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1. Introduction

In this paper, we are concerned with the 3D incompressible micropolar fluid equations in the whole
space:
ou+w-VYu—Au+Vr—-Vxw=0,
0w—Aw—-VV-w)+2w+ u-Vo—-VXxu=0, (1.1)
V-u=0, ’
u(x,0) = uo(x), w(x,0) = wy(x),

where u = u(x,t) € R?, w = w(x,t) € R? and 7 = 7 (x, 1) denote the unknown velocity vector field, the
micro-rotational velocity and the unknown scalar pressure of the fluid at the point (x, ) € R? x (0, T),
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respectively, while uy, wy are given initial data with V - 4y = O in the sense of distributions.

The system (1.1) was first studied by Eringen in [12]. It is a special model of microfluids which
exhibits the microrotational effects and microrotational inertia and can be viewed as a non-Newtonian
fluid. In a physical sense, micropolar fluid may represent fluids that consists of rigid, randomly oriented
(or spherical) particles suspended in a viscous medium where the deformation of fluid particles is
ignored. It describes many phenomena such as animal blood and certain anisotropic fluids, e.g., liquid
crystals which cannot be characterized appropriately by the Navier-Stokes equations. For more detailed
background we refer the readers to see [23, 28] and the references therein. Besides their physical
applications, micropolar fluid equations are also mathematically significant. The existence of weak
solutions was established by Galdi and Rionero in [17]. Yamaguchi [33] obtained the existence of
global strong solutions. Yuan [34] established classical Serrin-type regularity criterion which only
need the velocity u or its gradient Vu. Later, many works about regularity criterion of micropolar
equations have been proven (see e.g., [7,9, 13,32] and the references therein).

When the micro-rotational term (w = 0) is neglected, the micropolar flows system reduces to the
well known Navier-Stokes equations. There has been a lot of progress about the question of wether a
solution of the 3D Navier-Stokes equations or the micropolar fluid equations can develop a finite time
singularity from smooth initial data with finite energy. For example, Beirdo da Veiga [1], Berselli and
Galdi [4] and Zhou [35-38] proved the following following regularity criteria

2 3 5
nelP(0,T;LYRY) with =+=-=2, Z<g<o
P q 2

or
2 3 5
Vr e LP(0,T; LY‘RY) with = + = =3, 354< 3.
P 9

In [29, 30], Suzuki proved the regularity criteria in the Lorentz space under the assumption for the
pressure via the truncation method introduced by Beirdo da Veiga [2]; namely, if

2 3 5
@00 ()T [ <o, ith —+—-=2 and - <8<
177l oo 0, 7318 3 w1 x5 > B < oo

or

VAl oo, 803y <6, With % +g =3 and g <B <3,
is regular. A natural question proposed by Suzuki in [30] is what may happen about the case % <B< %
guarantees the regularity of the leray-Hopf weak solutions. The goal of this paper is to give an answer
to the question mentioned above and we recover the result in [29,30].
Regarding 3D micropolar fluid equations, many interesting results have been obtained (see [24] and
the references therein). Dong et al. [11] (see also Yuan [34]) showed that the weak solution becomes
regular if the pressure satisfies

me L490,T; LP">(R%), for

I
+
IA
D

T W

or
me LN0,T; B, (R)),
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where L”* and Bgo,m denote weak Lebesgue space and homogeneous Besov space. For more regularity
criteria results for the 3D micropolar fluid equations we refer the readers to [6—10, 13—16,20,21] and
the references therein.

Inspired by the regularity results of the Navier-Stokes equations cited above (see e.g., [26, 27,
29, 30]), this paper is devoted to study the regularity criterion for weak solutions to 3D micropolar
equations in weak Lebesgue space. More precisely, it is shown that if the pressure belongs to some
weak Lebesgue spaces in both time and spatial directions, then the weak solutions are regular on [0, T'].
The method presented here may be applicable to similar situations involving other partial differential
equations.

Before stating the main result, let us first recall the definitions of the Lorentz spaces and the weak
solutions to the (1.1). For the functional space, L”(R?) denotes the usual Lebesgue space of real-valued
functions with norm |||, :

esssup|f(x)], for p=co.

x€R3

(fRz |fCol” dx)% , for 1 <p<oo,
W1l =

To prove Theorem 1.2 we use the theory of weak Lebesgue spaces and introduce the following
notations. L/ (R?) denotes the weak L"—space which is defined as

1
LR = {f € Lioe(®) ¢ 1fll;, = supa {re®:1fol> )| < oo}
>
LP4(R?) (1 < p, g < o) denotes the Lorentz space, the norm of which is defined as follows :

(fm(t;f*(t))qd?t)q , for 1<g<oo,
0

l &
Ifllpee = sup(tr f7(1)), for g = oo,
t

11 ra

where
@) =inf{d>0:m, f) <, m,f)= ‘{x ER®: |f(0)| > /1}' .

For 1 < p < oo, it is well known that
LPP(RY) = LP(RY), LP®(R?) = L, (R?), LP"(R’) c L"*(R%), for q; < g

For details, refer to [3] and [31].

Definition 1.1 (weak solutions [17,23]). Let (1, wy) € L*(R*) with V-uy = 0 in the sense of distribution
and T > 0. A measurable function (u(x, t), w(x, 1)) on R3 x (0, T) is called a weak solution of (1.1) on
[0, T) if (u, w) satisfies the following properties :

@) (u.w) € L2 ((0,7); LX®)) N L2 ((0,T) : H'(RY)):
(ii) V- u = 0 in the sense of distribution;

(iii) (u, w) verifies (1.1) in the sense of distribution.
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Now, our main result reads as follows:

Theorem 1.2. Let (uy, wy) € L*(R*) N L*R3) with V - uy = 0 in R3. Suppose that (u, w) is a weak
solution of (1.1) in (0,T). Then, there exists a constant & > 0 such that (u, w) is a regular solution on
(0, T'] provided that the pressure satisfies one the following conditions :

2 3
7l oo, 7: 18003y <O, with o + B =2 and 3 <fB <o (1.2)
or 2 3
”Vﬂ”L“"X’(O,T;lﬁ’m(RS)) < 5, Wlth — + B = 3 and 1 <ﬁ < 00. (13)
a

This allows us to obtain the regularity criterion of weak solutions via only the pressure.

Remark 1.1. If we ignore the influence of the micro-rotational velocity, system (1.1) reduces to the
3D Navier-Stokes equations. Then, the conclusion of Theorem 1.2 holds true for 3D Navier-Stokes
equations and we notice that our criterion (1.2) becomes the result of Ji et al. [19] for the Navier-Stokes

equations. Therefore, our result can be viewed as as an affirmative answer to a question proposed by
Suzuki in [30], Remark 2.4, p.3850.

We recall the following result according to Dong et al. [11] that will be used in the proof of
Theorem 1.2.

Lemma 1.3. Suppose (uy, wy) € L*(R?), s > 3 with V - uy = 0 in R>. Then, there exists T > 0 and a
unique strong solution (u, w) of the 3D micropolar fluid equations (1.1) such that

(u,w) € (L® N C) ([0, T); LS(R3)).

Moreover, let (0, Ty) be the maximal interval such that (u, w) solves (1.1) in C ((O, Ty); LS(R3)), s> 3.
Then, for any t € (0, Ty),
C

||(I/t, (L))(, ZL)”Lr 2 T 3
(To-0%

with the constant C independent of T, and s.
By a strong solution we mean a weak solution (u, w) such that
(u,w) € L™ ((0,7); H'(R?)) N L* ((0,T) : H*(RY)).
It is well-known that strong solution are regular (say, classical) and unique in the class of weak
solutions.

Additionally, let us recall the following lemma which can be viewed as the generalization of the
Gronwall lemma.

Lemma 1.4 ( [5]). Let ¢ be a measurable positive function defined on the interval [0, T]. Suppose that
there exists €y > 0 and a constant k > 0 such that for all 0 < € < ¢ and a.e. t € [0, T], ¢ satisfies the
inequality

dy l-€ 142
_r S /l € +.2€
dt : ¢

where 0 < A € L'*(0, T) with
k| Aoy < 5-

2
Then ¢ is bounded on [0, T].
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The following lemma will be frequently used when we apply Lemma 1.4.

Lemma 1.5 ( [19]). Assume that the pair (a, 8) satisfies § +2 =awitha,a > 1and B > 0. Then, for
every k € [0, 1] and given b, cy > 1, there exist 5, > 0 and min(a, b) < @, < max(a, b) such that

,32*'(% =a
B~ Bk L (1.4)

a o« b
2. Proof of Theorem 1.2
We are now in a position to prove Theorem 1.2.

Proof. First, we multiply both sides of the Eq (1.1); by u|ul*, and integrate over R>. After suitable
integration by parts, we obtain

L—@uu( t)||j4+f \Vul? |uf? dx + = f|V|u| | dx

fVﬂ-(Iulzu)dx +f || |ul* |Vu| dx, 2.1
R3 R3

where we used the following identities due to divergence free condition:

1
f(u-Vu)-Iulzudx —fu-V|u|4dx:O
R3 4 ]R3

f3 (Au) - |ul* udx |Vu| |ul* dx — Zf IV ul| u)* dx
R

f IVl |uaf® dx——f IV [ dx,
fVXLwlulzudx:—fIulzw-VXudx—fw-V|u|2><udx.
R3 R3 R3

IVXul <|Vul, |V]ul <|Vul.

<

Note that

Multiplying the second equation of (1.1) by w |w|*, then integrating the resulting equation with respect
to x over R? and using integrating by parts, we obtain

1d
—— JlwC, Dllts + f IVol? |w]? dx + f |V|a)|2|2dx
R3 R3

1
+—f IV x wf |w|2dx+2f jwl* dx
2 R3 R3

= f V X u - |wf wdx, (2.2)
R3

where we have used the fact that Vdivw = V X (V X w) + Aw yields
- f Vdivw - |w]* wdx
R3
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21213

—f (VX(VXw)+Aw)-|w|2wdx

R3

\%

——f IV x wf | dx + = f|V|w|2| dx.

Combining (2.1) and (2.2) together, it follows that

1d
17 — (Il D)4 + Mo, DI + f Vul® |ul® dx + = f IV | dx

+f |Vw|2|w|2dx+f V1P| dx+2f lwl|* dx
R3 R3 R3

V7 - (lufPu)dx
R3

IA

= A +A, +A3.

IV xof fof dx+f Vxw-ViwP xwdx+f Vol |l dx + = f|V|w|| dx

f IV X ol |l dx - f(lVle P + |VIwP| )dx+f Vol |l dx + = f IV wP| dx

+ f || [uf? |Vu| dx + f |u| |w|? |Vw| dx
R3 R3

(2.3)

By the Holder’s and Young’s inequalities, the first two terms on the right-hand side of (2.3) are bounded

by

f || [uf* |Vu| dx + f lu| |w|* |Vw| dx
R3 R3

lllewllelllz [l Valll 2 + llleollzelll2 el Veolll 2

IA

IA

IA

1
2 2 2 2
5 el Vaelllzz + 5 Ml Velllz + el leollzs

1 1 1
< 3 Ml Vadll7, + > llwlIVoll, + > (Ilullﬁ + IIwIIZ)-

Now, we estimate the terms A; under the assumption (1.2) and (1.3).

1 1 1
3 Ml Vadll7> + 3 llwllullz, + 3 llwllVoll7, + 3 iz

(2.4)

Case 1. If (1.2) holds, estimating A; under the assumption (1.2), using the divergence free condition

(1.1)3 after integration by parts and Cauchy-Schwarz inequality results in

f Vr - (ulu)dx| = f 7 - div(jul*u)dx
R3 R3

Zf Il Jul* [Vul dx < 2 |l 2 |l Vel 2
R3

Ay

IA

IA

1
Cf I® Iulde+§lllulqullliz.
R3

I = f |7t? |u)* dx
R3

Let us estimate the integral

(2.5)

AIMS Mathematics Volume 8, Issue 9, 21208-21220.
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on the right-hand side of (2.5). Before turning to estimate /, it is well-known that for the micropolar
fluid equations in R®, we have the following relationship between 7 and u and Calderon-Zygmund
inequality

3
—An =div(u-Vu) = Z 0;0(uju;),

ij=1

llmllze < Cllullyzy» 1< g < oo (2.6)

By a simple interpolation argument, we get from (2.6) that
lI7t|l g0 < Cllulliqu(,, for l <g<oand 1 <o < co. (2.7)
Then, we can estimate I as follows

I < il il zﬂ2|||u| || zﬁz<cun||m|||u| || e

2 2
< Clinllgpe [|lul IILM |l ||L62
2
< C||7r||l/m|||u| IILf ||V|u| IIiZ
< Cln ||2“||u||L4 —||V|u| [

where we have used the following interpolation inequality in the Lorentz spaces (see [3]):

AL 2.0 < C”f”Lzz ||f||L62

Combining all the estimates from above and considering the facts that |||u||Vul||;> < ||V |u|2|| o and
llwl [Volllz < ||V IwP|,.. it follows that

d
= (G DIl + w0l + f Vul |uf? dix + f Vol [ dx + f ol dx
dt R3 3 3

R R

IA

CIIRIZ (s + ) (2.8)
Defining

H(®) = lluC, Ol + llwC, DIl
inequality (2.8) implies that

2B

d
T H® < Clirll 52 H@). (2.9)
Applying Lemma 1.5 (witha = b = 2, ¢y = 4), we have
Il o < Il lillyse < Cllallesn™ il
C llllyp™ llul

C llllg™ (lullye + Newlly )™
C llnll 5™ (H()™, (2.10)

INIA

IA

AIMS Mathematics Volume 8, Issue 9, 21208-21220.
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where we have used the following estimate (see [18,25])

L_1

TR
1fllra < (%) Wfllpar» 1<p<oo, 1 <q<gy<oco. (2.11)
Since the pair (a,, B,) also meets /% = 2, using estimate (2.9) and (2.10) yields
d s
ZH@) < Clallf.l H) = Clly,.. HO)

< Cllrles (H)' .

Integrating with respect to time, we obtain
cv(l K) 142k
H(t) <H©O)+C f i, Dl ™ (H () " d,

equivalently

4 4
ot (-, DIl + Nl Dl

4 4
< luollzs + llewollys

+C f I, DN Al DI+ o, Dl > (2.12)

Case 2. If (1.3) holds. Let us return to estimate A; under the assumption (1.3). From the pressure
equations —Arnr = divdiv(z ® u) and the Calderon-Zygmund Theorem, we know that

||V7T||L2(R3) < Cl[[ul |Vu|”L2(R3) .

Thus, we can use the Holder’s inequality to estimate A; as follows:

1 1
A = f V7 - (lufPu)dx| < f V|2 V|2 uf dx
R3 R3
1
< v, . vt | s«
LA(R3) L2 (R3) L3B-2'3(R3)
1
< ||Vx V|2 u
| lle(Rg VA s ) I T
< Clllul IVu|||2 i ||u||L4(§3)IIVn||;,m(R3)-

L2(R3)
Here, we used the following interpolation inequality (see e.g., [3]):

1 1

||u|| ]2‘1 (R C ||u||L4(R3 ||u||L124(R3) (2'13)
and the Sobolev inequality in Lorentz spaces (see e.g., [22]):
el 5y = (1] pongesy < € Maal IVatll s, (2.14)

AIMS Mathematics Volume 8, Issue 9, 21208-21220.
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Hence, by the Young inequality, we have the following inequality

1 2 4
A < ol IVl oo, + C||Vn||;;f;gR3 el -

Summing up the above estimates, we easily deduce

d
— (e DI + e DlE) + f Vul* jul® dx + f |V 1| dx

f Vol ol dx+f V1P| dx+2f lwl|* dx

< CIIVﬂII“’lJU [IZppt ||u||L4 +llwll}s) .-
L[B(R3) ( )

Defining
H() = [luC, Dl + llw, Dl
which implies that

28

d 3B-T)
—H®O < ClIVrll ) H).
In view of Lemma 1.5, we infer that
VA% . < VAl VAl < C VAl VAl

27

where c; is determined later.

Notice that B = 3. Hence, it follows from (2.16), (2.17) and the Young inequality that

A

d al K C1K
SH@® < CIVal . H@) < CIVAIG VAL H

< C|IVal2s Nl |Vu|||““H(t>
2;(1 K) 5 5
< C||Vall 2" H w(t)+§|||u||vM|||L2.

Before going further, we take

4 2-ck
“a=z3 0= 2—-cik’
i.e.,
14262~ 1og=2120
—CiK 2—cik

in the last relation. Therefore, we obtain that
d a
—H(®) < CIVAIE (H@)™

Integrating with respect to time, we obtain

H() < HO) + Cf [|V7(-, T)””(] —0) (H(T)))l+2§dT

(2.15)

(2.16)

(2.17)
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equivalently

e, Dlizs + oG, DMl

< uollts + llwoll?s
+C f IVaC, D5 U, Dl + lwC, Dl > dx. (2.18)

Since k € [0, 1], we know that 6 € [0, 1].
Now, we are in a position to complete the proof of Theorem 1.2. From Lemma 1.3, it follows that
there exists Ty > 0 and the smooth solution (&, w) of (1.1) satisfying

@@, )(1) € (L™ N C)([0, To); L*RY)), (@, @)(0) = (uo, wp)-

Since the weak solution (u,w) satisfies the energy inequality, we may apply Serrin’s uniqueness
criterion to conclude that

(u, w) = (u,w) on [0, Ty).

Thus, it is sufficient to show that Ty = T. Suppose that Ty < T. Without loss of generality, we may
assume that T is the maximal existence time for (u, w)(f). By Lemma 1.3 again, we find that

C
luC, Dlips + llw(, Dllps = ———— forany 1 € (0, Ty). (2.19)
(To — 1)3
On the other hand, from (2.12) and (2.18), we know that
sup (luC, DIIE + (-, DlE) < C(T. uo, wo) (2.20)
0<t<Ty
which contradicts with (2.19). Thus, Ty = T. This completes the proof of Theorem 1.2. O
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