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Abstract 

In this work, the Virtual Fields Method (VFM) was used to identify the properties of tailor heat treated (THT) blanks, in terms of different 
hardening parameters. The spatial variation of the hardening parameters was described using the Fourier series approach. The chosen material is 
an aluminum alloy 5754 H111 that undergoes a localized heat treatment. From the blank sheet, dog-bone specimens were cut and treated using a 
laser in the central zone. Tensile tests were performed on the sample using Digital Image Correlation (DIC) to obtain the full-field deformation 
history. Finally, the F-VFM was applied to identify the spatial distribution of the hardening parameters. In order to compare the results with 
reference values, further tests were conducted on not treated specimens. Thus, the so-called Fourier-based VFM (F-VFM) was introduced for 
finite deformation plasticity problems; numerical data are used to validate the inverse approach, and, afterwards, the inverse identification process 
is applied on experimental data from THT specimens.  
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1. Introduction 

Tailored blanks are often used in the industry to produce 
lightweight components with enhanced structural performance. 
Instead of using tailored blanks with different thickness, 
localized heat treatments can be used to suitably modify the 
initial sheet metal blank, in order to optimize the material 
properties for the following forming operations. This 
technology is usually named tailor heat treated (THT) blanks 
[1]. A critical point of this apinproach is the correct evaluation 
of the heterogenous properties of the THT blanks after the 
treatment, in order to develop and calibrate appropriate 
constitutive models for the description of the variable behavior. 
Recently, the rapid diffusion of full-field measurement 
techniques like the Digital Image Correlation (DIC) [2] was 
followed by the development of methods to inversely calibrate 
complex material models [3]. The use of heterogeneous strain 
fields, in fact, allows to gather a larger amount of material 

information from a single test, including the spatial distribution 
of the stiffness and hardening properties. The Virtual Fields 
Method (VFM) [4], represents one of the most widespread 
inverse techniques, and it has been successfully implemented in 
many non-linear plasticity problems in the case of isotropic [5] 
and anisotropic behavior [6-8]; Pierron et al. [9] applied the 
VFM to cyclic plasticity with kinematic hardening, and Fu et 
al. [10] to the HAH distortional plasticity model. 

The VFM was also used to determine the stiffness 
distribution, this latter expressed by the Fourier transform in the 
2-D spatial domain in [11-12]. Cao et al. [13] exploited the 
concept of the Fourier-series-based Virtual Fields Method (F-
VFM) to investigate the elastic modulus distribution of laser 
repaired GH4169, involving uniaxial tensile tests and full-field 
measurement data achieved via Moirè Interferometry. In this 
paper, the concept of F-VFM is extended to non-linear finite 
deformation plasticity problems, in order to determine the 
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of the stiffness and hardening properties. The Virtual Fields 
Method (VFM) [4], represents one of the most widespread 
inverse techniques, and it has been successfully implemented in 
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VFM to cyclic plasticity with kinematic hardening, and Fu et 
al. [10] to the HAH distortional plasticity model. 

The VFM was also used to determine the stiffness 
distribution, this latter expressed by the Fourier transform in the 
2-D spatial domain in [11-12]. Cao et al. [13] exploited the 
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spatial distribution of the hardening parameters of tailored heat 
treated specimens of aluminum alloy 5754.  

2. The Fourier-based Virtual Fields Method for non-linear 
material models 

The VFM is an inverse method based on the Principle of 
Virtual Work and allows to identify the material coefficients of 
a given constitutive model from full-field kinematic data and 
loading. In the finite deformation plasticity framework, the 
VFM is expressed by using the Lagrangian description through 
the following cost function: 

 1 1
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vf stepN N
PK PK
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where Tj
1PK is the 1st Piola-Kirchhoff stress tensor, δui is a 

virtual displacement field kinematically admissible with the 
problem, δFi

• is the corresponding virtual displacement 
gradient tensor, V is the volume of the inspected solid, ∂V is the 
boundary surface and n the surface normal. In particular, the 
first integral represents the Internal Virtual Work, where the 
stress tensor is calculated from the measured full-field strain 
data according to constitutive parameters ξ; on the other hand, 
the second integral indicates the External Virtual Work, which 
is calculated considering the loading force measured during the 
test. The cost function is evaluated for all the Nstep timesteps 
recorded during the test and for all Nvf virtual fields introduced. 
Since the constitutive behaviour is described by a non-linear 
relationship, the identification is achieved through the 
minimization of the cost function Ψ(ξ) by means of an 
optimization algorithm.  

The selection of the virtual fields is a crucial step for the 
definition of the VFM cost function, since they weight and 
activate the information contained by each material point, 
affecting the accuracy of the identification results. Basically, 
two main approaches are usually adopted according to the 
method used for their generation: with the first one, the virtual 
fields are manually defined by the user, generally employing 
polynomial or harmonic functions; the second approach 
automatically creates the virtual fields following some 
predefined generation criteria. For example, these criteria are 
based on the minimization of the noise effects on the 
identification results [9]; in [14], the virtual fields are generated 
according to the sensitivity of the stress field to each 
constitutive parameter. Considering this latter method, when a 
single material parameter ξi is perturbed, it is possible to 
highlight the material points where ξi effectively influences the 
stress calculation. Thereby, the stress sensitivity maps are 
obtained as: 

1 1 1( , ) ( , ) ( , )PK PK PK
i it t t   T ξ T ξ T ξ                          (2) 

where, the δξi indicates the perturbation of parameter ξi, 
here assumed equal to 0.2. Such stress sensitivity maps are, 
then, used to build the virtual fields by means of piecewise 
functions. In other words, the domain is subdivided in a virtual 
mesh of 4-nodes quadrilateral elements, and a set of virtual 
nodal displacements, whose gradient produces virtual strain 

fields similar to the stress sensitivity maps, is defined. For 
further details the reader is referred to [14]. 

According to [11], the Fourier series can be exploited to 
describe the spatial distribution of the material properties. 
Basically, a general constitutive parameter ξi which shows a 
variable behaviour according to the coordinates of the material 
point, can be expressed through the combination of harmonic 
functions in the spatial domain (x,y): 
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where am,n and bm,n are the coefficients of the Fourier 
transforms with spatial frequency components (m,n), M and N 
represents the maximum order of the Fourier series, Lx and Ly 
are the dimensions of the domain. In this way, the constitutive 
parameters are described by the Fourier coefficients, which 
became the objective of the minimization process. This also 
means that the order of the Fourier series is defined a priori at 
the beginning of the non-linear VFM identification. 

3. Experiments on THT specimens 

The effects produced by the tailor heat treatment were 
investigated experimentally performing tensile tests on 
standard uniaxial specimens with gauge length Ls=70 mm and 
width ws=20 mm. The samples were obtained from an 
aluminum alloy 5754 H111 blank sheet 1.5 mm thick, at 0° 
with respect to the rolling direction (RD).  In the central part of 
the specimen, a localized zone 10 mm wide was treated by 
using a laser to heat up to 450°C the zone for 2 s. 

Tensile tests were carried out employing an 
electromechanical testing machine (Zwick-Roell® Z050) at 
strain rate of 10-4 s-1. The loading force was measured with a 
load cell of 50 kN, and the strain field was measured by using 
DIC in order to capture strain heterogeneity during the 
deformation process. In particular, a 3D-DIC setup composed 
by two CMOS cameras (Pixelink BU371F), with spatial 
resolution of 1280×1024 pixels, was used, while the full-field 
displacement measurement was achieved by using the 
commercial software MatchID® (www.matchid.eu). In all the 
analysis, the image correlation was performed following the 
local DIC approach, imposing a subset size of 21 pixels and a 
stepsize of 7 pixels. 

In order to analyze the effects induced by the THT, the 
gauge area of the specimen is divided into 12 regions of interest 
(ROI), as depicted in Fig. 1. 
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Fig. 1. ROIs located on the specimen surface. The heat-treated zone is 
indicated in the centre of the specimen. 

Thus, the strain fields measured from each ROI is exploited 
to calculate the corresponding stress-strain curves up to the 
specimen failure. Fig. 2 reports the comparison of the 
logarithmic stress-strain curves obtained.  

 

Fig. 2. Logarithmic σ-ε curves measured on the 12 different ROIs. 

Considering the elastic behavior, the THT process does not 
produces modification on the distribution of the elastic 
stiffness. Nonetheless, the first yielding changes according to 
the horizontal coordinate of the specimen. In fact, ROI 6 and 
ROI 7, which correspond to the heat-threated zone, show a 
lower initial yielding point with respect to the ROI 1 and ROI 
12. It is also worth noting that the heat treatment modifies the 
material behavior for the first values accumulated plastic 
strains, eliminating the plateau displayed by the untreated zone 
up to ε=0.01. Moreover, the THT effect is not limited only to 
the specimen area directly hit by the laser; in fact, ROI 5 and 
ROI 8 present a transitional behavior due to the heat diffusion 
during the treatment. 

When the plastic work increases, the spatial heterogeneity 
of the hardening behavior tends to disappear, and the Portevin-
Le Chatelier effect (PLC) [15] becomes predominant, 
producing the typical fluctuations on the σ-ε curves. This is 
observed also by looking at the strain field measured on the 
specimen surface (Fig.3), where the bands of strain localization 
related to the PLC are clearly visible.     

 

(a)   

(b)  

Fig. 3. Measured heterogeneous strain field εxx (logarithmic), related to the 
PLC effect: (a) initial stage of plastic deformation;  (b) fully developed 
plasticity.  

The outcomes from the analysis on different ROIs are 
compared with the reference stress-strain curves obtained from 
the tensile test on untreated specimens (Fig. 4). For the sake of 
clarity, in this comparison only the stress-strain curves obtained 
from ROI 1 and ROI 6 are considered. As expected, ROI 1 has 
the same behavior of the untreated H111 state, while ROI 6 
differs in the initial yielding zone. 

 

Fig. 4. Comparison of the logarithmic σ-ε curves with AA5457 H32 and 

H111 reference curves. 

3. Numerical validation of the Fourier-based VFM for 
non-linear problems 

The validation of the inverse identification approach 
described in this paper was firstly performed on numerical data. 
Therefore, a FE model of the uniaxial tensile test was built by 
using the implicit code Abaqus\Standard, where the material 
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model was implemented through a UMAT subroutine. 
Isotropic Von Mises plasticity was assumed, and the hardening 
behavior was described by the Voce hardening law: 

exp( )H H H PA B C                                                              (4) 

where   indicates the yield stress, AH BH CH are the 
parameters of the hardening model, and P  represents the 
accumulated equivalent plastic strain according to the principle 
of plastic work equivalence.  The spatial distribution of the 
hardening behavior was modelled expressing the constitutive 
parameter BH through the Fourier series and considering that 
BH changes only with the horizontal coordinate x. Thereby, Eq. 
3 is rewritten as: 

( ) exp( )H H H PA B x C                 (5) 
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Fig. 5 illustrates the FE model mesh and the applied 
boundary conditions. Four-nodes plane stress elements (CPS4) 
with full-integration were adopted to discretize the geometry. 
A total displacement of 2.5 mm was imposed on the right side 
of the specimen, while the horizontal displacement of the left 
side was blocked.  

 

Fig. 5. FE model adopted for the validation of the F-VFM. 

The reference material parameters for the FE model were 
chosen in order to reproduce a general 5xxx series aluminum 
alloy, and they are all listed in Tab. 1. Fig. 6 reports the two 
different hardening curves introduced to model the untreated 
and thermally treated zones.  

 

Fig. 6. Hardening behavior for the treated and untreated zones of the 
specimen. 

In this analysis, the spatial distribution of the parameter 
BH(x) was described involving Fourier series with order M=2; 
this leads to the introduction of 6 Fourier coefficients in the 
VFM cost function. It also worth noting that the two 
coefficients b1 and b2 are imposed equal to zero in order to 
exclude sinusoidal terms from Eq. 6. This assumption makes 
the distribution of the heterogenous hardening properties 
similar to the one observed experimentally in Section 2, where 
the maximum change of material properties is localized in the 
central part of the specimen (Fig. 7). 

Table 1. Reference material parameters of the FE model 

Elastic Properties: 
E 70 GPa 
ν 0.3 

Voce hardening law coefficients: 
AH 350 
CH 8 

BH(x) Fourier coefficients: 
a0 200 
a1 -9 
a2 2.5 
b1 0 
b2 0 

 
The non-linear VFM identification was conducted on 25 

timesteps, and the virtual fields were automatically generated 
exploiting the stress sensitivity related to each constitutive 
parameter. The cost function minimization was addressed to 
the identification of only the three Fourier series coefficients 
a0, a1, a2; this allows to constrain the optimization algorithm to 
focus on the coefficients regulating the spatial distribution of 
the constitutive parameter, giving a more precise insight of the 
non-linear VFM behavior coupled with Fourier series. The 
minimization process was accomplished by the Levenberg-
Marquardt algorithm (LMA), using, as stopping criteria, a 
threshold of 10-9 for the cost function and a tolerance of 10-10 
on the minimum parameters change.  The identification 
outcomes are listed in Tab. 2. 
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Table 2. Identified Fourier coefficients on numerical data. 

a0 a1 a2 
203.3424 -9.4524 2.5173 

 
Fig. 7 compares the spatial distribution of BH(x) provided by 

the identified parameters with the reference one introduced in 
the FE model, showing a good agreement between the two sets 
of data, with a maximum error of 1.6%. 

 

Fig. 7. Spatial distribution of the parameter BH(x) according to the identified 
Fourier coefficients on numerical data. 

4. Identification of the spatial distribution of the 
hardening behavior for THT blanks 

The inverse identification framework based on the non-
linear VFM and the Fourier series was used to characterize the 
spatial variation of the hardening parameters for the AA5754, 
whose properties were locally altered through THT. Thus, the 
measured strain fields from the uniaxial tensile test were 
adopted to feed the VFM identification procedure, adopting the 
same approach reported for the numerical validation. 
Therefore, the experimental data from the reference AA5754 
H32 (not thermally treated) were used to model the global 
plastic behavior of the material by means of the Voce hardening 
law (Fig. 8). As before, the spatial variation of the hardening 
behavior was handled by expressing the material parameter 
BH(x) through a Fourier series and keeping the AH and CH 
coefficients constant. The Fourier series is considered until the 
order M=2, and the sinusoidal components were neglected (b1 
=b2 =0). Such assumption, in fact, helps to mitigate the 
disturbing effect related to generation and movement of 
Portevin-Le Chatelier bands during the deformation process. 
All the input material coefficients not involved in the 
identification process are reported in Tab. 3, where the 
coefficient BH

[H32] is the one resulting from the Voce fitting on 
the untreated H111 experimental data and is used as initial 
guess for the coefficient a0.   

 

 

Fig. 8. Voce hardening law fitting with AA5754 H111 experimental data. 

Table 3. AA5754 THT material coefficients not submitted to VFM 
identification. 

Elastic Properties: 
E 70 GPa 
ν 0.3 

Voce hardening law coefficients: 
AH 288.6 

BH
[H32] 183.9 

CH 14.17 
 
The non-linear VFM cost function minimization was 

performed on 30 steps equally spaced along the time history of 
the test, involving three sets of virtual fields based on the stress 
sensitivity according to Eq. 2. Tab. 4 summarizes the identified 
Fourier coefficients. The accuracy of the identification results 
is evaluated comparing the flow stress curves calculated from 
the VFM outcomes with the ones retrieved experimentally in 
the treated and untreated zones (Fig. 9). Although the spatial 
dependency was accounted only to a single material parameter, 
the corresponding identified Fourier coefficients are capable of 
reproducing the drop of the first yielding point produced by the 
heat treatment. Nonetheless, there is a bias between the 
inversely calibrated curves with the experiments for higher 
values of equivalent plastic strain; this difference, however, is 
related to the initial calibration of the Voce law coefficients AH 
and CH on the untreated AA5754 H32 data, which, also, display 
a similar shift with respect to treated specimen in Fig. 4.  

Table 4. Identified Fourier coefficients on experimental data. 

a0 a1 a2 
194.8674 7.6942 -0.4712 
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Fig. 9. Comparison between identified and experimental flow stress curves in 
two different zones. 

Fig. 10 depicts the resulting spatial distribution of the 
parameter BH, highlighting the highest difference in 
correspondence of the zone directly hit by the laser for the 
heating treatment. 

 

Fig. 10. Spatial distribution of the material parameter BH(x) according to the 
identified Fourier coefficients on experimental data. 

5. Conclusions 

In this paper, the non-linear VFM is used to identify the 
spatial distribution of THT blanks of AA5754, in terms of 
different hardening parameters. The spatial variation of the 
hardening parameters was described using the Fourier 
approach. Experimental tests were performed on uniaxial 
tensile specimens, where the central part of the gauge region 
was thermally treated for 2 s at the temperature of 450°C. The 
displacement and strain field measured by using DIC are used 
to investigate the effects induced by the THT. In particular, the 

heat treatment mainly alters the hardening behavior of the 
initial stages of the plastic deformation, changing the first 
yielding point.  

The full-field data are also employed to perform an inverse 
identification with the non-linear VFM. First, the non-linear 
VFM coupled with the Fourier Transforms was validated on 
numerical data, and then applied to the experiments. The 
identified parameters are in agreement with the reference 
hardening behavior measured on the treated and untreated 
zones of the THT specimen. In future, more aspects concerning 
the order of the Fourier series, the impacts of the Portevin-Le 
Chatelier effect on the spatial distribution of the hardening 
behavior will be investigated in detail. 
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