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1. Introduction

Let H be a real Hilbert space with inner product 〈·, ·〉 and induced norm ‖ · ‖. Let ∅ , C ⊂ H
be a convex and closed set. Let Fix(S ) be the set of fixed points of a mapping S : C → C, i.e.,
Fix(S ) := {x ∈ C : x = S x}. S is said to be asymptotically nonexpansive if ∃{θn} ⊂ [0,+∞) s.t.
limn→∞ θn = 0 and for all n ≥ 1,

‖S nu − S nv‖ ≤ (1 + θn)‖u − v‖, ∀u, v ∈ C. (1.1)

S is nonexpansive when θn ≡ 0, ∀n ≥ 1.
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Recall that the variational inequality (VIP) pursues to search z ∈ C such that

〈Fz, x − z〉 ≥ 0, ∀x ∈ C,

where F : H → H is an operator. Use VI(C, F) to denote the solution set of VIP.
Korpelevich [11] invented an extragradient method for solving VIP: The sequence {wn} is derived

from an initial point w0 ∈ C andzn = PC(wn − `Fwn),
wn+1 = PC(wn − `Fzn), ∀n ≥ 0,

(1.2)

where ` ∈ (0, 1
L ) with L being the Lipschitz constant of F. If VI(C, F) , ∅, then {wn} is convergent

weakly to w∗ ∈ VI(C, F). For solving VIP, many algorithms were introduced and adapted, see [1–
3, 5, 7, 8, 10, 12–18, 20, 23, 28, 29, 31, 32]. Within the extragradient method, one needs to compute
two projections onto C per iteration. If C is a general convex and closed set, this might result in a
prohibitive amount of computation time. To overcome this drawback, Censor et al. [2] presented a
subgradient extragradient algorithm in which a half-space is constructed. Reich et al. [13] suggested
an iterate for solving the pseudomonotone variational inequality by constructing a hyperplane.

Let C be a nonempty, closed and convex subset of a p-uniformly convex and uniformly smooth
Banach space E with p, q ∈ (1,∞) and 1

p + 1
q = 1. Let E∗ be the dual space of E. Let Jp

E and Jq
E∗ be the

duality mappings of E and E∗, respectively. Set fp(x) = ‖x‖p/p, ∀x ∈ E. Use D fp and ΠC to denote the
Bregman distance and the Bregman projection from E onto C with respect to (w.r.t) fp, respectively.
Eskandani et al. [18] introduced the hybrid projection method for finding a common solution of the VIP
for uniformly continuous pseudomonotone mapping F : E → E∗ and the FPP of Bregman relatively
nonexpansive mapping T . Their algorithm is formulated as follows.

Algorithm 1.1 ( [18]). Let µ > 0, l ∈ (0, 1), λ ∈ (0, 1
µ
) be three constants. Let x1 ∈ C be an initial

point.
Step 1. Calculate yn = ΠC(Jq

E∗(Jp
E xn − λFxn)) and rλ(xn) := xn − yn. If T xn = xn and rλ(xn) = 0, then

stop (in this case xn ∈ Ω = Fix(T ) ∩ VI(C, F)); otherwise, continue to the next step.
Step 2. Calculate tn = xn − τnrλ(xn) in which τn := l jn with jn being the smallest nonnegative integer

such that
〈Fxn − F(xn − l jnrλ(xn)), rλ(xn)〉 ≤

µ

2
D fp(xn, yn).

Step 3. Calculate vn = Jq
E∗(βnJp

E xn + (1−βn)Jp
E(TΠCn xn)) and xn+1 = ΠC(Jq

E∗(αnJp
Eu + (1−αn)Jp

Evn)),
where Cn := {x ∈ C : hn(xn) ≤ 0} and hn(x) = 〈Ftn, x − xn〉 +

τn
2λD fp(xn, yn).

Let n := n + 1 and return to Step 1.

Under suitable conditions, they proved the strong convergence of Algorithm 1.1 to ΠΩu. Inspired
by the above research works, the main purpose of this paper is to introduce two Mann-type
accelerated projection methods for solving the VIP for a uniformly continuous pseudomonotone
operator and the CFPP of finitely many Bregman relatively nonexpansive mappings and a Bregman
relatively asymptotically nonexpansive mapping in p-uniformly convex and uniformly smooth
Banach spaces. Under mild conditions, we prove weak and strong convergence of the proposed
algorithms to a common solution of the VIP and CFPP, respectively. An illustrated example is
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provided to demonstrate the applicability and implementability of our suggested method. Our
algorithms are more advantageous and more flexible than the above Algorithm 1.1 because they
involve solving the VIP for uniformly continuous pseudomonotone operator and the CFPP of finitely
many Bregman relatively nonexpansive mappings and a Bregman relatively asymptotically
nonexpansive mapping. The main theorems presented in this paper are the improvement and
extension of the corresponding theorems obtained in [13, 17, 18].

2. Preliminaries

Let {xn} be a sequence of a real Banach space E. Let ωw(xn) be the set of all weak cluster points of
{xn}, i.e., ωw(xn) = {x† ∈ E : xnk ⇀ x† for some {xnk} ⊂ {xn}}.

Let E be a Banach space and U := {u ∈ E : ‖u‖ = 1}. (i) E is strictly convex if ‖u + v‖/2 < 1,∀u, v ∈
U and u , v. (ii) E is uniformly convex if ∀ε ∈ (0, 2], ∃δ > 0 such that ‖u + v‖/2 ≤ 1 − δ,∀u, v ∈ U
when ‖u − v‖ ≥ ε.

E is uniformly convex ⇔ for all ε ∈ (0, 2], δ(ε) > 0 where δ(ε) = inf{1 − ‖u + v‖/2 : u, v ∈
U with ‖u − v‖ ≥ ε} is the modulus of convexity of E. Moreover, E is p-uniformly convex if ∃c > 0
s.t. δ(ε) ≥ cεp for all ε ∈ [0, 2]. E is uniformly smooth if limτ→0 ρE(τ)/τ = 0 where ρE(τ) =

sup{(‖u + τv‖+ ‖u− τv‖)/2− 1 : u, v ∈ U} is the modulus of smoothness of E. E is q-uniformly smooth
if ∃Cq > 0 s.t. ρE(τ) ≤ Cqτ

q, ∀τ > 0. E is p-uniformly convex⇔ E∗ is q-uniformly smooth. For more
details, please refer to [19].

Let r > 0 and set B(0, r) = {x ∈ E : ‖x‖ ≤ r}. Let f : E → R be a function. For α ∈ (0, 1) and
u, v ∈ B(0, r) with ‖u − v‖ = t. Define

ρr(t) = inf{[α f (u) + (1 − α) f (v) − f (αu + (1 − α)v)]/α(1 − α)}, t ≥ 0.

E is uniformly convex on bounded set B(0, r) if ρr(t) > 0 for all r, t > 0 (see [9, 18]) .
Set 1

p + 1
q = 1 where p, q ∈ (1,∞). The duality mapping Jp

E : E → E∗ is formulated below

Jp
E(u) = {ψ ∈ E∗ : 〈ψ, u〉 = ‖u‖p and ‖ψ‖ = ‖u‖p−1}, ∀u ∈ E.

(i) E is smooth⇔ Jp
E is single-valued. (ii) E is reflexive⇔ Jp

E is surjective. (ii) E is strictly convex⇔
Jp

E is one-to-one.
Let f : E → R be a convex function. f is said to be Gâteaux differentiable at x if for each y ∈ E,

limt→0+
f (u+tv)− f (u)

t exists. In this case, define 〈∇ f (u), v〉 = limt→0+
f (u+tv)− f (u)

t for each v ∈ E. Suppose
f : E → R is Gâteaux differentiable. The Bregman distance ( [21]) w.r.t. f is formulated as

D f (u, v) := f (u) − f (v) − 〈∇ f (v), u − v〉, ∀u, v ∈ E.

The Bregman distance ensures existence and uniqueness of the Bregman projection and it has also
been used to generate generalized proximal point methods for convex optimization and variational
inequalities, see [30]. It is easy to check that

D f (u, v) + D f (v,w) = D f (u,w) − 〈∇ f (v) − ∇ f (w), u − v〉, ∀u, v,w ∈ E.
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Note that the Bregman distance w.r.t. fp is formulated by ∀u, v ∈ E,

D fp(u, v) = ‖u‖p/p − ‖v‖p/p − 〈Jp
E(v), u − v〉

= ‖u‖p/p + ‖v‖p/q − 〈Jp
E(v), u〉

= (‖v‖p − ‖u‖p)/q − 〈Jp
E(v) − Jp

E(u), u〉.

If E is p-uniformly convex and smooth Banach space E, then (see [26])

τ‖u − v‖p ≤ D fp(u, v) ≤ 〈Jp
E(u) − Jp

E(v), u − v〉, 2 ≤ p < ∞, τ > 0. (2.1)

From (2.1) it is readily known that for any bounded sequence {xn} ⊂ E, the following holds:

xn → u ⇔ D fp(u, xn)→ 0 (n→ ∞).

Let E be a reflexive, smooth and strictly convex Banach space and C ⊂ E a nonempty closed convex
set. For every u ∈ E, there exists the unique element denoted by ΠCu ∈ C such that D fp(ΠCu, u) =

minv∈C D fp(v, u). ΠC is called the Bregman projection w.r.t. fp. Furthermore, if E is uniformly convex,
then ( [22, 24])

〈Jp
E(u) − Jp

E(ΠCu), v − ΠCu〉 ≤ 0, ∀v ∈ C, (2.2)

which equivalent to

D fp(v,ΠCu) + D fp(ΠCu, u) ≤ D fp(v, u), ∀v ∈ C. (2.3)

Let V fp : E × E∗ → [0,∞) ( [18]) be a function defined by

V fp(u, u
∗) = ‖u‖p/p − 〈u∗, u〉 + ‖u∗‖q/q, ∀(u, u∗) ∈ E × E∗. (2.4)

For all u ∈ E, u∗ ∈ E∗ and v∗ ∈ E∗, we have V fp(u, u
∗) = D fp(u, J

q
E∗(u

∗)) and

V fp(u, u
∗) + 〈v∗, Jq

E∗(u
∗) − u〉 ≤ V fp(u, u

∗ + v∗). (2.5)

In addition, V fp(x, ·) is convex. Then, for all w ∈ E, {ui}
n
i=1 ⊂ E, {ti}

n
i=1 ⊂ [0, 1] and

∑n
i=1 ti = 1, we

have

D fp(w, J
q
E∗(

n∑
i=1

tiJ
p
E(ui))) ≤

n∑
i=1

tiD fp(w, ui). (2.6)

Lemma 2.1 ( [24]). Let E be a uniformly convex Banach space. Let {un} ⊂ E, {vn} ⊂ E be two
sequences and {un} is bounded. Then, limn→∞ D fp(vn, un) = 0⇒ limn→∞ ‖vn − un‖ = 0.

Let T : C → C be an operator. A point x ∈ C is an asymptotic fixed point of T ( [25]) if ∃{xn} ⊂ C
s.t. xn ⇀ x and xn − T xn → 0. Let Fix(T ) and F̂ix(T ) be the set of fixed points of T and the
set of asymptotic fixed points of T , respectively. T is said to be Bregman relatively asymptotically
nonexpansive w.r.t. fp if Fix(T ) = F̂ix(T ) , ∅, and ∃{θn} ⊂ [0,∞) s.t.

D fp(u,T
nv) ≤ (1 + θn)D fp(u, v), ∀n ≥ 1,
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for all v ∈ C and u ∈ Fix(T ).
Recall that an operator F : C → E∗ is said to be
(i) monotone on C if 〈Fu − Fv, u − v〉 ≥ 0, ∀u, v ∈ C;
(ii) pseudomonotone if 〈Fu, v − u〉 ≥ 0⇒ 〈Fv, v − u〉 ≥ 0, ∀u, v ∈ C;
(iii) L-Lipschitz continuous if ∃L > 0 s.t. ‖Fu − Fv‖ ≤ L‖u − v‖,∀u, v ∈ C;
(iv) weakly sequentially continuous if for any {xn} ⊂ C, xn ⇀ x⇒ Fxn ⇀ Fx.

Lemma 2.2 ( [18]). Let E be a Banach space and f : E → R be a uniformly convex function on
B(0, r). Let {xk}

n
k=1 be a sequence in B(0, r) and {αk}

n
k=1 be a real number sequence in (0, 1) such that∑n

k=1 αk = 1. Then,

f (
n∑

k=1

αkxk) ≤
n∑

k=1

αk f (xk) − αiα jρr(‖xi − x j‖), ∀i, j ∈ {1, 2, ..., n}.

Lemma 2.3 ( [15]). Let E1 and E2 be two Banach spaces. Let D ⊂ E1 be a bounded set. If F : E1 → E2

is uniformly continuous on D, then F(D) is bounded.

Lemma 2.4 ( [6]). Let C be a nonempty closed convex subset of a real Banach space E. Let F : C → E∗

be a continuous pseudomonotone operator. Then u ∈ VI(C, F)⇔ 〈Fv, v − u〉 ≥ 0, ∀v ∈ C.

Lemma 2.5. Let 2 ≤ p < ∞ and let E be a smooth and p-uniformly convex Banach space with weakly
sequentially continuous duality mapping Jp

E. Let {xn} be a sequence in E and C be a nonempty subset
of E. Suppose that {D fp(x, xn)} converges for every x ∈ C, and ωw(xn) ⊂ C. Then {xn} converges weakly
to a point in C.

Proof. Since the inequality (2.1) leads to τ‖x−xn‖
p ≤ D fp(x, xn), ∀x ∈ C, we know that {xn} is bounded.

Hence from the reflexivity of E it follows that ωw(xn) , ∅. In what follows, we claim that ωw(xn) is
a single-point set. Indeed, let x, y ∈ ωw(xn) ⊂ C with x , y. Then, ∃{xnk} ⊂ {xn} and ∃{xmk} ⊂ {xn}

s.t. xnk ⇀ x and xmk ⇀ y. By the weakly sequential continuity of Jp
E one has that Jp

E(xnk) ⇀ x and
Jp

E(xmk) ⇀ y. Note that D fp(x, y) + D fp(y, xn) = D fp(x, xn) − 〈Jp
Ey − Jp

E xn, x − y〉. Since {D fp(x, xn)} and
{D fp(y, xn)} are convergent, we obtain

−〈Jp
Ey − Jp

E x, x − y〉 = lim
k→∞

[−〈Jp
Ey − Jp

E xnk , x − y〉]

= lim
n→∞

[D fp(x, y) + D fp(y, xn) − D fp(x, xn)]

= lim
k→∞

[−〈Jp
Ey − Jp

E xmk , x − y〉]

= −〈Jp
Ey − Jp

Ey, x − y〉 = 0,

which immediately yields 〈Jp
E x− Jp

Ey, x− y〉 = 0. Again from (2.1) we have 0 < τ‖x− y‖p ≤ D fp(x, y) ≤
〈Jp

E x − Jp
Ey, x − y〉 = 0. It is impossible. So, ωw(xn) is a single-point set. �

Lemma 2.6 ( [16]). Let C be a nonempty closed convex subset of a Banach space E. Define D := {x ∈
C : g(x) ≤ 0} where g is a real-valued function on E. If D , ∅ and g is Lipschitz continuous on C with
modulus θ > 0, then dist(x,D) ≥ θ−1 max{g(x), 0}, ∀x ∈ C.
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Lemma 2.7 ( [4]). Let {an} be a sequence of nonnegative numbers such that an+1 ≤ (1− λn)an + λnµn +

νn ∀n ≥ 1, where the following hold for sequences {λn}, {µn}, {νn} ⊂ R:
(i) {λn} ⊂ [0, 1] and

∑∞
n=1 λn = ∞;

(ii) lim supn→∞ µn ≤ 0 and
∑∞

n=1 |νn| < ∞.
Then limn→∞ an = 0.

Lemma 2.8 ( [27]). Let {Φn} be a sequence of real numbers that does not decrease at infinity in the
sense that, ∃{Φnk} ⊂ {Φn} s.t. Φnk < Φnk+1, ∀k ≥ 1. Let n0 ≥ 1 and {ψ(n)}n≥n0 be integers sequence
defined by ψ(n) = max{k ≤ n : Φk < Φk+1} satisfying {k ≤ n0 : Φk < Φk+1} , ∅. Then,

(i) ψ(n0) ≤ ψ(n0 + 1) ≤ · · · and ψ(n)→ ∞;
(ii) for all n ≥ n0, Φψ(n) ≤ Φψ(n)+1 and Φn ≤ Φψ(n)+1.

3. Main results

Let C be a nonempty closed convex subset of of a p-uniformly convex and uniformly smooth
Banach space E. Suppose that

(C1) the mapping T : C → C is Bregman relatively asymptotically nonexpansive with {θn} and
uniformly continuous.

(C2) the mapping Ti : C → C(i = 1, ...,N) is Bregman relatively nonexpansive and uniformly
continuous and Tn := TnmodN for integer n ≥ 1 with the mod function taking values in the set
{1, 2, ...,N}.

(C3) the mapping F : E → E∗ is uniformly continuous and pseudomonotone such that ‖Fz‖ ≤
lim infn→∞ ‖Fxn‖ for any {xn} ⊂ C with xn ⇀ z.

(C4) Ω =
⋂N

i=0 Fix(Ti) ∩ VI(C, F) , ∅ where T0 := T .
Let µ > 0, λ ∈ (0, 1

µ
) and l ∈ (0, 1) be three constants. Let {σn}, {αn} be two sequences in (0, 1) s.t.

lim infn→∞ σn(1 − σn) > 0 and lim infn→∞ αn(1 − αn) > 0.

Algorithm 3.1. Let x1 ∈ C be an initial point.
Step 1. Calculate wn = Jq

E∗(σnJp
E xn + (1 − σn)Jp

E(Tnxn)), yn = ΠC(Jq
E∗(Jp

Ewn − λFwn)) and rλ(wn) :=
wn − yn.

Step 2. Calculate tn = wn − τnrλ(wn), where τn := l jn with jn being the smallest nonnegative integer
j such that

〈Fwn − F(wn − l jrλ(wn)),wn − yn〉 ≤
µ

2
D fp(wn, yn). (3.1)

Step 3. Calculate vn = Jq
E∗(αnJp

Ewn + (1 − αn)Jp
E(T nwn)) and xn+1 = ΠCn∩Qn(wn), where Qn := {x ∈

C : D fp(x, vn) ≤ (1 + θn)D fp(x,wn)}, Cn := {x ∈ C : hn(x) ≤ 0} and

hn(x) = 〈Ftn, x − wn〉 +
τn

2λ
D fp(wn, yn). (3.2)

Set n := n + 1 and go to Step 1.

Lemma 3.2. Suppose that the sequence {xn} is constructed in Algorithm 3.1. Then the inequality holds:
〈Fwn, rλ(wn)〉 ≥ 1

λ
D fp(wn, yn).
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Proof. Using the property of ΠC, we obtain

〈Jp
Ewn − λFwn − Jp

Eyn,wn − yn〉 ≤ 0.

It follows from (2.1) that

D fp(wn, yn) ≤ 〈Jp
Ewn − Jp

Eyn,wn − yn〉 ≤ λ〈Fwn,wn − yn〉.

�

Lemma 3.3. The rule (3.1) and {xn} generated by Algorithm 3.1 are well defined.

Proof. Note that lim j→∞〈Fwn − F(wn − l jrλ(wn)), rλ(wn)〉 = 0. If rλ(wn) = 0, then it is obvious that
jn = 0. If rλ(wn) , 0, then there is jn ≥ 0 fulfilling (3.1).

It is easy to see that for every n ≥ 1, Cn and Qn are closed and convex. Next, we show Ω ⊂ Cn∩Qn.
Take any z ∈ Ω. By (2.6) and the Bregman relatively asymptotical nonexpansivity of T , we have

D fp(z, vn) ≤ αnD fp(z,wn) + (1 − αn)D fp(z,T
nwn)

≤ αnD fp(z,wn) + (1 − αn)(1 + θn)D fp(z,wn)
≤ (1 + θn)D fp(z,wn),

which immediately yields z ∈ Qn. Moreover, using Lemma 2.4, we have 〈Ftn, tn − z〉 ≥ 0. Hence

hn(z) = 〈Ftn, z − wn〉 +
τn

2λ
D fp(wn, yn)

= −〈Ftn,wn − tn〉 − 〈Ftn, tn − z〉 +
τn

2λ
D fp(wn, yn)

≤ −τn〈Ftn, rλ(wn)〉 +
τn

2λ
D fp(wn, yn).

(3.3)

Thanks to (3.1), we have
〈Fwn − Ftn, rλ(wn)〉 ≤

µ

2
D fp(wn, yn).

Using this and Lemma 3.2, we have

〈Ftn, rλ(wn)〉 ≥ 〈Fwn, rλ(wn)〉 −
µ

2
D fp(wn, yn)

≥ (
1
λ
−
µ

2
)D fp(wn, yn).

Combining this and (3.3) to deduce

hn(z) ≤ −
τn

2
(
1
λ
− µ)D fp(wn, yn) ≤ 0.

Consequently, Ω ⊂ Cn ∩ Qn. Therefore, {xn} is well defined. �

Lemma 3.4. Let the sequence {wn} be defined by Algorithm 3.1. Then limn→∞ ‖wn − yn‖ = 0 implies
that ωw(wn) ⊂ VI(C, F).
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Proof. Let z ∈ ωw(wn). Then, ∃{wnk} ⊂ {wn}, s.t. wnk ⇀ z and limn→∞ ‖wnk − ynk‖ = 0. Hence, it is
known that ynk ⇀ z. Since C is convex and closed and {yn} ⊂ C, z ∈ C. Next, we consider two cases.
If Fz = 0, then z ∈ VI(C, F). If Fz , 0, using the assumption on F, instead of the weakly sequential
continuity of F, we get 0 < ‖Fz‖ ≤ lim infk→∞ ‖Fwnk‖. So, we might assume that ‖Fwnk‖ , 0,∀k ≥ 1.
Using (2.2), we obtain

〈Jp
Ewnk − λFwnk − Jp

Eynk , x − ynk〉 ≤ 0,

and hence

1
λ
〈Jp

Ewnk − Jp
Eynk , x − ynk〉 + 〈Fwnk , ynk − wnk〉 ≤ 〈Fwnk , x − wnk〉. (3.4)

By Lemma 2.3, {Fwnk} is bounded. Note that {ynk} is also bounded as well. From (3.4) we get

lim inf
k→∞

〈Fwnk , x − wnk〉 ≥ 0, ∀x ∈ C. (3.5)

Let {εk} be a sequence in (0, 1) fulfilling εk ↓ 0 as k → ∞. Let lk be the smallest positive integer
satisfying

〈Fwn j , y − wn j〉 + εk ≥ 0, ∀ j ≥ lk. (3.6)

Since {εk} is decreasing, {lk} is increasing. For convenience, we denote {Fwnlk
} by {Fwlk}. Note that

Fwlk , 0, ∀k ≥ 1. Put υlk =
Fwlk

‖Fwlk ‖
q

q−1
. We have 〈Fwlk , J

q
E∗υlk〉 = 1, ∀k ≥ 1. Indeed, it is clear that

〈Fwlk , J
q
E∗υlk〉 = 〈Fwlk , (

1

‖Fwlk ‖
q

q−1
)q−1Jq

E∗Fwlk〉 = ( 1

‖Fwlk ‖
q

q−1
)q−1‖Fwlk‖

q = 1, ∀k ≥ 1. So, using (3.6) one

has 〈Fwlk , y + εkJq
E∗υlk − wlk〉 ≥ 0, ∀k ≥ 1. Since F is pseudomonotone, we have

〈F(y + εkJq
E∗υlk), y + εkJq

E∗υlk − wlk〉 ≥ 0, ∀y ∈ C. (3.7)

We claim that limk→∞ εkJq
E∗υlk = 0. In fact, since {wlk} ⊂ {wnk} and εk ↓ 0, we have

0 ≤ lim sup
k→∞

‖εkJq
E∗υlk‖ = lim sup

k→∞

εk

‖Fwlk‖
≤

lim supk→∞ ςk

lim infk→∞ ‖Fwnk‖
= 0.

Hence one gets εkJq
E∗υlk → 0 as k → ∞. Thus, letting k → ∞ in (3.7) and from (C3), we have

〈Fy, y − z〉 ≥ 0, ∀y ∈ C. According to Lemma 2.4 one has z ∈ VI(C, F). �

Lemma 3.5. Let the sequence {wn} be generated by Algorithm 3.1. Then,

lim
n→∞

τnD fp(wn, yn) = 0 ⇒ lim
n→∞

D fp(wn, yn) = 0.

Proof. Suppose that lim infn→∞ τn > 0. In this case, assume that ∃τ > 0 s.t. τn ≥ τ > 0, ∀n ≥ 1. Then,

D fp(wn, yn) =
1
τn
τnD fp(wn, yn) ≤

1
τ
· τnD fp(wn, yn). (3.8)

This together with limn→∞ τnD fp(wn, yn) = 0, leads to limn→∞ D fp(wn, yn) = 0.
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Suppose that lim infn→∞ τn = 0. In this case, assume that lim supn→∞ D fp(wn, yn) = a > 0. Then we
know that ∃{nk} ⊂ {n} such that

lim
k→∞

τnk = 0 and lim
k→∞

D fp(wnk , ynk) = a > 0.

We define tnk = 1
l τnkynk + (1 − 1

l τnk)wnk for each k ≥ 1. Applying (2.1) and noticing that
limk→∞ τnk D fp(wnk , ynk) = 0, we have limk→∞ τnk‖wnk − ynk‖

p = 0 and hence

lim
k→∞
‖tnk − wnk‖

p = lim
k→∞

τ
p−1
nk

lp · τnk‖wnk − ynk‖
p = 0. (3.9)

It follows that

lim
k→∞
‖Fwnk − Ftnk‖ = 0. (3.10)

So,

〈Fwnk − Ftnk ,wnk − ynk〉 >
µ

2
D fp(wnk , ynk). (3.11)

Now, letting k → ∞ and from (3.10) we have limk→∞ D fp(wnk , ynk) = 0. It is a contradiction.
Therefore, limn→∞ D fp(wn, yn) = 0. �

Theorem 3.6. Suppose that E is a p-uniformly convex and uniformly smooth Banach space with weakly
sequentially continuous duality mapping Jp

E. Let the sequence {xn} be defined by Algorithm 3.1. Then
{xn} is convergent weakly to a point in Ω provided T nwn − T n+1wn → 0.

Proof. Take any z ∈ Ω. Using Lemma 2.2, we get

D fp(z,wn) = V fp(z, σnJp
E xn + (1 − σn)Jp

ETnxn)

≤
1
p
‖z‖p − σn〈J

p
E xn, z〉 − (1 − σn)〈Jp

ETnxn, z〉 +
σn

q
‖Jp

E xn‖
q

+
(1 − σn)

q
‖Jp

ETnxn‖
q − σn(1 − σn)ρ∗b‖J

p
E xn − Jp

ETnxn‖

=
1
p
‖z‖p − σn〈J

p
E xn, z〉 − (1 − σn)〈Jp

ETnxn, z〉 +
σn

q
‖xn‖

p

+
(1 − σn)

q
‖Tnxn‖

p − σn(1 − σn)ρ∗b‖J
p
E xn − Jp

ETnxn‖

= σnD fp(z, xn) + (1 − σn)D fp(z,Tnxn) − σn(1 − σn)ρ∗b‖J
p
E xn − Jp

ETnxn‖

≤ D fp(z, xn) − σn(1 − σn)ρ∗b‖J
p
E xn − Jp

ETnxn‖.

From (2.1) and (2.3), we obtain

D fp(z, xn+1) ≤ D fp(z,wn) − D fp(xn+1,wn)
= D fp(z,wn) − D fp(ΠCn∩Qnwn,wn)
≤ D fp(z,wn) − D fp(ΠCnwn,wn)
≤ D fp(z,wn) − τ‖ΠCnwn − wn‖

p

≤ D fp(z,wn) − τ‖PCnwn − wn‖
p

= D fp(z,wn) − τ[dist(Cn,wn)]p.
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Combining the last two inequalities, we obtain

D fp(z, xn+1) ≤ D fp(z, xn) − σn(1 − σn)ρ∗b‖J
p
E xn − Jp

ETnxn‖ − τ[dist(Cn,wn)]p. (3.12)

This indicates that limn→∞ D fp(z, xn) exists and the sequence {xn} is bounded. It is easy to check
that {Fwn}, {yn}, {tn}, {vn}, {Tnxn} and {T nwn} are also bounded. Note that ωw(xn) , ∅. Next, we show
ωw(xn) ⊂ Ω. Let z∗ ∈ ωw(xn). Then, ∃{xnk} ⊂ {xn} s.t. xnk ⇀ z∗. From (3.12), we obtain

D fp(xn+1, vn) ≤ (1 + θn)D fp(xn+1,wn)
≤ (1 + θn)[D fp(z,wn) − D fp(z, xn+1)]
≤ (1 + θn)[D fp(z, xn) − D fp(z, xn+1)].

This implies that limn→∞ D fp(xn+1,wn) = limn→∞ D fp(xn+1, vn) = 0 and hence

lim
n→∞
‖xn+1 − wn‖ = lim

n→∞
‖xn+1 − vn‖ = 0.

Hence,

lim
n→∞
‖wn − vn‖ = 0. (3.13)

Using Lemma 2.2, we get

D fp(z, vn) = V fp(z, αnJp
Ewn + (1 − αn)Jp

ET nwn)

≤
1
p
‖z‖p − αn〈J

p
Ewn, z〉 − (1 − αn)〈Jp

ET nwn, z〉 +
αn

q
‖Jp

Ewn‖
q

+
(1 − αn)

q
‖Jp

ET nwn‖
q − αn(1 − αn)ρ∗b‖J

p
Ewn − Jp

ET nwn‖

=
1
p
‖z‖p − αn〈J

p
Ewn, z〉 − (1 − αn)〈Jp

ET nwn, z〉 +
αn

q
‖wn‖

p

+
(1 − αn)

q
‖T nwn‖

p − αn(1 − αn)ρ∗b‖J
p
Ewn − Jp

ET nwn‖

= αnD fp(z,wn) + (1 − αn)D fp(z,T
nwn) − αn(1 − αn)ρ∗b‖J

p
Ewn − Jp

ET nwn‖

≤ αn(1 + θn)D fp(z,wn) + (1 − αn)(1 + θn)D fp(z,wn)
− αn(1 − αn)ρ∗b‖J

p
Ewn − Jp

ET nwn‖

= (1 + θn)D fp(z,wn) − αn(1 − αn)ρ∗b‖J
p
Ewn − Jp

ET nwn‖.

Therefore

αn(1 − αn)ρ∗b‖J
p
Ewn − Jp

ET nwn‖ ≤ (1 + θn)D fp(z,wn) − D fp(z, vn)
≤ D fp(z,wn) − D fp(z, vn) + D fp(wn, vn) + θnD fp(z,wn)
= 〈Jp

Evn − Jp
Ewn, z − wn〉 + θnD fp(z,wn).

By (3.13), we get limn→∞ ρ
∗
b‖J

p
Ewn − Jp

ET nwn‖ = 0 and hence limn→∞ ‖J
p
Ewn − Jp

ET nwn‖ = 0. So,

lim
n→∞
‖wn − T nwn‖ = 0. (3.14)
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In addition, from (3.12) we get σn(1−σn)ρ∗b‖J
p
E xn− Jp

ETnxn‖ ≤ D fp(z, xn)−D fp(z, xn+1). Noticing the
existence of limn→∞ D fp(z, xn) and lim infn→∞ σn(1 − σn) > 0, we have limn→∞ ρ

∗
b‖J

p
E xn − Jp

ETnxn‖ = 0
and hence limn→∞ ‖J

p
E xn − Jp

ETnxn‖ = 0. Thus,

lim
n→∞
‖xn − Tnxn‖ = 0. (3.15)

Since wn = Jq
E∗(σnJp

E xn + (1 − σn)Jp
ETnxn), we deduce that

‖Jp
Ewn − Jp

E xn‖ = (1 − σn)‖Jp
ETnxn − Jp

E xn‖ ≤ ‖J
p
ETnxn − Jp

E xn‖ → 0 (n→ ∞).

It follows that

lim
n→∞
‖wn − xn‖ = 0 and lim

n→∞
‖xn+1 − xn‖ = 0. (3.16)

Now, we prove z∗ ∈ VI(C, F). Since {Ftn} is bounded, we know that ∃L > 0 s.t. ‖Ftn‖ ≤ L. This
ensures that for any x, y ∈ Cn,

|hn(x) − |hn(y)| = |〈Ftn, x − y〉| ≤ ‖Ftn‖‖x − y‖ ≤ L‖x − y‖.

This indicates that hn(x) is L-Lipschitz in Cn. Applying Lemma 2.6, we have

dist(Cn,wn) ≥
1
L

hn(wn) =
τn

2λL
D fp(wn, yn). (3.17)

Using (3.12) and (3.17), we have

D fp(z
∗, xn) − D fp(z

∗, xn+1) ≥ τ[
τn

2λL
D fp(wn, yn)]p. (3.18)

Hence limn→∞ τnD fp(wn, yn) = 0. By Lemma 3.5, we get limn→∞ ‖wn − yn‖ = 0. Besides, combining
(3.16) and xnk ⇀ z∗ leads to wnk ⇀ z∗. According to Lemma 3.4, we conclude that z∗ ∈ ωw(wn) ⊂
VI(C, F).

Next, we show z∗ ∈
⋂N

i=0 Fix(Ti) with T0 := T . Indeed, we first show that limn→∞ ‖xn − Tr xn‖ = 0
for r = 1, ...,N. Actually, according to the definition of Tn, we obtain that Tn ∈ {T1, ...,TN} ∀n ≥ 1,
which hence leads to Tn+i ∈ {T1, ...,TN} ∀n ≥ 1, i = 1, ...,N. Observe that

‖xn − Tn+ixn‖ ≤ ‖xn − xn+i‖ + ‖xn+i − Tn+ixn+i‖ + ‖Tn+ixn+i − Tn+ixn‖

≤ ‖xn − xn+i‖ + ‖xn+i − Tn+ixn+i‖ +

N∑
j=1

‖T jxn+i − T jxn‖.

Thanks to (3.15) and (3.16), we have xn+i − Tn+ixn+i → 0 and T jxn+i − T jxn → 0 for i, j = 1, ...,N.
Thus, we get limn→∞ ‖xn − Tn+ixn‖ = 0 for i = 1, ...,N. This immediately implies that

lim
n→∞
‖xn − Tr xn‖ = 0, for r = 1, ...,N. (3.19)

So it follows from (3.19) and xnk ⇀ z∗ that z ∈ F̂ix(Tr) = Fix(Tr) for r = 1, ...,N. Therefore,
z ∈
⋂N

i=1 Fix(Ti). In addition, observe also that

‖wn − Twn‖ ≤ ‖wn − T nwn‖ + ‖T nwn − T n+1wn‖ + ‖T n+1wn − Twn‖. (3.20)

AIMS Mathematics Volume 8, Issue 9, 21138–21160.



21149

Noticing the uniform continuity of T on C, we conclude from (3.14) that Twn − T n+1wn → 0. Thus,
using the assumption T nwn − T n+1wn → 0, from (3.20) we get limn→∞ ‖wn − Twn‖ = 0. Again from
(3.16) and xnk ⇀ z∗, one has that wnk ⇀ z∗. Hence, we obtain z∗ ∈ F̂ix(T ) = Fix(T ). Consequently, z∗ ∈⋂N

i=0 Fix(Ti), and hence z∗ ∈ Ω =
⋂N

i=0 Fix(Ti) ∩ VI(C, F). This means that ωw(xn) ⊂ Ω. Accordingly,
applying Lemma 2.5 we conclude that xn ⇀ z∗. �

Next, we show a strong convergence result.

Algorithm 3.7. Let x1 ∈ C, µ > 0, l ∈ (0, 1) and λ ∈ (0, 1
µ
). Choose {σn}, {αn}, {βn} ⊂ (0, 1) s.t.

(i) lim infn→∞ σn(1 − σn) > 0 and lim infn→∞ βn(1 − βn) > 0, and (ii)
∑∞

n=1 αn = ∞, limn→∞ αn =

0, limn→∞ θn/αn = 0 and
∑∞

n=1 θn < ∞.
Step 1. Set wn = Jq

E∗(σnJp
E xn + (1 − σn)Jp

E(Tnxn)), and calculate yn = ΠC(Jq
E∗(Jp

Ewn − λFwn)) and
rλ(wn) := wn − yn.

Step 2. Calculate tn = wn−τnrλ(wn) in which τn := l jn with jn being the smallest nonnegative integer
j fulfilling

〈Fwn − F(wn − l jrλ(wn)),wn − yn〉 ≤
µ

2
D fp(wn, yn).

Step 3. Set zn = ΠCn(wn), and compute vn = Jq
E∗(βnJp

Ewn + (1 − βn)Jp
E(T nzn)) and

xn+1 = ΠC(Jq
E∗(αnJp

Eu + (1 − αn)Jp
Evn), where Cn := {x ∈ C : hn(x) ≤ 0} and

hn(x) = 〈Ftn, x − wn〉 +
τn

2λ
D fp(wn, yn).

Let n := n + 1 and go to Step 1.

Theorem 3.8. Suppose that the conditions (C1)–(C4) are satisfied. Then, the sequence {xn} constructed
in Algorithm 3.7 converges strongly to ΠΩu provided T nzn − T n+1zn → 0.

Proof. We divide our proof into four claims.
Claim 1. The sequence {xn} is bounded. Indeed, set û = ΠΩu. According to Theorem 3.6 and
Lemma 2.2 , we have

D fp(û,wn) ≤ D fp(û, xn) − σn(1 − σn)ρ∗b‖J
p
E xn − Jp

ETnxn‖. (3.21)

Using (2.3), (2.6) and (3.21), we deduce

D fp(û, xn+1) ≤ D fp(û, J
q
E∗(αnJp

Eu + (1 − αn)Jp
Evn)

≤ αnD fp(û, u) + (1 − αn)D fp(û, vn)
≤ αnD fp(û, u) + (1 − αn)[βnD fp(û,wn) + (1 − βn)D fp(û,T

nzn)]
≤ αnD fp(û, u) + (1 − αn)[βnD fp(û,wn) + (1 − βn)(1 + θn)D fp(û, zn)]
≤ αnD fp(û, u) + (1 − αn)[βnD fp(û,wn) + (1 − βn)(1 + θn)D fp(û,wn)]
≤ αnD fp(û, u) + (1 − αn)(1 + θn)D fp(û, xn)
≤ max{D fp(û, u), (1 + θn)D fp(û, xn)}.

(3.22)
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From (3.22) that

D fp(û, xn+2) ≤ max{D fp(û, u), (1 + θn+1)D fp(û, xn+1)}

≤ max{D fp(û, u), (1 + θn+1) max{
n∏

i=2

(1 + θi)D fp(û, u),
n∏

i=1

(1 + θi)D fp(û, x1)}}

≤ max{
n+1∏
i=2

(1 + θi)D fp(û, u),
n+1∏
i=1

(1 + θi)D fp(û, x1)}.

Noticing
∑∞

n=1 θn < ∞, we obtain that {D fp(û, xn)} is bounded. This together with (2.1), implies that
{xn} is bounded. Hence, {Tnxn}, {Fwn}, {wn}, {yn}, {tn}, {zn}, {T nzn} and {vn} are also bounded.
Claim 2. We show (1−βn)(1+θn)D fp(zn,wn) ≤ (1+θn)D fp(û,wn)−D fp(û, xn+1)+αn〈J

p
Eu− Jp

Eû, sn− û〉.
Set b = supn≥1{‖wn|

p−1, ‖T nzn‖
p−1}. By Lemma 2.2, we obtain

D fp(û, vn) = V fp(û, βnJp
Ewn + (1 − βn)Jp

ET nzn)

≤
1
p
‖û‖p − βn〈J

p
Ewn, û〉 − (1 − βn)〈Jp

ET nzn, û〉 +
βn

q
‖Jp

Ewn‖
q

+
(1 − βn)

q
‖Jp

ET nzn‖
q − βn(1 − βn)ρ∗b‖J

p
Ewn − Jp

ET nzn‖

=
1
p
‖û‖p − βn〈J

p
Ewn, û〉 − (1 − βn)〈Jp

ET nzn, û〉 +
βn

q
‖wn‖

p

+
(1 − βn)

q
‖T nzn‖

p − βn(1 − βn)ρ∗b‖J
p
Ewn − Jp

ET nzn‖

= βnD fp(û,wn) + (1 − βn)D fp(û,T
nzn) − βn(1 − βn)ρ∗b‖J

p
Ewn − Jp

ET nzn‖

≤ βn(1 + θn)D fp(û,wn) + (1 − βn)(1 + θn)D fp(û, zn)
− βn(1 − βn)ρ∗b‖J

p
Ewn − Jp

ET nzn‖

≤ (1 + θn)D fp(û,wn) − βn(1 − βn)ρ∗b‖J
p
Ewn − Jp

ET nzn‖.

(3.23)

Set sn = Jq
E∗(αnJp

Eu + (1 − αn)Jp
Evn. Using (2.5), we have

D fp(û, xn+1) ≤ D fp(û, J
q
E∗(αnJp

Eu + (1 − αn)Jp
Evn)

= V fp(û, αnJp
Eu + (1 − αn)Jp

Evn)
≤ V fp(û, αnJp

Eu + (1 − αn)Jp
Evn − αn(Jp

Eu − Jp
Eû)) + αn〈J

p
Eu − Jp

Eû, sn − û〉

≤ αnD fp(û, û) + (1 − αn)D fp(û, vn) + αn〈J
p
Eu − Jp

Eû, sn − û〉

= (1 − αn)D fp(û, vn) + αn〈J
p
Eu − Jp

Eû, sn − û〉

≤ (1 − αn)[(1 + θn)D fp(û,wn) − βn(1 − βn)ρ∗b‖J
p
Ewn − Jp

ET nzn‖]
+ αn〈J

p
Eu − Jp

Eû, sn − û〉

= (1 − αn)(1 + θn)D fp(û,wn) − (1 − αn)βn(1 − βn)ρ∗b‖J
p
Ewn − Jp

ET nzn‖

+ αn〈J
p
Eu − Jp

Eû, sn − û〉

≤ (1 − αn)(1 + θn)D fp(û,wn) + αn〈J
p
Eu − Jp

Eû, sn − û〉.

(3.24)
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On the other hand, we have

D fp(û, vn) ≤ βnD fp(û,wn) + (1 − βn)(1 + θn)D fp(û, zn)
≤ βnD fp(û,wn) + (1 − βn)(1 + θn)[D fp(û,wn) − D fp(zn,wn)]
≤ (1 + θn)D fp(û,wn) − (1 − βn)(1 + θn)D fp(zn,wn).

This together with (3.24) implies that

D fp(û, xn+1) ≤ (1 − αn)D fp(û, vn) + αn〈J
p
Eu − Jp

Eû, sn − û〉

≤ (1 + θn)D fp(û,wn) − (1 − βn)(1 + θn)D fp(zn,wn) + αn〈J
p
Eu − Jp

Eû, sn − û〉.

This immediately arrives at

(1 − βn)(1 + θn)D fp(zn,wn) ≤ (1 + θn)D fp(û,wn) − D fp(û, xn+1)
+ αn〈J

p
Eu − Jp

Eû, sn − û〉.
(3.25)

Claim 3. We show that

(1 − αn)(1 − βn)(1 + θn)τ[
τn

2λL
D fp(wn, yn)]p ≤ αnD fp(û, u) + (1 + θn)D fp(û,wn) − D fp(û, xn+1).

Using the similar inferences to these of (3.18) in Theorem 3.6, we get

D fp(û, zn) ≤ D fp(û,wn) − τ[
τn

2λL
D fp(wn, yn)]p. (3.26)

Applying (3.26), we get

D fp(û, xn+1) ≤ D fp(û, J
q
E∗(αnJp

Eu + (1 − αn)Jp
Evn))

≤ αnD fp(û, u) + (1 − αn)D fp(û, vn)
≤ αnD fp(û, u) + (1 − αn)[βnD fp(û,wn) + (1 − βn)(1 + θn)D fp(û, zn)]
= αnD fp(û, u) + (1 − αn)βnD fp(û,wn) + (1 − αn)(1 − βn)(1 + θn)D fp(û, zn)

≤ αnD fp(û, u) + (1 − αn)βnD fp(û,wn) − τ[
τn

2λL
D fp(wn, yn)]p]

+ (1 − αn)(1 − βn)(1 + θn)[D fp(û,wn)

≤ αnD fp(û, u) − (1 − αn)(1 − βn)(1 + θn)τ[
τn

2λL
D fp(wn, yn)]p

+ (1 + θn)D fp(û,wn).

(3.27)

Claim 4. Finally, we prove xn → û as n → ∞. Note that ωw(xn) , ∅. Let z† ∈ ωw(xn). Then,
∃{xnk} ⊂ {xn} s.t. xnk ⇀ z†. For each n ≥ 1, we write Φn = D fp(û, xn). Put Φn = ‖xn − z∗‖2.

Case 1. Suppose that {Φn}
∞
n=n0

is nonincreasing for some n0 ≥ 1. Then limn→∞Φn = d < +∞ and
limn→∞(Φn − Φn+1) = 0. By (3.21) and (3.25) we get

(1 − βn)(1 + θn)D fp(zn,wn) ≤ (1 + θn)D fp(û,wn) − D fp(û, xn+1) + αn〈J
p
Eu − Jp

Eû, sn − û〉

≤ (1 + θn)[D fp(û, xn) − σn(1 − σn)ρ∗b‖J
p
E xn − Jp

ETnxn‖]
− D fp(û, xn+1) + αn〈J

p
Eu − Jp

Eû, sn − û〉

≤ (1 + θn)D fp(û, xn) − D fp(û, xn+1) + αn〈J
p
Eu − Jp

Eû, sn − û〉

− (1 + θn)σn(1 − σn)ρ∗b‖J
p
E xn − Jp

ETnxn‖,
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which immediately yields

(1 − βn)(1 + θn)D fp(zn,wn) + (1 + θn)σn(1 − σn)ρ∗b‖J
p
E xn − Jp

ETnxn‖

≤ (1 + θn)D fp(û, xn) − D fp(û, xn+1) + αn〈J
p
Eu − Jp

Eû, sn − û〉

= (1 + θn)Φn − Φn+1 + αn〈J
p
Eu − Jp

Eû, sn − û〉.

Since limn→∞ θn = 0, limn→∞ αn = 0, lim infn→∞ βn(1 − βn) > 0, lim infn→∞ σn(1 − σn) >

0, limn→∞Φn = d and the sequences {sn} is bounded, we obtain that limn→∞ D fp(zn,wn) = 0 and
limn→∞ ‖J

p
E xn − Jp

ETnxn‖ = 0. Noticing wn = Jq
E∗(σnJp

E xn + (1 − σn)Jp
ETnxn), we also have

limn→∞ ‖J
p
Ewn − Jp

E xn‖ = 0. So it follows from (2.1) that

lim
n→∞
‖zn − wn‖ = lim

n→∞
‖xn − Tnxn‖ = lim

n→∞
‖wn − xn‖ = 0. (3.28)

Furthermore, from (3.24) we have

(1 − αn)βn(1 − βn)ρ∗b‖J
p
Ewn − Jp

ET nzn‖

≤ (1 − αn)(1 + θn)D fp(û,wn) − D fp(û, xn+1) + αn〈J
p
Eu − Jp

Eû, sn − û〉.

By the similar inferences, we infer that limn→∞ ‖J
p
Ewn − Jp

ET nzn‖ = 0, which hence leads to
limn→∞ ‖J

p
Evn − Jp

Ewn‖ = 0. Then,

lim
n→∞
‖wn − T nzn‖ = lim

n→∞
‖vn − wn‖ = 0. (3.29)

Combining with (3.28), we have

lim
n→∞
‖zn − T nzn‖ = lim

n→∞
‖vn − xn‖ = 0. (3.30)

Since sn = Jq
E∗(αnJp

Eu + (1 − αn)Jp
Evn), it can be readily seen from (3.30) that

lim
n→∞
‖sn − xn‖ = 0. (3.31)

In addition, using (2.3) and (3.23), we achieve

D fp(û, xn+1) ≤ D fp(û, sn) − D fp(xn+1, sn)
≤ D fp(û, J

q
E∗(αnJp

Eu + (1 − αn)Jp
Evn) − D fp(xn+1, sn)

≤ αnD fp(û, u) + (1 − αn)D fp(û, vn) − D fp(xn+1, sn)
≤ αnD fp(û, u) + (1 − αn)(1 + θn)D fp(û,wn) − D fp(xn+1, sn)
≤ αnD fp(û, u) + (1 − αn)(1 + θn)D fp(û, xn) − D fp(xn+1, sn),

which hence arrives at

D fp(xn+1, sn) ≤ αnD fp(û, u) + (1 − αn)(1 + θn)D fp(û, xn) − D fp(û, xn+1)
≤ αnD fp(û, u) + (1 − αn)(1 + θn)Φn − Φn+1.

Then, limn→∞ D fp(xn+1, sn) = 0 and hence limn→∞ ‖xn+1 − sn‖ = 0. This together with (3.31), leads to

lim
n→∞
‖xn+1 − xn‖ = 0. (3.32)
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Note that

‖zn − Tzn‖ ≤ ‖zn − T nzn‖ + ‖T nzn − T n+1zn‖ + ‖T n+1zn − Tzn‖. (3.33)

By (3.30), we have Tzn − T n+1zn → 0. This together with (3.33) implies that limn→∞ ‖zn − Tzn‖ = 0.
Again from (3.28) and xnk ⇀ z†, one has that znk ⇀ z†. Hence, we obtain z† ∈ F̂ix(T ) = Fix(T ).
In the meantime, let us show that z ∈

⋂N
i=1 Fix(Ti). Indeed, by the definition of Tn, we know that

Tn ∈ {T1, ...,TN}, ∀n ≥ 1, which hence leads to Tn+i ∈ {T1, ...,TN}, ∀n ≥ 1, i = 1, ...,N. Observe that

‖xn − Tn+ixn‖ ≤ ‖xn − xn+i‖ + ‖xn+i − Tn+ixn+i‖ + ‖Tn+ixn+i − Tn+ixn‖

≤ ‖xn − xn+i‖ + ‖xn+i − Tn+ixn+i‖ +

N∑
j=1

‖T jxn+i − T jxn‖.

Since each T j is uniformly continuous on C, we deduce from (3.28) and (3.32) that xn+i − Tn+ixn+i → 0
and T jxn+i − T jxn → 0 for i, j = 1, ...,N. Thus, we get limn→∞ ‖xn − Tn+ixn‖ = 0 for i = 1, ...,N. Hence,
limn→∞ ‖xn − Tixn‖ = 0(i = 1, ...,N) and so z† ∈ F̂ix(Ti) = Fix(Ti) for i = 1, ...,N. Consequently,
z† ∈
⋂N

i=0 Fix(Ti) with T0 := T .
Next, we prove z† ∈ VI(C, F). Using (3.21) and (3.27), we have

(1 − αn)(1 − βn)(1 + θn)τ[
τn

2λL
D fp(wn, yn)]p ≤ αnD fp(û, u) + (1 + θn)D fp(û, xn) − D fp(û, xn+1).

Then, limn→∞
τn

2λL D fp(wn, yn) = 0 and hence limn→∞ τnD fp(wn, yn) = 0. Using Lemma 3.5, we infer that

lim
n→∞
‖wn − yn‖ = 0. (3.34)

By Lemma (3.34) and 3.4, we obtain that z† ∈ VI(C, F), and hence z† ∈ Ω =
⋂N

i=0 Fix(Ti) ∩ VI(C, F)
with T0 := T . This means that ωw(xn) ⊂ Ω. Lastly, we show that lim supn→∞〈J

p
Eu − Jp

Eû, sn − û〉 ≤ 0.
We can choose a subsequence {xn j} of {xn} such that

lim sup
n→∞

〈Jp
Eu − Jp

Eû, xn − û〉 = lim
j→∞
〈Jp

Eu − Jp
Eû, xn j − û〉.

Without loss of generality, assume that xn j ⇀ z̃. So it follows from (2.2) and z̃ ∈ Ω that

lim sup
n→∞

〈Jp
Eu − Jp

Eû, xn − û〉 = lim
j→∞
〈Jp

Eu − Jp
Eû, xn j − û〉 = 〈Jp

Eu − Jp
Eû, z̃ − û〉 ≤ 0. (3.35)

This together with (3.31) ensures that

lim sup
n→∞

〈Jp
Eu − Jp

Eû, sn − û〉 ≤ 0. (3.36)

Using (3.21) and (3.24), we get

D fp(xn+1, û) ≤ (1 − αn)(1 + θn)D fp(û, xn) + αn〈J
p
Eu − Jp

Eû, sn − û〉

≤ (1 − αn)D fp(û, xn) + αn〈J
p
Eu − Jp

Eû, sn − û〉 + θnD fp(û, xn).
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Since {D fp(û, xn)} is bounded and
∑∞

n=1 θn < ∞, one has that
∑∞

n=1 θnD fp(û, xn) < ∞. Noticing
{αn} ⊂ (0, 1) and

∑∞
n=1 αn = ∞, by Lemma 2.7 and (3.36), we conclude that limn→∞ D fp(û, xn) = 0 and

limn→∞ ‖û − xn‖ = 0.
Case 2. Suppose that ∃{Φnk} ⊂ {Φn} s.t. Φnk < Φnk+1, ∀k ∈ N. Define an operator ψ : N→ N by

ψ(n) := max{k ≤ n : Φk < Φk+1}.

Based on Lemma 2.8, we have

Φψ(n) ≤ Φψ(n)+1 and Φn ≤ Φψ(n)+1. (3.37)

From (3.21) and (3.25), we have

(1 − βψ(n))(1 + θψ(n))D fp(zψ(n),wψ(n)) + (1 + θψ(n))σψ(n)(1 − σψ(n))ρ∗b‖J
p
E xψ(n) − Jp

ETψ(n)xψ(n)‖

≤ (1 + θψ(n))D fp(û, xψ(n)) − D fp(û, xψ(n)+1) + αψ(n)〈J
p
Eu − Jp

Eû, sψ(n) − û〉

= (1 + θψ(n))Φψ(n) − Φψ(n)+1 + αψ(n)〈J
p
Eu − Jp

Eû, sψ(n) − û〉.

Noticing wψ(n) = Jq
E∗(σψ(n)J

p
E xψ(n) + (1 − σψ(n))Jp

ETψ(n)xψ(n)), we deduce that

lim
n→∞
‖zψ(n) − wψ(n)‖ = lim

n→∞
‖xψ(n) − Tψ(n)xψ(n)‖ = lim

n→∞
‖wψ(n) − xψ(n)‖ = 0. (3.38)

Furthermore, by (3.21) and (3.24), we obtain

(1 − αψ(n))βψ(n)(1 − βψ(n))ρ∗b‖J
p
Ewψ(n) − Jp

ETψ(n)zψ(n)‖

≤ (1 − αψ(n))(1 + θψ(n))D fp(û, xψ(n)) − D fp(û, xψ(n)+1) + αψ(n)〈J
p
Eu − Jp

Eû, sψ(n) − û〉.

Since vψ(n) = Jq
E∗(βψ(n)J

p
Ewψ(n) + (1 − βψ(n))Jp

ETψ(n)zψ(n)), by (3.38) we get

lim
n→∞
‖zψ(n) − Tψ(n)zψ(n)‖ = lim

n→∞
‖vψ(n) − xψ(n)‖ = 0. (3.39)

Noticing sψ(n) = Jq
E∗(αψ(n)J

p
Eu + (1 − αψ(n))Jp

Evψ(n)), from (3.39) we get

lim
n→∞
‖sψ(n) − xψ(n)‖ = 0. (3.40)

Using (3.37) and exploiting the similar inferences to those in the proof of Case 1, we conclude that
limn→∞ ‖xψ(n)+1 − xψ(n)‖ = 0, limn→∞ ‖xψ(n) − Tr xψ(n)‖ = 0 for r = 1, ...,N,

lim
n→∞
‖zψ(n) − Tzψ(n)‖ = lim

n→∞
‖wψ(n) − yψ(n)‖ = 0, (3.41)

and

lim sup
n→∞

〈Jp
Eu − Jp

Eû, sψ(n) − û〉 ≤ 0. (3.42)

Using (3.21) and (3.24) we have

Φψ(n)+1 ≤ (1 − αψ(n))Φψ(n) + θψ(n)Φψ(n) + αψ(n)〈J
p
Eu − Jp

Eû, sψ(n) − û〉. (3.43)
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Combining with (3.37), we have

αψ(n)Φψ(n) ≤ Φψ(n) − Φψ(n)+1 + θψ(n)Φψ(n) + αψ(n)〈J
p
Eu − Jp

Eû, sψ(n) − û〉

≤ θψ(n)Φψ(n) + αψ(n)〈J
p
Eu − Jp

Eû, sψ(n) − û〉.

Since θψ(n)

αψ(n)
→ 0, from (3.42) we deduce that

lim
n→∞

Φψ(n) = 0. (3.44)

From (3.42), (3.43) and (3.44), we get that

lim
n→∞

Φψ(n)+1 = 0. (3.45)

Now from (3.37), we deduce limn→∞ D fp(û, xn) = limn→∞Φn = 0. Hence limn→∞ ‖xn − û‖ = 0. �

Putting F = 0 in Algorithm 3.1, we have the following corollary.

Corollary 3.9. Let E be a p-uniformly convex and uniformly smooth Banach space with weakly
sequentially continuous duality mapping Jp

E. Let T : C → C be a uniformly continuous and Bregman
relatively asymptotically nonexpansive mapping with and Ti : C → C(i = 1, ...,N) be a uniformly
continuous and Bregman relatively nonexpansive mapping. Assume that Ω :=

⋂N
i=0 Fix(Ti) , ∅ with

T0 := T. For an initial x1 ∈ C, let {xn} be the sequence constructed by
wn = Jq

E∗(σnJp
E xn + (1 − σn)Jp

E(Tnxn)),
vn = Jq

E∗(αnJp
Ewn + (1 − αn)Jp

E(T nwn)),
Qn = {x ∈ C : D fp(x, vn) ≤ (1 + θn)D fp(x,wn)},
xn+1 = ΠQn(wn), ∀n ≥ 1,

where {σn}, {αn} ⊂ (0, 1) s.t. lim infn→∞ σn(1 − σn) > 0 and lim infn→∞ αn(1 − αn) > 0. Then, {xn}

converges weakly to a point in Ω provided T nwn − T n+1wn → 0.

Setting T = I in Algorithm 3.7, we obtain the following algorithm and corollary.

Algorithm 3.10. Let x1 ∈ C, µ > 0, l ∈ (0, 1) and λ ∈ (0, 1
µ
). Choose {σn}, {αn}, {βn} ⊂ (0, 1) s.t. (i)

lim infn→∞ σn(1 − σn) > 0 and lim infn→∞ βn(1 − βn) > 0, and (ii)
∑∞

n=1 αn = ∞ and limn→∞ αn = 0.
Step 1. Set wn = Jq

E∗(σnJp
E xn + (1 − σn)Jp

E(Tnxn)), and compute yn = ΠC(Jq
E∗(Jp

Ewn − λFwn)) and
rλ(wn) := wn − yn.

Step 2. Calculate tn = wn−τnrλ(wn) in which τn := l jn with jn being the smallest nonnegative integer
j fulfilling

〈Fwn − F(wn − l jrλ(wn)),wn − yn〉 ≤
µ

2
D fp(wn, yn).

Step 3. Compute vn = Jq
E∗(βnJp

Ewn + (1 − βn)Jp
E(ΠCnwn)) and xn+1 = ΠC(Jq

E∗(αnJp
Eu + (1 − αn)Jp

Evn),
where Cn := {x ∈ C : hn(x) ≤ 0} and

hn(x) = 〈Ftn, x − wn〉 +
τn

2λ
D fp(wn, yn).

Set n := n + 1 and go to Step 1.

Corollary 3.11. Suppose that (C1)–(C4) are satisfied. Then, {xn} constructed in Algorithm 3.7
converges strongly to ΠΩu.
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4. Examples

In this section, we provide an illustrated example to demonstrate the applicability and
implementability of our proposed method. We first provide an example of Lipschitz continuous and
pseudomonotone monotone mapping F, Bregman relatively asymptotically nonexpansive mapping T
and Bregman relatively nonexpansive mapping T1 with Ω = Fix(T1) ∩ Fix(T ) ∩ VI(C, F) , ∅.

Let C = [−3, 3] and H = R with the inner product 〈a, b〉 = ab and induced norm ‖ · ‖ = | · |. The
initial point x1 is randomly chosen in C. Put µ = 1, l = λ = 1

3 and σn = 1
2 .

Let F : H → H and T,T1 : C → C be defined as Fx := 1
1+| sin x| −

1
1+|x| , T x := 3

4 sin x and T1x := sin x
for all x ∈ C. Now, we first show that F is pseudomonotone and Lipschitz continuous. Indeed, for all
x, y ∈ H we have

‖Fx − Fy‖ = |
1

1 + ‖ sin x‖
−

1
1 + ‖x‖

−
1

1 + ‖ sin y‖
+

1
1 + ‖y‖

|

≤ |
‖y‖ − ‖x‖

(1 + ‖x‖)(1 + ‖y‖)
| + |

‖ sin y‖ − ‖ sin x‖
(1 + ‖ sin x‖)(1 + ‖ sin y‖)

|

≤ ‖x − y‖ + ‖ sin x − sin y‖

≤ 2‖x − y‖.

This implies that F is Lipschitz continuous. Next, we show that F is pseudomonotone. For each
x, y ∈ H, it is easy to see that

〈Fx, y − x〉 = (
1

1 + | sin x|
−

1
1 + |x|

)(y − x) ≥ 0

which implies that

〈Fy, y − x〉 = (
1

1 + | sin y|
−

1
1 + |y|

)(y − x) ≥ 0.

Furthermore, it is easy to check that T is asymptotically nonexpansive with θn = ( 3
4 )n ∀n ≥ 1, and

for each {pn} ⊂ C one has ‖T n+1 pn − T n pn‖ → 0 as n→ ∞. Indeed, we observe that

‖T nx − T ny‖ ≤
3
4
‖T n−1x − T n−1y‖ ≤ · · · ≤ (

3
4

)n‖x − y‖ ≤ (1 + θn)‖x − y‖,

and

‖T n+1 pn − T n pn‖ ≤ (
3
4

)n−1‖T 2 pn − T pn‖

= (
3
4

)n−1‖
3
4

sin(T pn) −
3
4

sin pn‖

≤ 2(
3
4

)n → 0 (n→ ∞).

It is clear that Fix(T ) = {0} and T is also Bregman relatively asymptotically nonexpansive with
θn = ( 3

4 )n ∀n ≥ 1. In addition, it is clear that Fix(T1) = {0} and T1 is Bregman relatively nonexpansive.
Therefore, Ω = Fix(T1) ∩ Fix(T ) ∩ VI(C, A) = {0} , ∅.
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Example 4.1. Putting αn = n
2(n+1) ,∀n ≥ 1, we can rewrite Algorithm 3.1 as follows:



wn = 1
2 xn + 1

2T1xn,

yn = PC(wn −
1
3 Fwn),

tn = (1 − τn)wn + τnyn,

vn = n
2(n+1)wn + n+2

2(n+1)T
nwn,

Qn = {x ∈ C : |x − vn|
2 ≤ (1 + ( 3

4 )n)|x − wn|
2},

xn+1 = PCn∩Qnwn,∀n ≥ 1,

where for each n ≥ 1, Cn and τn are chosen as in Algorithm 3.1. Then, by Theorem 3.6, we deduce
that {xn} converges to 0 ∈ Ω = Fix(T1) ∩ Fix(T ) ∩ VI(C, A).

Example 4.2. Putting αn = 1
2(n+1) and βn = n

2(n+1) ,∀n ≥ 1, we can rewrite Algorithm 3.7 as follows:

wn = 1
2 xn + 1

2T1xn,

yn = PC(wn −
1
3 Fwn),

tn = (1 − τn)wn + τnyn,

vn = n
2(n+1)wn + n+2

2(n+1)T
nPCnwn,

xn+1 = PC( 1
2(n+1)u + 2n+1

2(n+1)vn),∀n ≥ 1,

where for each n ≥ 1, Cn and τn are chosen as in Algorithm 3.7. Then, by Theorem 3.8, we obtain that
{xn} converges to 0 ∈ Ω = Fix(T1) ∩ Fix(T ) ∩ VI(C, A).

5. Conclusions

In this paper, we investigate iterative algorithms for solving the variational inequality and the
common fixed-point problem in p-uniformly convex and uniformly smooth Banach spaces. With the
help of accelerated projection methods and line search technique, we construct two algorithms for
finding a common solution of the pseudomonotone variational inequality and the common fixed-point
problem of finitely many Bregman relatively nonexpansive mappings and a Bregman relatively
asymptotically nonexpansive mapping. We provide convergence analysis of the proposed algorithms
by using standard conditions and new techniques.
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