure of asperity 1 (mode 10), the failure of asperity 2
(mode 01), and the simultaneous failure of both asperities
(mode 11). Each mode is described by a different system of
differential equations.

In mode 00, the velocities X, ¥ and Z are negligible with
respect to their values in the slipping modes. Therefore, the
region of phase space including the states in which the asper-
ities are stationary (sticking region) is a subset of the space
XY Z. Itis the region bounded by the planes X =0, Y =0,
I1; and I15: a tetrahedron T (Fig. 2).

A seismic event takes place when the orbit of the system
reaches one of the faces AC D or BC D of T, belonging,
respectively, to the planes IT; and IT». In these cases, the
system passes from mode 00 to mode 10 or 01, respectively.
If the orbit reaches the edge C D, the system passes instead
to mode 11. For later use, we introduce a point P with coor-
dinates

_atoaf+1

¥ _atoaf+p 1-8
P 1+ 2

= ———" o
P 1+20 P71t 2a (10)

It belongs to the edge C D and corresponds to the case of
elastic coupling; in fact Zp = Yp — Xp.
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Figure 2. The sticking region T of the system is a tetrahedron
A B C D inthe phase space (@ =1, 8 =1). The point P is indicated.

3 Equations of motion and solutions

The equations of motions of the four dynamic modes and
the corresponding solutions are given below. Viscoelastic re-
laxation is negligible during the slipping modes; therefore,
the equations for X and Y are the same as in the case of
elastic coupling, while Z changes according to the equation
Z=Y —X.

3.1 Stationary asperities (mode 00)

The variables X and Y increase steadily due to tectonic mo-
tions, while Z is governed by the Maxwell constitutive equa-
tion. The equations of motion are

z

X=0, Y=0, Z=—,
@2

(11)

where a dot indicates differentiation with respect to T'. The
fault can enter mode 00 from mode 10 or from mode 01. With
initial conditions

X0)=X, YOO =Y, ZO0)=2Z, (12)
XO0) =V, Y(O)=V, Z0) = —é, (13)
the solution is

X(T)=X+VT, Y(T)=Y+VT, Z(T)=Ze T/°, (14)

with 7 > 0. The initial point belongs necessarily to 7 and
Eq. (14) are the parametric equations of a curve lying on the
plane

X-Y+Y—-X=0, (15)

which is parallel to the Z axis.

Nonlin. Processes Geophys., 22, 349-359, 2015
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Failure of asperity 1 (mode 10)

The equations of motion are

X+X—-aZ—-€e=0, (16)
¥ =0, 17
7Z—X+aZ+e=0. (18)

The fault can enter mode 10 from mode 11 or from mode 00.

a.

Case 11 — 10: with initial conditions
X0 =X, YO =Y, Z0)=2Z, (19)
V, Y(0)=0, Z(0)=-V, (20)

the solution is

X(T):Y—%(1—005a)T)+Ksian, (21)
w
Y(T)=Y, (22)
Z(T)=Z+X - X(T), (23)
where
Ty=2i—027¢ (24)
[0}

The slip duration, calculated from the condition
X(T)=0,is

1 2V
Tio= — (n +arctan T) (25)
w

wlU1q

and the final slip amplitude is

_ —\2 —\2
U U \%
U= -1 + == +{—). (26)
2 2 w
Case 00 — 10: in this case the initial point belongs to
the face A C D so that

X—aZ=1 V=0, (27)

and from Eq. (24)

Up=U. (28)

The solution reduces to

X(T)=X- %(1—COSa)T), (29)
Y(T)=Y, (30)
Z(T) :7+%(1—coswn. (31)
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If the orbit does not reach the face B C D during the
mode, one has

T
Tio=—, Up="U. (32)
w

If the orbit reaches B C D before time 7 /w has elapsed,
the system passes to mode 11. In this case,

1 U
Tio = r_=z arccos (Zﬂ - 1) , (33)
IR0 U
where
-Y—aZ
vn=t=T=2Z, @

3.3 Failure of asperity 2 (mode 01)

The equations of motion are

X =0, (35)
Y+Y+aZ—Be=0, (36)
7Z+Y+aZ—Be=0. (37)

The fault can enter mode 01 from mode 11 or from mode 00.

a. Case 11 — 01: with initial conditions

X0 =X, Y(0)=Y, Z0)=2Z, (38)

X0)=0, Y0 =V, Z(0)=V, (39)

the solution is

X(T) =X, (40)

Y(T)=Y — %(1—cosz)+Ksian, (41)

w

Z(TY=Z—-Y+Y(), (42)

where

Ty =2  F22=Fe (43)
w

The slip duration, calculated from the condition
Y(T)=0,is

1 2V
Tor = — (rr + arctan T) (44)
w

wU-

and the final slip amplitude is
U 7\ (VY

Un=—+ [ =) +{ - ). (45)
2 2 w
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b. Case 00 — 01: in this case the initial point belongs to
the face B C D so that

Y+aZ=pB, V=0, (46)
and from Eq. (43)
U, =BU. (47)

The solution reduces to

X(T)=X, (48)
Y(T)=Y — ’BTU(l—COSwT), (49)
Z(TY=7Z— 'BTU(l—COSa)T). (50)

If the orbit does not reach the face ACD during the
mode, one has

T
T01=5, Uo1 = BU. (51)

If the orbit reaches A C D before time 7 /w has elapsed,
the system passes to mode 11. In this case,

1 U
To1 = T _ Zarccos (222 —1), (52)
0w BU
where
1-X+4aZ
Uo1 = — (53)

3.4 Simultaneous asperity failure (mode 11)

The equations of motion are

X+X—aZ—e=0, (54)
Y+Y+aZ—Be=0, (55)
7—X+Y+20Z+(1—Be=0, (56)

and the solution is

X(T)=AsinT + BcosT + CsinQT + DcosQT + E1, (57)
Y(T)=AsinT + BcosT — CsinQT — DcosQT + E», (58)
Z(T)=—-2CsinQT —2DcosQT + Es3, (59)

where the constants A, B, C, D, E1, E», and E3 depend on
initial conditions. The fault can enter mode 11 from mode 10,
01 or 00.

a. Case 10 — 11: the initial conditions are

Z=17, (60)
Z=-V

X=X, Y=Y,
X=V, Y=0, -V, (61)

and the constants are

www.nonlin-processes-geophys.net/22/349/2015/

1 _
B=Z[X+Y—e(Xp+1p)], (62)
1 X-Y—-2aZ
D:E(ezp+—92 ) (63)
X-Y+Z
Ei=eXp+a o , (64)
X-Y+Z
E)y=€¢Yp—u RY , (65)
X-Y+7Z
Ey=eZp+ —05—, (66)
v vV
A=—, C=—. 67
2 2Q (67)
b. Case 01 — 11: the initial conditions are
X=X, Y=Y, Z=17, (68)
X=0, Y=V, Z=V. (69)

The constants B, D, E1, E», and E3 are given by
Egs. (62)-(66), while

\% \%4
A==, C=—oo. (70)
c. Case 00 — 11: the initial conditions are
X=X, Y=Y, Z=12Z, (71)
X=0, Y=0, Z=0. (72)

The constants B, D, Ej, E», and E3 are given by
Egs. (62)-(66), while

A=0, C=0. (73)

4 The sequence of slipping modes

In general, a seismic event will involve n slipping modes
of the fault. The sequence of slipping modes determines not
only the source function and the seismic moment of the earth-
quake, but also the position of its focus. We wish to find the
relationship between the state of the fault before the earth-
quake and the sequence of slipping modes.

During the interseismic intervals, the fault is subject to
continuous tectonic loading due to the motion of adjacent
plates and to the effect of viscoelastic relaxation of the stress
accumulated by previous seismic activity. Given any state
Py = (Xo, Yo, Zo) €T, its orbit will lead to the failure of as-
perity 1 or asperity 2 or to the simultaneous failure of both
asperities. In fact, all the orbits (Eq. 14) in mode 00 reach
one of the faces A C D or B C D or their common edge C D.
We wish to determine the subset T of the sticking region T
such that, if Py € Tq, the orbit reaches A C D and the subset
T, such that, if Py € To, the orbit reaches B C D.

Nonlin. Processes Geophys., 22, 349-359, 2015
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Figure 3. The surface T divides the sticking region T in two subsets
T (below) and T, (above), which determine the first slipping mode
of the seismic event (@ =1, 8 =1).

Any curve (Eg. 14), if prolonged outside T, intersects both
11 and T1y. Let P1 = (X1, Y1, Z1) and P, = (X3, Y2, Z2) be
the intersection points with the two planes, respectively, and
let T1 and T be the corresponding instants in time. Accord-
ingly, X1 and Z; must satisfy Eq. (8) or, thanks to Eq. (14),

Xo+VTi=14aZoe /9, (74)
whence

1-Xp
1 =0W(1)+ v (75)

where W is the Lambert function with argument

aZy _1-Xg
= — Ve | 76
"n=5¢ (76)
Analogously, Y, and Z; must satisfy Eq. (9) or, thanks to

Eqg. (14),

Yo+ VT =B —aZoe 12/°, (77)
whence
— YO
B=0W+ o (78)
with
aZy _B-1

= Vo, 79

) T (79)

We consider the difference

AT =T1— T, (80)
and define a surface X with the equation

AT(X,Y,Z)=0 (81)

or, thanks to Egs. (75) and (78),
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C B

A D

Figure 4. The faces A C D and B C D of T and their subsets, which
determine the sequence of slipping modes and the moment rate of
the seismic event (0« =1, =1, € =0.7).

VO[W@u) -W@o)]|+Y —-X+1-B=0. (82)

This is a transcendental surface that divides T in two con-
nected, open subsets Ty and T, with the required properties
(Fig. 3). If =1, the surface ¥ divides T in two halves; if
B <1, T1 has a smaller volume than T,. The edge C D of T
belongs to X. By definition, no orbit can cross X; therefore,
if Py € X, its orbit remains on X and reaches the edge C D.

After an orbit reaches one of the faces AC D or BC D at
a point Py, the sequence of modes in the earthquake will be
different according to which subset of the face P, belongs to.
This is illustrated in Fig. 4. Let us consider the face AC D. If
Py belongs to the triangle Q1, the earthquake will be a one-
mode event 10. If P, belongs to the segment s1, the earth-
quake will be a two-mode event 10-01. If P belongs to the
trapezoid R1, the earthquake will be a three-mode event 10—
11-10 or 10-11-01. The remaining part of the face would
lead to overshooting. Analogous considerations can be made
for subsets Qo, s> and R» of the face B C D.

Therefore, events involving the simultaneous failure of as-
perities can take place only from particular subsets of states
of the system. In general, a three-mode event can result from
four different sequences of modes: 10-11-10, 10-11-01,
01-11-10, and 01-11-01. In particular cases, sequences like
10-01-10 or 01-10-01 are also possible.

The reasons for the different sequences of modes involved
in the earthquake are clear if we consider the forces acting
on the asperities in the different states. If we consider the
face A C D, we have F; = —1 everywhere, while F5 is equal
to —B on C D and decreases in magnitude with the distance
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from this edge. Hence, the onset mode 10 of the sequence can
trigger mode 11 only if | F>| is large enough and this occurs
if P, € R1. When F» = —(8 — aU) we have the limit case of
two consecutive modes 10-01. For smaller values of | F»|, no
triggering occurs and the earthquake is a one-mode event 10.
The same considerations can be made for the face B C D.

This analysis enlightens the relationship between the state
of the fault before an earthquake and the sequence of modes
in the seismic event. It also suggests that the knowledge of
the source function of an earthquake may allow us to con-
strain the orbit of the system in the phase space.

5 Seismic moment rates

The number and the sequence of slipping modes involved in
a seismic event determine the moment rate of the earthquake.
Let P; be the singular points of the orbit, i.e. the points where
the system passes from one mode to another. If the seismic
event begins at Py, the representative point of the system
when it enters the ith slipping mode is Px4;—1 and the cor-

responding instant in time is Tyy;—1 (i=1, 2, ... n). The
duration of the ith mode is
AT = Tiyi — Tieri-1s (83)

and the seismic event terminates at time Tj,. In the ith
mode, the slip functions of asperities 1 and 2 are, respec-
tively,

AXi(T) = Xpti-1 — X (T — Tiyi-1), (84)
AYi(T)=Yiqi-1 =Y (T — Tiyi-1), (85)

where the appropriate expressions of X (7') and Y (T) must
be used. The moment rate of an n-mode seismic event can be
calculated as

M(T) =% > (AXi+AY;)
i=1
[H (T — Tiyi-1) — H(T — Tiy) ], (86)

where M3 is the seismic moment due to the slip of asperity 1
by an amount U and H(T) is the Heaviside function. The
final slip amplitudes of asperities 1 and 2 are, respectively,

n
AXi (Tiri), U= D AYi(Tisi), (87)
i=1 i=1

Uy =

n

and the final seismic moment is

U1+ U;
Mo =M l:]_ 2. (88)

The moment rate depends on the state of the fault at the be-
ginning of the seismic event, i.e. on the coordinates Xy, Y
and Z;. This state is a priori unknown, but the knowledge of
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the source function of the earthquake allows us to set con-
straints on it. As shown in Sect. 4, if the first mode is 10
or 01, P, must belong to the face ACD or BCD of T. In
addition, if the event has a single mode, Py belongs to the
subset Q1 or Q»; if the event has two modes, P, belongs to
the segment s or sp; if the event has three modes, Py belongs
to the subset Ry or R».

This allows us to constrain the evolution of the system to
a certain subset of the phase space and, when the next earth-
quake occurs, the knowledge of its moment rate will allow us
to further constrain this subset. Hence, if we knew the source
functions of a sufficiently large number of consecutive earth-
quakes, we could constrain more and more the orbit of the
system and its evolution could be predicted with a smaller
uncertainty.

6 Application to the 1964 Alaska earthquake

The 1964 Alaska earthquake was one of the largest
earthquakes in the last century, with a seismic moment
Mg =3 x 10?2 Nm (Christensen and Beck, 1994; Holdahl
and Sauber, 1994; Johnson et al., 1996; Ichinose et al., 2007).
Seismological, geodetic and tsunami data indicate that the
earthquake was the result of the slipping of two asperities,
the Prince William Sound and the Kodiak Island asperity,
which we call asperities 1 and 2, respectively. The earthquake
started with the failure of asperity 1 followed by that of asper-
ity 2. On the basis of coseismic surface deformation, Santini
et al. (2003) suggested average slips of u1 =24 m for asper-
ity 1 and up = 18 m for asperity 2.

For the Alaska earthquake there is clear evidence that post-
seismic deformation occurred in the decades following the
event (Zweck et al., 2002; Suito and Freymueller, 2009).
Part of the deformation has been ascribed to aseismic slip
of the fault and part to viscoelastic relaxation. The latter
shows a characteristic time T ~ 30 a. The relative plate veloc-
ity is v=>5.7cma~! (DeMets and Dixon, 1999; Cohen and
Freymueller, 2004). In fact, the velocity of the Pacific Plate
relative to the North American Plate at the Alaska/Aleutian
Trench increases gradually from the northeast to the south-
west. However, the difference between the area of Prince
William Sound and the area of Kodiak Island is small, in the
order of few millimetres per year, and can be reasonably ne-
glected.

According to the present model, the seismic event was a
sequence of modes 10-01 starting from mode 00. Since the
first mode was 10, the orbit of the system in mode 00 was
in the subset T of the sticking region. Let P; be the repre-
sentative point of the system at the beginning of the seismic
event. Since mode 10 was followed by mode 01, P; belongs
to segment s1 (Fig. 4). We may express the coordinates of P;
as

X1=aZ1+1, N=p—aU—-aZ1, 73 (89)

Nonlin. Processes Geophys., 22, 349-359, 2015
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with

Za < Z1 = Zy, (90)

where

Za:—l_U, Zb:w. (91)
o o

The orbit of the system is one curve of the bundle with para-
metric equations (Eq. 14) passing through s1. At the end of
mode 10, the system is at P, with coordinates

Xo=aZ1+1-U, Yo=B—aU—aZy, Zp=21+U. (92)

As Z; varies in the interval Eq. (90), there is an infinite num-
ber of points P, forming another segment 1 belonging to the
face B C D and parallel to the edge C D. At the end of the
event, the system is at P3, with coordinates

Xz=aZ1+1-U, Y3=B—(a+B)U —aZ,
Zy=2Z1+(1—p)U. (93)

As Z1 varies in the interval Eq. (90), there is an infinite num-
ber of points P3 forming another segment ¢1. This segment
is also parallel to the edge C D. However, it intersects the
surface X for Z, = Z¢, with Z; < Z; < Zy,.

From Eq. (1), itis easy to calculate the forces on the asper-
ities at points Py, P, and P3. These forces are independent of
the positions of the points on the respective segments s1, 1
and g1:

F1=-1, Fpb=—(8—alU)ons, (94)
F1=—2e-1), Fpb=-Bonry, (95)
F1=—2e—-14aBU), Fo=—(2e¢—-1)Bongq. (96)

For an application of the model to the Alaska earthquake,
we take « =0.1, 8 =0.75, and ¢ =0.7 (Dragoni and San-
tini, 2012). It follows U ~0.545 and V ® ~ 0.039. With these
values, Eq. (91) yields Z;~—4.55 and Z,~2.86, while
Z.>~0.41.

Then, according to Egs. (94)—(96), the forces imme-
diately before the 1964 earthquake are Fi(T1)=-—1 and
F>(T1) = —0.70, showing that the magnitude of stress on as-
perity 2 is 70% of that on asperity 1. The failure of asper-
ity 1 reduces the stress on asperity 1 and transfers stress to
asperity 2 up to static friction, so that F;(7>) =—0.40 and
F>(T2) = —0.75. Finally, the failure of asperity 2 reduces the
stress on asperity 2 and transfers stress back to asperity 1, so
that at the end of the event it results in F1(73) = —0.44 and
F>(T3) = —0.30, indicating a more homogeneous stress dis-
tribution. Then the system evolves in mode 00, where both
stresses increase in magnitude, but at different rates.

7 Post-seismic evolution

On the basis of a purely elastic model, Dragoni and San-
tini (2012) predicted that the next large earthquake involv-
ing the 1964 fault would take place about 350 years later
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Figure 5. (a) Duration T’ of the interseismic interval following an
event with mode sequence 10-01, (b) forces Fy and F» on the as-
perities at the beginning of the subsequent event, and (c) seismic
moment My of the subsequent event, as functions of the variable
Z, characterizing the initial state of the system. The values of pa-
rameters are appropriate to the 1964 Alaska earthquake (o =0.1,
B=0.75¢=0.7, VO =0.039).

and would be due to the failure of asperity 2 alone. If we in-
troduce viscoelastic relaxation, a wider range of possibilities
appears. Since the segment ¢, intersects X, the point P; can
belong to T1, T2 or . In the first case, the next event will
start with the failure of asperity 1, in the second case with the
failure of asperity 2, in the third case with the simultaneous
failure of both asperities.

According to the present model, the duration of the inter-
seismic interval between 1964 and the next earthquake is

www.nonlin-processes-geophys.net/22/349/2015/
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Figure 6. Examples of possible moment rates M (T) for the event following the 10-01 event: (a) —4.55 < Z1 < 0.20, (b) Z1 =0.30,
(c) Zz1=0.41, (d) Z1 =0.60, and (e) 0.70 < Z1 < 2.86, where Z1 characterizes the initial state of the system. The values of parameters
are appropriate to the 1964 Alaska earthquake (¢ =0.1, 8 =0.75, ¢ =0.7, VO = 0.039).

T W)+ gt PseT 97)
e W(V2/)+ﬂv£3’ P3eT,
where
, aZz —1;§3 , aZs _%
= , =— 0 . 98
n=vg¢ Z) 76’ (98)

Thanks to Eq. (93), the coordinates of P; can be expressed as
functions of Z3. The function T'/©(Z;) is shown in Fig. 5a.
The duration of the interseismic interval ranges from about 2
to 130, which is from about 60 to 390 a. The maximum value
is obtained for Z1 = Z.. We conclude that the evolution of the
system after the 1964 event depends on the particular state

www.nonlin-processes-geophys.net/22/349/2015/

P; from which the 1964 event was originated. Since we have
expressed X1 and Y1 as functions of Z1, we may characterize
the evolution by the value of Z; as well.

In general, the next event will be an n-mode event begin-
ning at a point P4 with coordinates

Xa=X3+ VT, Ya=Ys+ VT, Zy=2Z3e 779  (99)
where T’ is given by Eq. (97). There is an infinite number of

possible points P4 belonging in part to face A C D, in part to
B C D. Thanks to Egs. (1), (93) and (99), the forces at P4 are

Nonlin. Processes Geophys., 22, 349-359, 2015
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Fi(Ty) =—aZ1—14+U-VT'

+a[Z1+ @ —pUle 1O, (100)
Fo(Ty) =aZ1—B+(@+BU—-VT'
—a[Z1+Q-pUleT/O, (101)

In contrast with the forces in Eq. (96) at P3, they depend on
the particular point P4, hence on Z1 (Fig. 5b), a consequence
of viscoelastic relaxation during the interseismic interval.

Hence, the interval [Z,, Zy] can be divided into subinter-
vals leading to different evolutions. If —4.55< Z; <0.20,
the next earthquake will be a one-mode event 01. If
0.20<Z1 <0.41, it will be a three-mode event 01-11-
10. If Z1=0.41, it will be a two-mode event 11-10. If
0.41 < Z1 <0.70, it will be a three-mode event 10-11-10.
Finally, if 0.70 < Z; < 2.86, it will be a one-mode event 10.

The corresponding values of the seismic moment Mg cal-
culated from Eq. (88) are shown in Fig. 5¢c and compared
with the moment of the 1964 earthquake. It can be seen that
the occurrence of an event with a moment greater than the
1964 one is possible only if the value of Z; is in a narrow
range, entailing a narrow range of possible stress distribu-
tions on the fault.

Examples of moment rates M for the next great Alaska
earthquake are shown in Fig. 6 for different values of Z;. The
graphs show moment rates for one-mode events 01 (Fig. 6a)
and 10 (Fig. 6e), for a two-mode event 11-10 (Fig. 6c¢),
and for three-mode events 01-11-10 (Fig. 6b) and 10-11-
10 (Fig. 6d).

8 Conclusions

We considered a fault with two asperities of different
strengths placed in a shear zone subject to a constant strain
rate by the motion of adjacent tectonic plates. The equations
of motion were written under the hypothesis that the asper-
ities have the same area: this is a reasonable approximation
for many earthquakes. The system has been represented by a
discrete model described by three variables: the slip deficits
of the asperities and the viscoelastic deformation. The system
dynamics has one sticking mode and three slipping modes,
for which we solved analytically the equations of motion.

If the state of the fault at a given instant in time is known
in terms of the system variables, we can calculate the orbit of
the system in the phase space and hence predict its evolution.
The state of a fault is not directly measurable, but the model
shows that the knowledge of the earthquake source functions
allows us to constrain the orbit of the system.

The study of the sticking region of the phase space shows
how the state of the system before a seismic event controls
the sequence of slipping modes in the event. Since the mo-
ment rate depends on the number and the sequence of slip-
ping modes, the knowledge of the source function of an
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earthquake constrains the possible states of the system, hence
its orbit in the phase space. Then, if we knew the source
functions of a sufficiently large number of consecutive earth-
quakes, we could constrain the orbit more and more and pre-
dict its evolution with a smaller uncertainty.

As an example, we considered the fault that originated the
1964 Alaska earthquake. This earthquake was due to the fail-
ure of two distinct asperities; being a large-size event, it was
followed by remarkable post-seismic deformation; in addi-
tion, more than 50 years have elapsed since the earthquake,
allowing such a deformation to be observed over a suffi-
ciently long period of time. The knowledge of the source
function of this earthquake allows us to determine the sub-
set of phase space in which the system was before 1964 and
the subset to which it came afterwards. This constrains the
evolution of the system to a certain bundle of orbits in the
phase space but still allows for a wide range of possible oc-
currence times and source functions for the next earthquake.
However, when the next earthquake occurs, the knowledge
of its moment rate will allow us to further constrain the orbit,
and so on.

The present model is of course a simplification of a real
fault, but it suggests how the accumulation of knowledge on
the seismic activity of a fault may allow us to constrain the
state of the fault and to predict its future activity.
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